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Abstract

In this paper, we study the asymptotic behavior of the solutions to an initial boundary value problem of
the Hunter-Saxton equation in the half space when the viscosity tends to zero. By means of the asymptotic
analysis with multiple scales, we first formally derive the equations for boundary layer profiles. Next, we
study the well-posedness of the equations for the boundary layer profiles by using the compactness argu-
ment. Moreover, we construct an accurate approximate solution and use the energy method to obtain the
convergence results of the vanishing viscosity limit.
© 2022 Elsevier Inc. All rights reserved.

MSC: 35A01; 35B40; 35Q35; 76D09; 76D 10

Keywords: Hunter-Saxton equation; Asymptotic analysis; Boundary layer; Well-posedness; Energy method; Vanishing
viscosity limit

* Corresponding author.
E-mail addresses: pengl923 @nenu.edu.cn (L. Peng), lijy645 @nenu.edu.cn (J. Li), ming.mei @mcgill.ca (M. Mei),
zhangkj201 @nenu.edu.cn (K. Zhang).

https://doi.org/10.1016/j.jde.2022.04.032
0022-0396/© 2022 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2022.04.032&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2022.04.032
http://www.elsevier.com/locate/jde
mailto:pengl923@nenu.edu.cn
mailto:lijy645@nenu.edu.cn
mailto:ming.mei@mcgill.ca
mailto:zhangkj201@nenu.edu.cn
https://doi.org/10.1016/j.jde.2022.04.032

L. Peng, J. Li, M. Mei et al. Journal of Differential Equations 328 (2022) 202-227

1. Introduction

The Hunter-Saxton equation

1
(r + utty) =§u§ (1.1)

was introduced in [1 1] as an asymptotic equation of a nonlinear variational wave equation, which
models waves in a massive director field of a nematic liquid crystal. Here, u (¢, x) describes the
director field of a nematic liquid crystal, x being the space variable in a reference frame moving
with the linearized wave speed, and ¢ being a slow time variable. It is known that the Hunter-
Saxton equation is a completely integrable system with a bi-Hamiltonian structure [12]. The
Hunter-Saxton equation also arises from a completely different situation as the high-frequency
limit of the Camassa-Holm equation, which is an integrable model equation for shallow water
waves [3,4,35,36].

Hunter and Saxton [11] studied the initial value problem for the Hunter-Saxton equation on
the line by using the method of characteristics and showed that smooth solutions break down in
finite time. Yin [37] proved the local existence of strong solutions of the periodic Hunter-Saxton
equation and showed that all strong solutions except space-independent solutions blow up in
finite time. Hunter and Zheng [ 13] established the global existence of dissipative and conservative
weak solutions to the following problem

1
0tV + udyv = —Evz, x>0,t>0,
Oyl =, x>0,t>0, (1.2)
u(0,1t)=0,

v(x,0) =vp(x),

where initial data vo(x) is compactly supported and vo(x) € BV (R™). Hunter and Zheng also
considered the viscosity and dispersion regularities of the Hunter-Saxton equation (1.1) in [14].
By employing the theory of Young measures, Zhang and Zheng [38] established the global ex-
istence of dissipative weak solutions to (1.2) with nonnegative vy € L?(R™) for any p > 2. In
[39], Zhang and Zheng proved the global existence and uniqueness of dissipative weak solutions
to (1.2) with nonnegative vg € L2R). Using the method of Young measures and mollification
techniques, they [40] also established the global existence and uniqueness of admissible weak
solutions to (1.2) with general data vg € L2(R™). In recent years, the Hunter-Saxton equation
has attracted more attention. Bressan and Constantin [2] constructed a continuous semigroup
of global dissipative weak solutions. Using the vanishing viscosity method, Li and Zhang [17]
proved the global existence of dissipative weak solutions to the Hunter-Saxton equation. Li and
Yin [18] established the local well-posedness, blow-up phenomena and traveling wave solutions
to the periodic integrable dispersive Hunter-Saxton equation. In this paper, we consider the fol-
lowing viscous problem

0 V€ +uco, vt = —% (vf)2 + eafve, x>0,t>0,
Oxu€ = ¢, x>0,t>0,
u¢(0,1) =0,

0, v€(0,1) =0,

vé(x,0) = vo(x).

(1.3)
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The effect of boundary layer has been one of the fundamental problems in hydrodynamics
[27] since the classical work by Prandtl [22] in 1904. Due to the inconsistency of boundary
conditions between the Navier-Stokes equations and Euler equations, the boundary layer phe-
nomenon usually occurs near a boundary when the viscosity € vanishes (cf. [1,5,7,15,16,19-21,
23,25,26,29-34]). It is also observed when the change from a viscous parabolic equation to an
associated inviscid hyperbolic one is preformed (cf. [6,8,24,28]). Motivated by these works, in
this paper, we consider the asymptotic behavior of the solutions to the problem (1.3) in the half
space as € tend to zero. To our best knowledge, the boundary layer problem of the Hunter-Saxton
equation has not been related yet due to some technical reason. Thus, we hope that our results
presented in this paper can shed some light on the further theoretical study of boundary layers
for the Hunter-Saxton equation.

The rest of this paper is organized as follows. In Section 2, we derive the equations for outer
and boundary layer profiles by the method of matched asymptotic expansions and state the main
convergence results. In Section 3, we study the well-posedness of outer and boundary layer
problem. In Section 4, we construct an approximate solution and prove the main convergence
results. Finally, we prove the existence of approximate solutions to (3.10) by the fixed point
argument in Appendix A.

2. Asymptotic expansions and main results

In this section, we are going to derive the equations for outer and boundary layer profiles by
the method of matched asymptotic expansions and state the main results in this paper.

2.1. Asymptotic expansions

In this subsection, by means of the formal asymptotic analysis with multiple scales, we derive
the equations of boundary layer profiles of (1.3) with respect to €.

Hence, based on the WKB method [8-10,24], the solution (v¢, u€) to the problem (1.3) with
respect to € has the following ansatz:

v ) =Y €2l (x, 1) + 0B (2. 1),

iz . (2.1)
u(x,t) =Y exul(x,t) +ub(z,1)),
=0

where the boundary layer coordinate is defined by

7= x € [0, 00). (2.2)

X
Ve
We assume that each term in the expansion (2.1) is smooth, and the boundary layer solutions
vBJ and u®BJ fast decay as z — 4o00.

Plugging (2.1) into initial condition in (1.3), and noticing that vo(x) is independent of €, we
obtain

v10(x,0) = vo(x), v%0(z,0) =0,

| ' 23
'UI"I(.x, O)ZUB"/(Zao):Oa .] Z 1 ( )
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Plugging (2.1) into boundary conditions in (1.3) and matching terms of the same magnitude, it is
easy to get that

’f'(O r)+u3f(0 =0 j=>0,
I,j B,j+1 . (24)
220.0=0, v’ (0, t)+v 0,1)=0, j=0.
Plugging (2.1) into the second equation of (1.3), it follows that
uy! —vh =0, j>0, 2.5)
and
B,0
u; =0,
. ‘ 2.6
{Mf’]—H—UB’]:O, jio, ( )
which implies
POz, 1) =0, 2.7)
by noting that 150 decays to zero fast enough when z — +o00.
Substituting the expansions (2.1) into the first equation of (1.3), it follows
RS DD Y LR
]>0 ]>O k=0
j+1
T 2(u10+uBO)UBO+Z€2Z(ulk+u3k)ij+l —k (2.8)
=0 k=0
1 j . .
=5 Qe @M o2 4 +etoBl 3 el 4081,
Jj=0 Jj=0
Letting z go to 400 in (2.8), it yields
I’0+u10 10+ (UIO)Z
+u”’0~|—u10 ”+v10 L1_, 2.9)
+Zu1k Ij— k+ Zvlk 1,j—k v;x] 2_0’ ji>2.
24=0
Using (2.9) in (2.8), we obtain
3 €3G0z, =0, (2.10)

Jj=—1

where
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1,0 B,0y,,B,0
G_ 1_(u +u® v,

GO—U[ Ot @l +MB’0)UZB’1+(MI’1+MB’1)v O+ ub% 10

i E(vz;,o)z 4 yl0yBO _ Uzs;,o’
Gl—”; +(u10+u30)v32+(u11+u191)U31+(u12+u32)v30

1 uBOy ”—i—uB’lv;’O—}—(vl’OvB’] +UI,]UB,0+UB,OUB‘I)_vfz,]’

Using x =€ 2 z and then expanding G (x, z, t) formally in € by the Taylor expansion,

G(xzt)_G(ezzt)—G(Ozt)—i-Z (ezz)BG(Ozt) Q.11)

Then applying (2.11) into (2.10), we get

3 4G =0, (2.12)

where
G_ 1—(u10(0 1)+ uB0)y80,
Go=v>" + @00, 1) + uB OB + @10, 1) + uf HE0 +uB0100, 1)

+ E(vB’O)2 + 01000, 1)vB0 — szz’O + zui’O(O, t)vf’o,

Gr=v/ + @00, 0 +uP OB + 10,0 + uP P+ @20, 1) +uP 20
+uB 0100 +u® 000, 1) + 0100, B+ 010, B0 + BB
—vB 4 zul00, t)vB’l +zul 10, )wB 0 + zuB 00100, 1)

+ 20100, B0 - S 0,0,

From (2.5) with j =0, (2.9), (2.3), (2.4) and (2.7), we obtain

I’O—I—u 0 IO+ (v10)2—0

1,0 0_

uy” —v'0=0, (2.13)
v10(x, 0) = vo(x),

ul:%0,1) =0.

Combining (2.6), (2.7), (2.12), (2.3) and (2.4), one has
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B.0 Bo 1 B.0 1,0 B.0
v, =—(ul’1(0,t)+uB*1)vZ —5(113*0)2—vl’O(O,t)vB'O—i—vZZ —zuy (0, v,

vB0(z,0)=0,

v?(0,1) =0,
(2.14)
and the first-order boundary layer profile u?1(z, 1) is given by
e.¢]
ublz, 0 =— / B0y, Hdy. (2.15)
Z
It is easy to see that the boundary layer profile (v5-0, u81) = (0, 0).
Similarly, from (2.5) with j =1, (2.9), (2.3) and (2.4), we get
le’1 + ul’lvf’o + ul'ov)ﬁ’1 + 010l =,
L1 11 =0
e Y : (2.16)
v i(x,0) =0,
ul 10, 1) = [;7vB 0z, 1)dz.
Since v8:0 =0, we also have (v!:!, u!-1) = (0, 0).
Moreover the boundary layer solution (vE-!, u?-?) satisfies
v,B‘1 =—v10(0, 8! + vf;’l — zv190, t)vf‘l,
v?!(z,0) =0, 2.17)
v2 0,1 =—v°0,1),
and
o0
uB?(z,0) = — / vBl(y, 1)dy. (2.18)

Z

Continuing these procedures, one can derive the equations for higher-order layer profiles
@hI,uldy, (B, uBIt) for j > 2.

2.2. Main results

For convenience, we first introduce some notations to be used throughout this paper. Without
loss of generality, we assume 0 < € < 1. We denote by C a generic positive constant that may
change from one line to another with C independent of € but dependent on 7', while Cy denotes
a generic positive constant independent of both € and 7. With 1 < p < oo, we use L” and L’
to denote the Lebesgue space L? (0, co) with respect to x and z respectively, with corresponding
norms || - ||z» and || - || p. Similarly, H k. sz denote the Sobolev space W2(0, 0o) with respect
to x and z respectively, with corresponding norms || - || gz« and || - || .

Next, we state our main results. :
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Theorem 2.1. Assume that vy € H?, vo(x) > 0 and fooo xvéxdx < 400. Let (v¢, u®) be the weak
solution of (1.3) with € > 0. Then there exists a unique solution @0, ul% e Lo, T: H3) N
L>®(0, T; H*) to the problem (2.13) with initial data vo. There exists a unique boundary layer
solution (V81 uB-2) to the problem (2.17)-(2.18) satisfying

vBle L2(0, T H) N L0, T; HY),

2B e L2(0,T; HHNL™®0,T; H)),

vl e L20,T; HH N L™ (0, T; L?),

uB2e L*(0,T; HHNL>(0, T; HY),

such that as € — 0, for any fixed 0 < T < oo, it holds that

1 3
sup o€ — vl —e20B 12 < Cet, (2.19)
0<t<T
1 1
sup o€ — o0 —ez0B ) 1 < Cen, (2.20)
0<t<T
1 1
sup o€ — v/ — €208 100 < Ce2, (2.21)
0<t<T
and
€ 1,0 L
sup |[u® —u"" | Looo,m) < Ce2, (2.22)
o<i<T
forany M > 0.

Remark 2.1. If the initial data vg(x) < 0, the above results in Theorem 2.1 valid before the
blow-up time ¢t = T* of the inviscid equation (1.2).

3. Well-posedness of outer and boundary layer problems

In this section, we consider the well-posedness of the problems for the outer and boundary
layer profiles.

3.1. Well-posedness of outer layer problem

Lemma 3.1. Under the same assumptions as in Theorem 2.1, there exists a unique solution
W50, ul0) to (2.13) satisfying

vl e 120, T; H?),u!® e L®0, T; H. (3.1)
Proof. The global existence and uniqueness of solutions to (2.13) can be referred to [17,38,39]
and we omit the details here. It only remains to prove (3.1). By the method of characteristics,

(2.13) is equivalent to the following system

208



L. Peng, J. Li, M. Mei et al. Journal of Differential Equations 328 (2022) 202-227

% =ul 0@, ®,(x)) = foof(x) w10z, y)dy, Do(x)=x,
d 1,0 , q> 1
w )

V0, @ (x)) =0 = vo (x).
Then, by a direct computation, we get

Lo = 200
vou(t, x) = v 3.2)

Thus, (3.1) follows directly from (3.2), (2.13) and the assumptions on vo(x) in Theorem 2.1. The
proof is complete. O

3.2. Well-posedness of boundary layer problem

In this subsection, we study the existence and uniqueness of the solution (vB A yuB *2) to the
problem (2.17)-(2.18) and derive the regularity of boundary layer profiles.

Lemma 3.2. Under the assumptions of Theorem 2.1, there exists a unique solution vB-' of (2.17).
Moreover, for any 0 < T < oo, it holds that

vBle 120, T; H) N L™, T; H?), 3.3)

2Bl e L20,T; HHNL™®0,T; H)), (3.4)
and

w2l e L20,T; HH N L™, T; L?). (3.5)

Consequently it follows from (2.18) that
uB2e L*(0,T; HHNL>(0,T; H). (3.6)
Proof. For clarity, we divide the proof into two steps.
Step 1. Existence and uniqueness of v5! and u® 2,

For brevity, we define A(?) := v!0(0, 1) and B(t) := —v,{’O(O, t). In order to homogenize the
boundary condition of (2.17), we set

w(z, 1) = vz, 1)+ B(t)e 2. 3.7)

Thus, from (2.17), it follows that w(z, t) satisfies

Wy — wZZ +ZA(t)wZ +A(t)w = IO(Z7t)’ (th) € (07 OO) X (07 OO),
w(z,0) = B(0)e™%, (3.8)
wZ(07 t)zos
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where

p(z,t) = (B'(t) — B(t) — zA(t) B(t) + A(t) B(t))e *.

By the reflection method with even extension, we can extend the problem (3.8) to the whole
space and we obtain

Wy — wzz +2AMOw; + A@w = p(|z],1), (z,1) € (—00,00) x (0, 00), (3.9)
w(z,0) = B(0)e . '
To overcome the singularity in z of (3.9), we consider the following approximate equation
Wit — Wizz + B2, ) A(Dwi: + A(Dwe = p(Iz], 1), (2, 1) € (—00, 00) x (0, 00), (3.10)
wi (2. 0) = B(O)e ™, '
where
k, 7>k,
B(z,k)=1z, —k<z<k,
—k, z<—k.
It is straightforward to check that
Z'p e L™(0, T; LA(R)), z'p, € L®(0, T; LA(R)), VI >0. (3.11)

Indeed, we can use the fundamental solution @ of the heat equation to represent wy and show
that there exists a unique solution wy of (3.10) for each k > 0 (details are given in the appendix).
Next, we derive some basic a priori estimates for the solution to the equation (3.10). Using
these estimates, we can obtain the existence of w to equation (3.9) by applying the compactness
argument.
Multiplying the first equation of (3.10) by (1 4 z?)wy and integrating the resulting equation
over R, we obtain through integration by parts that

Ea(nwknig(m +lzwel Fo ) + (lwee 7o) + 2wkl 72 g))

= —/B(z,k)A(t)wkz(l + 2 wdz
R

—/A(f)(l+Zz)w;%dz+[,0(l+z2)wkdz+/w,%dz.
R R R

(3.12)

First, noticing that for any F(x,t) € L?(0,T; H l) with 1 < p < oo, it follows from Sobolev
embedding inequality that

IFO, Hllr o,y = W FllLro,7;00) < CollFllpro,7; 11 (3.13)
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By the definition of A(¢), (3.13) and Lemma 3.1, we have

IA@ | L,1) < C. (3.14)
We next estimate terms on the right side of (3.12). First, we have

1422

—/B(z,k)A(t)wkz(l+z2)wkdz=/B(z,k)A(t)zw,§dz+/Bz(z,k)A(r) 5 widz
R R R
1+ 22
< lA(t)lfzzw,%dz+|A(z)|/ 5 widz
R R
< Clwel 72 g, + lwel} 2 )
(3.15)

by using |B(z, k)| < |z|, |Bz(z, k)| < 1 and [|A(?)||L~@.1) < C.
Similarly to (3.15), we have

—/A(r)(1+z2)w,%dzs IA(t)I/(l +2Hwidz
J P (3.16)

< Clllwkl gy g, + 2wkl ]2 g)-

It follows from Cauchy-Schwarz inequality and (3.11) that

1 1
/p(l + ) wpdz < 2 /(l +z2)w,%dz + 3 /(1 + 2% p%dz
R R

R (3.17)
1 2 2
Plugging (3.15), (3.16) and (3.17) into (3.12), it follows that
o, + 12080 ) + (ke o, + 120k e )
2 dr "RIL2@R) klramw) kzll2R) kel L2R) (3.18)
< Clwill gy + llzwel 72 gy) + C.

Applying the Gronwall’s inequality to the above inequality, it yields

2 2 2 2
Sup (”wk||L2(R) + ”Zwk”Lg(R)) + ”wkZ”LZ(O.T'LZ(]R)) + ”ZwkZ”LZ(() T'LZ(R)) S Cv (319)
0<i<T z R s LS L7

where C = C(T, || B(0)e™ ! l22(r)) is a constant, independent of €.
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Similarly, multiplying the first equation of (3.10) by wy; and integrating over R, one gets from
integration by parts that

1d
5 77 Ikl Loy + 1wk 72y == / A)B(z, kywizwiedz — f A wrwedz + f pwirdz.

R R R
(3.20)
By Cauchy-Schwarz inequality, we get
—/A(I)B(Z,k)U)kZszdzS[IA(I)IIB(Z,k)IIszwkzIdZ
R R
< / (2l A) g wieldz (321)
1
< gloulF ) + Cllewicll} g,
and
1
- [ Atz < glhow s g, + CluclE g, (3.22)
R
Similar procedure further gives
wiedz < w2, g, + 112
PWgAZ = 2 "Wkt 2Ry PlL2R)
R (3.23)
1 2
Hence, by plugging the estimates (3.21), (3.22) and (3.23) into (3.20), we get
D e gy, + Nk 22 gy < ClwklZa g + Cllzwie B agg, +C (3.24)
dr " kel 2wy kell 2Ry = kllL2(R) kellpz@ry T % :
By using the estimate (3.19), we obtain
Sup ”wkZ”L2(R) + ”wkt”Lz(O T: LZ(R)) = C (325)

0T

where C = C(T, || B(0)e™ ! ll2(r)) is a constant, independent of €.

According to the energy estimates (3.19) and (3.25), one can see that wy is uniformly bounded
in L2(0, T; H!(R)) and wy, is uniformly bounded in L?(0, T; L2(R)). Consequently there exists
a subsequence of wy, here we still denote by wy, for simplicity, such that
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wp —w,  weaklyin L*(0, T; L3(R)), (3.26)
Wiz — wy,  weakly in L2(0, T; L2(R)), (3.27)
zwg — zw,  weakly in L2(0, T; LZ(R)), (3.28)

Zwk; — zw,,  weakly in L2(0, T; LE(R)), (3.29)

W — Wy, weakly in L2(0, T; Lg(R)). (3.30)

Since wy is a weak solution of the parabolic initial value problem (3.10), then

T T T
/ / wipdz + / / Wiepodz = — / / ADBG, Dwiepdz
0 0
R R 0 R (331)
T T
—/fA(t)wkwder//mpdz,
0 R 0 R
forany ¢ € C3°((0, T) x R).
Passing to limits as k — oo, we have
T T T T T
//wtwdz+//wzwzdz=—//A(t)zwzgodz—//A(t)wtpdz—i—//,o(pdz. (3.32)
0 R 0 R 0 R 0 R 0 R

Hence w € L%(0, T; Hzl (R)) is a weak solution of (3.9).
Next we prove the uniqueness of the weak solution. Let w; and w» be two solutions of prob-
lem (3.9). Then ¢ := w; — wy satisfies the following problem

{ b1 — b = —AD)20. — AP, (3.33)

¢(z,0)=0.

Multiplying the first equation in (3.33) by ¢ and integrating on R, then using integration by parts
we obtain

1d
3 10 + 1602, == [ A20.0dz ~ [ A9z

R R
¢)2

=— / AMD2(F)edz — / A(t)¢*dz

R i R (3.34)
=—/A(t)(%)dz—/A(t)¢2dz

R R
__! A(t)pd
——5/ t)p~dz.

R
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Therefore

1d 2 2 2
Using Gronwall’s inequality and noticing that ¢(z, 0) = 0, we deduce that ||¢||;2(g) = 0. Hence
¢=0. )

Thus, from the definition of w(z, t) := vB1 (z,1) + B(t)e™ %, we can easily obtain the same
properties for the boundary layer solution v?! to the problem (2.17). Moreover, according to
(2.18), the existence of u®-2 is obvious.

Step 2. Regularity of boundary layer profiles.

Taking the L? inner product of (3.8); with z2w,, and integrating by parts, we get

oo o
1d
5 77 lwelzy + lzws I, = / S ANwwzdz + f AN wwdz
0 0
oo o
—/zzpwzzdz—2/zw,wzdz
0 0
S - (3.35)
=— E/ZZA(t)wfdz—i—/A(t)wzdz
0 0
oo [e¢)
—/zzpwzzdz—zfzw,wzdz.
0 0
It follows from the Cauchy-Schwarz inequality that
5 o o
—E/zzA(t)wfdz—i-/A(t)wzdzSCllzwzllig +Clwl3,, (3.36)
0 0
and
oo
2 1 2 1 2
— [ 27 pwedz < EHszz”Lg + §||Z,0||Lg~ (3.37)
0
Similarly, it follows that
o0
- / awwdz < 2w |2, + w1 (3.38)
0

Plugging (3.36), (3.37) and (3.38) into (3.35) yields
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d
Jollawelizy + llzweeliz, < Cllzwellg, + Cllwliz, + Clizplig, + Cllwllg,-
Applying Gronwall’s inequality to the above inequality, one gets

2 2
sup lzwgll72 + llzwzll72 g =C,
0<r<T L: L70.1:L3)

where C = C(T, || B(0)e™*||;2) is a constant, independent of .
Next, differentiating equation (3.8) in z, we obtain

Wz — Wezz = —ZAwz; —2A(0DW + p;.

Taking the L? inner product of (3.41) with w., and integrating by parts, we deduce

o0 0
1d
2dt

0 0

By employing the Cauchy-Schwarz inequality, we get

0
1
- [ Awzvcwads < GlualR, + Claucl,
0
and
o0
_ 1 2 2
2 | Aw wydz < ] llwz ”Lz + Cllw; ”Lg-
0

Also, we have

o0
d <l 2 2
Pz Wz Z_4||wzz||Lg+||pz||Lg-
0

Plugging (3.43), (3.44) and (3.45) into (3.42), it follows that

d 2 2 2 2 2
TllweclFy el < ClzwselF, + Cllwell; + 2017,

which along with (3.11), (3.25), (3.27) and (3.40) leads to

2 2
sup flwzell72 + lweell72 g =C,
oLy L2 L2(0.T;L2)

where C = C(T, || B(0)e™*||.2) is a constant, independent of €.
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By using the equation of (3.41), we can then easily derive that

sup lwez I35 + llwezel 720, 7. p2) < Cs (3.48)
0<r<T z o
which implies
weL*0,T; H))NL>(0, T; H?). (3.49)

Thus (3.3) follows from the definition of w and (3.49). Then it follows from (2.17), (3.3), (3.7),
(3.25), (3.30), (3.40) and (3.47) that

vP e 120, T; HH N L™, T; L?).

Furthermore, the regularity of u? 2 follows directly from (2.18) and (3.3). By (3.7), (3.19) and
(3.40), we finally obtain that

Bl e L2(0,T; HH N L™(0, T; H).
This verifies (3.4) and the proof is completed. O
4. Error estimates and convergence rates

In this section, we will prove our main convergence results of this paper.
We construct an approximate solution as follows:

ve,a=U1,0(x,t)+e%v3’l(z,f),
o v s “4.1)
ut=u"(x,t) +eu(z,t) —eu(0,1),
and
R€= —1 € _ €4
1 € l(v v )’ (42)
RS =€ (MG _ué’a)’

where eu-2(0, 1) is constructed to homogenize the boundary condition of RS.
Plugging (4.1) and (4.2) into the equations (1.3) and using the initial and boundary conditions
in (2.13) — (2.17), one can see that the reminder (R, RY) satisfies the following equations:

Rf, + Ryvy +u“Rj, + €R3 R}, = —%6(137)2 — VSRS 4 €RE 4 el e,

RS, =R{,

R’ 0,1 =0, 4.3)
R{,(0,1) =0,

R{(x,0) =0,
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where

1
fE= Pt —uStpSa — E(vf*“)2 + evs. (4.4)

Before proceeding, we introduce some basic facts first which will be used later. For any
F(z,t) € H" withm € N, we have

= F |0 P o 4.5)

X
o F(—=.1)

7

For f(-,t) € H! with fixed 7 > 0, one gets

L2

1f GOz < Collf GO f GOl L +1FC D). (4.6)

We next recall the Hardy inequality that

1 X
- / oY <Cllfll2ms)- @.7)
0

L2[R*)

Lemma 4.1. Let 0 < T < 00,0 < € < 1. Then there exists a constant C independent of €, such
that

1f €N 20,7:02) < Ce*. (4.8)
Proof. From the definition of v&:4, u¢4, (4.4) and (2.13), we can deduce that
1€ =[ev]0) + [e%vf);l - e%v,B’l] - [e%ul’ovf'l]

1
_ [GMB,z(U;,o+E%Uf,1)] _ [56(03,1)2+€%U1,0v3,1]

1 4.9
+ [eu2(0, 1) (10 + €208 4.9)

6

= Z Jk.
k=1
We proceed to estimate Jx(1 <k < 6). By (3.1) we have
Il 20.7:22) = l€vE2l 20,7212

= GHUI’OHLOO(Q,T;H% (4.10)

<Ce.
It follows from (4.5), (3.3) and (3.5) that
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3 B,1
||J2||L2(0,T;L2) = €4(||U§’1||L2(0,T;L3) + v ||L2(o,T;L3))
, - - 4.11)
< Cexd.

By using (2.2), (4.7), (4.5), (3.1), (3.7), (3.40) and Sobolev embedding inequality, one gets that

1 oulOx, 1)
15l 20,7:02) = €2l ——-

B,1
EZZUx ||L2(0,T;L2)
1,0 B,1
<e€l|u, 2 . Zu,’ .72
N Wl L20,7: 00y 12057 T oo 0,712 @.12)
3
I 1,0 B,1
< Coe*lu""Nr200.7:52) lI2V; ||L°°(0,T;L§)
3
< Ces.

Similarly, we have

B,2,.1,0
(vy

1 B
I allz20,7:12) = ll€u +e€2v ) r20.7:22)

< elluB2 200, 7.2y I0E 0 Lo 0,751
+ €2 1452 20, 7s ooy I0F M e 0,722 s
= COG%||MB’2||L2(0,T;L§)||UI’0||L00(0,T;H2) R
+ COG‘S_‘ ||MB’2||L2(0,T;LZ?<>) ||UZB'1 ||L°°(0,T;L§)

3
<Ce?,

and

1 1
B,1\2 791,0,,B.1
||J5||L2(0,T;L2) = ||§€(U ) ||L2(0,T;L2)+||62U v ||L2(0,T;L2)
5
11,81 B,1
< Coe* v 20, 7: 150y V7 Nl oo 0,71 12)
3
2114,1,0 B,1
+€4||U’||2 .oo”U'”oo .72
L=(0,T;L%°) L>(0,T;L7) (414)
3 Bl B.,1
= Coetllv ||L2(0,T;L30)||U ||L°°(0,T;L§)
3
T 11,1,0 B,1
+ Coe v N 20, 7: 51y v ||L00((),T;L§)
3
< (Ces.
Thanks to

1?20, )l 0,7 < Collu™? | oo, 71y < € (4.15)

we can estimate the Jg to obtain
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1
sl 220.7:22) < CeUv" 20,71y + €3 105 N 200,72 1))
: (4.16)

3
< (Ce?*.

Combining the above estimates for J; to Jg with (4.9) we deduce that (4.8). The proof is com-
pleted. O

Next, we give the estimates of the reminder R{ in the spaces L*°(0, T'; L% and L>°(0,T; H').
Before stating the results, we first estimate v'“ by the Sobolev embedding inequality, and Lem-
mas 3.1-3.2 as follows

1
105 oo 0. 71x10.000) < 1070l 0. 71x0.000) + €2 05 ([ oo 0,72 L20) @17)

<C(+ed)<cC.

Lemmad4.2. Let 0 < T < o0 and 0 < € < 1. Then there exists a positive constant C independent
of €, such that the following estimate holds:

1
sup ||R€||2 +6||R || <Ce 2. (4.18)
osier 12 L2(0,T;L2)

Proof. Multiplying the first equation of (4.3) by R} and performing the integration by parts, we
obtain

oo oo

d 2 2
EEHRTIILZ—}-GHRTXHLZ:—/RERSUG‘”dx /RE ““Ri,dx —€ | R{RSRS dx

7
0 0
o0
/(R Ydx — / R{v“Ridx +¢€~ / 1fdx
(4.19)
0
oo 1 o o0
—/Rfv;’“Rgdx— E/ve’“(Rf)zdx—l—e’l/Rffde
0 0 0
=L+ DL+ .
In view of the second equation of (4.3),
X X 3
RS = / Rédx < / IRS|2dx | x?. (4.20)

0

By the definition of v€¢, (3.3), (3.7) and (3.40), we have
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o0 oo oo

/x|v;’”|2dx§fx|v£’0|2dx+e/x|vf’l|2dx
0 0 0
%0 %0 (4.21)
:/x|v){’0|2dx+e/z|vf'1|2dz
0 0
<C,

where we have used fooo xv(z)xdx < 400.
It follows from (4.20), (4.21) and Holder inequality that

1

o 2 o0
I < /IRflzdx /|x%v;’“Rf|dx
0 0
o0 00 3 (4.22)
< / |RS [*dx /x|v§'“|2dx
0 0
< CIIRS|3..
By (4.17) and Holder inequality, we deduce
I < Collv*“ | L=lIR{ 172 < CIIRS 1172 (4.23)

It follows from Cauchy-Schwarz inequality that

1 1 _
I = SIRTIZ + €I N (4.24)

Plugging (4.22), (4.23), (4.24) into (4.19), it follows that

d -
TIRTIZ: + €l R Ig2 < CIRIG: +€ 21172, (4.25)
which implies the estimate (4.18) by using the Gronwall’s inequality along with Lemma4.1. O

Lemmad4.3. Let 0 < T < 00 and 0 < € < 1. Then there exists a positive constant C independent
of €, such that the following estimate holds:

sup || RS, I3, + €l <Ce 3, (4.26)

2
]xx”LZOT‘LZ
0<I<T 0,T;L7)

Proof. Multiplying the first equation of (4.3) by € R{, . and integrating by parts over (0, 00), we
obtain that
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o0

o0
1d
577 ClIRL 172) + €I RS | 2=efR§v“‘foxdx+ef u®“Ri Ry, dx
0
o0
+62/R RS foxdx+ —¢ /(Ré)2 € .d
0

o
+e/v€“R€foxdx /fé TexdX
0

4.27)
1 o
/ RSVECRS, dx — 56/ SRS )dx
0
o
3 € 2 € RE
— 56 R} (RS,)"dx — f Texd
=+ Is+ Ig+ I7.
By using a similar argument as that for /7 and using Cauchy-Schwarz inequality, one has
1
Iy < CellRTII 2 IR N2 < 3€ 2R 172 + CIRS |17 (4.28)
It is easy to show that
Is < Ce||RS, II72. (4.29)
It follows from Holder and Gagliardo-Nirenberg and Cauchy-Schwarz inequalities that
Is < C*||RS || 12 |IRS, ||i4
< CezuRfuLz(ann 2||Rm|| 2+ IRSI2,)
s s ; (4.30)
< Ce*|IRll; ZIIRWII 2+ Ce IIRTIILz
1
=3¢ RS N7 + CE? IIREII + CE? RS,
Similarly, the estimate for /7 follows from Cauchy-Schwarz inequality that
l =2 £€12
I =€ RS N7 2+ €2 FCT 2 (4.31)
Thus, plugging all the estimates above into (4.27), one gets
i(GIIRT 172) + €2 IRS 1172 < Cell RS, 1172 + CURS |7, + e IIREII +E1RS11)
dt * T i (4.32)

-2 2
267N fENI 2
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which implies the estimate (4.26) immediately. 0O
Now, let’s complete the proof of Theorem 2.1.

Proof of Theorem 2.1. Based on the study given in Section 3, it remains only to prove the solu-
tion convergence (2.19)-(2.22). By Lemmas 4.2-4.3 we have

||Rf||L00(0,T;L2) <Ce 4, (4.33)
_3
IR oo 0,7;12) < Ce™ 5. (4.34)
Then the estimate for R{ in the space L>°(0, T'; L*°) follows from (4.6), (4.33) and (4.34) that

1 1
IR o0, 7:%) < CoUlRS 12 0 7. 12y RS20 7212y T IR Izo(0.7322)) < Ce™2. (435)

Thanks to RS = [ R{dx, we get

I RS 1l Loo 0,720 0, M)) < MIIR{|lL=(0,7;100) < Ce™ 2 (4.36)

for any M > 0.
It follows from (4.1), (4.2), (4.33), (4.34), (4.35) and (4.306) that

I =010 — €308 oo 712 < Ced, (4.37)
||v‘—vI’O—e%vB’IHLOO(O’T;HU§Ce%, (4.38)
Jv€ — 0 — e2vB |z, 710 < CE%, (4.39)

u€ — u" O oo 0.7: 10 0.0)) < CG%, (4.40)

for any M > 0. Thus, the proof of Theorem 2.1 is completed. O
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Appendix A

In this section, we will use the fundamental solution ® of the heat equation to represent wy,
and then show that there exists a unique solution wy of (3.10) for each k > 0.
Set X = L°°(0, T; HZ1 (R)). For each v € X, we have

Wi — Whzz = —B(Z, D) A@Mv; — Av + p(|z], 1) := f(z, 1), (z,1) € (=00, 00) x (0, 00),
wi(z,0) = B(0)e~ !l

We use the fundamental solution @ of the heat equation to represent wy in terms of B(0)e™ !
and f(z,t) as follows

+o0o t +oo
wi(z,t) = / dD(z—y,t—s)B(O)e*'y'dy—f-/ / O(z—y,t—s5)f(y,s)dyds, (A.1)
—00 0 —o0
where
1 2
d(z,t) = ar
@) 2“7”6

Then take v € X and let w,(cl) solve

wll —w) = —B(z, AN — A0 + p(l2l, 1), (z,1) € (—00,00) x (0, 50),
w(’(z.0) = BO)e .

(A.2)
Similarly, v® € X and w,iz) satisfy
w® —w? = —B, HAOV® — AOv + p(lz2l, 1), (2,1) € (—00,00) X (0, 00),
w®(z,0) = BO)e .
(A3)

Let w := w,El) — w,Ez) and 7 := v) — v@_ Subtracting (A.2) from (A.3), we deduce that w

satisfies

{@—@MZ—MabAm@—Amﬁﬁfmﬂ,mﬂéGﬂlwbdeL
(A4)

w(z,0)=0.

Similarly, we use the fundamental solution ® of the heat equation to represent w as follows

223



L. Peng, J. Li, M. Mei et al. Journal of Differential Equations 328 (2022) 202-227

t +oo

D)= / / Oz — .t — ) (7. 5)dyds,
s (A.5)
=/[@(-,t—s>*f(-,s)](z>ds.
0
It follows from (A.5) that
+o0| 1 2 :
15O 2@ = ( / / [D(- 1 — ) % F(.)I)ds| dz
t ) 2
5/ /\[d>(-,z—s>*f<~,s)1<z> dz| ds
0 —00
- / 10C,1 = 5) FC, 2w ds (A6)
0

4 l—S)llLl(R)Hf( r2w) ds

o\

17 G2 ds

Il
St .

=Tl fllLeoo,1:L2R))>

where we have used

+00
1961 =iy = [ 5omee
t—s = | ————¢ W dz
S W7 ey
)
1 b
2
= [
—o0
=1

Similarly, we have
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t +o0
wz(z,t)=//<I>z(z—y,t—S)f(y,S)dyds
0 —o0

t

_ /[@Z(‘,r — )% . 9)IE)ds.

0
Note that
+00 +o0
/ch( r—9)ld 2/ L ST 5y
—y,t—s — e i—s
ey ¢ 2/ =) 20 —») z
—00 0
+o00
2 (-5t / 4
= — — S xe X
T
0
Lo
=—(@t—s5)"2.
N
Thus
1
+oo| t 2 2
0l 2wy = / /[q’z(',l—S)*f(wS)](Z)dS dz
—o0 |0

t
< [0t =@ FClm, s
0
(A7)

t
=c [@-9 17w ds
0

1
. _1
= C||f||LW(0,T;L§(R))/(f —s) 2ds
0

l ~
<CT2|[fllLe.7:L2R))-

Combining (A.6) and (A.7), one gets

- 1.~
||w||Loo(0’T;H21 ®y = C(T + Tz)”f”LOO(()‘T;L%(R))
1o .
< C(T +T2) [Vl oo, 7; 1) R))-
If T is so small that C(T + T%) < %, then
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- I
Nl Looo,7: 1 R)) = EHUHLOO(O,T;HZI(R))'

Thus

m_ o Low_ e
lwe ™ = w oo 0,7 11 R)) < EHU( ) — vl )”LOO(O,T;HZI(R))'
According to the contraction mapping principle, the mapping v — wy has a unique fixed point.
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