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1. Introduction and main results

In this paper, we focus on the existence of traveling wave fronts of the following two different types of
degenerate p—degree Fisher-type equations with delays

ou(z,t)  d*u(z,t)
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where p > 1 is a number (no need to be integer).

When 7 =0, Egs. (1.1) and (1.2) are reduced to
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which describes some isothermal autocatalytic chemical reactions introduced in [1,2]. In recent years, the
existence and stability of traveling wave fronts of (1.3), including the continuous model and the lattice model,
have been studied, such as [1-16] and references therein. From [2,9], we know for each p > 1, there exists
a critical speed ¢, (p) > 0, which is also described as the minimal speed, such that (1.3) admits an unique
traveling front solution ¢ if and only if ¢ > c.(p). The relationships between the value of ¢.(p) and the
parameter p have been discussed in the existing studies. When p = 2, the minimum wave speed ¢, (2) = g
was first observed numerically in [10], and further confirmed by the phase-plane form of comparison theorems
in [7]. For p > 1, in [9], the minimum wave speed c,(p) was proved to be continuous and monotonically

decreasing on p, and tested asymptotically as

o= { 22283070 DE ol -E), po,
x %4‘0(%)’ p — +o0.

For the population dynamics, the models are related to the matured age of species, the so-called time-
delay. The existence of traveling wave fronts for such time-delayed equations has been one of hot research
spots as we know. The methods adopted for proofs are various, for example, the super-sub solution method
combining the fixed point theorem [17,18], the monotone iteration method combining the super-sub solution
method [19,20], the phase plane techniques [21], the perturbation method combining the implicit function
theory [22] for the case of delayed degenerate diffusion equations, and so on. Very recently, in [3], the existence
of traveling wave fronts of (1.2) has been proved by the monotone semiflows theorem, and the other properties
of such fronts have also been given. To our best knowledge, the study on the existence of traveling wave fronts
of delayed diffusion equations with degenerate nonlinearities, such as (1.1) and (1.2), is quite incomplete.
To prove the existence of traveling waves for (1.1) and (1.2), respectively, is the main purpose in this paper.
Since the reaction terms in (1.1) and (1.2) are different, we will adopt different methods mentioned above
to give the existence conclusions of (1.1) and (1.2) respectively.

Traveling wave fronts of (1.1) or (1.2) connecting 0 and 1, are defined as follows:

¢ (&) — ¢ (&) + ¢"(§)(1 — ¢(§ — 7)) = 0, (1.4)
¢"(€) = cd'(§) + ¢"(§ — em)(1 = ¢(€)) =0, (1.5)

correspondingly, with
fgr—noo $(§) =0, EEI-‘POO o(§) =1, (1.6)

where / == d%, € =2+ ct and c is the wave speed.
Our main results are as follows.

Theorem 1.1. When 7 > 0 is small, (1.4) with (1.6) has an increasing solution for any ¢ > 2. That s, (1.1)
admits a traveling wave front ¢ connecting 0 and 1.

Theorem 1.2. (1.2) admits a strictly increasing traveling wave front ¢ connecting 0 and 1 for any ¢ > ¢*(7),
where ¢*(7) uniquely satisfies

¢"(§) + ¢ (€ —cr)(1 — $(§))

inf sup <c
Pels ¢cR ?'(§)

and

FF{ pecmE): W Am O =0 dm o) =1 }
i) H O >0, EcR
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Remark 1.1. When we revised this paper after receiving the review reports, we happened to note a new
online publication [3], which is mainly to investigate the influence of delay and degeneracy on the propagation
threshold. The existence of traveling wave fronts (1.2) was simply claimed to be obtained in [3] (see Lemma
1.2 therein) by the theory of the monotone semiflow but without a detailed proof. It seems to us that the
proof of the existence for such traveling waves is not straightforward. Here, as an independent study, we
indeed prove it by a different approach, the so-called monotonic iteration technique combining with the
super-sub solution method. In addition, in [3], the critical speed is positive and less than or equal to the
constant 1/1/K(n), where K(n) is a strictly increasing function of n. While in our Theorem 1.2, we give a
new up-bound of the critical speed.

Remark 1.2. The nonexistence problem is also interesting and important, while, we focus on the existence
results and could not solve the nonexistence problem in this paper. This problem will be our further study.

From the above results on the minimal speed c.(p), we see that 0 < ¢,(p) < 2. It is interesting for us to
investigate the existence of traveling wave fronts of (1.1) for ¢,.(p) < ¢ < 2, which is given in the following

theorem.

Theorem 1.3. Assume 7 > 0 is small. Then (1.1) admits a strictly increasing traveling wave front ¢
connecting 0 and 1 for each c(T) > c.(p), where c.(p) is the minimal speed of (1.3).

Remark 1.3. From Theorem 1.1, when the delay 7 is small, we can prove the existence of traveling wave
fronts of (1.1) for the speed c is larger than 2, which does not depend on the delay 7. And we can also see
that 2 is an upper bound of the minimal speed. While from Theorem 1.3, we obtain the strict monotonicity
of traveling wave front.

The rest of the paper is organized as follows. In the next section, we give the basic assumptions, and
introduce the abstract existence theorems shown in [17-20]. These theorems will be applied to prove
Theorems 1.1-1.3. In Section 3, due to the different kinds of nonlinearities of (1.4) and (1.5), we prove main
results by the super-sub solution method combining the fixed pointed theorem, or the monotone iteration
method combining the super-sub solution method, or the phase analysis method, respectively.

2. Preliminaries

In this section, we introduce two lemmas about the existence of traveling wave fronts of delayed diffusion
equations with different kinds of nonlinearities. Firstly, for convenience, we let ¢(s) := ¢(€)(s) = ¢(€ + s),
where s € [—c7, 0], and introduce the following wave equation

¢"(&) — e/ (&) + f(6(£)(0), ¢(£)(s)) = 0, (2.1)

where s € [—c7,0]. Then we give some assumptions on f.
(A1) £(0,0) = f(1,1) = 0, where ¢ : [—cT,0] — R is the constant function with value 0 or 1 for all ¢ € R;
(A2) There exists a positive constant L such that

[£(6(0),6(s)) = f((0),%(s) < L sup |o(s) —3(s)|

s€[—cT,0]
for ¢, ¥ € C([—eT,0], )WithO o(s), ¥(s) <1, s €[—er,0];
(A3) f(dg, ¢V>) is increasing in @, for 0 < ¢, ¢ < 1. And there is a 8 > 0 such that
f(#(0), 6(s)) = f(¥(0),%(s)) + Blp(0) — ¥ (0)] = 0,
for ¢, ¢ € C([—cr,0],R) with 0 < ¢(s), ¥(s) <1, s € [—er,0]; or
3
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(A4) There is a 5 > 0 such that

F(9(0),6(s)) = f((0), ¥ (s)) + Blo(0) —(0)] = 0,

for ¢, 1 € C([—cr,0],R) with (i) 0 < 9(s) < ¢(s) < 1 for s € [—c7,0] and (ii) e®*[¢(s) — 1 (s)] increasing in
s € [—er,0].

In the following, we will use the super-sub solution method to discuss the existence of traveling wave
fronts. Thus, we introduce the super-sub solution here.

Definition 2.1. A continuous function ¢ : R — R is called a supersolution of (2.1), if 5’ and 3’ exist
almost everywhere in R and they are essentially bounded on R and if ¢ satisfies

F(3) =" (&) — b (€) + 1((0),8(5)) <0, ace. in R.

A subsolution is defined in a similar way by reversing the inequality in the above inequality.

From Theorem 3.1 in [17], Theorems 2.1 and 2.2 in [18], Theorems 3.6 and 4.5 in [19] and Theorem 1.2
in [20], we can conclude the following existence lemmas.

Lemma 2.1. Assume that (A1), (A2) and (A4) hold. We assume that the supersolution ¢ and the subsolution
¢ satisfy
(HI)0<p< <1, ER;
(H2) lime, o0 (€) = 0, lime, o0 (€) = 1;
(H3) The set
(i) ¢ is increasing in R and ¢ < ¢ < ¢;
_ (i1) €”¢[3(€) — B(&)] and e7[p(&) — ¢(€)] are
I'(¢,0) =1 ¢ € C(R,R): increasing in € € R;
(1i1) e[ (€ + s) — 4(€)] is increasing in
EER for every s > 0.

18 non-empty.

(H4) f(9(0),(s)) # 0 for ¢ € (0, infeer $(€)] U [supeer ¢(€), 1)

Then (2.1) with (1.6) has an increasing solution.

Lemma 2.2. Assume that (A1), (A2) and (A3) hold. Suppose

it sup &€+ 1(60).6(=cor)
d€l2 ¢cR (rb/(g)

< 0

for some ¢y = 0, where

o { e T = S }
(”) QZ)/(f) >0, ¢£eR

Then for any ¢ > ¢* (1), there exists a strictly increasing solution of (2.1) with (1.6), where ¢*(1) > 0 uniquely
satisfies

¢" (&) + f(6(0), 6(=c7))

inf sup <c
#€l2 ¢eRr ?'(§)

for any ¢ > c* (7).
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3. Proof of main results

In this section, we firstly apply the existence results given in Section 2 to (1.1) and (1.2) to finish the
proofs of Theorems 1.1-1.2. Now, we begin to prove Theorem 1.1.

Proof of Theorem 1.1. From (1.4), f(4(0),d(s)) = ¢P(0)(1 — ¢(—c7)). Obviously, f satisfies (A1) and
(A2). Then we will prove f satisfies (A4). From (i) and (ii) in (A4)

F(9(0), ¢(s)) — f(1(0),9(s)) =¢*(0)(1 — ¢(=c7)) = 9P (0)(1 — (—c7))
=(1 = ¢(=c7))(¢"(0) = ¥*(0)) + ¢ (0) (Y (—cT) — p(—c7))
> — P7(9(0) — 9(0)).

If 5 > 1 and 7 is small enough, then

F(6(0),6()) = f(1(0),%(s)) + Be(0) — ¥(0)] = (8 — €”7)(4(0) — ¥(0)) = 0,

which implies f satisfying (A4).
Then in order to apply Lemma 2.1 to obtain the existence results, we need to construct a pair of super-sub
solutions that satisfy (H1)-(H4). Inspired by the ways to construct subsolutions in [23], let

(o, § <&,
9(5) = { % _ k;le_df, £> &,

where & = —%1 2k sk <35 1 and d > 0 is small enough determined later. Obviously, &; < 0.
When € < &, zj)(f) =0and ¢(§ —cr) = 0. Thus F(¢) = 0. When {; < § < & +cr, 9(§) = % — ke~ %

and ¢(§ —c7) = 0. Then
F(¢) = —kie"®d® — ckie™™d + (% — ke~ %P = gy (d).

Since ¢1(0) = (% ky )p > 0, then for small d > 0, g1(d) > 0 for £ € (£1,&1 + cr]. Thus F(¢) = 0. When
E>& +er, ¢(§) =3 —kiem® and ¢(§ —cr) = 1 — kie"%ed“™. Hence

1 1
F(¢) = — k‘le_dEdQ _ Ck‘ e—dEd + (5 + k.le—dfedc‘r)(5 _ kle_dg)p
>[— k1d? — ckid + (7 — ke £1+CT))pk edCT] —de
=ga(d)e”*

where go(d) = —kid? — ckid + (3 — kie=4&17¢7))P edeT. Repeating the similar argument, since g»(0) =
(3 — k1)Pk1 > 0, then for small d > 0, F(¢) > 0. Therefore ¢ is a subsolution to (1.4).

We continue to give the supersolution. From Proposition 5.1.2 in [19], for ¢ > 2 and small 7, the function
>\1§

7 — 2_
¢ = e Where 0 < ky < eMéand Ay = “V5— Vet > 0, satisfies

-1

3 (&) — b (&) + B(E)(1 — B¢ — 7)) <.

Hence, by noting 0 < ¢ < 1, we have

F(@)=6"(€) — ¢ (€) + " ()1 — (& —e1)) <& (€) — ¢d (€) + H(€)(1 — J(€ — er)) < 0.

Therefore ¢ is a supersolution to (1.4).



M. Mei and Y. Wang Applied Mathematics Letters 129 (2022) 107937

In the end, we check ¢ and ¢ given above are satisfying (H1)-(H4). Obviously lim¢, o ¢ = 0 and

lime 400 ¢ = 1, thus, (H2) is fulfilled. When & < &, ¢—¢ = ¢ > 0. When £ > £y, by recalling 0 < kg < e*161,
eMél ko 50

2(6)‘1g + k‘Q)
Therefore, by recalling ¢ > 0 and ¢ < 1, we see that (H1) is fulfilled. We further prove I’ (¢, @) is non-empty.
It is sufficient for us to prove ¢ € I’ (9, ¢). By combining the fact ¢ % 0 with the proof of
(H1), (i) in (H3) is fulfilled. Since e¢[¢(&) — @(£)] = 0, then e¢[p(&) — #(€)] = 0 is increasing. When & < &,
ePL1(E) — 9(€)] = e75¢(€), which is obviously increasing. When & > &3, by recalling ks < e>‘151,

— B( 228 k2) + 2]€2)\16>\1£ + 2(5 d)kl( A€ + kz)
{e*16(6) — g} = ¢ EINE

if d is small. In conclusion, (ii) in (H3) is fulfilled. Repeating the proof in [17], if 5 > A, then for every
5> 0, P [B(E+ 5) — d(€)] = eP[p(E + 5) — ¢(€)] is increasing in & € R. In a word, I'(¢, ¢) is non-empty. It

is easy to verify that f(¢(0),¢(s)) # 0 for ¢ € (0, infecr 4(€)] U [supgcg ¢(€), 1) = (5,1), which implies that
(H4) is fulfilled. Then from Lemma 2.1, we deduce the conclusion.

p—92

>0

With the aid of Lemma 2.2, we continue to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. For (1.5), now, f(¢(0),d(s)) = ¢P(—c7)(1 — ¢(0)). Since 0 < ¢(—c7)
then obviously, f(¢, @) is increasing in ¢. Moreover, if 0 < ¢(—c7) < d(—er) < 1, 0 < 1h(0) < (
B > 1, then

f(6(0),8(s)) = f(¥(0),(s)) =(¢"(—cT) — P (—c7))(1 = $(0)) — PP (—c7)(¢(0) — ¥(0))
2 — P (—c7)(6(0) —(0))
2 — B(¢(0) — ¥(0)).
Since the traveling wave front to (1.3) with ¢ = ¢, (p) belongs to Iz, then, from [2,9], taking ¢y = c.(p) gives
(

it PO FE = 6E) _ 0 + (- 0(6)
PEI ¢cR (15/(5) = PETS £ER (;5’(5)

Thus from Lemma 2.2, we can prove the results in Theorem 1.2.

SN
VAN
l_l

o

=

a

< ex(p) < o0

In Theorem 1.1, due to the way of constructing the supersolution, we need the speed c is larger than
2 to guarantee the existence of traveling wave fronts of (1.1). While when 7 = 0, by recalling the content
regarding to the minimal speed c.(p) in Introduction, we know c.(p) < 2 for p > 1. It is natural for us
to consider the existence of traveling wave fronts for c.(p) < ¢ < 2. Inspired by [22], we will apply the
perturbation method and the implicit function theory to discuss this problem.

Proof of Theorem 1.3. Let (&) = ¢'(&), then a strictly increasing solution ¢(§) to (1.4) with (1.6) is
equivalent to the solution to

?'(§) = ¥(§),
P(&) = cp(§) — ¢ ()(1 = d(§ — 7)), (3.1)
¢'(€) >0, CE€R,

connecting (0,0) and (1,0). Repeating the similar proof of Proposition 2.1 in [24], we conclude that for some

fixed speed ¢ > 0, ¢() is a strictly increasing solution to (1.4) with (1.6) if and only if ¢(¢$) > 0 for any
¢ € (0,1) is a solution of
¢ N (3.2)
P(0*) =0, ¥(17)=0,

6

d’t,b — ¢p(1_¢cf)
{ T =0, w-
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where ¢.r = (£ — cr) for short. We denote the trajectory of (3.1) starting from the point (0,0) by
Y =To(¢, ¢, ) with Tp(0, ¢, 7) = 0, which is also the solution to

@ $P(ger)
d¢ P ’
$(0F) =0.

While the trajectory of (3.1) starting from the point (1, 0) is denoted by ¥ = Ty (¢, ¢, 7) with T1(1,¢,7) = 0,

which is also the solution to
@ _ . $P(A—der)
g ~ T
(1) =o.

When 7 = 0, from [2,9], for any ¢ > ¢.(p), there exist trajectories connecting (0,0) and (1, 0). Thus for small
7 > 0, trajectories must cross the line ¢ = 5

For any fixed speed ¢; > c¢.(p), the unperturbed problem corresponds to the solution v = T(¢,¢1),
¢ € [0,1]. Hence, when 7 =0, To(p, c1,7) = T1(p, c1,7) := T(¢p, 1), with ¢; > c.(p) and ¢ € [0,1]. Let

1 1
Qs(C? T) = TO(§7CaT) - Tl(iacy T)'

2

Obviously &(c1,0) =0 and
8(15(01,0) . 8T0(%,Cl,0) - 8T1(%,Cl,0)

Oc N Oc Oc
Moreover, let ho(¢) = W and hy(¢) = w. From (3.2), since
M, #0—o)
do T 7
then Ty(¢, ¢, 7) = cd — fd) GT(E%S CSCTT)) ds. Thus
8T0(¢,C1, sP(1— s)
ho(g) = T 0) _ / e Tl

Directly computing gives hy(0) = 0 and %d()@ =1+ ?Z& - ;ho(gb). Therefore

f¢ sP(1— s)
ho(9) = / ¢ e Pat,
0

Specially,

1 1 p_
3 2 sP(=s) 4
—) :/ eft T?(s,cq) Sdt
0

Repeating the similar argument, we have

1 1l p
3 3 s (1—s)d
= / o P gy,

hy (%) > 0, which implies 9 # 0. By using the implicit function theorem, for sufficiently
), 7) = 0. Therefore, we can complete the proof of Theorem 1.3.

Thus ho(%) 22

small 7, &(c(r
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