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In this paper, we study an advection–reaction–diffusion equation, where the nonlinear advection
has neither monotonicity nor variational structure. For all wavefronts with the speed 𝑐 > 𝑐0,
where 𝑐0 is the minimal wave speed, we use the technical weighted energy method to prove
that these wavefronts are exponentially stable, when the initial perturbations are small in a
weighted Sobolev space.

1. Introduction

In this paper, we focus on the stability of traveling wavefronts for the following an advection–reaction–diffusion equation in the
form

{

𝜕𝑢(𝑥,𝑡)
𝜕𝑡 + 𝜕𝐽 (𝑢(𝑥,𝑡))

𝜕𝑥 = 𝜕2𝑢(𝑥,𝑡)
𝜕𝑥2

+ 𝑓 (𝑢(𝑥, 𝑡)), 𝑥 ∈ R, 𝑡 > 0
𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ R.

(1.1)

This model describes pattern formation and chemotaxis phenomena in biology, physiology, physics and chemistry, for example,
see [1–4] and references. Here, 𝐽 (𝑢) and 𝑓 (𝑢) satisfy the following hypothesis
(𝐇𝟏) 𝑓 (0) = 𝑓 (1) = 0, 𝑓 ′(0) > 0 > 𝑓 ′(1), 𝑓 (𝑢) > 0, for 𝑢 ∈ (0, 1);
(𝐇𝟐) 𝑓 ∈ 𝐶4(R,R), 𝑓 ′(𝑢) ≤ 𝑓 ′(0) for 𝑢 ∈ [0, 1] and 𝑓 (𝑖) is bounded on R for 𝑖 = 1, 2,… , 4;
(𝐇𝟑) 𝐽 ∈ 𝐶5(R,R), 𝐽 ′′(𝑢) ≤ 0 for 𝑢 ∈ [0, 1]; and 𝐽 (𝑘) are bounded on R for 𝑘 = 1, 2,… , 5.

When 𝐽 (𝑢) = 𝑝
2 𝑢

2 and 𝑓 (𝑢) = 𝑢(1 − 𝑢), the first equation in Eq. (1.1) is reduced to the Burgers–KPP–Fisher equation

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

+ 𝑝𝑢
𝜕(𝑢(𝑥, 𝑡))

𝜕𝑥
=

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

+ 𝑢(𝑥, 𝑡)(1 − 𝑢(𝑥, 𝑡)), 𝑥 ∈ R, 𝑡 > 0, (1.2)

where 𝑝 is a real physical constant. The model (1.2) was studied and the minimal speed was obtained based on the formal stability
analysis and the existence of some exact solutions [5,6]. In fact, Eq. (1.1) covers plenty of classical models, which can be founded
in the section of applications in [7] and references. Furthermore, traveling wavefronts for Eq. (1.1) were established, wherein they
constructed an invariant region with a lower cure smoothly connecting two fixed points where a heteroclinic orbit exists [7].

As mentioned before, the primary aim of this paper is to examine the stability of traveling wavefronts in relation to Eq. (1.1). The
lack of monotonicity in Eq. (1.1) precludes the application of the comparison principle [8]. Additionally, the nonlinear advection
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term in Eq. (1.1) presents considerable challenges when deriving energy estimates. In order to overcome these difficulties, we will
construct the energy estimates in the weighted Sobolev space 𝐻2

𝑤(R) with the weighted function 𝑤(𝜉) ≥ 1 (see (2.4)).
Throughout this paper, 𝐶 > 0 denotes a generic constant, while 𝐶𝑖 > 0(𝑖 = 0, 1, 2,…) represents a specific constant. Let 𝐿2(R) is

the space of the integrable functions, and 𝐻𝑘(R) the Sobolev space. Let 𝑇 > 0 be a number and B be a Banach space. We denote
by 𝐶([0, 𝑇 ],B) the space of the B-valued continuous functions on [0, 𝑇 ], 𝐿2([0, 𝑇 ],B) as the space of the B-valued 𝐿2-functions on [0, 𝑇 ].

The rest of the paper is organized as follows. In the next section, we give the existence and uniqueness of traveling wavefronts
shown in [7] and state the nonlinear stability theorem. In Section 3, we prove the nonlinear stability by a priori estimates.

2. Preliminaries and stability theorem

The traveling wavefronts for (1.1) connecting with 0 and 1 at far fields are the monotone solution, we mean a solution
𝑢(𝑥, 𝑡) = 𝜙(𝜉), 𝜉 = 𝑥 − 𝑐𝑡, where 𝑐 is the wave speed and 𝜙(𝜉) satisfies

{

𝜙′′ = −𝑐𝜙′ + 𝐽 ′(𝜙)𝜙′ − 𝑓 (𝜙),
𝜙(−∞) = 1, 𝜙(+∞) = 0.

(2.1)

Notice that, the existence and uniqueness of traveling wavefronts to (2.1) was shown by Ma-Ou by the constructing an invariant
region [7].

Proposition 2.1 (Existence of Traveling Wavefronts [7]). If 𝑓 (𝑢) ≤ 𝑓 ′(0)𝑢 and 𝐽 ′(𝑢) ≤ 𝐽 ′(0) for 𝑢 ∈ [0, 1], then for any 𝑐 > 𝑐0, (1.1) has a
unique(up to a translation by a constant) decreasing traveling wave, where 𝑐0 is the minimal speed and 𝜆1 = 𝜆1(𝑐) < 0 and 𝜆2 = 𝜆2(𝑐) < 0,
as the negative roots of the corresponding characteristic equation to (1.1)

𝜆2𝑖 +
(

𝑐 − 𝐽 ′(0)
)

𝜆𝑖 + 𝑓 ′(0) = 0, 𝑖 = 1, 2; (2.2)

satisfying

𝜆2 +
(

𝑐 − 𝐽 ′(0)
)

𝜆 + 𝑓 ′(0) < 0, for 𝜆1 < 𝜆 < 𝜆2. (2.3)

Throughout this paper, we define a weight function as

𝑤(𝜉) =

{

𝑒−2𝜆(𝜉−𝜉0), 𝜉 ≥ 𝜉0,
1, 𝜉 < 𝜉0,

(2.4)

where 𝜉0 < 0 and |𝜉0| ≫ 1; and 𝜆 is a negative number satisfying 𝜆1 < 𝜆 < 𝜆2.
Now we can state our main theorem.

Theorem 2.1 (Nonlinear Stability). Suppose (H1)-(H3) hold. For any given wavefront 𝜙(𝑥 − 𝑐𝑡) with the speed 𝑐 > 𝑐0 to (1.1), suppose
that 𝑢0(𝑥) − 𝜙(𝑥) ∈ 𝐻2

𝑤(R). There exists some constants 𝛿0 > 0, 𝜇1 = 𝜇1(𝑐, 𝜆) > 0, and 0 < 𝜇 = 𝜇(𝑐, 𝜆) < 𝜇1, all independent of
𝑥, 𝑡, and 𝑢(𝑥, 𝑡), when the initial perturbation is small:

‖

‖

𝑢0 − 𝜙‖
‖

2
𝐻2

𝑤
≤ 𝛿20 , (2.5)

then the solution u(x,t) of (1.1) satisfies

𝑢(𝑥, 𝑡) − 𝜙(𝑥 − 𝑐𝑡) ∈ 𝐶
(

[0,∞);𝐻2
𝑤(R)

)

∩ 𝐿2 ([0,∞);𝐻2
𝑤(R)

)

(2.6)

and

sup
𝑥∈R

|𝑢(𝑥, 𝑡) − 𝜙(𝑥 − 𝑐𝑡)| ⩽ 𝐶e−𝜇𝑡, 𝑡 > 0. (2.7)

Remark 2.1. The weighted Sobolev Space 𝐻2
𝑤(R) with 𝑤(𝜉) ≥ 1 for 𝜉 ∈ R implies |𝑣(𝑡)|𝑐1 ≤ ‖

√

𝑤𝑣‖𝑐1 ≤ |𝑣(𝑡)|𝐻2
𝑤

(see (3.11)),
hich is crucial in order to overcome the nonlinear advection term. The nonlinear stability theorem, Theorem 2.1 directly implies

he exponential convergence of the solution 𝑢(𝑥, 𝑡) to the traveling wavefront 𝜙(𝑥 − 𝑐𝑡).

. Proof of main theorem

𝐡𝐞 𝐩𝐞𝐫𝐭𝐮𝐫𝐛𝐞𝐝 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧. In order to prove the stability of the traveling wavefronts to (1.1), we reformulate them to a perturbed
quation. Let 𝜙(𝑥 − 𝑐𝑡) = 𝜙(𝜉) be a given traveling wavefront with speed 𝑐 > 𝑐0, and

𝑣(𝜉, 𝑡) ∶= 𝑢(𝑥, 𝑡) − 𝜙(𝑥 − 𝑐𝑡), 𝑣0(𝜉) ∶= 𝑢0(𝑥) − 𝜙(𝑥).

hen, from (1.1) and (2.1), 𝑣(𝜉, 𝑡) satisfies
{ 𝜕𝑣

𝜕𝑡 +
(

𝐽 ′(𝑣 + 𝜙) − 𝑐
) 𝜕𝑣

𝜕𝜉 − 𝜕2𝑣
𝜕𝜉2

− 𝑓 ′(𝜙)𝑣 + 𝐽 ′′(𝜙)𝜙′(𝜉)𝑣 = 𝑄(𝑣),
(3.1)
2

𝑣0(𝜉) = 𝑣(𝜉, 0), 𝜉 ∈ R,
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where

𝑄(𝑣) ∶= 𝑓 (𝑣 + 𝜙) − 𝑓 (𝜙) − 𝑓 ′(𝜙)𝑣 − (𝐽 ′(𝑣 + 𝜙) − 𝐽 ′(𝜙) − 𝐽 ′′(𝜙)𝑣)𝜙′(𝜉), (3.2)

with 𝑣 = 𝑣(𝜉, 𝑡), 𝜙 = 𝜙(𝜉). We define the solution space as

𝑋(0, 𝑇 ) =
{

𝑣|𝑣(𝜉, 𝑡) ∈ 𝐶([0, 𝑇 );𝐻2
𝑤) ∩ 𝐿2([0, 𝑇 );𝐻2

𝑤)
}

(3.3)

with

𝑀𝑣(𝑇 )2 ∶= sup
𝑡∈[0,𝑇 ]

‖𝑣(𝑡)‖2
𝐻2

𝑤(𝑅)
. (3.4)

As we known, by using the continuity extension method [9,10], the global existence of 𝑣(𝜉, 𝑡) and its exponential decay estimate
directly follow from the local existence result and a priori estimate given below. The proof for the local existence of the solution
is standard, because it can be proved by the iteration technique [11,12]. Consequently, the a priori estimates of the solution holds
paramount significance in corroborating Theorem 2.1.

Proposition 3.1 (A Priori Estimates). Under the assumption in Theorem 2.1, let 𝑣(𝜉, 𝑡) ∈ 𝑋(0, 𝑇 ) be a local solution of (3.1) for a given
onstant 𝑇 > 0. Then there exist positive constant 𝛿1 > 0, 𝐶0 > 1, and 𝜇 > 0 independent of 𝑇 and 𝑣(𝜉, 𝑡) such that, when 𝑀𝑣(𝑇 ) ≤ 𝛿1,

‖𝑣(𝑡)‖2
𝐻2

𝑤
+ ∫

𝑡

0
𝑒−2𝜇(𝑡−𝑠)‖𝑣(𝑠)‖2

𝐻2
𝑤
𝑑𝑠 ≤ 𝐶𝑒−2𝜇𝑡 ‖

‖

𝑣0(0)‖‖
2
𝐻2

𝑤
. (3.5)

First of all, we will establish the energy estimates for 𝑣(𝜉, 𝑡) in the weighted Sobolev space 𝐻2
𝑤(R) with some techniques.

Lemma 3.1. Let 𝑣(𝜉, 𝑡) ∈ 𝑋(0, 𝑇 ). Then there exists a constant 𝜇1 > 0, such that, for 0 < 𝜇 < 𝜇1, it holds that

‖𝑣(𝑡)‖2
𝐿2
𝑤
+ ∫

𝑡

0
𝑒−2𝜇(𝑡−𝑠)‖𝑣(𝑠)‖2

𝐿2
𝑤
𝑑𝑠 ≤ 𝐶𝑒−2𝜇𝑡 ‖

‖

𝑣0(0)‖‖
2
𝐿2
𝑤
, (3.6)

provided 𝑀𝑣(𝑇 ) ≪ 1.

Proof. Multiplying (3.1) by 𝑒2𝜇𝑡𝑤(𝜉)𝑣(𝜉, 𝑡), where 𝜇 > 0, we get
{1
2
e2𝜇𝑡𝑤𝑣2

}

𝑡
+
{1
2
e2𝜇𝑡

(

𝐽 ′(𝑣 + 𝜙) − 𝑐
)

𝑤𝑣2 − e2𝜇𝑡𝑤𝑣𝑣𝜉
}

𝜉
+ e2𝜇𝑡𝑤𝑣2𝜉 + e2𝜇𝑡𝑤′𝑣𝑣𝜉

+
{

−
𝐽 ′(𝑣 + 𝜙) − 𝑐

2
𝑤′

𝑤
− 𝜇 − 𝑓 ′(𝜙) + 1

2
𝐽 ′′(𝜙)𝜙′(𝜉)

}

e2𝜇𝑡𝑤𝑣2

− 1
2
𝐽 ′′(𝑣 + 𝜙)e2𝜇𝑡𝑤𝑣𝜉𝑣

2 + 1
2
(

𝐽 ′′(𝜙) − 𝐽 ′′(𝑣 + 𝜙)
)

𝜙′(𝜉)𝑤𝑣2

= e2𝜇𝑡𝑤𝑣𝑄(𝑣).

(3.7)

By the Cauchy–Schwarz inequality, we have

|

|

|

e2𝜇𝑡𝑤′𝑣𝑣𝜉
|

|

|

= e2𝜇𝑡𝑤
|

|

|

|

𝑣𝜉 ⋅
𝑤′

𝑤
𝑣
|

|

|

|

≤ e2𝜇𝑡𝑤𝑣2𝜉 +
1
4

(

𝑤′

𝑤

)2
e2𝜇𝑡𝑤𝑣2. (3.8)

pplying (3.8) to (3.7), we obtain
{1
2
e2𝜇𝑡𝑤𝑣2

}

𝑡
+
{1
2
e2𝜇𝑡

(

𝐽 ′(𝑣 + 𝜙) − 𝑐
)

𝑤𝑣2 − e2𝜇𝑡𝑤𝑣𝑣𝜉
}

𝜉

+

{

𝑐 − 𝐽 ′(𝜙)
2

𝑤′

𝑤
− 1

4

(

𝑤′

𝑤

)2
− 𝜇 − 𝑓 ′(𝜙) + 1

2
𝐽 ′′(𝜙)𝜙′(𝜉)

}

e2𝜇𝑡𝑤𝑣2 − 1
2
𝐽 ′′(𝑣 + 𝜙)e2𝜇𝑡𝑤𝑣𝜉𝑣

2

+ 1
2
(

𝐽 ′′(𝜙) − 𝐽 ′′(𝑣 + 𝜙)
)

𝜙′(𝜉)𝑤𝑣2 + 1
2
(

𝐽 ′(𝜙) − 𝐽 ′(𝑣 + 𝜙)
) 𝑤′

𝑤
𝑤𝑣2 ≤ e2𝜇𝑡𝑤𝑣𝑄(𝑣).

(3.9)

ntegrating (3.9) over R × [0, 𝑡] with respect to 𝜉 and 𝑡 yields

𝑒2𝜇𝑡‖𝑣(𝑡)‖2
𝐿2
𝑤

+ ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠

{

(

𝑐 − 𝐽 ′(𝜙)
) 𝑤′(𝜉)
𝑤(𝜉)

− 1
2

(

𝑤′(𝜉)
𝑤(𝜉)

)2
− 2𝜇 − 2𝑓 ′(𝜙) + 𝐽 ′′(𝜙)𝜙′(𝜉)

}

𝑤(𝜉)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠

− ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠𝐽 ′′(𝑣 + 𝜙)𝑤(𝜉)𝑣𝜉 (𝜉, 𝑠)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠 − ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠𝐽 (3)(𝜙̄1)𝜙′(𝜉)𝑤(𝜉)𝑣(𝜉, 𝑠)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠

− ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠𝐽 (2)(𝜙̄2)

𝑤′(𝜉)
𝑤(𝜉)

𝑤(𝜉)𝑣(𝜉, 𝑠)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠

≤ ‖

‖

𝑣0(0)‖‖
2
𝐿2
𝑤
+ 2∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠𝑤(𝜉)𝑣(𝜉, 𝑠)𝑄(𝑣(𝜉, 𝑠))𝑑𝜉𝑑𝑠,

(3.10)

̄ ̄
3

where 𝜙1, 𝜙2 between 𝜙 and 𝜙 + 𝑣.
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On the other hand, by the definition of 𝑀𝑣(𝑇 )(see (3.4)) and 𝑣 ∈ 𝐶([0, 𝑇 );𝐻2
𝑤), we obtain

√

𝑤𝑣 ∈ 𝐻2. Using the Sobolev
inequality 𝐻2 ↪ 𝐶1, we get ‖

√

𝑤𝑣‖𝑐1 ≤ 𝐶‖𝑣‖𝐻2
𝑤

. Due to 𝑤(𝜉) ≥ 1 for 𝜉 ∈ R, so we obtain

‖𝑣‖𝑐1 ≤ ‖

√

𝑤𝑣‖𝑐1 ≤ 𝐶‖𝑣‖𝐻2
𝑤
, (3.11)

hich implies

|𝑣(𝜉, 𝑡)| ≤ 𝐶𝑀𝑣(𝑡),
|

|

|

𝑣𝜉 (𝜉, 𝑡)
|

|

|

≤ 𝐶𝑀𝑣(𝑡) for 𝑡 ∈ [0, 𝑇 ], 𝜉 ∈ 𝑅, (3.12)

nd using the Taylor expansion

|𝑄(𝑣)| = 𝑓 (𝑣 + 𝜙) − 𝑓 (𝜙) − 𝑓 ′(𝜙)𝑣 −
(

𝐽 ′(𝑣 + 𝜙) − 𝐽 ′(𝜙) − 𝐽 ′′(𝜙)𝑣
)

≤ 𝐶|𝑣|2,

here 𝐶 > 0 is independent of 𝑣, we can estimate the nonlinear term as
|

|

|

|

|

∫

𝑡

0 ∫

2𝜇𝑠

𝑅
𝑤(𝜉)𝑣(𝜉, 𝑠)𝑄(𝑣(𝜉, 𝑠))𝑑𝜉𝑑𝑠

|

|

|

|

|

≤ 𝐶𝑀𝑣(𝑇 )∫

𝑡

0 ∫

2𝜇𝑠

𝑅
𝑤(𝜉)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠. (3.13)

y (H3) and applying (3.12) and (3.13) to (3.10), we obtain

𝑒2𝜇𝑡‖𝑣(𝑡)‖2
𝐿2
𝑤
+ ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠

(

𝐴𝜇,𝑤(𝜉) − 𝐶𝑀𝑣(𝑡)
)

𝑤(𝜉)𝑣2(𝜉, 𝑠)𝑑𝜉𝑑𝑠

≤ ‖

‖

𝑣0(0)‖‖
2
𝐿2
𝑤
,

(3.14)

here

𝐴𝜇,𝑤(𝜉) ∶=
(

𝑐 − 𝐽 ′(𝜙)
) 𝑤′(𝜉)
𝑤(𝜉)

− 1
2

(

𝑤′(𝜉)
𝑤(𝜉)

)2
− 2𝜇 − 2𝑓 ′(𝜙) + 𝐽 ′′(𝜙)𝜙′(𝜉).

By the definition of 𝑤(𝜉) in (2.4), when 𝜉 < 𝜉0, 𝑓 ′(𝜙) → 𝑓 ′(1), then we have 𝑓 ′(𝜙) < 1
2𝑓

′(1) < 0. We obtain

𝐴𝜇,𝑤(𝜉) = −2𝜇 − 2𝑓 ′(𝜙) + 𝐽 ′′(𝜙)𝜙′(𝜉) > −2𝜇 − 𝑓 ′(1) ∶= 𝐶1 ≥ 0, (3.15)

by selecting 0 < 𝜇 < − 1
2𝑓

′(1). When 𝜉 ≥ 𝜉0, then we have

𝐴𝜇,𝑤(𝜉) =
(

𝑐 − 𝐽 ′(𝜙)
)

(−2𝜆) − 2𝜆2 − 2𝑓 ′(𝜙) − 2𝜇 + 𝐽 ′′(𝜙)𝜙′(𝜉)

≥
(

𝑐 − 𝐽 ′(0)
)

(−2𝜆) − 2𝜆2 − 2𝑓 ′(0) − 2𝜇

= −2
(

𝜆2 +
(

𝑐 − 𝐽 ′(0)
)

𝜆 + 𝑓 ′(0)
)

− 2𝜇 ∶= 𝐶2 > 0,

(3.16)

by selecting 0 < 𝜇 < 𝜇1 ∶= −
(

𝜆2 +
(

𝑐 − 𝐽 ′(0)
)

𝜆 + 𝑓 ′(0)
)

, where

𝜆2 +
(

𝑐 − 𝐽 ′(0)
)

𝜆 + 𝑓 ′(0) < 0( 𝑠𝑒𝑒 (2.3)).

Applying (3.15), (3.16) to (3.14) and letting 𝑀𝑣(𝑇 ) ≪ 1, then the proof of this Lemma is complete.

Lemma 3.2. Let 𝑣(𝜉, 𝑡) ∈ 𝑋(0, 𝑇 ). Then it holds that

‖𝑣𝜉 (𝑡)‖2𝐿2
𝑤
+ ∫

𝑡

0
𝑒−2𝜇(𝑡−𝑠)‖𝑣𝜉‖

2
𝐿2
𝑤
𝑑𝑠 ≤ 𝐶𝑒−2𝜇𝑡 ‖

‖

𝑣0(0)‖‖
2
𝐻1

𝑤
, (3.17)

provided 𝑀𝑣(𝑇 ) ≪ 1.

Proof. Differentiating (3.1) with respect to 𝜉 and multiplying by 𝑒2𝜇𝑡𝑤(𝜉)𝑣𝜉 (𝜉, 𝑡), then we have
{1
2
e2𝜇𝑡𝑤𝑣2𝜉

}

𝑡
+
{1
2
e2𝜇𝑡

(

𝐽 ′(𝑣 + 𝜙) − 𝑐
)

𝑤𝑣2𝜉 − e2𝜇𝑡𝑤𝑣𝜉𝑣𝜉𝜉
}

𝜉

+

{

𝑐 − 𝐽 ′(𝜙)
2

𝑤′

𝑤
− 1

4

(

𝑤′

𝑤

)2
− 𝜇 − 𝑓 ′(𝜙) + 3

2
𝐽 ′′(𝜙)𝜙′

}

e2𝜇𝑡𝑤𝑣2𝜉

− 1
2
𝐽 ′′(𝑣 + 𝜙)e2𝜇𝑡𝑤𝑣3𝜉 +

3
2
(

𝐽 ′′(𝑣 + 𝜙) − 𝐽 ′′(𝜙)
)

𝜙′e2𝜇𝑡𝑤𝑣2𝜉 +
1
2
(

𝐽 ′(𝜙) − 𝐽 ′(𝑣 + 𝜙)
) 𝑤′

𝑤
e2𝜇𝑡𝑤𝑣2𝜉

+
(

𝑓 ′(𝜙) − 𝑓 ′(𝑣 + 𝜙)
)

e2𝜇𝑡𝑤𝑣2𝜉 − 𝐶4e2𝜇𝑡𝑤|𝑣𝑣𝜉 | ≤ 𝐶3e2𝜇𝑡𝑤|𝑣𝜉 |𝑣
2.

(3.18)

y the Cauchy–Schwarz inequality

𝑤 |

|

|

𝑣𝑣𝜉
|

|

|

≤ 𝜂𝑤𝑣2𝜉 +
1
4𝜂

𝑤𝑣2, (3.19)

here 𝜂 is sufficiently small. Integrating (3.18) over R × [0, 𝑡] with respect to 𝜉 and 𝑡 yields and applying Lemma 3.1 and (3.12),
e obtain

𝑒2𝜇𝑡 ‖‖
‖

𝑣𝜉 (𝑡)
‖

‖

‖

2

𝐿2
𝑤
+ ∫

𝑡

0 ∫𝑅
𝑒2𝜇𝑠

(

𝐵𝜇,𝑤(𝜉) − 𝐶5𝑀𝑢(𝑡) − 𝜂
)

𝑤(𝜉)𝑣2𝜉 (𝜉, 𝑠)𝑑𝜉𝑑𝑠

≤ 𝐶 ‖𝑣 (0)‖2 ,
(3.20)
4

6 ‖ 0 ‖𝐻1
𝑤
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S

a

L

p

D

A

M
(
o

R

where

𝐵𝜇,𝑤(𝜉) ∶=
(

𝑐 − 𝐽 ′(𝜙)
) 𝑤′(𝜉)
𝑤(𝜉)

− 1
2

(

𝑤′(𝜉)
𝑤(𝜉)

)2
− 2𝜇 − 2𝑓 ′(𝜙) + 3𝐽 ′′(𝜙)𝜙′(𝜉). (3.21)

imilarly, we have 𝐵𝜇,𝑤(𝜉) ≥ 𝐶6 > 0. Letting 𝑀𝑣(𝑇 ) ≪ 1, then the proof of this Lemma is complete.
Similarly, by taking

∫

𝑡

0 ∫𝑅
𝜕2𝜉 (3.1) × 𝜔(𝜉)𝑣𝜉𝜉 (𝜉, 𝑠)𝑑𝜉𝑑𝑠

pplying Lemmas 3.1 and 3.2 and (3.12), we obtain the energy estimates for 𝑣𝜉𝜉 .

emma 3.3. Let 𝑣(𝜉, 𝑡) ∈ 𝑋(0, 𝑇 ). Then it holds that

‖𝑣𝜉𝜉 (𝑡)‖2𝐿2
𝑤
+ ∫

𝑡

0
𝑒−2𝜇(𝑡−𝑠)‖𝑣𝜉𝜉‖

2
𝐿2
𝑤
𝑑𝑠 ≤ 𝐶𝑒−2𝜇𝑡 ‖

‖

𝑣0(0)‖‖
2
𝐻2

𝑤
, (3.22)

rovided 𝑀𝑣(𝑇 ) ≪ 1.

Combining Lemmas 3.1–3.3, the proof of Proposition 3.1 is complete.
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