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Abstract

This paper is concerned with the weak solution for the fast diffusion equation with absorption and singu-
larity in the form of u; = Au™ —uP. We first prove the existence and decay estimate of weak solution when
the fast diffusion index satisfies 0 < m < 1 and the absorption index is p > 1. Then we show the asymptotic
convergence of weak solution to the corresponding Barenblatt solution for ”n;l <m<1land p>m+ %
via the entropy dissipation method combining the generalized Shannon’s inequality and Csiszar-Kullback
inequality. The singularity of spatial diffusion causes us the technical challenges for the asymptotic behav-
ior of weak solution.
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1. Introduction
We consider the following fast diffusion equation with absorption and singularity:
u;=Au" —uf, xeR" t>0, (1.1)
with initial data
u(x,0) =up(x), xeR”, (1.2)

where n > 2, p> 1,0 <m < 1 and the initial data uo(x) is a non-negative function in L' (R") N
L*°(R™). The unknown function u = u(x, t) is the density of particles. The absorption term u”
can cause the mass conservation law fail to be true, more precisely, the mass is monotonically
decreasing. Au™ with 0 < m < 1 is the singular diffusion with more physical sense, that is, the
diffusive velocity of particles depends on the current particles density, and the smaller density,
the larger diffusion, in particular, when u = 0, the diffusion speed is co, which is the so-called
fast diffusion.
Background of study. The fast diffusion equation

u; =Au", xeR" t>0, (1.3)

with 0 <m < 1, which is an important model for singular nonlinear diffusive phenomena, can
be used to model gas-kinetics, thin liquid film dynamics and plasma in nuclear reactors [3,8,33].
Since the 1970s, the equation (1.3) has been thoroughly studied and a series of celebrated results
have been obtained, see [5-7,9,18,34] and the references therein. On the other hand, when m > 1,
the equation (1.3) is the slow diffusion equation, the so-called degenerate diffusion equation,
which has been also extensively studied [23,24,33,35,36], see also the references therein.

When the fast diffusion equations are affected by the external sources, the mass of flows is
no long conservative. There are two different external sources. One is with external supplement,
which is called the expansion phenomenon and presented in the form of

u;=Au" +uf, xeR" t>0. (1.4)

The other is with the external omission, the so-called absorption phenomenon, which is described
by (1.1), namely,

u;=Au" —uf, xeR" t>0.

For the fast diffusion equation with expansion (1.4) subjected to the initial data (1.2), the mass
is monotonically increasing. In 1991, Anderson [1,2] first studied the existence and uniqueness
of weak solution for (1.4) and (1.2) with expansion phenomenon. Galaktionov and Vazquez [20]
further studied the “peak-like” incomplete blow-up solution, and showed the possible continua-
tion of incomplete blow-up solutions to (1.4) after the blow-up time, and discussed the different
continuation modes in terms of the exponents m and p. But when the same technique of analysis
was applied to (1.1) with absorption phenomenon, they [20] recognized that no such a continua-
tion of incomplete blow-up solution exists if p +m < 0, namely, the complete extinction solution,
and there exists a nontrivial continuation if p +m > 0.
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For the fast diffusion equation with absorption (1.1) subjected to the initial data (1.2), the
mass is monotonically decreasing and the limiting mass is strictly positive (see Lemma 4.1
later). In 1991, Peletier [28] first investigated the existence and uniqueness of solution to problem
(1.1)-(1.2), which was then significantly developed by Borelli and Ughi [10] and Leoni [22], re-
spectively. For asymptotic behavior, the critical exponent p = m + % is crucial, as the competition
between the diffusion —Au™ and the absorption u? in (1.1). More precisely, Peletier and Zhao

[29] proved the asymptotic results uniformly on moving boundary set of {x € R" : x| < at%}
for p>1, p>m+ % andm < p<m+ %, where a and b are some numbers specified in
[29]. Then, Ferreira and Vazquez [19] showed the finite-time extinction for problem (1.1)-(1.2)
in one-dimension, which was the main qualitative feature of the bounded solutions in the range
0 < p < 1. Furthermore, Benachour et al. [4] gave the asymptotic behavior related to Barenblatt
profile with a logarithmic scaling in the critical exponent p =m + %

However, as far as we know, for the fast diffusion equation with absorption (1.1)-(1.2), the
asymptotic convergence of weak solution to the Barenblatt profile in full space is still open, due
to some technical issues. To attach this problem is the main purpose of this paper. The adopted
approach is the technical entropy dissipation method.

Regarding the entropy dissipation method, developed first by Toscani and Carrillo [15,32] to
investigate the asymptotic behavior of the solution to diffusion equations and Fokker-Planck-
type equations, it was applied to prove the asymptotic behavior of the solution to the degenerate
diffusion equation (m > 1) and fast diffusion equation (”T_z < m < 1) by Carrillo and Toscani
[14] and by Carrillo and Vazquez [16], respectively. They [14,16] showed the convergence of the
weak solution to Barenblatt profiles with algebraic rates in the corresponding exponent interval.
For 2=2 < m < 1, the Barenblatt solution to (1.2)-(1.3) is given by the formula [16]

“n
1
at T—m
Unx,)=—| . (1.5)
lx|2 + B>

where A =2 —n(l —m), « =2mA/(1 —m) and B8 > 0 is a constant such that ||Uy||; = M. The
stationary solution to the nonlinear Fokker-Planck equation

ps =divy(py + Vy0™),  y€R”?, 5>0, (1.6)

can be directly obtained by rescaling the time shifted profiles

1 _ y 1—m

where y = a/A =2m/(1 —m), § = BA~*/*. More research on the entropy dissipation method
can be found in [12,13,25,26] and the literatures therein.

Difficulty and strategy. Regarding the fast diffusion problem with absorption (1.1)-(1.2),
in order to investigate the asymptotic behavior of the weak solution, we first need to clarify
what will be the targeted asymptotic profile. Note that, in the absorbing fast diffusion case, the
total mass of flow is monotonically decreasing and the limiting mass is strictly positive (see
Lemma 4.1 later), therefore the expected asymptotic profile for the weak solution is not the
standard Barenblatt solution as showed in (1.5). Let us define the total mass of u(x, ¢) by M (1) :=
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fR" u(x,t)dx, we are reasonable to construct a special Barenblatt solution to the standard fast
diffusion equation (1.3) related to the total mass M (¢) of (1.1) by

ot

Ui, 1) = : (1.8)

2
X

|2 + :31171(1)t

where ﬂﬁ(,) > 0 is a function such that ||UA71(1) 1y = 1\71(t). We expect this modified Baren-
balatt solution U, (x, 1) as the asymptotic profile to the original fast diffusion equation with
absorption (1.1)-(1.2). The corresponding stationary solution to (1.6) can be derived as

_ ‘}/ 1-m
Uiion x4+ 27 > oy (9) = (7) , (1.9)
M@ ® I¥1? + Om(s)

where 0p1(5) = ,B,;,(,))\_Z/A > 0 is a function such that || oy ()| 1 (gry = M (s) = A7I(t).

In order to prove the convergence of the weak solution to the specially constructed Baren-
blatt profile (1.8), we adopt the entropy dissipation method as mentioned above. After carrying
out the suitable variable scalings (see (4.1) later), we reduce the original IVP (1.1)-(1.2) to the
new system presented in (4.3)-(4.4). Then we show that the rescaled solution p(y, s) eventually
converges to the profile pps (v), by first showing that it converges to the time dependent profile
Pms) ().

Here are some technical issues in the proof. It is worth noting that Carrillo and Fellner [12]
studied the long-time asymptotic of the solution to the degenerate (slow) diffusion equation
(1.1)-(1.2) with m > 1. Since the diffusion coefficient of (1.1) is mu™ !, the larger u, the larger
diffusion power for m > 1, which can easily derive the L™ boundedness of u. The L™-bound of
the solution plays an important role in showing the asymptotic convergence. However, in the fast
diffusion case of m < 1, we come across the reverse situation. When m < 1, the diffusion coeffi-
cient mu™ ! — oo as u — 0, that is, u”~! is unbounded, and u ¢ L™ in general, which requires
a number of changes in the arguments. In order to overcome these obstacles, we use the gener-
alized Shannon’s inequality to prove the boundedness of the second moment, and then prove L™
boundedness of u by the L' decay estimate and the bound of the second moment of u. After a
series of meticulous estimates, we can prove the asymptotic convergence of weak solution to the
corresponding Barenblatt solution.

Main results. Before stating our main results, we first impose the following assumption:

Assumption. Let n > 2. The initial data u( is a non-negative function satisfying
up € L'(R™) N L®(R") withul) € H'(R").
For simplification, we denote the norm of the space L" (R") for 1 <r < oo by
el pr ey = lluell-
Although the existence of the defined weak solution has been proved in [28], in order to study
the asymptotic property of (1.1)-(1.2), we need higher regularities for the weak solution, and then

we give another definition of the weak solution.
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Definition 1.1 (Weak solution). Let the Assumption hold and 0 <m < 1. For T > 0 and Q7 =
R" x [0, T), u(x, t) is called a weak solution to (1.1)-(1.2) if

(i) u(x,t) > 0 for almost all (x,t) € Q7.

(i) u € L%°(0, T; L2(R") N L (R™)) and Vu™ € L>®(0, T; L2(R").

(iii) For any ¢ € C*°(Q7) with supp ¢ (-,1) CCR" and 0 <1 < T,

/u(t)d)(t)dx —/u0¢(0)dx

. : (1.10)
://u(r)8t¢(r)dxdr — //(Vu(r)m Vo (1) +u(r)”¢(r)) dxdr.
0 0

Before we give the asymptotic result of the weak solution to (1.1)-(1.2), we show the time-
local existence and decay estimate of weak solutions to (1.1)-(1.2).

Theorem 1.1 (Local existence). Let the Assumption hold. Suppose 0 <m < 1 and p > 1. Then
there exists a weak solution u(x,t) on [0, T) to (1.1)-(1.2) in the sense of Definition 1.1.

For every T < oo, if u(x,t) is a weak solution to (1.1)-(1.2) in Qr, we say that u(x,t) is
global. Then we present the decay properties for the weak solution to (1.1)-(1.2).

Theorem 1.2 (Decay estimate). Let the Assumption hold. Suppose 0 <m < 1 and p > 1. Then
for 1 <r < oo, problem (1.1)-(1.2) has a global weak solution u(x, t) satisfying

lu@llr < lluollr, =0, (1.11)
and
__r=l1
lu@ll- < Cluoll1, luolloo, r» p)(A+1) "@=D, ¢t>0. (1.12)
For the case of r > 3 — m, we have
r—1 n(r—1)
lu@)lr < Cluolli. uolloos 1. 7, pom)(1 + 1)~ " iG=n2a=m! 4 >0, (1.13)

At last, we show the asymptotic behavior of weak solution to (1.1)-(1.2).

Theorem 1.3 (Convergence to Barenblatt solution). Let the Assumption hold. Suppose % <

m<1, p>m+ % and fuolxlzdx < 00. Then the weak solution u(x,t) to (1.1)-(1.2) in the
sense of Definition 1.1 converges to the corresponding Barenblatt solution in the form:

lu = Ugioyln <C(+an)"3mn{ld)l forg 21, (1.14)
and
lu = Ugi i < CAL+ 20" 4 In(1+ A1), fors =1, (1.15)

726



C. Xie, S. Fang, M. Mei et al. Journal of Differential Equations 414 (2025) 722-745

where § =np —nm —2, Uj; ) is defined as (1.8) and the constant C > 0 is depending on |[uol|1,
luolloos 1, p and m. Moreover, for 1 <r < oo, we have

_ n(r=1+min{1,8}
||u—UA71(t)||r§C(1+M) A , foré#1, (1.16)
and
n(r—10+1
lu = Ugppll- <CA+a)" 7 " In(l+2ar), ford=1, (1.17)

where the constant C > 0 is depending on ||ugll1, ||uollco, #, p, m and r.

This paper is organized as follows. In Section 2, we prepare some notations and lemmas which
will be used often in the other sections. In Section 3, we prove Theorem 1.1 and Theorem 1.2,
namely the existence and decay estimate for the weak solution to (1.1)-(1.2). Then, we prove
Theorem 1.3 in Section 4, that is, the asymptotic behavior of the weak solution to (1.1)-(1.2).

2. Preliminaries

In this section, we show some notations and lemmas which will be used often in the other
sections.

For simplicity, we denote || - ||r@n) by || - Ilr, [go-dx by [-dx, and LIR") = {f €
L'®RM); |x|2f e L\R™)}. C represents the constant which may be different from line by line
and C =C(-,---,-) denotes the constant that depends only on the variables in parentheses.

Lemma 2.1 ([31]). Let a and b be arbitrary positive numbers. Then we have

2@ 4+ b Yla —b|, r>1,

la" —b"| <
la — b|", O0<r<l.

2.1

Lemma 2.2 (Nash inequality [11,13]). There exists a constant C > 0 such that for all f €
L'®)NH'R"),

2 2

IIfllé+Z < CIfIFIV £z, 22

where the constant C depend only on n.

Lemma 2.3 (Cut-off function [30]). Let R > 0 and n(x) = n(|x|) be defined as

1, 0<I|x| <R,
n(x) = { exp (1 - ﬁ) R <|x| <2R, 2.3)
0, x| > 2R.

Then, it holds that
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C —a
VAl < —2n ('™, (2.4)
|An)| =~ (0!, (2.5)

forall x e R" and all 0 < a < 1, where C is a constant depending only on n.

Lemma 2.4 (Generalized Shannon’s inequality [21]). Let n > 2, and nnﬁ <m < 1. Then there
exists a constant C = C(n) > 0 such that for any f € L%(R”), we have

/ fdx < Cl o) < / lezlf(x)ldx) , 2.6)

n(l—m)
2m

where o0 =
Lemma 2.5 (Csiszdr-Kullback inequality [13,27]). Let 0 < m < 1 and a nonnegative function

fe LY'(R") with Il fll1 = M. Suppose that a nonnegative function g € L'(R") N L2™(R")
satisfies || g|l1 = M and

1
m=2 (2 2
tng=M"T (Z / g(x)z—’"dx) ,

then it holds that

If —gllt <cmgv D(fl8), 2.7

where
1 m 1 m
D19y = oy [ odx g [ gcora
m m—1
——/g(x) (f(x) —g(x))dx.
m—1

3. Existence and decay estimate

As the equation (1.1) is a quasi-linear parabolic equation of singular type, we consider the
following approximating problem of (1.1)-(1.2) to justify all the formal arguments:

E)tug:A(ug" +8u8)—u£’, xeR" te0,T7), (3.1
ug(x,0) = (up * 7e) (x) = uoe (x), x eR”, (3.2)
where & > 0 and non-negative mollifier 77, € C§°(R") satisfies 7. C B¢(0) and [|7j¢|; = 1. By

the similar argument as in [35], we know that (3.1)-(3.2) has a unique classical solution u,, and
0<u,=<C, (3.3)
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where C is a positive constant which does not depend on ¢. Furthermore, there exists a subse-
quence, which we still define as {u}, such that

ug —>u, inC(K) (3.4
for every compact set K C (0, T'; R"). In what follows, we will begin the proof of Theorem 1.1.

Proof of Theorem 1.1. Multiplying the equation (3.1) by o, (ug’ + 8145) and integrating with
respect to x and ¢, we get

(m+1)2//

+— sup /|V u™ + eug) |*dx
20<Z<T

T
alug dxdt+8 / |0;ue|*dxdt

+ sup /up+’"dx+ sup /up+1dx
D+moc<r ¢ +1o<<r ¢
m
=3 / \Y% (u(';ls + auos) 1dx + p—i——m /ug:mdx + — /u(l))jl (3.5)

which combined with (3.3) can yield

sup / ‘Vug 2
0<t<T

(m + 1)2
< ———llucllg™ sup [ |V (ull +eu) [*dx
O<t<T

On the other hand, we multiply the equation (3.1) by u7' and integrate with respect to x and
t, and then we obtain

! sup / w gy 4 —— T+ dxdt
m+1o<<r (m +1)2
T T
+ // |V *dxdt + // ult"dxdt
0 0
L ufttldx. (3.7)
m-+1 ¢

mil
From (3.5), (3.6) and (3.7), we have u, > € L°°(0, T; H'(R™)) N H'(0, T; L>(R™)). Thus, we
can extract a subsequence, which we still define as {u.}, such that
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m+l

u,> — &, stronglyin C(0, T; LlOC(R”)), (3.8)

which implies

TJr(x 1) —> &(x,1), aa.xeR"te(0,T7),
and then
e (x,1) — E5T(x,1), aa.xeR" e (0,T). (3.9)
Since it holds by Lebesgue dominated convergence theorem, (3.3), (3.4), and (3.9) that
Ug — S# =u, stronglyin L*(0, T; L}OC(R")), (3.10)
we have
ug(x,t) — ém%l(x, t)=u(x,t), aaxeR" te(,T). 3.11)

Combining (3.8) with (3.11), we obtain

m+1 41

ue? —u' 2, stronglyinC(0,T; L2 (R"). (3.12)

By virtue of Lemma 2.1, for 0 <b <a,r > 1and 0 <m < 1, we see
la—bl" <la" —b"|
— (@™ — "y
s(zrfﬁ‘-z—r)((a L G L I |
m+1

which combined Holder’s inequality, (3.3) with (3.12) can yield

sup /|us(x7t)_u(xvt)|r

O<t<T

g ugl
<C sup lue* (x,t) —u 2 (x,1t)|dx
O<t<T
m+1

<C sup llue? () —u"F (l)lle(K)|K|2—>0
O<t<T

for all compact sets K as ¢ — 0, where C = C(||ug||co, P, ,r). Then for 1 <r < oo, we can
see

ue — u, stronglyinC(0,T; Ly, .(R™)). (3.13)
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In addition, from (3.3), (3.5) and (3.7), we obtain

Ue — U, weakly star in L>(0, T; L*>(R") N L®(R"), (3.14)
- )
Vul' > Vu™, weakly starin L>°(0, T; L~ (R™)). (3.15)

For any ¢ € C°(Qr) with supp ¢ (-,1) CCR" and 0 <t < T, we see that u, satisfies

t
/ua(t)¢>(l)dx—/M08¢>(0)dx—//us(f)3r¢(f)dxdr
0

t
- // (Vie (1) - V(1) + eV (1) - VO (T) + e ()P p(2)) dxd,
0

which yields (1.10) by (3.13)-(3.15). O

Next, we prove the decay property of the weak solution to (1.1)-(1.2).

Proof of Theorem 1.2. Let ng(x) be the cut-off function defined in Lemma 2.3. We first show
that the weak solution u on [0, T') given by Theorem 1.1 satisfies (1.11).

For r = 1, we multiply (3.1) by ng and integrate it over R”, which yields that

d
E/uganx=—/Vu;"Vanx—8/Vu5Vanx—/ufanx. (3.16)

We obtain from (3.13)-(3.16) as the limit £ — 0 that

d

7 uanx——/VumVanx—/uandx. (3.17)

Since it holds by Lemma 2.3 that

a

v <=,
[Var(x)| < R

we obtain by letting R — oo in (3.17) that

d
—/udx:—/updx§0.
dt

Then we have (1.11)forr=1on0<t<T.
For r > 1, multiplying (3.1) by ug_l nr and integrating it over R”, we have

1d

,
-— d
r dt HelRAX
dm(r — 1) rim—l
= (r+m— 1)2 Vu, 2 anx
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_erZ—l/W?m_lvan}C

_W/’Vué andx— ;/Vu;Vanx—/ugﬂ’*lanx
S—Ji_l/Vu;er*anRdx

—;/VMZVanx—/ugﬂ’_]anx, (3.18)

which implies by (3.13)-(3.15) as ¢ — 0 that

1d
sl "nrdx < m/VuH'm_anRdx—/ur+p—1anx. (3.19)
Let R — o0 in (3.19), we have
1d

urdxz—/ur+p_ldx <0.
rdt

Thus, ||u||, < ||uoll,, which is also true for » = co. Then we have (1.11)forr >1on0<t<T.
Since T < oo is arbitrary taken, then we obtain (1.11) for # > 0.
Moreover, for r > 1, we can derive by (3.18) and Lemma 2.3 that

1 d
o u,nrdx
dm(r — 1)
=_(r+m—1)2/‘vu8 g anx

+m/u;+m lAanx

de(r — 1 ri2 3
—#/‘Vugz anx—i——/uZAanx—/ug‘”’_]anx

4m(r — 1) chml
Vu, 2 nrdx
(r +m — 1)2
1
<r+m— DR? / w
Supp 7R
de(r —1 r2
—%/‘Vug nrdx
C
+£ / ugdx—/ug+P—1anx. (3.20)
supp g

On the one hand, we can get by (3.20) and Holder’s inequality that
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d
T u,nrdx
C _ Ce _
=w / ultm 1dx+ﬁ / u;dx—/u;ﬂ’ "nrdx
Supp nRr Supp nr
C Ce
S F / ungm*ldx + ﬁ / u;dx
supp ng Supp 1R
||M r+]l) 1 ” r(r:r,pr)
8
4 = (3.21)
IIuerH” l|I

Lete — 0 and R — oo in (3.21), we have

r(r+p-2) r(r+p-2)
1d flull, " flaell, "
——lu@®l; < - — <- -
rdt = =)
lluelly lluolly

which implies (1.12). It is clear that (1.12) still hold for r = 1.
Furthermore, for r > 3 — m, it follows by Hoélder’s inequality, Nash inequality (2.2) and
Lemma 2.3 that

r(n+2)
1 —
ugnlr;rm r+m—1
r
(1=m)(n+2) (r+m—1)(n+2)
1 n 1 n
ugrllr;rm r+m—1 Mgnlr;rm r+m—1
[e%e] r+m—1
1- 2 2 —1
. % . % et 1\ |2
C u8n1R+m 1 ugrllr;rm 1 I V Uy 2 né
r+m—
() = 2
(1—m)(n+2) 2(r—=m+1) 2r(r+m—3)
+1 : —n +] : n(r—1) +| 1 (=0
r+m-— r+m-— r+m-—
< C|lusng Ushp Ushp
oo 1 r
2 2
r+m—1 1 _ |V77R|
Vu, 2 nrdx + — u;+m P28 ax
4 R
(1—m)(n+2) 2(r—m+1) 2r(r+m=3)
+1 : n +1 : n(r—1) +l : n(r—1)
r-rm— r-rm— r-m—
< C|lugng UeNp UegNp
o0 1 r
r+m— C
/‘wg 2 anx+4R2/u’+’" Ipk2dx |, (3.22)

where 0 < a < 5. Then we find by (3.18) and (3.22) that
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—— [ ulngrdx
r dt ek
C Ce dm(r —1) rm=1 |2
<= wl gy 4 — / urdx—i/Vu 2 dx
= R2 / & R2 & r+m—1)72 & NR
Supp 1R Supp 1R
C Ce
< ﬁ / u2+m7]dx + F / ugdx
Supp R Supp nr
| )‘(nr7n721m+4)
_ Am(@r—1) (C won T RN
(r+m—1)2 FIR .
) _a —mr)l(n+2) \ _ 2(";(—rn_1-1¢-)l)
X (lueng ™ ugnp ™ ) (3.23)
00 1
which yields by letting ¢ — 0 and R — oo in (3.23), we have
1d
——u@®|"
R llu (@)l
4Cm(r _ 1) r("r;’iiz"”r“) _ (lfm’)l(nJrZ) _2(’:;Vf+1)
_—mllullr 0wl lu@l, """
4Cm(r — 1) Lo el _Uom) —2omi)
—mﬂuﬂr lluolloo lluolly :
Then we have
_ n(r=1)
luOl- <CA+1) ¥e=m, >0, (3.24)

where C = C(lluoll1, lluolloo, 7, 7, m).
Combining (1.12) with (3.24), we can have (1.13). O

Remark 3.1. For r > 3 — m, there exists a ng > such that for n > ng, we can see that

2Q2—m)
p—1

(1.13) degenerates into (3.24).

4. Asymptotic convergence

In order to study the asymptotic convergence of the solution to (1.1)-(1.2), we adopt the fol-
lowing change of similarity variables:

1
x =yR(), R(t)=(1+xrr)l/*, s =~ In(l+2n), 4.1)
where A =2 — n(1 — m). And the new unknown function p = p(y, s) is given by

p(y,s)=R(®)"u(x,1), 4.2)
which leads (1.1)-(1.2) to
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ps = divy(py + Vyo™) —e ¥ pP,  yeR", s>0, 4.3)

with initial data

p(y,0) =po(y) =uo(x), yeR", 4.4)

where § = np — nm — 2. In this section, we consider the diffusion-dominated regime

2
d=np—nm—2>0,ie.p>m+ —,
n

where the absorption becomes small perturbation in determining the long-time behavior. In addi-
tion, we can directly derive the following corollary of the Theorem 1.2, which we omit the proof
here.

Corollary 4.1. Let the Assumption hold. Suppose 0 <m < 1 and p > 1. Then for 1 <r < oo and
so > 0, the global weak solution p(y, s) to (4.3)-(4.4) satisfying

n(r=1)
lo@Il <e 7 S””O”r’ s >0,
ol < Cluollt, luollo, 7, p,m), 5 > S0,

and

__r=1_
o)l < Cluollt, luolleo, 7, p,m)s =D, 0 <s <sp.

Moreover, for the case of r > 3 — m, we have

el = Clluollr lluolloo, n. 1, p,m), s> s0,

and

n(r— I)}

max{r(p 1) * 2rQ2=m)

o)l = Clluoll, luolloo, nr, p.m)s 0 <5 < s0.

Let us define the total mass of p(x, s) at time s by

Ms) = / p(y. $)dy.

Then we have the following lemma.

Lemma 4.1. Let the Assumption hold. Suppose "772 <m < 1. Then the mass M (s) is decreasing

and the limiting mass M, = M (s = 00) is strictly positive.
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Proof. Let ng(y) be the cut-off function defined by Lemma 2.3. We consider the approximated
problem of (4.3)-(4.4) as follows

95 e =divy (pey + Vypr' + ge=2)s Vype) — e—&‘pg’, yeR", s >0, 4.5)
pe(y,0) = (po * M) (¥) = poe, ¥y €R”, (4.6)

for ¢ > 0. We multiply (4.5) by ng and integrate it over R”, which yields that

d
— d
ds/PsnR y

=— /(psy + Vo 4 £V, 0, ) Virdy — % /pé’medy- (4.7)
By (3.13) and (3.15), we have

Pe —> P, stronglyin C(0, T'; Lj,.(R™)), (4.8)
Vo' - Vo™, weakly star in L>(0, T; L*>(R")), 4.9)

for r > 1. Thus, let e — 0 and R — o0 in (4.7), we have

d
d—M(S)Z—e_BS/deyEO,
s

which yields that the mass M (s) is decreasing. Moreover, combined Corollary 4.1 with p >
m+%> 1, we have

d _ -
aM(S)=—€ as/ppdyZ—C(lluolll,IIMolloo,n,p,M)e P M(s),

which yields
M(s) > Moy > M (0)e~Clllnollisluollso.n.p.m) [5%e™ds (4.10)
This completes the proof. O
Next, we will begin to prove Theorem 1.3, which is divided to some steps.
4.1. Uniform bound of the second moment

First, we prove the uniformly bound of the second moment of the weak solution p(y, s) to
(4.3)-(4.4) by the generalized Shanon’s inequality (2.4).

_n_

Proposition 4.1. Let the Assumption hold. Suppose ug € Lé(]R”), s <m<land p>m+ %
for the weak solution p(y, s) to (4.3)-(4.4), there exists C > O such that

/plylzdysc, 4.11)
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where C =C (fu0|x|2dx, luoll1,n, m, p).

Proof. Let nz(y) be the cut-off function defined by Lemma 2.3. We multiply (4.5) by |y|>ng
and integrate it over R”, which yields that

d 2
— d
s /pslyl nrdy
=— / (pey + Vyp + ee* 25V, p) 2yng + 1y12Vnr)dy
—4s Plvl2
e / pPlyI2nrdy. 4.12)

By (4.8)-(4.9), letting ¢ — 0 and R — o0 in (4.12), we have

d _
5/p|y|2dy=2n/pmdy—2/p|y|2dy—e ‘”/p"|y|2dy. @13)

Since it holds by the generalized Shanon’s inequality (2.6) and Corollary 4.1 that

/pmdysc</p|y|2dy) , @.14)

substituting (4.14) into (4.13), we have

d mo
5/p|y|2dy <C (/p|y|2dy> —2/p|y|2dy, (4.15)

where o = % and C = C(|lugll1, n, m, p). Thus, we obtain

1

1—mo T=mo
/plylzdy < g 2lmmols <</ polylzdy> +C( - ma)s)
<C (/uo|x|2dx, ||uo||1,n,m,p>,

: n
smcel—m0>0f0rm<m<1. O

4.2. Entropy production
Next, we derive the entropy production of the (4.3)-(4.4).

Proposition 4.2. Let the Assumption hold. For the weak solution p(y, s) to (4.3)-(4.4), define the
entropy energy

1
Ep)(s) = oy + 5 / yPody. (4.16)

m—1
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Then, for ug € L%(R”), ﬁ <m<land p>m+ %, it holds that
E(p)(s) — E(po)

m 1
V m—1 _ 2
(—m_lp(f) + 3 )

N

S—//p(f)
0

- / e / p(T)? (me’”‘ + le) dydr. 4.17)
m—1 2
0

Proof. For R1 < Ry, letng, (¥) and ng, () be the smooth cut-off function defined by Lemma 2.3
with R = Rj and R = R», respectively. We set

2
dydrt

m 1
Ae=———p" 4 ~|y[2 +ee* P (log pe + 1),
m—1 2

- m _ 1 e
Ae = ———p"""ng, + 1y Pir, +ee® 7P (og pe + Dy

Then (4.5) can be converted to
0y pe = divy (p: Vy Ag) — e~ o,

which, by multiplying by A,7 R, and integrating with respect to y over R", can yield

/8spefignze2dy =— /peVyAgVy(AgnRz)dy —e /pg”figmezdy. (4.18)
Since
Ae = Ac(1 —ng,) + Ae,
the first term of the right hand side in (4.18) is
- / peVyAcVy(Acnry)dy
=- / peVy(Ac(1 = ng))Vy Acngydy — / Pl Vy AgPydy
— /psvyAgA~5VynR2dy. (4.19)

Moreover, the first term of the right hand side in (4.19) is
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- / peVy(Ae(l = 1r)Vy Acnig,dy
=- / Pe|Vy Acl*nr, (1 = nry)nR,dy
1 2
_5 psvy|As| Vy’?Rl (11— URl)ndey
+ [ peAT AT i nasdy. (4.20)

On the other hand, the left hand side in (4.18) is

/ aspaAs nr,dy

(A=2)s

Pe 10gps> NR MR Y. (4.21)
m—1

d 1 1
=7 <—p2"+5|y| ps + €€
Substituting (4.19), (4.20) and (4.21) into (4.18), and integrating (4.18) in s, we obtain

1 1 _
/ (mpén + 5131 pe + e p log ps) NR MR AY

1 1 -
= / (mﬁ’g@ + §|y|2,005 + 8¢ pg, IOgPOs> MR MR, Y

S S
- / e / pf Acnr,dydt — // Pe|Vy A PR, (1 — R )R, dyT
0 0

S
1
) //psvy|As|2Vy77R1(1 — NRONR,dydT
0

N

+ // psAavyfisvyan ndeydT
0

s

s
- // pelVy AePng,dydt — // peVy A AeVyng,dyde, (4.22)
0 0
which yields by letting R, — oo that

1 1 _
/(mpé” + 51y pe + 2P p logpe> R, dy

1 1 _
< / (ﬁp&i + 51y p0c + e e 10gp05> nr,dy
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s s
_/e*‘ss /pgjgsdydl' - //)05|VyA8|277R1 (1 —ng,)dydr
0 0

s

s
1 -
D) //psvy|As|2vyrlR1(l_an)dydT+//paAsVyAavynR1dydT
0

s
— // el VyAg|Pdydr. (4.23)
0

By Theorem 1.1, Lemma 2.4 and Proposition 4.1, we have
0 — P, weakly starin L>°(0, T; L™ (R"),
_1
Vol Tl 5 v, weakly in L2(0, T; L2(R™)),

which, combined with (4.8) and (4.9), can yield by passing ¢ — 0 that

1 m 1 2 1 1 2
- Z dy — Q- d
/(m_l,o +2|y| p)an y /(m_lpo +2|y| Po ) R dy
1 2
<—// ’ (—,05 §|)’|2)

1
/ /p” <—pg nR, +5|y|2nm>dydr
N 2
1 m m—1 1 2
_E pV, mpe +§|y| vyan(l_an)dydT
// —p e L) (2 e+ iy P, ) Vyng dydr
o ) y m—1"¢ 1 ) 1 ) 1

1 2
2
//’ (—pg 77R1+§|)’| an>

which yields (4.17) for Ry — co. O

n(l —ng,)dydt

dydr,

4.3. Properties of the relative entropy
Then we will show two properties of the relative entropy:

E(f1®) =E(f(y) — E@()). (4.24)

740



C. Xie, S. Fang, M. Mei et al. Journal of Differential Equations 414 (2025) 722-745

Proposition 4.3 ([17]). Let m > % and m # 1. Then, for any non-negative function f €
|
LY(R™) such that V f™~2 € L>(R") and || f|l1 = M, it holds that

1 2
E(flpme) = E/f(y)‘%vf(y)”"l +y| dy. (4.25)

It is clear that Proposition 4.3 implies the upper bound of the relative entropy. Moreover, we
consider the lower bound of the relative entropy by Lemma 2.5 with f = p and g = pas(s). Since
it holds by the decreasing of M (s) and the increasing of 0y that

_ Y
loms) lz—m < ||,0M(s)||<1>om||pM(s)”1 < —M(0),
Om(0)

for =2 <m < 1, we have py () € L (R"). In addition,

Lo m m—1 _ M)
§|)’| =1"m <PM(S) A

Thus, we have

1 m 1 m
D(PIPM(s))=m/p dy — m/ﬁM(s)dy

m m—1
- m /IOM(S)(p - pM(s))dy

1 m 1 . 1 )
Tm—1 pdy—m_l pM(s)dy‘|‘§ Y7o — pm(s))dy

=E(plpms))s

which yields by Csiszar-Kullback inequality (2.7) that

o — oMl < Cv/E(plpms)), (4.26)

where

1

m—2 2 2— 2
C=M() 2 (Z/pM(g;dx>
0 s mT72 2 %
< (M C ol koo pam [ (;/vaz('s")dx)

< 00,

since (4.10) and % < ”n;l <m< 1.
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4.4. Asymptotic convergence

Let us consider

d _d 1 2\,
75 Eomw) = —2 [ Pucs) 1PM(S)+—|Y| y

/&PM(S)( ]’OM(S‘)+ |y|2>d

Note that

1 1
)0;172@1)4' I | ___QM(S)9

—1 2 2

then we have, from (4.27) and (4.28), that
d 1
7 E(pmi) = — 59/\4(3) s ppms)dy

= —30me 5 [ pud
= "M [ PH©DY

19 dM()
= —— —_— S
2 M) g

1 _
= 0ue ‘Ss/,opdy

On the other hand, by virtue of (4.17), we have

L) < / v g Ly
ds P = o A T 2"

2

m 1
—e—“/p” ———p" " Syl ) dy.
m— 1 2

Combining (4.29) and (4.30), we obtain by Mean-Value Theorem that

d
—F
P (oloms))

m 1
< _ V - m—1 _ 2
< /p‘ (m_lp +2|y|>
m —48s P m—1
e /" (o = ol )

m _ 1 2
<= [l (Gt )
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—me™ /Pp+m_2 (0 — pas)) dy

m _ 1 2
5—//) V(——0o"""+ <1y )| dy
m—1 2
_ -2
+me | pllE™ Mo — Py 1 (4.31)
which implies by (4.25), (4.26) and Corollary 4.1 that

d _

—E(plome)) < —2E(plpms) + Ce 55\/ E(plpms)), (4.32)

ds

where C = C(|luoll1, luolloo, 7, p, m). If the relative entropy E(p|popms)) is strictly positive on
any time interval (s, s2), then

d 1 1 _
aE(,OhOM(x)P < —E(plpm(s))? +Ce™, (4.33)
which yields
i (eSE(p|p )%) < Cell=9s (4.34)
ds M (s) =

for s € (s1, 52). By choosing s as small as possible, we have either s; =0 or E(o(s1)|om(s;)) =
0, and then we get the following exponential convergence for any time s > 0

E(plpm(s)) < Ce2minlldls = forg £ 1, (4.35)
and
Eplome) <CA+5)2e™ >, fors=1. (4.36)
By the Csiszar-Kullback inequality (4.26), we have
o — puslls < Ce™ M3k forg £ 1,
and
lo—pmelli <C(+s)e™*, ford=1.
Going back to the original variables, it follows that
lu = Ugigy 1 < C(L+20)~#™0 8 fors 21,
and
lu = Ugi i < CAL+ 20" 4 In(1+ A1), fors =1,
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where C = C(|luoll1, l#0llco, 12, p, m). Moreover, for 1 < r < oo, we have

1
_nr=1) r
lu—Ugppllr=e 7 ° (/ lo— PM(x)'rdy>

_nr

71)3‘ % %
<e 7 Cllo—pueles llo— oMl

n(r—1)+min {1,5}
Ar

<C{l+xrx)~ , foré#1,

and

n(r

= Ugiollr < CA+A0""F " In(1+21), fors=1,

where C = C(lluoll1, lluolloo, 7, p,m, 7).
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