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Abstract

We consider a population dynamics model with degenerate diffusion and time delay. We discover sharp-
oscillatory waves with sharp edges and non-decaying oscillations arising from density-dependent dispersal
and reproduction with age structure. Degenerate diffusion and bad effect of time delay prevent the use of
existing approaches. Here, we develop a new delayed iteration framework to show the existence of these
peculiar waves. In particular, the estimate of the admissible wave speed is highly nontrivial. We employ a
new phase transform method coupled with the detailed analysis of phase energy. Furthermore, we give a
complete characterization of the dynamical behaviors of various kinds of waves. Our results indicate that
simple invasion rules can generate complex wave patterns and provide some interesting insights into the
ecological dynamics.
© 2020 Elsevier Inc. All rights reserved.

Keywords: Traveling waves; Time delay; Degenerate diffusion; Oscillatory waves; Sharp waves

¥ Corresponding author at: School of Mathematics, South China University of Technology, Guangzhou, Guangdong,
510641, PR China.
E-mail address: jism@scut.edu.cn (S. Ji).

https://doi.org/10.1016/j.jde.2020.06.029
0022-0396/© 2020 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2020.06.029&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2020.06.029
http://www.elsevier.com/locate/jde
mailto:jism@scut.edu.cn
https://doi.org/10.1016/j.jde.2020.06.029

T. Xu et al. / J. Differential Equations 269 (2020) 8882-8917 8883

1. Introduction

This paper is concerned with the traveling wave solutions to the following population dynam-
ics model for single species with age structure and degenerate diffusion

0
a—?:DAum—d(u)—i—b(u(t—r,x)), xeR, >0, 0
u(s,x) =up(s, x), xeR, se[-r0],

Here, D > 0 denotes the diffusion coefficient, u = u(z, x) represents the density of total mature
population at location x and time ¢, r > 0 is the mature time, D Au™ with m > 1 is the density-
dependent diffusion. Such a degenerate diffusion means that the spatial-diffusion rate increases
with population density, particularly, zero density implies non-diffusion. This is with more eco-
logical sense [3,28,29]. Two nonlinear functions b(u) and d(u) represent the birth rate and the
death rate of the matured population respectively. In this paper we focus on the mono-stable case
for the equation, which includes the classical Fisher-KPP equations, the Nicholson’s blowflies
equations and Mackey-Glass equations.

In a very recent article [31], Sullivan et al. explored the fluctuations in invasion speed in a set
of discrete-time population models with density-dependent dispersal, and a generalized Nichol-
son’s blowflies model with Allee effect and random dispersal. One of the open questions raised at
the end of [31] is to identify the roles of several intrinsic density-dependent mechanisms, includ-
ing the nonlinear dispersal, and structured population growth, in the spatial invasion dynamics.
To answer such an open question, we study a continuous population dynamics model with time
delay, wherein density-dependent dispersal and demography are coupled. On the one hand, we
identify the different geometric wave patterns from wave speed ¢, degeneracy index m in density
dependent dispersal and maturation time r in growth function (Fig. 2 — Fig. 4). We investigate
the wave propagating dynamics in this ecological process: how fast the population propagates
and what shape it forms. On the other hand, in contrast to classic models with random dispersal,
there exists a peculiar form of sharp-oscillating traveling waves which possess the two distinct
features, sharp profiles caused by degeneracy and oscillations due to large time delay. It is wor-
thy of mentioning that these waves are unusual because their properties are controlled by both
the leading edge and the bulk of the front. We show that delayed non-monotone growth gener-
ates the oscillations at high densities, and causes dynamical changes in the bulk of waves, while
degenerate diffusion generates the sharp leading edge at low densities (Fig. 5 — Fig. 6).

Degenerate diffusion caused by competition between conspecifics or deteriorating environ-
mental conditions is a common feature of population spreading modeling in ecology [3,9,23,27].
However, there are numerous gaps in our knowledge about the wave dynamical behaviors of de-
generate diffusion equations compared with the well-studied linear diffusion case [1,6,8,16,21,
26,30,32]. The degeneracy raises the possibility of sharp type traveling waves, where the popu-
lation density u decreases to zero at a finite point, rather than decaying to zero asymptotically.
For the study of monotone sharp waves in degenerate diffusion equations without time delay we
refer to the works of Aronson [2], Pablo and Vazquez [5], Gilding and Kersner [7], and the ref-
erences therein. Recently, some detailed discussions of degenerate diffusion equations with time
delay (1.1) are emerging. An additional complication appearing in the delayed and degenerate
case is the possible non-monotonicity and non-smoothness of wavefronts. But even the existence
of smooth monotone fronts for equations with small time delay was proved only very recently,
in the fundamental contribution [13] by Huang et al. based on a perturbation approach. Later
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then, we [36] proved the existence of smooth monotone traveling wave solutions for any time
delay only under the monotonicity assumption of the birth function b(u) by the upper and lower
solutions method combining with the viscosity vanishing method.

The main novelty of this paper lies in the peculiar form of waves with sharp edges and non-
decaying oscillations, which is a brand new phenomenon in propagating waves. Due to the lack
of monotonicity, the problem does not admit any comparison principle. Furthermore, the large
time delay prevents the use of perturbation method, and the degeneracy makes the analysis rather
complicated. Consequently, the existing methods are not applicable. Indeed, we solve the delayed
degenerate diffusion equations with so much ingenuity by proposing a new delayed iteration ap-
proach. The method makes use of the delicate structure of time delay and sharp edge, thereby
reducing the first iteration to the solvability of a degenerate elliptic problem with singularity.
Thanks to this important insight, such a framework permits traveling waves with a partially com-
pact support and oscillations. To the best of our knowledge, this is the first framework of showing
the existence of sharp traveling waves for the degenerate diffusion equation with time delay.

Another challenging problem lies in the precise estimate of the lower bound of the admissible
wave speeds. In the linear diffusion case, non-monotone growth function () and time delay r
produce oscillations in population density. Despite these complicated fluctuation at high popula-
tion density, the admissible wave speed is still determined by the dynamics at low densities, more
precisely, the characteristic equation around equilibrium zero. In our model, the appearance of
degenerate diffusion leads to the failure of this “linear determinacy principle” [17]. The propagat-
ing speed no longer depends on the pull of populations at low densities in front of the wave, but
rather depends on the whole wave structure corresponding to the total population density range.
This directly places limitations on the way we estimate the wave speed via classic characteristic
theory. It is noted that the minimal admissible wave speed may decay to zero as time delay tends
to infinity, and even for the case without time delay, the value of wave speed in degenerate equa-
tions is extremely difficult to compute or estimate. Instead of calculating the admissible wave
speed directly, we develop a new phase transform approach coupled with the analysis of phase
energy to estimate the corresponding wave speeds such that there is no sharp or smooth waves
for arbitrary time delay with correspondingly small wave speed. Generally speaking, classical
phase plane analysis does not work for delayed equation because of intersecting trajectories in
the phase plane. Our phase transform method, however, could be a blueprint to draw the prospec-
tive contradiction for proving the wave properties and further give a speed estimate by analyzing
the phase energy for a broad family of degenerate equations.

The rest of the paper is organized as follows. In Section 2, we present the main results on the
existence of sharp oscillatory traveling waves. The proofs of the existence of sharp oscillatory
waves are carried out in Section 3, Section 4 and Section 5, respectively. The classification of
various kinds of waves for equation (1.1) is presented in Section 6.

2. Main results

We are looking for traveling wave solutions of (1.1) connecting two equilibria O and x > 0
satisfying

d(0)=0(0), d(x)=Db(k),

in some sense that they may oscillate around the positive equilibrium «. Let ¢ (§) with & = x +ct
and ¢ > 0 be a traveling wave solution of (1.1), we get (we write £ as t for the sake of simplicity)



T. Xu et al. / J. Differential Equations 269 (2020) 8882-8917 8885

c¢'(t) = D(@" (1)) — d(d (1)) +b(¢(r — cr)), teR. 2.1)

Our aim is to present a classification of various types of wave solutions with the admissi-
ble wave speeds depending on the time delay. Especially, we will show the existence of sharp
oscillatory waves, which is never mentioned in the existing literature.

From biological experiments, a typical equation for (1.1) is the mono-stable case. Namely,
(1.1) admits two constant equilibria u_ =0 and u =k > 0, where u_ = 0 is unstable and u =
k is stable for the spatially homogeneous equation associated with (1.1). The important examples
include the classical Fisher-KPP equation [10] and a large number of evolution equations in
ecology, for example, the well-studied diffusive Nicholson’s blowflies equation and Mackey-
Glass equation [19,20,24,25] with the death function d (1) = §u, the birth function

auf

b1(u) = pue ", or by(u) = , p>0,¢9g>0,a>0;

1+ au4

and the age-structured population model [4,11,15,18] with
d(u) = 8u2, and b(u) = pe V'u, p>0,8>0,y>0.

Summarizing these examples, throughout the paper we assume that the death rate function
d(-) satisfies

d e C*([0,+00)), d(0)=0, d'(s) >0, d"(s) > 0fors >0, 2.2)
and the birth function b(-) satisfies the following unimodality condition:

becC! (R4; R4) has only one positive local extremum point s = sy
(global maximum point) and b(0) = 0, b(k) =d(x), b’ (0) > d’'(0),
b'(k) <d'(k),d(s) <b(s) <b'(0)s for s € (0, k). (2.3)

We also need the following feedback condition when showing the divergent semi-wavefronts

(b(s)—K)s—k) <0, seld ' ®),d " M\|«k). (2.4)

Here, we restrain ourselves to the case sy < « in which b is non-monotone in [0, ] and
b(sm) > b(k) =d(x). We set M := b(sy) = maxse[o,] b(s), 0 1= b(d~"(M)) and according
to the monotone increasing of the death function d(u), it holds sy <k <d “1(M). An example
for the Nicholson’s blowflies model is as follows (Fig. 1).

Before stating our main results, let us give some definitions and notations. Since (1.1) is
degenerate for u = 0, we employ the following definition of weak solutions for the initial-value
problem (1.1), where the time delay r > 0,m > 1, D > 0, ugp € L?((—r,0) x Q) for any compact
set 2 C R.

Definition 2.1 (Weak solutions). A function u € LIZOC((O, +00) x R) is called a weak solution

of (1.1)if 0 <u € L*°((0, +00) x R), Vu" € L%OC((O, +00) x R), and for any 7 > 0 and ¢ €
CP((=r,T) xR)
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Fig. 1. The structure on functions b(u) and d(u).

T T T
d
—//u(t,x)a—fdxdt—i—D//Vum~V1/fdxdt+//d(u(t,x))wdxdt
0 R 0 R 0 R
max{T,r}

=/u0(0,x)1/f(0,x)dx + / /b(u(t — 1, X)¥(t,x)dxdt
R R

r

min{T,r}

+ / /b(uo(t—r,x))W(t,x)dxdt.
0 R

The initial-value problem (1.1) with degenerate diffusion and time delay can be solved step by
step. For ¢ € (0, r), the birth rate function b(u (¢t —r, x)) is determined by the initial value such that
b(u(t —r,x)) =b(uo(t —r, x)), and then the well-posedness of the degenerate diffusion equation
(1.1) is shown in [34,35]. Moreover, if 0 < ug(s,x) € L®°((—r,0) x R), then 0 < u(t,x) <
max{|luoll zoo((—r,0)xR)» k } according to the comparison principle. Next for ¢ € (r, 2r), the well-
posedness and the uniform boundedness follow similarly. This shows the global solvability of
the initial-value problem (1.1).

The traveling wave solution ¢ (#) may be non-monotone and even non-decaying oscillating
around the positive equilibrium « since the birth function b(#) is non-monotone. Meanwhile, it
is also expected that the degenerate diffusion equation (1.1) may admit sharp type wave solution
with semi-compact support. So we define the following various types of waves.

Definition 2.2 (Sharp wavefronts). A function 0 < ¢(1) € Wb (R) N L®(R) with ¢™ (1) €
WL ! (R) is said to be a semi-wavefront of (1.1) if

(i) the profile function ¢ satisfies (2.1) in the sense of distributions,

(i) ¢ (—00) =0, and 0 < liminf; 4 oo ¢ (¢) < limsup,_, , o, ¢ (¢) < +00,

(iii) the leading edge of ¢ (¢#) near —oo is monotonically increasing in the sense that there
exists a maximal interval (—oo0, fy) with ty € (—o0o, +00] such that ¢ () is monotonically in-
creasing in it and if #9 < oo then ¢ (f9) > x. We say that 7y is the boundary of the leading edge
of ¢.

A semi-wavefront ¢ () is said to be a wavefront of (1.1) if ¢ converges to « as t tends to
400, i.e., p(+0) = k.

A semi-wavefront (including wavefront) is said to be sharp if there exists a ¢, € R such that
¢(t) =0 for all t <t, and ¢ () > O for all r > t,. Otherwise, it is said to be a smooth semi-
wavefront (or smooth wavefront) if ¢ (z) > O for all # € R.
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¢ ¢
(A1) (A2) (A3)

Fig. 2. Sharp waves — piecewise-C 1 type: (A1) monotone wavefront; (A2) non-monotone wavefront; (A3) divergent
semi-wavefront.

¢ 3
(B1) (B2) (B3)

Fig. 3. Sharp waves — C 1 type: (B1) monotone wavefront; (B2) non-monotone wavefront; (B3) divergent semi-
wavefront.

13 13
(ChH (C2) (C3)

Fig. 4. Smooth waves: (C1) monotone wavefront; (C2) non-monotone wavefront; (C3) divergent semi-wavefront.

Furthermore, for the sharp semi-wavefronts (including wavefronts) ¢ (¢), if ¢” ¢ LllOC R), we
say that ¢ (¢) is a piecewise-C! type sharp wave; otherwise, if ¢” € Ll (R), we say that ¢ (¢) is

loc
a C! type sharp wave.

According to the above definition, the possible waves are classified into monotone wave-
fronts, non-monotone wavefronts, and divergent semi-wavefronts considering the mono-
tonicity or convergency near +o0o; and meanwhile these waves can also be classified into
piecewise-C! type sharp, C' type sharp and smooth type concerned with the degeneracy and
regularity near —oo or t, such that ¢ (¢) tends to zero. See Fig. 2, Fig. 3 and Fig. 4 for illustration.
In the case of sharp type, we can always shift z, to O for convenience.

The waves ¢ () may develop many possible features, the combinations of piecewise-C! type
sharp, C! type sharp, or smooth near ¢ = 0 and monotone wavefront, non-monotone wavefront
or divergent semi-wavefront as ¢ tends to infinity, see Fig. 2, Fig. 3 and Fig. 4 for illustration.
Among all those waves, we note that the divergent semi-wavefront of sharp type is the new
discovery in this paper.

For any given m > 1, D > 0 and r > 0, we define the critical wave speed c.(m, r, b, d) for the
degenerate diffusion equation (2.1) as follows
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cx(m,r, b,d) :=inf{c > 0; (2.1) admits semi-wavefronts (including wavefronts)}. 2.5)

Here we omit the dependence of the wave speed c,(m, r, b, d) on the parameter D for simplicity
since the dependence is trivial via a re-scaling method such that the speed with D > 0 is the speed
with D = 1 multiplied by +/D. This note is applicable for all the wave speeds in this paper.

Our main results are as follows. First of all, we state the existence and nonexistence results of
various sharp waves, including semi-wavefronts and wavefronts.

Theorem 2.1 (Existence of sharp waves). For any m > 1, D > 0 and r > 0, there exists a
constant co(m,r,b,d) > 0 depending on m,r and the structure of b(-),d(-), such that for
c=co(m,r,b,d), (2.1) admits sharp wave ¢ (t) (semi-wavefronts or wavefronts, piecewise-C1

or CY) with ¢(t) =0 fort <0,

0 < ¢1 <liminfe () <limsup¢(¢) < &2,
I—>+00 t—+00

and
lp(t) — C1t5| < Cat,  foranyt € (—oo, 1),
where t+ =max{t,0}, A=1/(m — 1) and A > A, C1, Cy > 0 are constants.

The sharp waves are classified into C! type and piecewise-C' type according to the degener-
acy index m.

Theorem 2.2 (Regularity of sharp waves). If m > 2, then the sharp waves in Theorem 2.1 are
piecewise-C' (as illustrated in Fig. 2); while if | <m < 2, the sharp waves in Theorem 2.1 are
C' (as shown in Fig. 3).

Remark 2.1. Roughly speaking, the degeneracy strengthens as m > 1 increases and the regular-
ity of the case m > 2 is weaker than that of 1 <m < 2. For the case 1 < m < 2, the sharp waves
remain C'! regularity but not analytic.

The waves may be oscillatory or divergent according to the wave speed and the time delay.

Theorem 2.3 (Oscillatory or divergent waves). Assume that m > 1, r > 0, b’ (k) < 0, and
the birth rate function b(-) satisfies the feedback condition (2.4). Then there exist ¢, =
ce(m,r, b (k),d (k) and c* = c*(m,r,b' (x),d (k) with 0 < ¢, < c* < +00, such that the
waves (wavefronts or semi-wavefronts, sharp or smooth, if exist) with speed ¢ > ¢, are oscil-
latory and these waves with speed ¢ > ¢* are divergent. Moreover,

i (m, b’ (k), d' (k) + o(1)

ce(m,r,b'(k), d (k) = — +00,
r
and if further b’ () < —d'(«), then
Fomr b (). d (k) = w*(m,b'(k), d' (k) + 0(1)’ r = 400,

r
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where pw, (m, b (), d' (k) =,/ %e%, W, < —2 is the unique negative root of the equa-
. _ m—1
tion 2d(c) = b/ (€)e ™ (2 + ), and w*(m, b/ (), d'(0)) = 0] <P

Remark 2.2. We note that it may hold that ¢, = ¢* = 400 under some conditions, especially
for small time delay, where no non-monotone waves are guaranteed by Theorem 2.3. In fact,
the existence of monotone waves is proved in [13] for small time delay. Although the existence
of monotone waves does not directly preclude the existence of non-monotone waves, there may
exist a critical value rpi, of time delay such that only monotone waves exist for r < ry;p, as
indicated by Kwong and Ou in [16] that oscillatory or periodic behavior of the waves may be
generated by the Hopf bifurcation near the positive equilibrium.

Remark 2.3. If the number ¢, (m, r, b’ (x), d’'(«)) in Theorem 2.3 is less than the minimal admis-
sible wave speed, which happens if the time delay r is suitable large under some conditions, then
all the waves are oscillatory; while if ¢*(m, r, b'(k), d’(x)) is less than the minimal admissible
wave speed then all the waves are divergent (no wavefront exists).

We present a lower bound of all the admissible wave speeds as follows.

Theorem 2.4 (Lower bound of wave speeds). For any m > 1, D > 0 and r > 0, there exists
a constant ¢(m,r,b,d) > 0 depending on m,r and the structure of b(-),d(-), such that, (2.1)
admits no wave solution ¢ (t) (semi-wavefronts or wavefronts, sharp or smooth) for any ¢ <
¢(m,r,b,d). Moreover,

po(m, b(-),d(-)) +o(1)

r

é(m7 r’ b1 d) =

— 400,

where po(m, b(-),d(-)) > 0.

Theorem 2.4 shows the nonexistence of all kinds of waves with smaller speeds. Here we
present a sufficient condition for the existence of sharp divergent semi-wavefront.

Theorem 2.5 (Existence of sharp divergent semi-wavefront). Assume that the function b(-)
satisfies the feedback condition (2.4) and let {1 € (0,k) be the constant such that b(¢{1) =
b(d~Y(M)), where M = maxge[o,c] b(s). Then, there exist positive constants &g, Ko, ro, such
that if b’ (s) > &g for s € (0, ¢1), b’ (k) < —Kg and r > rg, then the constants puo(m, b(-),d(-)) >
w*(m, b’ (), d' (k)) in Theorem 2.3 and Theorem 2.4, and the sharp type wave in Theorem 2.1 is
a divergent semi-wavefront.

Remark 2.4. Theorem 2.5 shows the case that ug(m, b(-),d(-)) > u*(m, b’ (x),d («)), which
implies

¢m,r,b,d)>c*(m,r,b' (k),d (k) > c.(m,r, b (k),d (k)

for large time delay according to Theorem 2.3 and Theorem 2.4. The sharp waves in Theorem 2.1
corresponds to the wave speed co(m, r, b, d), which is greater than or equal to ¢(m, r, b, d) ac-
cording to Theorem 2.4. Therefore, co(m, r, b, d) is greater than both ¢*(m, r, b’ (), d'(x)) and
ce(m,r, b (k),d (x)). It follows from Theorem 2.3 that the sharp waves are divergent. Actually,
all the waves are divergent in this case.
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Theorem 2.6 (Existence of smooth waves). For any m > 1, D > 0 and r > 0, there exists a
constant ¢(m,r,b,d) > 0 depending on m,r and the structure of b(-),d(-), such that for any
¢ > c(m,r,b,d), (2.1) admits smooth wave solutions ¢ (t) (semi-wavefronts or wavefronts, see
Fig. 4) with

0 < ¢ <liminf¢(t) <limsup¢(¢) < &2,
1—>+00 t—>+00

and
lp(t) — C1eM| < Cre,  foranyt <0,

where A > 0 is the unique root of xo(A) =0 (xo is defined by (5.1)) and A > A, C1,Cp > 0 are
constants.

Remark 2.5. In the above theorems, we have introduced constants ¢(m, r, b, d), ¢(m, r, b, d) and
co(m,r, b,d), with obviously

¢(m,r,b,d) < cx(m,r,b,d) <min{c(m,r,b,d), co(m,r,b,d)},

where c.(m, r, b, d) is the minimal wave speed, or say critical wave speed, defined by (2.5). We
conjecture that the sharp type traveling wave is unique, and the corresponding wave speed

C*(m’r9b7d) ZCO(mar7b7d):é(m?rabad)'

In other words, the critical wave of the degenerate model is the unique sharp wave, and the speeds
of smooth waves are greater than the speed of sharp wave. The difficulty lies in the fact that all the
above thresholds of wave speeds are determined by the whole structure of the equation instead
of the linearized characteristic function near zero equilibrium and the proofs of the existences
of different types of waves are based on various approaches without consistency among the
thresholds. Those conjectures are true for the case without time delay, see for example [13], and
for the case with time delay and quasi-monotonicity, see our paper [37], where we develop a
phase transform approach and formulate a variational characterization of the wave speed under
the monotonicity condition.

Remark 2.6. The speeds ¢(m,r, b,d), ¢(m,r,b,d), co(m,r,b,d) and c.(m,r, b,d) all are as-
sumed to be dependent on the structure of functions b(-) and d(-). It is well known that for the lin-
ear diffusion equation without time delay, i.e., m = 1,r =0, c4«(1,0, b, d) =2/ D’ (0) — d'(0))
provides that b, d satisfy some concave structure. Obviously, the critical wave speed of the linear
diffusion equation is totally determined by the linearization near zero. However, the critical wave
speed of the degenerate diffusion equation is nonlinearly determined. The wave front behaviors
are controlled by the whole structure.

3. Existence of sharp waves and their regularity

In this section, we develop a new delayed iteration approach based on an observation of the
delicate structure of time delay and sharp edge to solve the delayed degenerate equation. As far
as we know, this is the first framework of showing the existence of sharp traveling wave solution
for the degenerate diffusion equation with large time delay. A sharp wave solution ¢ (¢) is a



T. Xu et al. / J. Differential Equations 269 (2020) 8882-8917 8891

special solution such that ¢(#) =0 for t <0 and ¢ (¢) > 0 for t > 0. The result is also valid for
the general birth rate and death rate functions without time delay and here we only focus on the
case with time delay.

For any given m > 1, D > 0 and r > 0, we solve (2.1) step by step. First step, noticing that
the sharp wave solution ¢ (t) = 0 for < 0 and then ¢ (+ — cr) =0 for ¢ € [0, cr), (2.1) is locally
reduced to

cd'(t) = D(@™ (1)) —d(¢(1)), te(0,cr), 3.1)

#0)=0, (¢™)'(0)=0, '
whose solutions are not unique and we choose the maximal one such that ¢(¢) > 0 for ¢ €
(0, cr) as shown in the following lemma. Here, (¢™)'(0) = 0 is the necessary and sufficient
condition such that the zero extension of ¢ (¢) to the left satisfies (2.1) locally near O in the sense
of distributions.

Lemma 3.1. For any ¢ > 0, the degenerate ODE (3.1) admits a maximal solution ¢g (t) on (0, cr)
such that ¢cl (t) >0o0n (0, cr) and

-1 L
¢Ho=(91—50 "yo@T), - 0T
Dm
Proof. Clearly, ¢o(t) = 0 is a solution of (3.1). But we are looking for the solution such that
¢’¢1- () > 0 on (0, cr). Consider the generalized phase plane related to (3.1) and define wg (1) =
D[(¢g (#))™]’, then (c/)g (1), wg (t)) solve the following singular ODE system on (0, cr)

/ Y1)
o= —

/ Dm¢(50) 3.2)
Yir) = Dmg™=10) +d(p(1)).

We solve (3.2) with the condition (¢’¢1-, (0), wgy <(0)) = (0, €) with € > 0, whose existence, con-
tinuous dependence and suitable regularity follow from the phase plane analysis. Let € tend to
zero and (d)c1 (1), 1/;,:1 (t)) be the limiting function. Then qbcl (¢) is the maximal solution of (3.1) and
qﬁcl (t) > 0 on (0, cr). Asymptotic analysis shows that

vl ) = Dm@l )" ol (1) = cpl (1) +o(pl (1)), t— 0T,

which means that

1
¢2(0=(%t+0([))m1, t—0t. o

Second step, let ¢>L2.(t) be the solution of the following initial value ODE problem

{C¢’(t) =D(@" (1)) —d (@) +b($: (t —cr)), 1 € (cr, 2cr), (3.3)

plcry=pl(cr), ¢'(cr)=(pl) (cr).
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Define ¥2(t) = D[(¢2(1))™], then (¢ (), ¥2(¢)) solve the following system on (cr, 2cr)

N 40!
O DTy (3.4)
Y/(t) = YO 46 - bt — cr) '

~ Dm¢™(1) ¢ ‘

The above steps can be continued unless ¢f (t) blows up or decays to zero in finite time for some
k € NT. Let ¢ (t) be the connecting function of those functions on each step, i.e.,

oL(1), t €0, cr),
P2(1), t € [cr, 2cr),

det)=1... (3.5)
Bk (1), t € [(k — Der, ker),

for some finite steps such that ¢.(¢) blows up or decays to zero, or for infinite steps such that
¢ (¢) is defined on (0, +00) and zero extended to (—oo, 0) for convenience.

Lemma 3.2. For any given m, D and r > 0, there exists a constant ¢ > 0 such that if ¢ < c, then
@ (t) decays to zero in finite time.

Proof. On the existence interval of ¢.(¢), the pair (¢p.(¢), Y. (¢)) with V. (f) := D[(¢p(£))™] is
a trajectory in the phase plane

N A

o qusl;l(;;(t)’ (3.6)
, ¢

V) = Dmem—1(1) +d(p)) —b(gp(r — cr)).

In Section 4, we will develop a phase transform approach and prove that all the admissible wave
speeds have a lower bound. The result of Lemma 4.1 and its proof therein are independent of all
the results about the existence of sharp waves in this Section. The proof of ¢.(#) decays to zero
in finite time when c is sufficiently small is a consequence of Lemma 4.1. O

Lemma 3.3. For any given m, D and r > 0, there exists a constant ¢ > 0 such that if ¢ > ¢, then
¢ (t) grows up to +00 as t tends to +00.

Proof. On the existence interval of ¢.(f), the pair (¢.(¢), ¥ (f)) defined in the proof of
Lemma 3.2 is a trajectory in the phase plane (3.6). Now, we utilize the phase plane analysis
to show that when c is large enough, then ¢.(¢) grows up to the positive infinity as ¢ increases.
For t € (0, cr), ¢, is strictly monotonically increasing according to (3.2). Let (0, ¢) be the max-
imal interval such that ¢, is strictly monotonically increasing and within this interval, we have
dyr./d ¢, satisfies
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dy _  Dm¢" (b)) —d(@) _ ¥
d¢ W e (3.7)
YO =0, ¥(@) >0, ¢c©0),

where ¢, is the functional of ¢, and ¥, (we regard v, as a function of ¢, since ¢, is strictly
increasing) defined by

be |
Dms™~

= inf { —dsfcr}.
Per = b S ves)

Consider the following auxiliary problem

dy _ _ Dmg""1(b(9) —d(¢))
dp W ’ (3.8)
YO0 =0, ¥(@$) >0, ¢e©0),

where b(s) = SUPge(o.5) D(0) is the quasi-monotone modification of b(s) and the solution of (3.8)
is denoted by . (¢). Therefore, as ¢.(7) is strictly increasing (equivalently, ¥.(r) > 0) we have

b(¢er) < b(der) < b(9),

and the comparison between (3.7) and (3.8) shows that

Ve(@) = ¥e(d), ¢ €(0,9). (3.9)

The phase plane analysis to (3.8) without time delay shows that there exists a ¢ > 0 such that if
¢ > ¢, then V. (¢) is positive for all ¢ € (0, +00), which means according to (3.9) that ¥.(¢) > 0
for all ¢ € (0, +00), ¢ (t) is always increasing for ¢ € (0, +00). It follows that in fact ¢ = 400
and ¢, (t) grows up to 400 as ¢ tends to +00. O

We also need the following continuous dependent property of ¢.(¢) on c.

Lemma 3.4. For any given m, D and r > 0, the solution ¢.(t) is locally continuously dependent
on c. That is, for any ¢ > 0 and any given T > 0 and ¢ > 0, there exists a § > 0 such that for any
|c1 —c| < 8 and ¢1 > 0 we have

e, (1) — ()| <&, Vte(0,T1 —e¢),
where Ty = min{T, T.} with T, being the existence interval of ¢.(t).

Proof. Without loss of generality, we may assume that 71 > cr + €. The proof is divided into
two parts: the continuous dependence of the singular ODE (3.1) within (0, cr) and the continuous
dependence of a regular ODE within (cr, T} — ¢€).

Step I. We prove that ¢, (¢) together with ¢..(cr) is continuously dependent on ¢ for ¢ € (0, cr).
Since T, > cr, we see that ¢.(¢) is positive for ¢ € (0, cr]. We note that the maximal solution
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¢ (¢) is the unique solution such that ¢.(¢) > O in a right neighbor of 0 and the asymptotic
analysis Lemma 3.1 shows that ¢.(¢) is locally monotonically and continuously dependent on ¢
within some interval (0, 1) C (0, cr). In (#1, cr), ¢.(¢) is bounded away from zero and (3.1) is a
regular ODE, and the continuously dependence follows from the classical theory.

Step II. We prove that ¢, (¢) is continuously dependent on ¢ for ¢ € (cr, T} — ¢). As T is the
existence interval of ¢.(¢), ¢.(¢) is bounded from above and below for 7 € [cr, T, — €] such that
¢c(t) € [M, M3] C (0, +00) for some My > M > 0. According to the construction of ¢ (),
we see that ¢.(t) satisfies

cd'(t) = D(¢" (1) —d (¢ (1) +b(p(t —cr)), te(cr,Ti—¢),
¢(cr)=clcr), ¢'(cr) =c(cr),

which is a regular ODE without singularity on a bounded interval. This completes the proof. O

According to the unimodality condition (2.3), if sps > «, then b is monotonically increasing
on [0, ] and it is well known that the non-degenerate diffusion equation (m = 1) admits mono-
tonically increasing wavefronts if and only if ¢ > ¢, with ¢, > 0 being the minimal wave speed
determined by the characteristic equation near the equilibrium 0. It is also shown in [36] that
the similar result holds for the degenerate diffusion equation (m > 1) except that the minimal
wave speed is not determined by the corresponding characteristic equation, which indicates an
essential difference between those two types of diffusion. Henceforth, we may restrain ourselves
to the case s); < k in which b is non-monotone in [0, x] and b(sy) > b(x) = d(k). We set
M := b(sy) = maxb, 6 := b(d~'(M)) and according to the monotone increasing of the death
function d, it holds sy < k <d~'(M).

The unimodality condition (2.3) is stronger than the following condition:

b:R; — R is continuous and such that, for some 0 < ¢ < 3 :

b([¢1, 62]) S [d(&1),d(&2)] and b ([0, £1]) S [0,d(52)];

Minge[z,, 6,1 b(s) =0 (§1); (3.10)
b(s) > d(s) for s € (0, 1] and b is differentiable at 0, with '(0) > d’(0);

in[0, &2], the equation b(s) = d(s) has exactly two solutions, 0 and «.

Here we can take £ = d ' (M) = d~'(maxb), and ¢; € (0, spr) such that b(Z;) = 6, whose exis-
tence and uniqueness are ensured by the unimodality condition (2.3) as shown in the illustrative
Fig. 1.

The following uniform permanence property is used to show that the above locally solved
solution is actually a semi-wavefront if it exists globally. For the linear diffusion case (m = 1) in
[32,33], the authors proved the uniform permanence property based on the variation of constants
formula for semilinear differential equations. Their approach is not applicable to our case of
degenerate diffusion equation. Here we adopt an alternative proof applicable for quasi-linear
diffusion equations (m > 1).

Lemma 3.5 (Uniform permanence property). Assume that the unimodality condition (2.3) or its
consequence (3.10) holds with additionally sup,.( b(s) < M. Then any non-trivial wave solution
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¢ (1) of (2.1) satisfies

0 < ¢ <liminf¢(¢) <limsup¢(t) < & < +o0.
I—+00 1—+00

Proof. We first prove that limsup,_, , ., ¢ (¢) < {2. We proceed by contrary, supposing that there
exists a t, € R such that ¢ () > ¢». Let (1, t2) be the maximal interval such that ¢, € (¢1, ) and
¢(t) > & in (11, ), i.e., (11, 1) is the connected component containing #, of the set that ¢ () >
£. Since lim;, _ o ¢ (1) =0 < &2, we see that 1] € (—o0, t,). If there is no local maximum point
of ¢(¢) in (1, 12), then 1, = 400 and ¢ (¢) is monotonically increasing and converges to some
equilibrium greater than ¢, as ¢ tends to positive infinity, which is impossible since the only
positive equilibrium is ¥ < . Now let fy € (1, t2) be one of the local maximum points. We have
@ (to) > P () > L2, ¢’ (10) =0, (9™ ()" |1=1, < 0 as 19 is also a maximum point of ¢™ (¢), and at
this point 7

cg'(t) = D@ ()" +d (1)) — b(p(t —cr))
>d(p(1)) —b(¢p(t —cr))>d(52) —M =0,

which contradicts to the equation (2.1). Therefore, we proved that ¢ (t) < ¢, for all t € R.

We next prove that ¢ (¢) > 0 for t € R unless ¢ (s) =0 for all s <, which is in fact possible
for the sharp type wave solution. Suppose that there exists a t, such that ¢ (¢,) =0 and ¢ (s) £ 0
for s < t,. Here at t,, we have ¢'(t) =0, (¢™(¢))” > 0 and

b(p(t —cr)) =c¢'(t) = D@" (1) +d(p (1)) <0,

which means ¢ (tx — ¢r) =0 and ¢ (t, — jcr) =0 for all j € Z™ by induction. Supposing that #)
is the boundary of the leading edge of ¢ () (see Definition 2.2) and in this case #y < t, < +00,
@ (10) >k, ¢'(t0) =0, (9" (1)) |1=1, <0, then we have at 7o

b(@(t —cr)) = c¢/(t) — D(¢" (1))" +d(¢(1)) > d (k) > 0.

It follows that ¢ (fo —cr) > 0 and ¢ (¢) > O for ¢ € (o — cr, tp) since ¢ is monotonically increasing
in (—o0, tp). That is, we find an interval in (—o0, t,) longer than cr such that ¢ () has no zero
point, which contradicts to ¢ (¢, — jcr) =0 for all j € Z*. We conclude that ¢ () > 0 for all
t>1.

We finally prove that {1 < liminf;_, o ¢ (¢). Assuming that liminf,_, oo ¢ (f) < 1, then
there exists a sequence {f,}°, such that #, tends to positive infinity and ¢(z,) < ¢1. Let
A={t>1t;¢() <} We denote the set of all the local minimum points of ¢(¢) in A by
Amin- We divide the following proof into two parts.

(1) If Amin is empty or bounded to the upwards, then ¢ (¢) is eventually monotone and con-
verges to some equilibrium in [0, ¢1], which can only be 0. Therefore, ¢ (¢) is monotonically
decreasing on [t,, +00) and ¢(¢) € [0, €] for some sufficiently large #,, where ¢ € (0, {1) such
that

b(s) —d(s) - b'(0) —d'(0)
K - 2

, Vse(0,¢)
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since the limit of the left hand side is b'(0) — d’(0) > 0 as s tends to zero. Now we have for
t>ti+cr,¢'(t) <0, —cr) > ¢(t) and

b'(0)—d'(0
b(¢(t —cr)) =b(@(1)) =d(¢(1)) + %d)(ﬂ-

Here we have used the monotonicity of b(s) on [0, ¢] since b'(0) > 0 and we may take ¢ even
smaller if necessary. Then

b'(0) —d'(0
D@" ()" =c¢'(t) +d(p(1)) — b($(t —cr)) < —%d)(t), (3.11)

which must decay to zero at some finite point € (¢,, +00) and ¢ (¢) > 0 for ¢t < 7 according to
the phase plane analysis for this sublinear ordinary differential equation (3.11). At this point 7,
we also have

b($(t —cr)) =c¢'(t) = D@ (1)" +d(¢(1)) =0,

which contradicts to ¢ (f — cr) > 0.

(i) If Amin is unbounded to the upwards. Suppose that # is the boundary of the leading edge of
¢ (t) (see Definition 2.2) and in this case 7y < ] <inf A <inf Ay < 400, ¢ (fg) >k, (1] > 1y is
trivial as we can modify the sequence {#,}7° ;). We have already proved that ¢ (¢) > 0 for t > 10,
and the local regularity of non-degenerate diffusion equation (2.1) shows that there is no bounded
accumulation point of Apiy. For any 7, € Apin, we find that ¢'(¢,) =0, (¢™ (¢))"|;=;, > 0 and

b(p(t —cr)) =c¢'(t) = D@" ()" +d(p (1)) <d(p(1)) atts. (3.12)

According to the structure assumption on b(s) and d(s), we can choose positive constants k1 > 0
and ky € (0, 1) such that b(s) —d(s) > k1s and b(5) > d(s) forall s € (0, ¢;) and 5 € [kps, s]. We
deduce from (3.12) that ¢ (t. — cr) < ko (¢x) < ¢ (). Noticing that 7, is a local minimum point,
we see that t, — cr < t; or there exists another local minimum point 7, < t, and f;, € Ay such
that ¢ (z,) < ¢ (t« — cr) < ko (t,), which is denoted by 7, = F (t,) for convenience. Furthermore,
if F(t}) = F(t2) for two different minimum points ,, 12 € Apin with #] <2, then0 <12 — ¢} <
cr as t2> —cr < t}, otherwise, F(¢2) >t} > F(t}), a contradiction. Therefore, we can choose a
subsequence {sn}ﬁ | € Amin such that ¢ (sp41) > @ (sn)/ ko for all n € 77, which contradicts to

ko € (0,1) and ¢ (¢) < ¢; for all t € A. The proof is completed. O
Now, we are able to prove the existence of sharp traveling waves.

Proof of Theorem 2.1. Let (0, 77) and (0, 72) be the maximal interval such that ¢(¢) remains
positive before decaying to zero and ¢z(¢) < {2, respectively, where ¢ and ¢ are constants in
Lemma 3.2 and Lemma 3.3. For any T > max{T1, T2}, ¢.(T) > ¢, for some ¢ > ¢ and ¢.(T) <0
for some ¢ < c¢. The continuous dependence of ¢.(t) with respect to ¢ on the compact interval
[0, T'] (Lemma 3.4) implies that there exists a cr € [c, ¢] such that ¢, (T) = «. Since the closed
interval [c, ¢] is compact, there exists a subsequence of {cr}, i.e., {cT,.}j?il, and a ¢g € [c, c],
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such that lim;_, o, ¢7; = ¢o. Meanwhile, ¢, () exists on the whole (0, +00), whose zero exten-
sion to the left is a sharp wave solution. The uniform permanence property Lemma 3.5 and the
asymptotic expansion Lemma 3.1 indicate that the sharp wave solutions ¢, (¢) satisfies

0 < &1 =liminfee, (1) < limsup ¢, (1) < &2,
1—+00 1—+00

and

ey (1) — Cith| < Cotf,  forany € (0, 1),

where ¢t = max{t,0}, A=1/(m — 1) and A > A, C1, C2 > 0 are constants. O

Remark 3.1. The time delay together with the non-monotone structure of birth rate function
b(u) causes us essential difficulty in proving the monotonic dependence of ¢.(¢) with respect to
c. Actually, the possible existence of non-monotone semi-wavefront suggests that the monotonic
dependence may be violated in general. Without this monotonic dependence, the uniqueness of
the wave speed for wave solutions of sharp type remains open. For the case that the birth function
is monotone, we show that the sharp type wave solution is unique in [37].

We show that the sharp waves are classified into C! type and piecewise-C! type according to
the degeneracy index m as stated in Theorem 2.2.

Proof of Theorem 2.2. The asymptotic behavior near 0 in Lemma 3.1 completes the proof. O
4. Lower bounds of the wave speeds

This section is devoted to the formulation of a lower bound of the wave speeds and the nonex-
istence results for all kinds of waves with small speeds. It should be noted that the minimal
admissible wave speed is generally dependent on the time delay and decays to zero if time delay
tends to infinity (under some conditions on the birth function). Therefore, there is no existing
method and result showing the lower bound of the wave speeds for degenerate diffusion equa-
tion with large time delay. For the case with monotone birth function and small time delay, we
introduced a generalized phase plane analysis in [36] to show the nonexistence results.

Here, we develop a phase transform approach combined with the analysis of corresponding
phase energy to show the nonexistence results of sharp or smooth waves with small speed de-
pending on arbitrary time delay. We note that this method is generally incapable of showing the
existence of traveling waves with time delay since the trajectories with time delay may intersect
with each other. However, it can be a blueprint to draw the prospective contradiction for proving
the nonexistence. As for as we know, this is the first approach dealing with degenerate diffusion
equation with large time delay and non-monotone birth rate functions.

Lemma 4.1 (Lower bound of wave speeds). For any m > 1, D > 0 and r > 0, there exists a
constant ¢(m,r,b,d) > 0 depending on m,r and the structure of b(-),d(-), such that all the
speeds of the wave solutions of (2.1), no matter sharp or smooth, wavefronts or divergent semi-
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wavefronts, are great than or equal to ¢(m,r, b, d). Moreover,

ém,r.b.d) = “O(m’b(')’rd(’)) oD e,

where po(m, b(-),d(-)) > 0.

Proof. For any givenm > 1, D > 0 and r > 0, we need to find a constant ¢(m, r, b, d) > 0, such
that, (2.1) admits no wave solution ¢ (¢) (semi-wavefronts or wavefronts, sharp or smooth) for
any ¢ < ¢(m, r, b, d). The nonexistence result is valid for a typical Nicholson’s birth rate function
and death rate function without time delay in [13]. We can verify that it is also true for the general
type of b and d without time delay. Here we only prove the case with time delay r > 0.

We prove by contradiction and assume that ¢, is a wave solution corresponding to the speed
c¢. Recall that 1 and ¢, are the constants in (3.10). Since b’(0) > d’(0), let (0, £3) be the maximal
interval such that

Dm¢"V(b(¢) — d
Vo) = m¢™ " (b(¢p) — d(9)) @1

c

is increasing with respect to ¢ and denote {y = min{¢1, ¢3}. It should be noted that ¢j is inde-
pendent of ¢ and r. Let Iy := (—o00, ty) be the maximal interval of the leading edge of ¢, and let
I1 = (11, 1p) be the maximal subinterval of Iy such that ¢, is pos1t1ve monotonically i 1ncreasmg
and ¢.(t) < &o. That is, there exists a unique fo < to such that bc (fo) = Lo and we take 1) = fo.
If ¢, is of smooth type, then #; = —oo, while if ¢, is sharp, we take #; = O instead. Within I,
¢.(t) is monotonically increasing and b(¢.) is monotonically increasing with respect to ¢, as
e <%0 = {1.

Now we introduce the phase transform approach, see for example [13,36]. Let

Ye(t) = D(@ (1))

Since ¢, (t) is positive and monotonically increasing in /1, we have the following singular phase
plane where (¢.(t), ¥(¢)) corresponds to a trajectory

N A
PO Dty = 4.2)
=Y _ d(@()) — b(per (1)) =¥ '
VO = o s o (1) =

with ¢¢(t) = ¢(t — cr). We note that ¥.(¢) > 0 and the zero points of .(¢) is isolated since
¢ (¢) is a given wave solution. According to the choice of /1, we can regard ¢ € I] as an inverse
function of ¢, and denote 1/~f,: (c) = Y (t(p.)) = 0. We redefine ¢, (¢) as a functional of ¢, and
V. as follows

Pe

D m—1
¢cr = inf {/Lds < cr}. 4.3)
0€l0.¢c] Ve(s)

Consider the following nonlocal problem



T. Xu et al. / J. Differential Equations 269 (2020) 8882-8917 8899

dy _  Dm¢" '(b(per) —d(¢) _ ¥

=c ,
d¢ ¥ O] 4.4)
Y(0) =0, (%) =Dmg)" ' ¢.(12) >0, ¢ € (0, o).

Here, nonlocal means that ¢, is a functional of ¢ and ¥ (¢), which is caused by the time delay.

We draw a contradiction to the existence of solutions to (4.4) when c is sufficiently small
with the help of the phase plane (4.2). The curve I'; corresponding to ¥(¢) defined in (4.1)
divides (0, &p) x (0, 400) into two parts, E1 := {(¢, ¥); ¢ € (0, 80),0 < ¥ < Yo(¢)} and E» :=
(0, o) x (0, 4+00))\E1. For any (¢, ¥) € I'¢, we have

v Dmg"  (b(¢er) —d(9) Dm¢" ! (b(¢) —d(¢))
— =C— >C — =

0.

P v v
We can check that W/® > 0 for any (¢, ¥) € E». Let Y1 (¢) be the solution of

dy Dm¢™~'d(¢)
——=ct————,

de %

¥ (0)=0,¥(¢) > 0,6 € (0, ).

Asymptotic analysis shows that there exists a constant C; > 0 depending on the upper bound
of ¢ (independent of c if c¢ is small) such that

1) =Cr19, ¢ €(0,%).
The comparison principle of (4.4) shows that

Ve(9) <$1(9) <Cip, ¢ € (0, ). (4.5)

Let € € (0, ¢o) be a constant such that

€ %o
1
/ " d@)dg < f 6" (b(®) — d(¢))do, 4.6)
0 €

and
§:= ¢€i(rgf§0)(b(¢) —d(¢)) > 0.

We note that € and § only depend on the structure of b and d. We assert that for any given r > 0,
there exists a ¢; > 0 such that b(¢¢r) — d(¢) > 0 for all ¢ € (e, &) if ¢ < c1. In fact, according
to (4.5),

é ¢

D m—1 D m—1 D

cir>cr= / = ds > / " ds> T gm - o h,
Ye(s) Cis Ci(m—1)

cr cr

and then using the uniform continuity of the function f(s) :=s'/"=D on the interval [¢/2, o]
with the continuity modulus function being denoted by w(-), we have
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0 <b(@) —b(dey) =b'O)(¢p—der) = sup b'(s)- (¢ — ber)

5€(0,%0)

< sup b(s)-w(p™ " —or7l)
s€(0,%0)
C —1 )
< sup b/(s)a)(M)g—
5€(0,20) Dm 2

for some 8 € (¢.r, ¢), provided that c;r is sufficiently small such that c;r = o := pno(m, b(-),
d(-)) > 0 (it suffices that ¢ is sufficiently small as r is given). Here we note that po(m, b(-), d(-))
is a constant depending on m, €, o, 8, SUP;¢ (0, ¢) b’(s), which are all dependent on m and the
structure of b(-) and d(-). The dependence of wo(m, b(-),d(-)) on b(-) is basically on the struc-
ture of b(-) within (0, ¢o) and ¢y < ¢; with ¢ depending on the whole structure of b(-) on (0, {2).
Therefore,

b(¢er) — d(¢) = (b(p) —d(9)) — (b(¢) — b(¢cr))

5 _ b(@)—d(@)

= (b(p) —d()) — 7z > . P e(€ o). 4.7

The first integral of (4.4) over (0, o) shows that

%0 0
~ 1-
 [e@as =352 + [ Dng" w60 - a@do
0 0

€ %o
> / Dmg" "\ (b(der) — d())deb + / Dmg" "\ (b(der) — d(¢))db
0 €
€ %o
>_ / Dm¢" ' d(@)d + / Dmg" "\ (b(er) — d())db
0 €
1 | %o
m—1
> (=5 +3) [ Do 06@) - d@nae.

€
where we have used (4.6) and (4.7). On the other hand, we have

%0 %o c
C/‘/}c(¢)d¢§C/C1¢d¢5671§02.

0 0

Now we arrive at a contradiction if we have chosen ¢ < ¢ with

,b(),d(-
M,cxm,bc),d(-»}

¢ =min{cy, ¢y} = min{
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such that
%o

C 1
c27‘4§ <3 / Dm¢™ " (b(¢p) — d(#))d¢.

€

The proof is completed. O
Proof of Theorem 2.4. This is equivalent to Lemma 4.1. O
5. Oscillatory property of waves

In this section, we show that the waves (sharp or smooth) are oscillatory convergent or diver-
gent if the wave speed and the time delay is suitable large. More specifically, the sharp waves
proved in Section 3 is oscillatory divergent if the time delay is large. We note that the lower
bound demonstrated in Section 4 is needed in deriving the oscillatory properties.

Since the diffusion in (2.1) is degenerate for ¢ = 0, and nonlinear with respect to ¢ near «, we
define the following characteristic functions for ¢ > 0 near the two equilibria 0 and k separately

xo(h) := b (0)e " — ca — d'(0), A>0 (5.1)
and
X V) = Dmi™ 2%+ b (kK)e ™ — ch — d' (), c>0. (5.2)

It should be noted that the characteristic function xo(}) is totally deferent from that of linear
diffusion case such that the quadratic DA for m = 1 is absent due to the degeneracy for m > 1.
Therefore, the minimal admissible wave speed cannot be determined by the linearization of the
equation near the zero equilibrium.

We see that xo(A) = 0 has a unique positive real root Ag for all ¢ > 0. In fact, Lo = % such
that w, € (0, b'(0) —d’(0)) is the unique solution of &’ (0)e™"*r = w, +d’(0) since ' (0) > d’(0).
However, the distribution of the roots of y, (1) is much more complicated and plays an essential
role in determining the oscillatory property of the semi-wavefronts.

The characteristic equation near « plays an essential role in the investigation of the mono-
tonicity near k. We have the following results concerned with the distribution of the roots of
characteristic equation.

Lemma 5.1. For b’ (k) < 0, there exists an extended real number ¢, = c,(m,r, b’ (k),d (k)) €
(0, +00] such that the characteristic equation x,(X) defined in (5.2) has three real roots A1 <
M <0 < Az ifand only if ¢ < ci. If ¢, is finite and ¢ = ¢y, then x, (L) has a double root A1 =
A2 < 0, while for ¢ > c, there does not exist any negative root to (5.2). Moreover, if A € C is a
complex root of (5.2) for ¢ € (0, ¢], then WA j < Aa. Furthermore, c,(m,0,b'(k),d (k)) = +00
and ¢, is strictly decreasing in its domain,

puc (m, b' (i), d' () + o(1)
. ,

ce(m,r, b (k),d (k) =

— +00,

where w,(m,b'(k),d (k)) = ,/%e%, and w, < 0 is the unique negative root of
2d' (k) =b' (K)e % (2 + wy).
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Proof. We note that (2.1) does not degenerate near x and the linearization of the nonlinear dif-
fusion equation (2.1) near « is of the same type of the linear diffusion case. This lemma follows
from a slight modification of Lemma 1.1 in [8]. Here we omit the details for the sake of simplic-
ity, O

Now we prove that the waves are oscillatory if ¢ > ¢,. For the case with linear diffusion
(m = 1), it is proved in [8,32] that the waves are oscillatory if the wave speed are large enough
based on the semigroup expression of differential equations with linear principle part. Here we
provide a slightly different argument suitable for nonlinear diffusion.

Lemma 5.2. Assume that b’ (k) < 0 and ¢ > ¢, as in Lemma 5.1, then (2.1) does not have any
eventually monotone semi-wavefront.

Proof. Lemma 5.1 implies that the characteristic function y, (1) around « does not have any
negative zeros. Arguing by contradiction, suppose that, there exists an eventually monotone trav-
eling wavefront.

Set w(t) = ¢(t) — Kk, then w(¢) is either decreasing and strictly positive or increasing and
strictly negative on some interval [T, +00) and satisfies

Dm(p ()" w' (1)) — cw' (1) = p()w(t) + k() w(t — h), (5.3)

where h = cr and

_b(@@ =) —bx)
¢t —h)—«

_d@®) —dx)

k() := , p@):= S0 —x

Since ¢(+00) =k, 0 < k(1) < —2b'(x), and 0 < p(t) < 2d’'(x) for all sufficiently large . We
will show that for ¢ > ¢,, w(z) will oscillate about zero. As a consequence of Lemma 3.1.1
from [14], we can conclude that w(#) cannot convey super-exponentially to 0. This fact and
Corollary 24 in [32] imply the existence of a sequence ¢; — +00 and a real number § > 0 such
that |w(z;)| = max>; |lw(s)| and MaXge[r;—3h,1;] lw(s)| < 8lw(z;)| for every j. Without loss
of generality we assume that w'(f,) <0 and 0 < w(z) < w(t,) for all ¢ > t,. Additionally, we
can find a sequence {s;} with lim(s; — ¢;) = +o00 such that |w’(sj)| < w(¢;). Now, since w(t)
satisfies (5.3), we conclude that every y;(¢) = w(t +¢;)/w(t;) > 0 is a solution of

Dm@™ " (t +1))y) —cy' — p(t +1;)y —k(t +1;)y(t —h) =0.

It is clear that lim;_, oo k(t + ;) = —b'(k), limj_ 400 p(t + ;) =d'(k), and lim;_, o ¢ (t +
tj) =« uniformly on R and also that 0 < y;(¢) <6 forallt > —3h, j =1,2,3,....

We need to estimate | y"i (#)]. Since z; (1) = me™ (1 +1 ) yl;. (1) solves the initial value problem
zj(s; —tj) =w'(s;)/w(t;) € [—1, 0] for equation

D7 () —c z2(t) — p(t +1j)yj(t) —k(t +tj)y;(t —h) =0,

1
m¢m_1(t +1t5)

we obtain that
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L rt c d
B S
5 Jsjj mgM=L(x+1))

zj(t) =e zj(sj —1tj)

1t 1
D ./.Iv md)m_l(r+tj)

t
1 dt
+5 / (pt+1j)yj(s)+k(s+1;)yj(s —h)e ds. 5.4)

Sj—tj

In consequence,

Vil = C+CQlg' )|+ Dd,  t €[=2h,s; —1)], JeN, (5.5)

from which the uniform boundedness of the sequence {y}(t)} on each compact interval
[—2h,&],& > —2h, follows. Together with 0 < y;(¢) <, > —3h, inequality (5.5) implies
the pre-compactness of the set {y;(t),t > —2h, j € N}, in the compact open topology of
C([—2h,+0c0),R). Therefore, by the Arzela-Ascoli theorem combined with the diagonal
method, we can indicate a subsequence y;, () converging to a continuous function y(t), r €
[—2h, +00). This convergence is uniform on every bounded subset of [—2/, +00). Additionally
we may assume that limg_ oo y}k (0) =y, exists.

Next, putting s; — ¢; =0 in (5.4), we find that

2j (1) =m¢™ (1 + 1))y} (1)

1t c
D Jo st 4T
m¢Mm= 1 (t+1}) zj 0)

1 e
+B/(p(t—l—tj)yj(s)—f-k(s—i—tj)yj(s—h))e memT ) st > —h.
0

Integrating this relation between O and ¢ and then taking the limit as j — oo in the obtained
expression, we obtain that

m—1

Dmk o ,
YO =1+ ——— (e DT — 1) v

t o
1 _clt=s) _
+ / — /(d’(/c)y(s) —b'(K)y(s — h))epnmTdsdo, t > —h.
Dmk™—
0 0

Therefore, y(t) satisfies

D1y (1) = ey (1) = d' )y (1) + b )yt =) =0, 1> —h. (56)

Additionally, y(0) = 1,y'(0) = y; € [-1,0] and 0 < y(r) < 8,1 > —2h. Clearly, y € C*(R,)
and we claim that y(#) > O for all + > 0. Observe here that y(¢),t > —2h, is non-increasing,
and therefore y(0) = 1, y(s) = 0 imply s > 0. Let us suppose, for a moment, that y(s) = 0
and y(t) > 0,7 € [-h,s). Then y'(s) =0, y(s — h) > 0, so that (5.6) implies y”(s) > 0. Thus
y(t) > 0= y(s) for all # > s close to s which is not possible because y is non-increasing on
[—2h, +00).
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We have proved that (5.6) has a bounded positive solution on R_. As it was established in
[14] Lemma 3.1.1, this solution does not decay superexponentially. From Proposition 7.2 in
[22] (see also Proposition 2.2 in [12]), we conclude that there are b < 0,8 > 0 and a nontrivial
eigensolution v(¢) of (5.6) on the generalized eigenspace associated with the (nonempty) set A
of eigenvalues with WA = b, such that y(¢) = v(r) + O (exp((b — §)t)), t = +o0.

On the other hand, since ¢ > ¢*, we know from Lemma 5.1 that there are no real negative
eigenvalues of (5.6) hence IA # 0 for all A € A. From Lemma 2.3 in [12], we find that y(¥) is
oscillatory, a contradiction. 0O

Proposition 5.1 (Oscillatory waves). Assume that m > 1, r > 0, b'(k) < 0, then there exists a
number ¢, = c,(m,r,b'(k),d (k) € (0, +00] such that the semi-wavefronts with speed ¢ > ¢,
cannot be eventual monotone (i.e., they must be oscillating around k, convergent or divergent).
Moreover,

i (m, b’ (k) d' (k) + o(1)
. ;

ce(m,r,b (k),d (k) = r — 400,
where ,(m,b'(k),d (k) =,/ 72[)”;',((':;'”%&)7'(, and w, < —2 is the unique negative root of
2d' (k) =b'(k)e % (2 + wy).

Proof. This result follows from Lemma 5.1 and Lemma 5.2. O

Now we know that if »’(k) < 0 and the birth rate function b satisfies the feedback condition
(2.4), then for ¢ > ¢, the semi-wavefront ¢ (¢) is slowly oscillating around the positive steady
state. In the remaining part of this section, we show that these oscillations are non-decaying for
the wave speeds greater than some constant c*.

Before going further, it will be convenient to work with the scaled function ¢(s) = ¢ (cs).
Then ¢ is a positive solution of the delay differential equation

Do (¢™)"(1) — ¢'(t) —d(¢(®) + b(p(t —r)) =0, 1€R,
where o = ¢ 2. The characteristic equation around « is
x*O) =Domc™ 2F = x—d (k) + b (k)e . (5.7)
We recall the following definition in [32] concerned with the non-decaying oscillation around « .

Definition 5.1. Suppose that b’'(«k) < 0. Let ¢* = c*(m, r, b’ (k), d' (x)) € (0, +00] be the largest
extended real number such that y *(A) does not have roots in the half-plane {1z > 0} other than
a positive real root.

Lemma 5.3. The inequality c¢*(m,r,b'(«),d' (k)) > c.(m,r,b'(k),d (k)) holds for all cases.
If b' (k) > —d'(k), then c*(m,r,b'(k),d (k) = +o0o for large time delay r; while if b’ (k) <
—d’(k), then

W (m, b' k), d' () + o(1)

r

cF(m,r,b (), d (k) =

where u*(m,b'(k),d (k) =,/ %.

r — +00,
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Proof. According to Lemma 5.1 and Lemma 1.1 in [8], for any ¢ < ¢, any complex root A ;
of (5.2) has negative real part such that 3id; < A < 0. It follows that ¢* > ¢, for all cases. If
¢* < 400 and ¢ > ¢*, then (5.7) has a complex root with non-negative real part, denoted by
o +iB witha > 0and 8 > 0. Then

Dmk" o (@ +iB)? — (@ +iB) —d' (k) + b (k)e 7@+ = .
That is,

Dmi™ o (@ — %) —a —d'(k) + b (k)e " cos(rp) =0, 5.8)
2Dmk" loaf — B —b'(k)e " sin(rp) = 0. ©.
For large time delay r, we assert that o = o(1) as r — 4o00. Otherwise, |b’(/<)e_’\’| <
|Domk™ 122 — A —d'(k)| for A € 9K for large time delay since the complex-valued function
Domi™~ 122 — A — d’(k) has at most one complex root within K, where K := {z; iz > «/2} in
the complex plane. According to the Rouche’s theorem, (5.7) admits at most one complex root
(that is a positive real number), which is a contradiction. Now, we see that

b (k)e " cos(rB) =d' (k) + Dmk" 'op? +a — Dmk"'oa® > d'(k) + Dmk" "o 2,

which is impossible if b’ (k) € [—d’(k), 0). For the case b’ (k) < —d'(x), we let ¢ tend to c*, then

o + iB tends to a purely imaginary number iy, and the following limiting equation of (5.8) has a

nonnegative solution

—Dmi™ Voy? —d' (k) + b’ (k) cos(ry) =0, (59
—y —b'(k)sin(ry) =0. '

We note that according to the definition, ¢* is smallest positive real number such that (5.7)
has complex roots with non-negative real part except for the unique positive real root. That is,
o = 1/(c*)? is the largest positive real number such that (5.9) has a solution. Asymptotic anal-
ysis as r — 400 shows that ry — 7 and Dm«™ ' 7% /(c*r)?> — —b'(k) — d'(«). The proof is
completed. O

Finally, we present a sufficient condition for the existence of divergent semi-wavefronts.

Lemma 5.4. Assume that b' (k) < 0 and the birth rate function b satisfies the feedback condition
(2.4). If ¢ > c*, then the semi-wavefront ¢ (t) does not converge to k as t — +00.

Proof. We prove that the solution does not converge to « using a similar argument in [32],

which implies that the oscillation is non-decaying. By contradiction, we assume that ¢ (1) — «
as t — +00. Then v(t) = ¢ () — k with v(4+00) = 0, satisfies

Dmo ()" W' (1)) —v'(t) —di(v(@)) + b1 (v(t —r)) =0, 1€R, (5.10)

where b (s) := b(s + k) — b(x), b1 (0) =0, b'(0) = b’ (), satisfies the feedback condition with
respect to 0, and d (s) :=d(s + k) —d(x), d1(0) =0, d} (0) =d'(x).
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Since v(+00) = 0, there exists a sequence #, — +o0o with the property such that |v(z,)| =
maxs>;, |v(s)|. We can assume that v attains its local extremum at #, so that v'(z,) = 0,
v (t)v(t,) < 0. These relations and (5.10) imply that v(#,)v(#, — r) < 0 and therefore sc(vy,)
must be an odd integer. Since sc(v;,) < 2, sc(v;,) = 1. There are a unique z, € (t, —r, t,) and
a finite set F, such that v(s) < O for s € [t,, — r, z,)\F,, and v(s) > O for s € [z,, t,]. We can
assume that |v(z,)| = max{|v(s)|: s € [z,, tx]}, and that {r,}, r, := 1, — 2, € (0, r), is monotoni-
cally converging to r* € [0, r]. Set y, (1) = v(t 4+ z,)/v(t,), t € R, then y, (¢) satisfies

Dma (@)~ 'y ) =y (1) = gu(O)y(®) + pat =)yt —h) =0, 1€R,

where
o [P O oz iz 20,
Pt = o, i 0t +2,) =0,
and
N I SR IR )
W= a0, i vt +2,)=0.

Since y,(0) =0 and |y, (¢)| < 1, 1 > 0, and that lim, .o pu (1) = ' (k), lim,— 00 g, (1) = d' (k),
lim;,_, 5 ¢ (¢) = k uniformly in ¢ € R;. From (5.4), we get |y,(¢)| is uniformly bounded in
C!([—2r, 0)). Hence, using the similar arguments in Lemma 5.2, there exists a sub-sequence
Yn; converging to y*(), which is the solution of the linear equation

Dmok™ 'y (1) — y'(t) —d (k) y(t) + b (k) y(t —h) =0, t>2r. (5.11)
From Proposition 7.2 in [22], for every sufficiently large |v|, v < 0, it holds that
yi(t) =Yo(t) + O(exp(vt)), t— 400,

where Y () is a nonempty finite sum of eigensolutions of the linear equation (5.11) associated to
the eigenvalues in {A € C : 9t(A) € (—v, 0]}. Thus, there exist A > 0, 8 > 0, > 0,¢ € R, such
that y*(r) = (Acos(Bt +¢) +o(1))e ", ¢ > 2r. From [32] on the location of eigenvalues, we
have B > 27 /r. Since yy; converges to y* as j — o0, this ensures that Yn; changes its sign at
least three times for sufficient large j. It contradicts to sc(v;,) = 1 and completes the proof. O

Proposition 5.2 (Non-decaying oscillating waves). Assume that the birth rate function b(-) sat-
isfies the feedback condition (2.4) and b’ (k) < 0 and the time delay r > 0, then there exists a
number ¢* = c*(m, r,b' (), d (k) € (0, +00] such that the semi-wavefronts with speed ¢ > c*
have to develop non-decaying slow oscillations around k. Moreover, if b'(k) > —d’'(k), then
c*(m,r,b' (k),d (k) = +oo for large time delay r; while if b' () < —d' (), then

p*(m, b'(k),d (k) + o(1)
. ,

cFm,r, b (k),d (k) =

where w*(m, b’ (), d (k) :=m,/ %.

Proof. This result follows from Lemma 5.3 and Lemma 5.4. O

— +00,
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Proof of Theorem 2.3. This is proved in Proposition 5.1, Lemma 5.3 and Proposition 5.2. O

Remark 5.1. For b’ (k) € [—d'(x), 0), we have c*(m, r, b’ (k), d’ (k)) = +0oo and then the speeds
c*(m,r, b (k),d (k) > ¢ (m,r,b' (), d (x)) for large time delay. For b'(x) € (—o0, —d’(k)),
we also have ¢*(m, r, b’ (k),d (k) > ¢, (m, r, b’ (), d' («)) for large time delay since

Dmg™—1 2Dmi™ @,
2 = P ,b/ ,d/ ,
') — ') >\/ b ¢ =M b0, d )

w(m, b'(k),d' (k) =7T\/

according to the fact that 2|w, |e_“‘"(‘ <2/e< 72 for all . In fact, we show that ¢*(m, r, b’ («),
d' (k) > c.(m,r,b' (k),d (k)) for all cases in Lemma 5.3.

Proof of Theorem 2.5. We show that for functions b(-) and d(-) with some structure condition,
the curves co(m, r, b, d) intersect with ¢*(m, r, b’(«), d'(«)), and then the sharp divergent semi-
wavefront exists. In fact, u*(m, b’(x), d’(«)) is a constant only dependent on the local property
of b'(x) and converge to zero as b’(x) — —oo. From the proof of Theorem 2.4, we see that
wo(m, b, d) depends on the structure of b(-) and d(-) within (0, ¢1), where ¢ is determined by
the whole structure of b(-) and d(-) as shown in Fig. 1. The local variation of »’(«x) has minor
effect on wo(m, b,d) (if the change of b'(x) has no effect on ¢;, then wuo(m, b, d) is fixed).
Hence, for functions b(-) with appropriate structure near 0 and suitable large —b’(«), there holds

0 < u*(m,b'(k),d (k) < po(m, b(),d(-)),
and further

0<c*(m,r,b'(k),d (x)) <é(m,r,b,d) <co(m,r,b,d),

for large time delay according to the asymptotic behavior in Theorem 2.4 proved in Section 4,
Proposition 5.1 and Proposition 5.2. O

Remark 5.2. The condition in Theorem 2.5 holds for many kinds of birth functions. If fact, from
the proof of Theorem 2.4, we see that wo(m, b,d) depends on the structure of b(-) and d(-)
within (0, ¢1), where ¢ is determined by the whole structure of b(-) and d(-) as shown in Fig. 1.
If the change of b'(x) has no effect on ¢y, then wo(m, b, d) is fixed. Hence, for functions b(-)
with appropriate structure near O and suitable large —b'(k), the sharp divergent semi-wavefront
exists.

6. Classification of various waves

This section is devoted to the classification of various waves defined in Definition 2.2. We
have already shown the existence of sharp type waves in Section 3, especially the sharp diver-
gent waves in Section 5. Here, we prove the existence of smooth waves and then present the
classification of wave profiles according to the wave speed and time delay.

6.1. Existence of smooth waves
We employ the Schauder’s Fixed Points Theorem to show the existence of monotone and

non-monotone waves of smooth type. Compared with the linear diffusion case (m = 1), both the
comparison principle and the solvability of degenerate elliptic problem (m > 1) are not obvious.
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We recall the comparison principle of degenerate diffusion equation on an unbounded domain.

Lemma 6.1 (Comparison Principle, [36]). Let ¢1, ¢p2 € C(R; R) such that fori =1,2, 0 < ¢; €
L*(R), 9" € Wli)’cz, ¢1(t) >0 forallt € R, ¢;(t) is increasing fort < to with some fixed ty € R,
liminf;_ 4+ oo (1 (t) — P2(2)) = 0, liminf;_, 4 o ¢1(2) > 0 and ¢; satisfies the following inequality

¢y (t) — D(T" (1) +d(¢1(1) = e (1) — D(5'(1))" +d(¢2(1))
in the sense of distributions. Then ¢1(t) > ¢2(t) forall t € R.

We show the following solvability and monotonicity of degenerate equations on an unbounded
domain. This is needed to verify the monotone leading edges of the waves, no matter monotone
wavefronts, oscillatory wavefronts or divergent semi-wavefronts.

Lemma 6.2. Assume that 0 < ¢ (t) € L°(R) N C(R), ¢ is monotonically increasing on

(—o00, ty] for some ty € R, and ¥ (t) > ¥ (ty) > 0 for all t > ty, then the following degenerate
elliptic equation

c@'(t) —D@" @) +d@®) =y (1), teR,

——00 .
0< d_l(limian(t)) <liminf¢(¢r) <limsupp(¢) < d_l(limsup Y(t)) < +o0,
1—>+00 =400 t—+00 t—>+400

admits at least one solution ¢ (t) such that 0 < ¢ (t) € L>*°(R), ¢ is monotonically increasing on
(=00, 19], and ¢ (t) = ¢ (ty) > 0 for all t > 1.

Proof. Consider the following regularized problem for any A > max{l, fo} with —A < 1y

{c¢’<t)=D(m<|¢<t)|2+1/A)<'””/2¢’(r>)’—d(¢(r))+w<r), re(=AAL

d(—A)=d (Y (=A), @A) =d ' (¥(A)).

The unique existence of solution to (6.2) is trivial. The solution is denoted by ¢ 4. We note that
d(s) is monotonically increasing and ¥ (¢) > ¥ (—A) for all r > —A since —A <ty and ¥ (¢) is
increasing on (—o0, fp). Comparison principle of elliptic equation shows that

0<d ' (Y(=A) <pa(t) <d '(supy), te(—A,A).

In fact, if this is not true, we argue by contradiction. If there exists 7y € (—A, A) such that
dal(ty) < d_l(llf(—A)), then the minimum of ¢4(¢) on [—A, A] is less than d_l(w(—A)) and
is attained at some inner point r* € (—A, A) since at the endpoints ¢4 (£A) > d~ ((—A)). At
this point 1*, ¢/, (1*) =0, ¢’; (t*) > 0, and by (6.2)

Y (t*) = ey (1) — D(m(Ipa)> +1/A) "2, (1) + d(@a(t*)) < ¥ (—A),

which contradicts to the fact ¥ (t) > ¢(—A) for all r € [-A, A]. The proof of ¢4(t) <
d~(sup ) is similar.
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We assert that ¢A (t) >0 for t € [—A, tp]. Otherwise, there exists a t, € (—A, fg) such that
¢, (t) < 0. Let (11,12) be the maximal interval such that . € (¢, %) and ¢/,(r) <0 for r €
(11, 12). We note that ¢4 () attains its minimum at —A, which implies ¢/, (—A) > 0. Thus, #; €
[—A. 1), ¢y (11) =0,

(m(Ipa O +1/0)" D2, 1)), <0,

and

Y (1) = cgly (1) — D(m(pat)* + 1/ A) ™ D2¢) (1)) + d(pa (1) = d(@a(t)),

which shows

da(t) <d ' (W (1) <d ' (Y (t) <d (W () <d 7 (Y (A) = dpa(A)

ast] <t, <tyg < A, Y(t) is increasing on (—o0, tp] and ¥ (¢) > ¥ (ty9) > O for all ¢ > #y. There-
fore, p4(A) = d~ (Y (A)) > ¢a(r1) and P4 () cannot always decrease on the whole (f1, A).
Then 1, < A and ¢/, (2) =0, pa(t1) > Ppa(12),

(m(pa®)* +1/4)" D¢, (0))],_, >0,

and

Y (1) = cgly (1) — D(m(pat)* + 1/A) " D2¢ (1)) + d(pa(r1))
> ey (1) — D(m(1pa(@)* + 1/A) " V2 (1)) + d(da(t2))

=vy(h), tH<nb,

which contradicts to the monotonically increasing of ¥ on (—o0, ty) and ¥ (¢) > ¥ (f9) > O for
all r > 1.

Next, we show that ¢4 () > ¢4 (tp) > 0 for all ¢ > ty. Otherwise, there exists a number | €
(to, A) such that ¢4 (#1) < ¢4 (tp). Noticing that ¢4 (¢) is increasing on (—A, o), we see that there
exists a maximum point t* € [#g, ¢). Similar to the above analysis at this point *, we find that

Pa(A) = pa(t™) = palto) > pa(tr)

and ¢4 (¢) cannot decrease on the whole (1*, A). Then there exist 7, € (t*, ;) and t;, € (¢, A)
such that ¢4 (t,) = ¢4 (tp) = Ppa(ty) and ¢4 (¢) satisfies

c¢'(t) = D(m(p > + 1/ )" V2 (1)) —d(p () + ¥ (1), 1 € (ta, 1),
D (ta) = Palto), ¢(tp) = palto).

Applying the maximum principle of elliptic equations with ¥ (¢) > ¥ (fp) for all ¢ > #y, we find
that ¢4 (1) > ¢ (ty) for t € (¢4, tp), which contradicts to 1] € (¢4, 1) and ¢4 (t1) < P 4(to).

For any 1 < B < A, let n(¢) be the cut-off function such that 0 <n(t) <1,n € Cg((—B, B)),
In'(t)] <2fort e (—B,B),nt)=1fort € (—B+ 1, B — 1). Multiply (6.2) by n%(t)¢a(t) and
integrate over (—A, A), we have
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A A

/ P Sa(D)d (Dd1 + / D (ga ()P + 1/A) "D/, (1) 2dr
—A —A
A
+ / n*d(pa (1)) a(t)dt
—A
A A
< / 2Dmn(|pa)* + 1/A) "D 204 ()¢, (1)1 (1)]d1 + / npa ()Y (1)dt
—_A —A
! A
<5 / Dmn?(1pa () * +1/A)"=D/21), (1) dt
—A
A
+ f 2Dm (a0 + 1/4) D219 (1) * |0/ (1) 1*dt + 2d~ " (sup y) sup ¥ B.
—A
Therefore,
B—1 B—1

1
; f Dmiga() + 1/4)" D218 (1) 2di + f d(SA()ba(D)dr

—B+1 —B+1
—B+1 B

< / + / 2Dm(|pa () 1>+ 1/0) D21 (1) 110 (1) |*dt 4 2d ™ (sup ) sup v/ B
—B B—1

<16Dm((sup¥)? + DD (supy)? + 2d~" (sup ) sup v B.

It follows that [|¢} lly1.2_p+1 p—1) is uniformly bounded and independent of A. We note that
the embedding W2(=B + 1, B — 1) into C? ([—B + 1, B — 1]) with y € (0, %) is compact, and
¢ € CY([—B + 1, B —1]) implies ¢4 € CY/™([—B +1, B —1]). There exist a subsequence of
(@A (1)} a=1 denoted by {¢a, (1)},cn and a function ¢ (1) € C¥/™(R) such that ¢™ € W,-2(R),
0<¢ <K, and ¢4, (t) uniformly converges to ¢ (¢) on any compact interval, ¢;\"n (t) weakly
converges to ¢ (¢) in WIL’CZ(IR). Since each ¢4, (¢) is monotonically increasing on (—o0, fp), we
see that ¢ (¢) is also increasing on (—o0, #g). We can verify that ¢ (¢) is a solution of (6.1). O

The existence of traveling waves is deduced by Schauder fixed point theorem on an appropri-
ate profile set I'c constructed with upper and lower profiles ¢* and ¢, for two auxiliary problems,
where ¢*, ¢ will be specified in the following. Inspired by Theorem 1.1 in [21], we construct
two auxiliary degenerate diffusion equations with quasi-monotonicity. Since b({1) > 0, there is
a small € € (0, {1) such that b(&; — €) > 0 for every € € [0, €o]. If b(s) satisfies (3.10), for any
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€ € (0, €p), define two continuous functions as follows

min {6'(O)u, M}, u€l0,2],

b*(u) =
max {M,b(u)}, u> s,

and

inf {b(n),d (¢ —e€)}, ucl0,],
be(u) = { nelu.al
min{b(u),d (£ —€)}, u> 0.

If b(s) satisfies the unimodality condition (2.3), then the above functions are simplified as
b*(u) = min {6’ O)u, M},
and

be () = min{b(u), d (51 — €)}.
According to the definition, we have
Lemma 6.3. Both b* and b, are continuous on [0, +00) and monotonically increasing on [0, £2];
b*(s) = b(s) = be(s) forall s > 0; b*(52) = d(%2) = M and b*(s) > d(s) for s € (0, £2); be($1 —
€)=d(l1 —e€) <d(&1) and be(s) > d(s) for s € (0,¢1 — €).

Proof. The above statements are obvious and their proofs are omitted for the sake of simplic-
ity,. O

Consider the following two auxiliary delayed degenerate diffusion equations
w(t, x) = D(W™) (£, x) —d(w(t, x)) +b*(w( —r, y)), (6.3)
and
we(t, x) = D(W™) 1 (7, x) — d(w(t, x)) + be (W —r, y)). (6.4)
The wave equations corresponding to (6.3) and (6.4) are
cU'(ty = DU™"(t) + d(U (1)) = b*(U(t — cr)) =0, (6.5)
and
cU'(t) — DU™"(t) + d(U (t)) — be(U(t — cr)) = 0. (6.6)
We note that the characteristic functions of (6.5) and (6.6) near O are identical to (5.1), i.e.,
the characteristic function of (2.1) near 0. However, we will show that the critical wave speed is
not determined by this characteristic function near 0.

Now we recall the existence of monotone traveling wavefronts for the above two auxiliary
degenerate diffusion equations with time delay.
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Lemma 6.4. For any givenm > 1, D > 0 and r > 0, there exist a constant ¢(m, r, b*, d) (depend-
ing on m, r and the structure of b*(-), d(+)) and a constant ¢(m, r, b¢, d) (depending on m, r and
the structure of be(-), d(-)) such that (6.5) and (6.6) admit monotonically increasing wavefronts
@*(t) and ¢¢ (¢t) for c; > ¢(m, r,b*,d) and ¢y > ¢(m, r, be, d), respectively, with 0 < ¢p*(t) < o,
0<¢e(t) <1 —e,

[9* (1) — pe™a| < C*elerl) (1) — (&1 — €)e*2!| < Ceeta!, 1 <0, (6.7)

where A¢,, Ae, > 0 are the unique roots of xo(L) = 0 corresponding to c¢1 and cy respectively,
(xo is defined in (5.1)) and A¢; > A, fori = 1,2, C*, Ce > 0 are constants. Moreover, Ce is
uniformly bounded from above and ¢(m,r, be, d) is uniformly bounded from above and below
with respect to € € (0, €q).

Proof. The existence result for degenerate diffusion equations with small time delay and mono-
tone birth function is proved in Theorem 2.4 of [36]. We point out that the restriction of the
smallness of time delay lies in the proof of the positive lower bound of the critical wave speed,
i.e., Lemma 3.11 of [36]. Here in the proof of Lemma 4.1, we develop the approach further such
that it is applicable to all the time delay. Therefore, the result of Theorem 2.4 in [36] is valid for
all time delay as we proved here in Lemma 4.1. We apply this conclusion to the two auxiliary
degenerate diffusion equations with time delay separately. The dependence of C. with respect
to € is shown by the construction of the upper and lower solutions in [36], which is uniformly
bounded since ¢ — € is uniformly bounded for € € (0, €g). According to Lemma 4.1, we see that
¢(m, r, b, d) is uniformly bounded from below with respect to € since the structure of the family
of functions b¢ near zero is the same. The uniform upper bound of ¢(m, r, be, d) with respect to
€ is trivial as we can construct an upper solution with suitably large wave speed. The proof is
completed. O

Proof of Theorem 2.6. For any given ¢ > max{c(m, r, b*,d), c(m, r, be,d)}, let ¢*(r) and ¢ (¢)
be the monotonically increasing wavefronts of (6.5) and (6.6), respectively, corresponding to the
same wave speed c. According to (6.7),

|9* (1) — 2e™ | < Ce™, e (t) — (&1 — €)M | < Ce™M, 1 <0,

for A > A and C > 0 with A > 0 being the unique root of xo(}) = 0 corresponding to c. We may
assume that

@4 (t) > ¢e(t), forallteR.

Otherwise, let 7y < 0 be sufficiently small such that

6*(1) > %e“ > $e(t), Vi <1, 6.8)

and choose 7| such that ¢*(¢]) > % Then we shift ¢ (¢) to ¢ (r —max{t; — tg, 0}). Therefore,

$e(t — max{r; — 0,0) < % <), V=1,
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and
¢e(t — max{t; — 19, 0}) < @™ (r — max{t; —19,0}) <p*(1), Vi <1,

according to (6.8) and the monotonicity of ¢*(¢). We replace ¢ (¢) by ¢ (t — max{t; — 19, 0}).
Define

H*[¢](t) =b*(¢p(t —cr)), teR,
and

He[p](t) = be(@p(t —cr)), teR,
then for any ¢, ¥ € C(R, [0, {&2]) with ¢ () > ¥ (¢),t € R, we have

H*[¢l() > H*[Y1(1) and  He[¢](t) > He[y1(t) forallt R,
since b* and b, are monotonically increasing on [0, £,]. Set
Ie:= iq& € C(R; R); ¢ (1) < ¢ (1) < ¢*(t), ¢(¢) is monotonically increasing
on (—oo, tr],and ¢ (¢) > ¢ (¢r) for all t > tr}, (6.9)
where 1 € R is a fixed constant such that
0 <80(51 — €0) < Pe(tr) < @™ (tr) <™ (tr +cr) <&

with §¢ € (0, 1/2) being sufficiently small. We note that ¢, (¢) is depending on €, but the constants
in (6.7) can be selected independent of € in Lemma 6.4, and so is 8. Then we see that I'¢ is

nonempty and convex in &, where & is the linear space Cé’nif(]R) endowed with the norm
1
¢l =D Il gonm-
n=1

For any ¥ (¢) € I'¢, we solve the following degenerate equation

cg'(t) — D(¢™ (1)) +d(¢p (1) =b(Y(t —cr)), 1€R, im ¢(@) =0,
0<d™ (liminfb(y (1)) < liminf¢ (1) (6.10)
<limsup,_, ;o #(t) <d~'(limsup,_, ;o b(Y (1)) < +00.

Denote

U (1) == H[Y1@) := bW (t — cr)).

Since ¥ (t — cr) is increasing on (—oo, tr + cr), ¥ (t) < ¢*(¢t) < ¢ for all t < 1, and b(s) is
increasing for s € [0, ¢1], we see that &(t) is monotonically increasing on (—oo, fr] and I/A/(t) >
1/A/(t1~) for all + > fr. According to Lemma 6.2, (6.10) admits a solution ¢ (¢) such that ¢ (¢)
is monotonically increasing on (—oo, fr] and ¢ (¢t) > ¢ (¢r) for all ¢ > fp. Define F*: T —
C(R, [0, &2]1) by F*(¥) = ¢ with ¢ (¢) being the solution of (6.10) corresponding to v (¢) € .
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We need to prove that F*(I'¢) C T'¢. For any v (t) € T'¢, we have ¢ (t) < ¥ (t) < ¢™(¢), then
HIY 1t —cr) < H[Y1(t — cr) < H*[¢"1(t — cr),
and

c¢™ (1) = D(@™ (1)) +d(¢* (1)) = c¢'(t) — D(P™ (1)) +d(¢(1)), t€R,
liminf(¢* (1) — ¢ (1)) = liminf ¢* (1) — liminf ¢ (1) =0,
limsup(¢p*(t) — ¢ (1)) > lim ¢*(r) — limsup ()
t—+00 1—>+00 f——00
> & —d ' (limsupb(y (1)) > & — d ™' (limsup b* (¢*(1))) =0,

t—+00 t——+00
since ¢(¢) and ¢*(¢) are solutions of (6.10) and (6.5). Applying the comparison principle

Lemma 6.1, we find ¢(t) < ¢*(¢) for all ¢+ € R. In a similar way, the property ¢ (¢) > ¢ (t)
follows from the comparison principle Lemma 6.1 and the inequality

HY1(t —cr) > He[Y1(t — cr) > Helpel(t — cr).
From the proof of Lemma 6.2, we see that the solutions ¢ (¢) of (6.10) are uniformly bounded
in C*([—n, n]) with some « € (0, 1/(2m)), ¢" (¢) are uniformly bounded in W'2([—n, n]) for
any compact interval [—n, n], and ¢ (¢) are uniformly bounded in L°°(R). According to the def-

inition of the function space &, F*(I'¢) is compact in &'. By the Schauder’s fixed point theorem,
it follows that F* has a fixed point U in I'c C &, which satisfies

cU'(t) = DU™"(t) +d(U(t)) = b(U(t — cr)) =0,
and
O (t) <U((t) <¢p*(t) forall reR. (6.11)
Moreover, U (—00) = 0 and

1 — € <liminfU(¢) <limsup U (¢t) < {>.
I—+00 t—+00

Since U (¢) is independent of €, taking the limit as € — 0%t, we have

g1 <liminfU (¢) <limsup U (¢) < &3.
1—>+00 t—400

The proof is completed. O
6.2. Classification of wave profiles
To conclude, the time delay r and the degenerate diffusion have a strong influence on the

geometry of wave profiles. Here, we depict the shape of the traveling waves characterized by the
wave speed ¢ and time delay r. From Theorem 2.6, we know that when the wave speed ¢ > ¢,
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wave speed ¢

co

time-delay r

Fig. 5. Different types of traveling waves for the degenerate diffusion equation with time delay (1.1) correspond to time
delay r and wave speed c: the case that the curve cqo(m, r, b, d) never intersects with the curves ¢ (m, r, b (k),d (k)
and ¢*(m, r, b’ (k), d’(«)).

there exist smooth traveling wave solutions. Theorem 2.1 implies there exists a sharp traveling
wave with the wave speed cg. After investigate the geometry of leading edge, it is naturally to
consider the convergence of the semi-wavefronts. So we have Theorem 5.1 and Theorem 5.2
indicating the oscillating properties for both the sharp type and smooth type traveling waves.

According to the above theorems, Fig. 5 and Fig. 6 illustrate two main possible sketches of
the corresponding wave behaviors varying with the traveling wave speed ¢ and time delay ». The
critical lines of the wave speeds depend on the time delay and divide the (7, ¢) plane into several
parts relating to different wave behaviors. The slopes and structures of these curves depend on
the functions b(-) and d(-). It is worth to mention that there exist sharp-oscillating waves for
some proper parameters, which is different from the former literatures (see Fig. 2 and Fig. 3).

In the case that the curve co(m, r, b, d) never intersects with the curve ¢, (m, r, b'(«), d' («))
and the curve ¢*(m, r, b’ (), d'(«x)) as illustrated in Fig. 5, we have the following different types
of waves: the curve ¢y is the wave speed of sharp type traveling waves; the waves with the pa-
rameters (r, ¢) above the curve ¢ are positive and smooth and the types (C1), (C2) and (C3) in
Fig. 4 are possible; the waves with (r, ¢) above the curve ¢, are oscillatory; the waves with (r, ¢)
above the curve ¢* are non-decaying oscillatory. If &' (k) > 0, then ¢, (m, r, b’ (), d' (k)) = +00
and ¢*(m,r,b'(x),d (k)) = +00, and the curve co(m, r, b, d) never intersects with the curves
ce(m,r,b' (k),d (k) and c*(m, r, b’ (), d’ (k)). Actually, for the monotonically increasing func-
tion b(-), the traveling waves are monotone.

Wave dynamics are rather complicated when the curve co(m, r, b, d) or ¢(m, r, b, d) intersects
with the curve ¢, (m,r, b’ (k),d (k) or ¢*(m,r,b'(x),d («)). It raises the possibility of nine
types of traveling waves as shown in Fig. 2, Fig. 3 and Fig. 4. Fig. 6 shows the case that the curve
co(m, r, b, d) intersects with the curves ¢, (m, r, b’ (), d’'(x)) and ¢*(m, r, b’ (), d'(k)) at r, and
r* respectively. In this situation, many types of waves occur depending on the wave speed c, the
time delay r and the degeneracy m as follows:

(i) if the degeneracy is strong with m > 2, then along the curve co(m, r, b, d), the non-C 1
sharp type wave is monotone (A1) for small time delay or non-monotone (A2) if r > r, or non-
decaying oscillatory (A3) if r > r*;

(ii) if the degeneracy is weak with 1 <m < 2, then along the curve co(m, r, b, d), the sharp
waves are C! type, that is, (A1), (A2), (A3) are replaced by (B1), (B2) and (B3);

(iii) the waves with the parameters (r, ¢) above the curve ¢(m, r, b, d) are positive and smooth,
that is, (C1), (C2), (C3) are possible if the time delay is small;
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wave speed ¢

time-delay r

Fig. 6. Different types of traveling waves for the degenerate diffusion equation with time delay (1.1) correspond to time
delay r and wave speed c: the case that the curve co(m, r, b, d) intersects with the curves ¢, (m,r, b’ (k),d’ (k)) and
c*(m, r, b (k),d (k)) at r, and r* respectively.

(iv) after the curve ¢(m, r, b, d) intersects with ¢, (m, r, b’ (), d’ («)) (it happens if ¢(m, r, b, d)
intersects with ¢, (m, r, b'(k), d'(k)) since ¢ > ¢), the monotone waves are impossible, that is,
only (C2) and (C3) of smooth type exist;

(v) after the curve ¢(m, r, b, d) intersects with ¢*(m, r, b’ (i), d’'(«)) (it happens if ¢(m, r, b, d)
intersects with ¢*(m, r, b’ (), d’(k))), the smooth wave has to develop non-decaying oscillations,
that is, only (C3) of the smooth type exists.
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