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Abstract

This paper is concerned with the Newtonian limit of the relativistic Euler-Poisson equation. Under con-
ditions of the free boundary and vacuum, we prove the existence and uniqueness of local smooth solutions,
which converge to the solutions of the classical Euler-Poisson equation at the rate of ¢2, where ¢ is the
speed of light. From the mathematical standpoint, we successfully overcome the strong nonlinearity caused
by the Lorentz factor, the vacuum occurring on the moving boundary and the singularity at the center point
by applying the weighted Sobolev space, respectively.
© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

In the early of 1960’s, various investigations on the dynamical stability of gaseous masses, in
the framework of the general theory of relativity, showed that the theory predicts, already in the
post-Newtonian approximation, the phenomena which are qualitatively different from those to be
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expected on the Newtonian theory, namely gaseous masses are predicted to become dynamically
unstable much before the Schwarzschild limit is reached. Because of these results, in 1965, Chan-
drasekhar [3,4] was motivated to start a systematic investigation of the post-Newtonian effects of
general relativity on the behaviors of hydrodynamic systems. It was then necessary to deduce the
generalization of the standard Euler equations of Newtonian hydrodynamic which could consis-
tently allow for all effects of order Ciz, originating in the exact field equations of Einstein (also see
Thorne [48]), where c is the light speed. Up to now, the post-Newtonian approximation schemes
are one of the most important techniques in general relativity for calculating physical quantities
in order to compare theoretical studies with experiment results. For example, in gravitational
wave astronomy, the post-Newtonian expansions are used to calculate gravitational wave forms
that are emitted during gravitational collapse [2]. As the limit of ¢ — oo, the post-Newtonian ap-
proximation system reduces to the corresponding classical system of Newtonian hydrodynamics,
which is called the Newtonian limit in physics and the non-relativistic limit in mathematics. For
the Einstein equation, Oliynyk [42,43] considered the existence and Newtonian limit of local so-
lution, and proved that the solution of Einstein equation converges to the solution of the classical
Euler-Poisson equation describing the gravitational interaction. The others type post-Newtonian
approximation and Newtonian limit analysis can be founded in [1,12,45], respectively. For the
relativistic Euler and relativistic Euler-Poisson equation, the related non-relativistic limit results
were obtained in [15,32,37-39,41,46,47], respectively.

In this paper, we are concerned with the existence and Newtonian limit of local smooth solu-
tions with vacuum to the relativistic Euler-Poisson equation. If the speed of charged particles is
very large but less than the speed of light and electric field effect is stronger than that of mag-
netic field, the motion of isentropic relativistic electro-fluid can be described by the following
relativistic Euler-Poisson equations [5,16,17]:

o —— Vraiv[—2Y ) =0
V1—1v|2/c? V1—1|v]2/c?

5 (n(p>c2+p<n(p)) ) . (n(p>c2+ p(n(p))

1 v | +div

VP VP

v®v> +Vp(p)
(1.1)
PV

1= vI2/e

A 4mp
p=——
V1—1v|2/c?

where n, p, v, c¢ and ¢ represent the proper density of charge, the mass-energy density of the
current, the velocity of electric fluid, the speed of light and the electrostatic potential, respec-
tively. The pressure p(n) is given by

p(n)=[n(p)]”, fory >1, (1.2)

where y = 1 is the isothermal (positive pressure) flow and y > 1 is the polytropic gas. Here, the
mass energy density of electric fluid n(p) is the function of p satisfying

2
dn _n(p)+n"(p)/c ’ (1.3)
dp P
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which describes the first law of thermal dynamic. From (1.3), we can derive the relationship
between n and p as

y 1
n:p(l—pc2 )"V. (1.4)
For simplicity, we assume
y—1
P <1 (1.5)
c

Formally, in the non-relativistic limit (Newtonian limit) ¢ — oo, the relativistic Euler-Poisson
equation (1.1) can be written the following well-known Euler-Poisson equation [5,11,40,44]:

orp +div(pv) =0,
9 (pv) +div(pv®V) + Vp(p) = pVe, (1.6)
Ap =4mp.

As we know, the free boundary value problem of fluids containing vacuum is one of the most
important and difficult problems in the study of partial differential equations for fluid dynam-
ics. In this case, the moving region of the fluid changes with time along the particle path, and
the system describing the motions of fluids becomes a degenerate system at the free boundary.
Clearly, it is necessary to determine the free boundary, while the solutions of system can be then
determined [6-8,28,29,33,34].

The free boundary problem of the relativistic fluids has been also received more attention
recently. Jang et al. [27] based on the frameworks of [7,8] and Hadzic et al. [22] based on the
frameworks of [28,29] established the a priori estimates of smooth solutions (supposed to exist)
to the free boundary value problem for the 3D relativistic system (1.1), respectively, but no ex-
istence results have been proved [22,27]. Due to the strong nonlinearity caused by the Lorentz
effect, the existence of short time smooth solution to the free boundary problem for the rela-
tivistic Equation does not seem to be carried out straightforward as those made in [7,8,28,29]
for compressible Euler equations. In [38] and [39], we obtained the well-posedness and the
non-relativistic limit for the smooth solution of the free boundary problem of the cylindrically
symmetric equations and the one dimensional relativistic Euler equations, respectively. To the
best of our knowledge, the mathematical theory for the free boundary value problem with vac-
uum of the relativistic systems (1.1) still remains open. Regarding the well-posedness, large
time behaviors, the stability and the instability for solutions of the free boundary problem of
the Euler-Poisson system, where the Poisson equation describes the gravitational interaction,
we refer the interesting readers to see [18-21,25,26,30-34,36], respectively. The other interest-
ing studies related to MHD equations and Navier-Stoke-Maxwell equations can be referred to
[9,10,13,14,23,24] and the references therein.

In this paper, we study the well-posedness and Newtonian limit of the local smooth solution
for the free boundary value problem to the relativistic Euler-Poisson equation (1.1) with repulsive
forces as the mass energy density connects with the vacuum continuously at the free boundary.
We first derive the corresponding equations in spherically symmetric coordinates, and establish
the uniform a priori estimates of smooth solution to the free boundary problem, then we construct
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the approximate solutions to show the well-posedness of the smooth solution to original problem.
In particular, we show that the smooth solution of the spherically symmetric relativistic Euler-
Poisson equations (1.1) converges to the solution of the smooth solutions for the classical Euler-
Poisson equation (1.6) in the C O_norm at the rate 1 / ¢? (refer to Theorem 2.1 for details).

There are three main difficulties for the study of the free boundary value problem of the
relativistic Euler-Poisson equation (1.1). One is that if the physical mass energy density (electron
density) of the relativistic Euler-Poisson equation (1.1) becomes a degenerate hyperbolic system,
then the classical theory of Friedrich-Lax-Kato for quasilinear strictly hyperbolic system can not
be directly applied to prove the short time existence of classical solutions. To overcome this
obstacle, we need to establish the uniform a-priori estimates of the local smooth solutions with
respect to ¢ by using the Hardy’s inequality in a certain weighted Sobolev space. The other
difficulty is caused by the singularity at the center point r = 0. We will increase the spatial
regularities of fluids velocity near the center point, and apply the Hardy inequalities to establish
the desired estimates at the singular point. Besides above two mentioned difficulties, the third
is that the relativistic Euler-Poisson equations (1.1) has the strong nonlinearity caused by the
Lorentz effect which makes the a-priori estimates more complicated and tedious, compared to
the similar results of the classical Euler-Poisson equations (1.6).

This paper is arranged as follows. We systematically analyze the well-poseness and the non-
relativistic limit of local smooth solutions for the relativistic Euler-Poisson equation (1.1) with
repulsive force from Section 2 to Section 8. In Section 2, we reformulate the working prob-
lem and state main results in Lagrangian coordinates. In Section 3, we make some a-priori
assumptions and computations, which are crucial to establish the a-priori estimates of solutions.
In Section 4 and Section 5, we mainly show the uniformly a-priori estimates of local smooth
solutions independent of the speed of light ¢ for large enough ¢ and suitably small 7. The en-
ergy estimates for the higher order time derivatives are obtained in Section 4 and the elliptic
type estimates are established in Section 5, respectively. In Section 6, we prove the existence re-
sults by a particular degenerate parabolic regularization to the relativistic Euler-Poisson system
(1.1). Furthermore, we study the uniqueness and the non-relativistic limits of solution obtained
in Section 7 and Section 8, respectively.

Notations and Weighted Sobolev Spaces. Let H¥(0, 1) denote the usual Sobolev spaces with
the norm || - ||, especially || - |lo = || - ||. For real number /, the Sobolev spaces Hl(O, 1) and the
norm || - ||; are defined by interpolation. The function space L°°(0, 1) is simplified by L°°. The
notation My denotes the generic constants independent of c. Let d(x) be a distance function to
boundary I' = {0, 1}. For any a > 0 and nonnegative b, the weighted Sobolev space H*? is given

by HOb = {d%F e L2(0,1): [ d(x)|DEF|2dx < 00, 0 <k < b} with the norm || F|[2,,., :=

Y0 Jo d*(x)| DEF|2dx. Then, it holds the following embedding: H%(0, 1) < H?~4/%(0, 1),
with the estimate || F'||p—q/2 < Col| F| ga.s. In particular, we have

1

171 = Co [ 20 (1F P +1F (P (17)
0
1

IF1Ii2 = Co / d(x) (IF0P +|F (0] dx. (1.8)
0

339



L.-S. Mai and M. Mei Journal of Differential Equations 313 (2022) 336-381

2. Working problems and main results

In this section, we first describe the free boundary value problem of the spherically symmetric
relativistic Euler-Poisson equation (1.1). Then, we transform the free boundary value problem
of the spherically symmetric relativistic Euler-Poisson equation (2.2) and (2.4) into the initial

boundary value problem (2.21) and (2.23) in Lagrangian coordinates. Finally, we state the main
results in Theorem 2.1.

We introduce the spherically symmetric transformation as:

PG, 1) =p(n 1), Vo, 1) =v(n 1), =Xl = /22 + 22 + 22, @.1)
r

where p(r, t) and v(r, t) are the scalar functions, respectively. Thus, it is derived from (1.1):

By o, (LY g
(n(p) + 17 /()1 — yn? ! (p) )
(1= v2/c2)? (v +vuy)
22
" @@@ ) 2y ) @) + 1Y (D)) 5 (2:2)
(1 —v?/c?) ' re2(1 —v2/c?) br
R 2
RN 0/ gl D,
where we have used
. Zr%/g(s’ Ns2ds, g, 1) = ——22 2.3)

J N

which follows from (1.1); and (2.1) with the help of the condition ¢, (0, ) =0 (¢ > 0).

This system is supplemented with the following free boundary condition and initial data in
0, R(1)) x [0, T]:

n>0, in [0, R()),
n(R(t),t)=0,v(0,1) =0,
dR(1)
dt
(n,v)(x,0) = (ng, vg), no(r) >0in [0, 1),

=v(R(),1), R() =1, (24)

—00<9.p'(ng) <0, onr=1,

where (2.4)5 confirms that ng s equivalent to the distance function d(r) of the boundary near
r =1, and also is very important to obtain the regularities of higher order spatial derivatives
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of velocity, which is called the physical vacuum condition for the compressible Euler equation
[8,28,33]. In special relativity, the light speed ¢ > 0 is the maximal speed. Therefore, we assume
that

“UO”iOC((),]) < 02, 2.5)

which implies there exists a positive constant mg such that

@0:‘/1—U§/c22m0>0. (26)

Similarly, the sound speed / p’(po) should satisfy

VP (o) <. 2.7)

Corresponding to the limit as ¢ — oo, we obtain the spherically symmetric form of the clas-
sical Euler-Poisson equation (1.6) as:

3 (r*p) + 8, (r* pv),

,
4mp 5 (2.8)
p(v +vuy) + pr = - ps-ds.
0
We define the Lagrangian variables r(x, t), in order to fix (0, R(¢)) into (0, 1), by
or(x,t) =v(r(x,t),t) for t >0and r(x,0)=xinx € (0, 1). 2.9)
Then, it follows from (2.2); that
r(x,t) X X ( )
£0
/ g(s, 1)s°ds = / go(y)y*dy = / —+y2dy. (2.10)
0 0 0 1 - U() (y)/cz
Define the Lagrangian density and velocity by
S, t)=p(r(x,0),t) and v(r(x,1),1) =u(x,1). (2.11)
Then, it holds from (2.2), that
1 x 5p0y1—u?/c?
f= _(_)27/ (2.12)

e T 1/1—14(2)/02 .

From (2.12) and (1.2), denoting the Lorentz factor ® by ® = /1 — u2/c%, we can reduce the
second equation of (2.2) to
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Bn(f),u) uy 2B0(f),u ur  (n?)y
W), wn( us — SEID gy 2BOD o107y 0T
C Iy X Fx
x
=- (r>2ﬂ— / g0()ydy. (2.13)
where
nw;m ar-1(0)
W(n(f),u)=Ti(1—] 0, 2.14)
Bn(f).u)=y= L1+ 250,
Noting (1.4), we have
no
(I+ =) 7T
which implies
n() 1 1 x
f= o (2.16)
(147 Gore
It holds that, from (1.4),
n:a(y)n_o, 2.17)
Ix
where a(y) = a(ng, uo, u, ry, r) is given by
1
I-y
1 1 ng‘l ®

y—1
—EP00 e, (@18

which in combination with (2.13) yields

w),

=x<§)4”§°d>o(y>, (2.19)

x2 x2n0
ay(y)—nour —az(y)(——)" " uuy u— ((y
r rery

where aj(y) = W(n,u)a(y) and ax(y) = B(n, u)(a(y))? with W(n,u), B(n,u) and n given
by (2.14) and (2.17), respectively, and ®¢(y) satisfies
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1 1 r
PoV)=——57 3 / go(»)y*dy. (2.20)
(I1+=)7100 "

In this paper, we mainly analyze the case of y = 2. Denotinga = a(2),a1 =a1(2), ax = a>(2)
and &g = ©(2), the system (2.19) can be written as

arx 2 ) arx 2 u
arxog(x)u; — mao(x)uux — m(xo(x)u;
2 2 3 2
=2 20 ¥ %) X7 *
+ <a ao(x)@)x —2a P m =X ao(x)%cbo, 2.21)
where
-1
1 1 ®
i= 15— 22| e (2.22)
o S e

and ag(x) = pox.

The initial and boundary conditions (2.4) for y =2 become
no>0, in I,
no=0, onI'={0, 1},
u(0,1) =0, on {x =0} x (0, T],
ru)(x,0) = (x,up(x)), x el,

(2.23)

9
0< 120 <00, onT = {0, 1}.
0x

For the limit ¢ — 0o, when y = 2, the system (2.21) is reduced to the Lagrangian form of (2.8)
as

2 2 3 2 -

X o (x) x x< 1

xao(x)u;—i—(ag(x) . 2) -2 0 =20 —3/po(y)y2dy. (2.24)
r rx X X r=ry r= Xx 0

Due to different singularities at the original point x = 0 and the boundary point x = 1, we
introduce the interior and the boundary C* cut-off functions &(x), £ (x) by

£x)=1 on[0,8], £&&x)=0 on[28,1], |&'(x)|< %, (2.25)
1) , Co
¢(x)=1 on[é 1], ¢(x)=0 on]0, 5], I (X)|§?, (2.26)

where Cq and § are positive constants and § will be determined later.
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The higher-order energy functional E (¢) is defined by

4 2
3
N K 2 2s 2 2 3 2
E@) = I07u®I 0y o+ D 1000wl s 1) + g 030G
s=0 s=0
1 2 2 5-2s
0~5u u 3
+ DN —= Oy + 2 M= Ollgaro 1) + g 8073
s=0 s=1

1 2
+ Y 1E0d w501y + D NER w501y + IV/@0337u @)
s=1

s=0
d0u(t) , \ )
a7 dxu(t)llg, 2.27
+Il NGT o+ ll/e0d; dxu ()l (2.27)

with the following compatibility conditions for 1 <k <5:

ar(x,0)

hace 0 =it [ 2023

uo - X
nouotuos +2°0) | + 97! [ (@ (x, 0d) = =],
x Oo

(2.28)

ai(x,0)ng

which are derived from (2.19) with y = 2.

Without the loss of generality, we denote by P the generic polynomial function of f. For
simplicity, Py = P(E(0)). We also denote r = r¢, u = u“ for the solution of the equation (2.21)
in order to describe the non-relativistic limit.

The main result of this paper for the case of y =2 is stated as follows.

Theorem 2.1. Suppose that the initial data no(x) € C2([0, 11), and ug satisfies (2.5)-(2.7), (2.15),
(2.23) and (2.28), and

E(0) < +00.

Then, there exist two positive constants co and T, such that for any ¢ > co, the problem (2.21)
and (2.23) has a unique smooth solution (r¢,uc) in [0, 1] x [0, T, ] satisfying

sup E(t) <2P(E(0)). (2.29)
1€[0,T¢,]

Moreover, there exists a unique smooth solution (r, u) to the problem (2.23) and (2.24) so that it
holds

lu€ = ullco + 176 — rellco < O™, (2.30)
as ¢ — OQ.

Remark 2.2. (Convergence) Our energy functional E () contains

uC
lul g2, | —Il g, and [lugll g3
X
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Thus, there exist subsequence (r¢, u¢) converges to (r, u, v, w) which satisfies the problem (2.23)
and (2.24) in classical sense, with the help of (2.29) and the fundamental theorem of calculus.
However, the C°-norm is enough to describe the convergence rate.

Remark 2.3. Due to the physical vacuum condition (2.23)s, the value of y confirms the rate of
degeneracy near the vacuum boundary x = 1, but it will not affect the rate of degeneracy near

the original point x = 0, since pg ~ (1 — x) ﬁ as x — 1. In fact, the rate of degeneracy is more
strong for the smaller value of y. Thus, we divide y into the two cases | <y <2 and y > 2.
In the spirit of idea in [35], we can prove the well-posedness and non-relativistic limits of local
smooth solutions by the similar argument to the case for y = 2.

3. Preliminaries

In this section, we show some computations, assumptions and the related estimates. It is as-
sumed that the problem (2.21) and (2.23) has a smooth solution (7, #) in [0, 1] x [0, T'] satisfying

u
sup | .t ., = 50| <K, (3.1)
1€[0,T] X

where K is some positive constant which will be determined later. Without loss of generality, the
existence time T is takenas 0 <7 < 1.

The following Lemma 3.1 states some useful estimates, which will be repeatedly applied in
the establishment of the a-priori estimates later.

Lemma 3.1. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x
[0, T'] with the property (3.1). Then, there exist a small time 0 < T <T, the positive constants ¢
and Cy, (only depending on ||(po, uo)|| o) such that, for any t € (0, T] and ¢ > ¢, the following
estimates hold

1 no ®

_ X
0<C;'<0,r, ~ 1= m—( )2 < Cu, llullpe <4llugllze.  (3.2)

latorxllzoe < Mo(K + 1), llaottxy e < Mo(K* + K). (3.3)

Proof. Using the fundamental theorem of calculus, we can easily obtain (3.2). Differentiating
(2.21) with respect to ¢, it holds that

2
axs 5

xao(x)ajuy + orarxao(x)uy — 0f <—czr2r2 oeo(x)uux)

X

a2x2 2 u 5 x2 ®? X 5 U 1
—20; Tao(x)u— -2 ozo(x)ﬂag —uy+—0 as— + —uuy
Corery X rérs Iy r X c N

2
I
200 2 ( Ol + >3+ 30 + —Zuut>
X Ty c

r=ry

2 x?
. a()(x)a,( @) ®o. (3.4)
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where

1

37
2
no 2 _ 1 1o O xy2
(1+ cz) ®o<1 = (H"_g)@orx(r) )

2 no @x2
P as= o ()

(o

ay =

1 S}
a =145 — 2

(1+1)00n o

”
Then, the estimates in (3.3) follow form (2.19) and (3.4) by using (3.1), respectively. O

The following Lemma 3.2 contributes to the closeness of the priori estimates.
Lemma 3.2. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x

[0, T'] with the property (3.1). If E(t) < oo defined by (2.27) for (x,t) € [0, 1] x [0, T], then the
following estimates hold for any 1 < p < 0o:

3
H <Z, U, Qs it 03y Byt £ /00y Dyt D21, 010020yt a08?u> (t) HL
X X Ll

11 (037 e, g 92) )11y + 1) (20t o2, 07, €000 ) )10y
<CJE@). (3.6)

Moreover, the fundamental theorem of calculus shows for any 1 < p < 00

u
| (% ot o ot e, aodPou, aodu) 0]
X

t
+ (ux, @od’u, 8%u, aoa,afu) ey <Po+C / VE(x)dr. (3.7)
0

Proof. Using the fundamental theorem of calculus, H'(0,1) — L*(0,1), H > ©0,1) —
L?(0,1) for 1 < p < 0o, and noting the weighted norm estimates (1.7) and (1.8), we can easily
prove the estimates (3.6) and (3.7). O

Because of the complicated structures of coefficients in (2.21), we give some important esti-
mates of these coefficients in the following Lemma 3.3 in order to simplify our priori estimates.
Before the statement, we define some useful functions H;:fc i=0,1,...,5, j=0,1,2,3), where
i is the order of time derivatives and j is the order of spatial derivatives, as

u

iy (1) = (] + 0] + 1.
/0 0 0 - o
Ml n)i= 0 M M (e 0) + 18 dul + |

u+v=i
mov=1

u

X
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+ > 19 uldul, (=2)

u+v=i
n,v=0

0,1 X
Hz,x (x, 1) == [ux| + |rex| + |nox | + lox| + |(:)x|,

0 N | » _ .
Helonn = Y HYE G Y oo+ 108 r 4+ (8 nol + 18] uol

utv=j
=1

_—_—
+ > O ulloyul +10¢ (D). (G =2)

utv=j
,v=0

1,1 0,1 1,0 u
Ht,x (-xv t) = Ht,x (.X, t)Ht,x (-xv t) + |u||”xt| + |MXX| + |(;)x|v

My (o) = HY e OH e+ Y HIS oy D@ + 18] 02l

n4v=i
n,v>1
Bti_lu
+ D 18 Do ul + 1 ()l
u+v=i
w,v=0

Lemma 3.3. Let

flure. = no.up) € € ([Tt miD, (—o0 <l; <gi <00, i =1,2,3,4,5),
r

i=1
and for any 1 < p < oo,
10/0] f(x, )] < MoH L (x,0),i=1,2,3,4,5,j =0, 1.
Then, the following estimates hold

1 2 2 4
IH Y OllLr o,y + IHE 2@ llo + oty (Ol + lleoHy Y () e .1y + laoH, LD llo

t t
84
< M, Po—f-/||(ot08,48xu,a/_xaoatsu,ao’TM)Hodr+(73(K)+1)/\/E(r)dt . (3.8
0 0

and

IHy G Dl + IHE @ O e,y + lleoH ) (e, 0l + 1777 (. D)o

+ ;0 Do) = Mo P(K) + (P(K) + DVE®D)| (3.9)
and
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5.0
v/ xaoH; o, (x, D)llo

4
< Mo || (031, /X0 u, aoa’x—”)llo + My [P(K) + (P(K) + l)\/E(t)] . (3.10)

and
(R0 aorl ol saotd ) llo+ 1 (8173, aohy!) 0]
t
<My | Po+ (P(K)+ 1)/w/E(r)dt ) (3.11)
0
and
IH4 G Dl + 1L e Dllo < Mo [PUO + PO+ DVED]. (.12)

Proof. By the chain rules, (1.7)-(1.8), (2.27), (3.6)-(3.7), the Sobolev embedding and the funda-
mental theorem of calculus, we can easily obtain (3.8)-(3.12). O

Remark 3.4. Since the coefficients a; (i = 1,2, 3,4, 5) in (2.21) have the structure of f(u, ry, %,
no, up), the estimates in (3.12) show the related estimates of a; (i =1, 2, 3,4, 5), which simplify
the complexity of our energy estimates.

4. Energy estimates
In this section, we establish the higher order energy estimates of local smooth solutions to the
problem (2.21) and (2.23).

Before the statement of the main results of this section. We first derive the higher order time
derivatives equation (4.1) as follows. Taking 8tk over equation (3.4), we have

k+2 2 x? ©? k 2 3zk 1 k+1,,
xop(x)a1d; " u —2 ao(x)mag . — 0, Oxu + — O as— + —uo;
X X

2 3 k
of(x ofu 1
12200 X T gk 4 (3+ )@2 L Suak
x iy Iy c? c?
2 2 2 gktl, K+l
X) arx ay(x) axx” 9;
C(z) i ko — 2 oc(z)rir ; +ch+laza18k+2 zu+ZSk
Tx X i=l1 i=1
2 k+1 x?
= =y, 4.1
X (55) P 4.1
where
k+1

ad(x)
sk=— Oc X}:c,m [a( o 2)3k+1 Huu x)+—a’ akt1=ip, u]
1
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k+1 2 k+1—i
o (x) azx 0; u
ski=—2022N" i |3 G a’ ,
2 2 , k+1 [ G- ) ( 2 T

k 2.2 k—i
) ®%x )
S§:=—2§Ici[“%<x><a< ) b+ i “3““@) x>:| |
X

i=1
)< ( 3)3k l(uut)+_al 8k+1 i )i| ,

k ‘ az(
Sii=-2> Ci [ y
i=1

k “(%(x) £ k— x4 2 k ‘u
S5 =20 G| 95 2a3a4)8 Fopu + 0f (— pCChy 2)@) :
i=1

2 3

af(x) [ . . )
sk:=220 i arHI=iy . 4.2
6 2x |: t 1 U0y u (4.2)

Here, Ck ),l,

The main result of this section is stated as follows.

Lemma 4.1. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x
[0, T'] with the property (3.1). Then, there exists a small time 0 < T\ < T and a positive constant
¢1 > ¢ (only depending on ||(pg, up)|| L) such that for any t € (0, T1] and c > c1, it holds that

dtu
I (V/X0d u, ctgd; o, 01017)0)”(2)

t
5770+M0(P(K)+1)/(E2(r)+E(r))dr+M0(P(K)+1)E(t)/E(r)dr. “4.3)

Proof. Taking k =4 in (4.1), multiplying the resultant equation by afu and integrating over
(0,1) x (0, 1), we have, by integration by parts,

t

85
/xao(x)al( d ‘ +J+ZC5//xa0(x)3’a186 ’uasudxdr

0 i=1

Ix rry

) x2®2 4 x 1 dtuy, '
+/a0(x) - (a deur) +2——a4—8 9, u+ (3+ 2)(—) ‘0
0

6 t 1
+Z//s O udxdr —//x ao(x)as(—)cboasudxdr (4.4)
i=1 0

where J is bounded by
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5 4 ofu 2
|JI < Mo(P(K)+1) | [(v/xaod;u, cgd; dxue, OtoT)(T)Ilodt, (4.5

with the help of (3.1), (3.2), (3.8) and (3.10). Due to (3.2) and (3.5), there exist two positive
constants ¢g and C independent of ¢ such that for any ¢ > ¢, it holds that

X

1
262 4 2 4
® 1 x 1 du by as_ 0'u
/ozo(x) 7, 2 |:r—2(8t48xu)2+2;r—a4t78t48xu+ r_2(3+§)(t7)2] dx
X
0

- : *u
_c/ag(x) |:(8,48xu)2+(’7)2]dx. (4.6)
0

A simple computation shows for the second term of (4.4),
5 r 1 r o1
ch//mo(x)a;'alaf—iuafudxdr=//xao(x)a,5ala,ua,5udxdr
=l 90 00

4 t 1
+ch//xao(x)atialaf’_iuafudxdr. 4.7)
=l 90

By using (3.1), (3.2) and the chain rules, we derive from (3.5) that,

5 8;4 5 33 4
[0, ai| < Mong |8 Oy | + + |ul|0;ul ) + MonoK |8 Oxu| + |— |+ |ull0; u]
82
—i—Mono(K—i-quzl)(Ia e + ‘+|a3u|)
82
+ MonoK* <|a deul + ‘ 197 u |>
+ Moo [ (a2 + KK + (e + K)K + K. (48)

Due to (3.6) and L* — L* — L% Holder inequalities, we have

/ /xao(x)Btsal&tuafudxdt

9%u
< Mo(P(K) + 1) / I(Vx@0d u, aod; du, aof7>(r)||%dr
0
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t
+ Mo(P(K) + 1) / E(7)dx. (4.9)

Similarly, the other terms in (4.7) can be estimated and bounded by the right side of (4.9).

For the fifth term of (4.4), we only give the detail for the estimate of S;‘ , while the other terms
can be similarly estimated. Thus, we can obtain that the fifth term of (4.4) is controlled by the
right side of (4.3). From (4.2), we have

t 1
/ f Std udxdr
0 0

4 ! 22 ¥3@2 gd—i
:22CQ/0¢5()¢) |:3t’( )84 9cu + 9 ( a3a4) tx :|848xudx

i=1 0

t

0

. x3®2 84—i
—22C4//a0(x)8t )34 e+ 0] (— a3a4) o, udxdt
X
= Il — 1.

Set Iy = Z?:l Ié, we estimate it as follows. For 1(} and 16‘, by using (3.8) and (3.9), we have, for
any positive constant &,

1
2@2 3@2 33
1 =C}1/a(2)(x) [a,(xz— )07 0t + 04 (S5 > asai) ”}a“axudx
r I"
0

X

3u
< MollH oo (naoa?axu(mué + ||aof7<0>||6> llotod;* ]l
4

o u
+ Mol H, Nl 4. (||aoa;‘axu(r>||o+||ao’7<r>||o>dr||aoa;‘axu||3
0

< MoPo+ Mo(P(K) + 1) / E*(t)dt + ellotod; dxullo,

and

1
2@ 3@2
1= [ 200 |0} (S + 94 (s a3a4) 37 dyudx
2y 3 r3 2
0

u(0)
< CllaoH L lloCllux 0) [ oo + ||T||Lw)||aoa:‘axu||o
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'
oru
0
+ CllagH) 0 4 / (1Bt (D) 20,1y + 17 (0l )l Tlhtod; Do
0

t
< MoPo + Mo(P(K) + 1) / E*(v)dt + ellotgd due| 3.
0
Similarly, we can estimate Ig and Ig by

t
Ig. I < MoPo+ Mo(P(K) + 1) / E*(2)dT + &l|otgd; D5 (4.10)
0

Similar to the analysis of Iy, we denote I = Z;‘: 1 f and obtain

t
33u
I{ < Mo / I e 0.1y leod? Bxue (D)1l L2 0,1, + ||a017(r)||L4(0,1))||aoa,48xu(r)||dr
0

t
*u
+ Mo/ ||Hzl,’;9||L°°(||Ol08148x’4(f)”0 + IIOtOIT(f)||o)||a03f3xu(f)llodf
0

t
< Mo(P(K) + 1) / (E(7) + E*(1))dr,
0
and,

t
u
114SMO/IlaoH?,’f(T)||0(||Mx(T)IIL°° + ||;(T)IILw)IIaoafaxu(f)ll(z)dT
0

t
+ My / lloto 2 ()l 0.1y (llerods Bx e (D) 1401
0
8;14 4
+ llao = (@)l )l e (2) od T
t
5 4 ojtu 2
< Mo(P(K) +1) [ (V3@ adf b, o =~=) () 15w
0
t
+ Mo(P(K) + 1) / (E(r) + EX(1))dx. @.11)
0

352



L.-S. Mai and M. Mei Journal of Differential Equations 313 (2022) 336-381

Similarly, we can also estimate / 12 and / 13 as
t
2 53 5 4 AL 2
I 17 = My(P(K) + 1) [ I(Vxeodiu, od; dxu, o= =)(1)llpd T
0

t
+ Mo(P(K) + 1) / (E(x) + EX(2))dr. 4.12)
0

Finally, we estimate the last term of (4.4) as
F 2 5 x? 5
//x ap(x)0; (%)(Doal udxdt
0 0
t
< My / (I/Ea 32013 + /xa003u (o) |2
0
t
< Mo(P(K) + 1) / (E(x) + EX(0))dr
0

t
*u
+Mo/ ||(«/_xoz08t5u,aoafaxu,aotT)(r)H%dr, (4.13)
0

with the help of (3.10).
Substituting (4.6), (4.5), (4.10), (4.11) and (4.13) into (4.4), we can conclude (4.3). O

5. Elliptic type estimates

In this section, we establish the higher order spatial derivatives estimates of the local smooth
solutions to the problem (2.21) and (2.23) on [0, 1] x [0, 7] under the assumption (3.1). Due to
the different singularities of the original point x = 0 and the boundary point x = 1, we divide
our estimates of each terms into the interior estimates and the boundary estimates. More pre-
cisely, we give the estimates for u, d;u in subsection 5.1 and the estimates E)fu in subsection 5.2,
respectively. Finally, we give the estimates of E(¢) in subsection 5.3.

We rewrite the equation (4.1) as

6
as as oku
(00 3u + (2 = g () Bt = 2+ () ~— = 2%5& (5.1)
1=

where
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2
P o= (1= 2 (20 (0 Byt + arp ()9 02u)
r rx
| x3 ! aku aku
+ (1= 55 2ep) == + o) (<)),

X

ap(x)  x3 aolx)  x* as 8]‘
Ph o= (5 — Dasdfd,u + (56 + )"
x ri? x x
3 2 k 2
. ap(x) - x°az3©° 9 u X ag@ X
B3 _a3®2[ 2 )x—x +( )x 0 Oy u]
1 1 x%a 1 ag(x) x°
k. k+1 k+1
=— uo; — ud
P c? oto(x)m@z( 0( ) r2r 2 ) +c x i "
ao(X) as ao(x)
Ph =4+ 2)( ). afu — c2( ). X0, u,
‘13" ap(x) ax 1 x2 8]"“8 +20z0(x) a 1 x? 8,k+1u
= —— u
6 22 a3 02 r2 2 a3 ©rrr2 x
k+1
1 1 1 1
C 81 8k+2 l _ Sk
2a3®22 k1 O 1% 20{0(x)a3®2§ i
1
+2 ®2ak+1( 2@) 0= 5 ®2a1x8k+2u. (5.2)

We first determine the constant § in (2.25) and (2.26). Because p(0) > 0 and a6 (0) = pp(0) >
0, then there exists a positive constant &g such that for any x € (0, &),

0 300(0
/002( ) o) (x) < ,002( ) (5.3)

Then, we take § as 0 < 26 < §p.
5.1. Estimates for u and u;
In this subsection, the following estimate will be established.
Lemma 5.1. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x

[0, T'] with the property (3.1). Then, there exists a small time 0 < Tp < T and a positive constant
¢y > ¢ (only depending on ||(po, uo)|| L) such that for any t € (0, T»] and ¢ > ¢», it holds that

1E@oxd, 03 ()12 + 16008, 02 ()12 + 15t d: 05 (=) 12
X X X
< MoPo+ Mo(P(K) + 1) / (EX(1) + E(0)dr + Mo(P(K) + DE() / E()dz, (5.4)

and
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3 1
Igad 3 d3ull] + N¢ad afddZully < MoPo + Mo(P(K) + 1) f (E*(t) + E(1))dr

+ Mo(P(K) + DE(t) f E(t)dt + Mol|god 8} d.ullf,

and

Icaddul + 12 ayd2ul2 < MoPo + Mo(P(K) + 1) / (EX(1) + E())dr

+ My(P(K) + 1)E(z)fE(r)dr+M0||;afaxull(2).

Proof. We divide the proof into the following two steps.
Stepl. Interior estimates of u and o;u.

In this step, we prove the interior estimate in (5.4). Using
i iu kil U
of olu = xof ol (=) + jofol (o),
X X
we have by taking d, over (5.2)

0 ()0 93 (=) + (6 - “—i)ao<x>afa§(;> + (4= 35t ()0 0 ()

20k aku
88( )+ Oéo( )9; 0 (= )+2( ())XT

ap(x)
()

- 2) (oeo(x)) afax(i‘_c)]erZaxmf.

i=1
Multiplying (5.7) by & and taking L>-norm, we have for k = 1,

2
Hg[aoxataf(ﬁ) +(6— a—i)aoataﬁ(ﬁ) + @4 =3D)ap00.(5)]
X c X c x o

2

O u
< 3( )+ 2( 2“0))6 ]

e <—>xx2a,

0
2

6
+ Hs[ —(@- ‘j—i)xz(%xafaﬁ;))x + > 8.5
i=1
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A straightforward computation implies the left hand side of (5.8)

2

u as u as u
Hg[aoxa,ag(;) +(6— C—z)aoataf(;) +(4— 30—2)a()atax(;)] )

2
+ Hsm— 3% g ()
C X 0

2
+ Hf(ﬁ - —)Otoaz

= |Eaoxa,03(~
X

+2 / £ (1) (6 — 2 arg (x))3,93 ()3, 02 (= )dx
C X X

+2 / £2ao (1)l (0)x (4 — 35)3,93(2)9, 0, (S)dx
C X X

1

/E ao(x)arg (x) (4 — 3 2)(6 OlO(x))ata ( )0y O ( )dx. (5.9
0

By the integration by parts, it holds for the fourth term on the right side of (5.9)

2/g2a§(x)x(6— a0 (a,02(Dydx
c X X

1
/ g2 (x)(6 — >(a,a (- ))

0
1

f 2(x)( 0(’”) x2(6—‘c’—§ao<x>>(ata§<§))2dx

0

20 (x (ata)%(i‘—c))zdx, (5.10)

—2/§§xa0(x)x(6— —Oto(x))(ata ( ) dx +

where the last three terms on the right hand side of (5.10) can be bounded by for any positive

constant &

s/szag(x)(a,aﬁ(g))zdx + Mo(e, 8)Po

+ Mo(e, 8) / E()dr + Mo(e) Et) f E(t)dr,
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with the help of (2.25), (5.3), the fundamental theorem of calculus,

X
[0xas| < Mo(|pox| + wox| + [rxx| + |(;)x|)a

and

ap(x)
X

ap(x)x = ( )xx? 4 g (x).

Similarly, we have for the fifth and sixth terms on the right hand side of (5.9)

1

/%‘ oo (x)arg (x)x (4 — 3 )3z8( )atax( )dx

0

+2 / £2ar0 () (1) (6 — 24 = 32)9,02(5) a0, (S
C C X X
1
_ _2/§2a§(x)(4 - 3%)(3,33(;))2dx
0

+ / Ear0 () (1) (4 — 32)8 = 222)9,02 (5,9 (2 )dx
C C X X
1

-2 f s2ao<x)(“°—°‘))xx2(4—3“—2)(ata§<ﬁ>)2dx
X C X

0
—2f§ e

2 1 as o U u
—2/5 oo (x)atg (X)x (4 —3—5)9,0; (=), 9x (—)dx
c X X

D)@ —3%)5,02 (0,0, (Ldx
C X X

~4 f EEan (o (X)x (4 — 32)9,02(5) 0,0y (S)dx
C X X
0

1
6 , 2 u u
t3 axa5a0(x)ao(x)xatax(;)atax(;)dx~
0

The second term of the right hand side in (5.12) is
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/ 200 (x)otfy (1) (4 — 32 ) (8 — 222)3,02(2 )9, 8 (= )dlx
c2 2 X X
1
/52 (1)) (4 -3 2)(4——>(a,ax<f—c>)2dx
0
—2 / ssxao<x)aa(x><4—3i—§)(4— ‘Cl—i)(atax(j‘—c))zdx
0

/ §a0(x)arf (1) (4 = 353)(4 = ) (3,0,(5)) dx

1
1
+ C—2/§2(xo(x)oc(’)(x)8xa5(16—6?—;)(@3)6(?—6))2(1)(

0

Similar to the analysis of (5.10), it holds that for any positive constant &

2 / E2ar0 ()t (¥) (4 — 323,93 (2)3, 0, (S)dlx
C X X
1

/€ ao(x)ap(x)(4 =3 2)(6—— 0)3,07 ( )00 ( )dx

0
1
a u

> -2 / sza(%(x)m—3C—§>(ata,%(;))2dx

1

/sz (g (0))*4—3 2)(4— 2)(313( ) dx

0
£2(ap(x)) (313( ) dx

—e | &%( ao(x) a,a( ) dx—e

o _
o _

— Mo(e, )Py — My(e, 8) / E(t)dt — My(e)E(t) / E(t)dr.

In particular, we have used by (5.3)
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/ £ a0 (x)ar (1) (4 —355)(4 = S5)(3,0,(5)) dx

)
= /S 0(x) %) ao(x)(4 — 3 )(4__)(3t3x(z))2dx
0 ()( X) X

1
I a a u
- / 20 (x)arf) (x) (4 — 3C—§><4 - C—j)(a,ax<;>)2dx
0

< [ £(a)) (00c()) dx -+ Mo(e)Po + Mo(e) f E()dr.

o _

Substituting (5.10)-(5.15) into (5.9), it follows that

2

0

§[a0xaz3$(z)+(6— —)Oloaz8 ( )+ @4 - 35 )Otoaza (= )]
x 2
1 2
a
> |gaoxd 0 ()| +f$2ao(x)(10 3845 o) (8,025)) dx
X C C X
0
1
_2?—3/éza(’)(x)(él—3?—;)(8,8)((;))251)6 —S/SZaé(x)(Btax(?—C))zdx
0 0

Then, we obtain, for the small enough ¢ and large enough c, that

2

Hg[aoxa,aﬁ(ﬁ) + (6= 2)ad,02(5) + (4 — 3238, (2]
X c X c x o

= [[§eordnd) (2 g + 5| €a0t)a,03 () |§ — Mo(e)Po

t
—MO/E(r)dr—M()E(l)/E(‘E)dt,
0 0

where we have used

2
u

Eapxd, 93 (=)|| +
X o

]

u as
85 (=) +2(5a)x
X C

2
]
0

+ Hs[—(@mzat 24
X

as
Eao(6 — —5a0)d; 2

u
£ 05 (=)
x
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(5.15)

(5.16)

2
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2

+Hs[— >2< m"a( ) +Za m" (5.17)

which follows from (5.9).
We turn to deal with the right side of (5.8). Due to (3.6) and (5.11), the first term of (5.8) can
be controlled by

3tu] 2

Hs[—@mzat He 0 (2) +2(Sap)s

0
t

5MOPO—G—MO/E(t)dr—l—MoE(t)/E(t)dr. (5.18)
0 0

The estimates for the second term of (5.8) are more complicated. In order to simplify the te-
dious estimates, we only show how to treat the most difficult term, while the other terms can be
similarly estimated. For axm{, we conclude from (5.2) that

2
0Pl =(1 - 5+ )[2a0(x)a,a U+ o (x)3,9° u]

AR PWINCPL 9,02 ("
+( —@>[ a4 + a3 ()|

3 9 3
[ao<x)<1 §2>] ;—u+|:0t0(x)(1—r§7):| 031 (2).

X

Since
‘1 e Mo/ %1+ (@) dr,
0
it holds that
x2 , ) NE
| - - (2060203 + a0 ()30 HO
t
u
<o [ (12N + @) e (1600205 + leasiul})  (519)
0
and
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t

2 u
|, = Motgaduld [ (1@ + @) dr
0

Jeteott = 300105

t
u
+ MolI£d,02ull} ||ao(;)x||ioo+ / llotottry (T) 1 cd
0

(5.20)

There, it holds that
t
101115 < MoE (1) / E(r)dr. (5.21)
0

For BX‘B;, it concludes from (5.2) that
X u
10,351 =Moao () (Imox + o] + 1t + el + 15l ) (10051 + 10,97u)
X oru
o+ Moo () (Il + 0w+ litel + a1 )al ) (1951 + 13,50
X O
+ Moo () (Imox 4 los 4 s 2+ s P 4+ 1)) (|’7| + |ataxu|)
" X oru
o+ Molag (0l (0] + 10x] + it |+ Iresl + 1l ) (1521 + 085l ) . (522)

We need the following estimates

3tu
Jsaoien (1771 + [0, ) |

t t
oru
< Mo | E@ouxx (0)]|7  + / €0, 82u(T)||3 sodT / ||f7(r>||%dr
0 0
t t
+ Mo | lEouxx (0)[13 00 + f €0, d2u(T)||3 wod T f €873 u(T)lIgdT
0 0

t
oru
+Mo(||;—(0>||%oo+ ||0f03t3x14(0)||%00> / 18, 82u () I3t
0

t
< MoPo + Mo / E(v)dr,
0
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and

X oru
& o (|"xxx| + |(;)xx|) <|t7| + |atax“|) ||(2)

t
x2u oru 5
< &0 [txxx (D 4+ [(—5 Dxx| | dT | — 4+ 10:9xul | I
rex X
0
t

du o 2 2 2 x*u 2
< IITIILooJrIIEa:aquILoo IIaouxxx(T)||o+IIaoax(r—z;)(f)llo drt
0

< Mo(P(K) + E(1)) / E(t)dx.

Thus, we obtain

t t
8. B31Z < MoPo + Mo(P(K) + 1) / (E*(7) + E(x))dt + MoE(1) / E(7)dr,

where the other terms of || ‘,)33 || can be simplify estimated. For axipé, we only show the estimate
of ||£0, (2 = @2 S3) ||O In fact, it follows from (4.2)

11 1 x20? 1302 u
Ox [ @2 S3] = a3®2a0(x)[at(ﬁa3)uxx + at(ﬁa3a4)(;)x]

1 1 2@2 3@2
— Ox ®2ao(x)[8z8 (=7 20 az)ux + 0;0x(—5—5 372 azas)— ]}

22 x3@2

® ®
— 0, —®2a0(x)[8t( 53 iy + 0 (S 52 asas)— ]} (5.23)

For the second term on the right side of (5.23), a simple computation implies

R e’ Fe? u

1 2@2 3@2
——8x( 2)c>lo(x)[<’3z3x( 20 az)ux + 0;0x(—5—5 72 aza4) ]

2@2 3@2
a( 23a3)ux+8t8( 32a3a4) ]

1 x20? ¥ e?
o2 —— 0 () [3 0y (55 20 az)uxx + 0;0x(—5 2 asa4)( )x]
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22 32

1 O O u

A straightforward computation gives
262
x°0 X X X
0025503 = Mo (It |+ lies |+ 1002+ il + Il 4+ 108 (1)
X
X X
+ My <|n0xx| + [uoxx | + [Uxx |+ [Faxx| + |(;)xx|][|ut| + uxl + |;|)

X X
o+ Mo (1n0x + 0x* + i P 4+ [+ 1) (Jitel + e 4 11)
(5.25)

Thus, the following estimates hold

t
u u
€ et vxx (x| + |;|)||3 <MoPo + Mo(lux(0) ]| + ||;<0)||%oo> / €t d, dullddt
2 2 Oru 2
+ Molleottexx )5 [ (160:9x(D) 7 + 16— (0l )dT

+ Mo / 0,83 (0 2d e / <||aoataxu<r)||mo+|| 4 o) )dr,

(5.26)
and
Eaouxxtu? (15 <MoPo + MollEaottxy (013 / 118; 85 (T) I gd T
t
+ Mol|ux (0)]|3 / €03, 71 (T) |3 cod T
+ Mo / 13, 85u(t) |1 cdt f llotod, 92u () |13d,
and

1§ o (—)xxuylly =Moll / ((K + DI- (O] + lux (0] + o (-)x (T + |050Mx(f)|> drlly
r X X

363



L.-S. Mai and M. Mei Journal of Differential Equations 313 (2022) 336-381

t

t
x (|ux(0)] + / 1£8,8,)% 15 < MoPo + Mo / E*(t)dr.

0
Thus, we can handle the main difficult term of (5.24) as
2 e’ 2
1600382 ("5 -az)ux 13
r2r3
1
< MyPo + My(P(K) + 1)/E(r)dr + Mosz(r)dt. (5.27)
0

Similarly, we can estimate the other terms in || 9, ( ﬁ S31) ||(2), which is bounded by the right
side of (5.4). This completes the proof of (5.4). )

Step 2. Boundary estimates of u and 9;u.

In this step, we prove the boundary estimate in (5.5), while the estimate in (5.6) can be similarly
treated.
Taking d, over (5.1), we obtain for k = 1 that

a
ao(x)33u + (3 — C—;)aé(x)fitafu

(2——)ag( )30t + 9a ao(x)ata u+[2+ 2) o(x )— +Za pk.
1
- (5.28)
Multiplying (5.28) by ¢ +/ag(x), it holds that
16 /o (eod; i + (3 - j—i)a()atafu) ||3

as
< g a2 — C—z)af{azaxullo +1I¢ Vo aoaza ullf

ak
+ e vl + a2, +Z||:JoToax‘J3f||%, (5.29)
0 =1

where the first three terms on the right side can be bounded by

k 2

as as as_ ,0;u
163/@0(2 — el + 1 Voo g el + | a2+ Dy,
1

< Mo(Po+ 1)/E(r)d7:+M0E(t)/E(r)dt+M0/E2(r)dT+Mo730. (5.30)
0

By the integration by parts, it is easy to have
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2
as
Hp/_ao(aoa,agu +3- C—z)aga,a,%u)

1
+ 2/ 2 () (1) 3 — 2)3,93ud,02udx. (5.31)
C
0

0

3
Caé Btagu

> ! 2
+/§2ao(x)(3 — j—;)z<a()(x)> (8,0%u)2dx
0
0

For the third term on the right side of (5.31), the integration by parts shows

1
2/ 22} () (x)(3 — “—j)ataguatafudx
C
0

1
=2 / £ a0 () (e ()73 — 2)(3,02u) dx
C
0

1
—4 / CLead (x)ay(x) (3 — %)(atafufdx
0

1 1
as Oy ds
- / 2ok ()l (x)(3 — C—z)(a,afu)zdx - / Cza%(x)aé(x)z—z(atafu)zdx.
0 0
Then, we derive from (5.31) that

2
as
";1/_010(0103,331,; +(3- C—2)a()a,a§u)

0

3
> gagatagu

1
2
+ f 200 (x)(3 — ‘c‘—§>(1 - j—j)(a{)(x))z(a,afmzdx
0
0

t

t t
— MoPy — Mo(Po + 1)/E(t)dr —MOE(I)/E(r)dr—MO/EZ(t)dr. (5.32)
0 0 0

Similar to the analysis of (5.21), we can have

2 t
“g@aoaxm} SMOE(t)/E(r)dt.
0
0

For 8;*}3%, we have to estimate the following main difficult terms
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2
Hé‘«/aootouxa,a)%u
0
! 2
= ”C«/aoaoux (8z8§u(0) + / a,zafu(r)dr>
0
0

t
< |In/@0d: 821 (0) I3 llctotu |7 0 + Mo(P(K) + 1) / llowod?d2u(z)l|3d,
0
and

t
1 J@oor e h 512 < 1/Podk it 2o / etttz (2) 1247,
0
t
1€ /e00tottxx d Bx I < 1oy Dt 17 oo laxx (O) 1 + lloxdr et |7 oo / Il Veod; 92u(t) 13d,
0

t t
15 /otoeror, dsdxullg < lly/pod: dxull 70 f oot (2) 70T / e () ll5d .
0 0
On the other hand, the Gagliardo-Nirenberg Interpolation inequality [ 18] shows,

” 2-4

1
I 2/po L0

where 0 < a < % and 0 <o = i;iz < 1. Thus, we have that ||, /(xoaoax‘B%H(z) can be bounded
by (5.30).
For BX‘I%, similar to the analysis of (5.23), we need to deal with the main difficult term

o
/0yl < C||«/—n0313xu||(1)a< o+ ||\/_noata$u||o> ,

el y

1€ /ooy 8)%( %aﬁu x ||%. In fact, we have to handle the following estimates from (5.25)
t
3
1€ /@00t xxx i 1] < 10U x (0) 13l ott |7 00 4 2t 15 o0 f llag 883 u(t) |12 dr,
0

t
2 2 2 2
1§ /aooorxxtxxtixlly < lluxl|zoo lotxxll7oe | lluxx(T)lpdT,
0
and

t
1€ /@0t x > 13 < 11¢ /ooty (02 (0) 13 + Ittt (0) |7 o0 f 18, 0xue(T) |13 4dT
0
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t
2 2
+ MyP(K) / |/ ood; 05u()llgdt

Thus, the term ||¢./aooo0; 8%(%(13)14)6 ||(2) has a bound in (5.30). The other terms in Z?:l
I1E « /aoaoax‘B} ||% can be similarly estimated. Therefore, we derive (5.5) from (5.29). The proof
is complete. O
5.2. Estimates for d}u

In this subsection, the following estimate will be proved.
Lemma 5.2. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x
[0, T'] with the property (3.1). Then, there exists a small time 0 < T3 < T and a positive constant

¢y > ¢ (only depending on ||(pg, ugp)llLoo) such that for any t € (0, T3] and ¢ > c3, it holds that

83u
1E 000, 9 ull + 15 0pd; eI + +1E e ||o

< MoPo+ Mo(P(K) + 1) / (EX(1) + E()dt + Mo(P(K) + DE(®) / E(t)dr,

(5.33)

and
% 342112 % /a3 2
Igerg 8702ull3 + 1 org ergdr o3

< MyPo+ Mo(P(K)+1) /(Ez(r) + E(r))dt + Mo(P(K)+ 1) E(t) / E(t)dr.

(5.34)
Proof. We divide the proof in two steps.
Step1. Interior estimates of 8l3u.
In this step, we prove the interior estimate in (5.33). We have from (5.1) that
6
Hg(aoafafu +@2- %)aé&faxu 2+ 2) 0 Z 59[33 (5.35)

=1

Similar to (5.16), it holds that
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2
as as 83
Hs(aoa?aiuﬂz—c—z)aaa?ax -2+ 2)7)

0

1
> |€aod}02ul; + / 52[0 - Z—j)z +z+3‘c’—§}(ag(x)>2<afaxu)2dx
0
1 83 2 1
+/52<2+Z—§>2<a(3<x)>2<’7“) dx—zst(a()(x»Z(z— )(2+ )7 Bou 2t
0 0
— MoPo — Mo(P(K) + 1)] (E*(x) + E(v))dt — MoE(t)/ E(r)d. (5.36)

For Ziﬁ=1 ‘13[.3, we only show the estimate of ||é‘l§g||(2), while the other terms can be similarly
estimated. In fact, we have from (5.2)

34
63315 = Moo 0,13 + llao == 1 + 11 V] )

+Mo;usala1xas ’uuowozus—no+Mousxa4< ol

(5.37)
For the third term on the right side of (5.37), we have by Lemma 3.3

4

i a5—i |2 1,02 4 12 2,02 3012
> lExdfard} " uly < Mo(IEH, 1 leodfull§ + I3 15 leod ull o )
i=1

4,0
+ Mo (o7 17401 107401740 ) + oo M IGNE Dl 7o)

For the fourth term Z, 1855 s ||0 in (5.37), we only show the estimate of ||E ||0 In fact, it
follows from (4.2) that

x2E2 3_i2 X3azay 8,37iu
ao(x) _—ZZC ao(x)|:8( 7,3 a3)d} " 92u + 0 ( 732 02)( E )x]

3 2 2 3—i
® a 07 'u
~4) Chajx )[a( 23a3)83 e+ 91 (= 340)’7]

3 x2@2 3_ x3 aga4 =iy
-2> ¢} ao(x)[fifi( —a3)d; lau+aa(

) :| (5.38)

For the first term of (5.38), a simple computation shows
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: a3a4 5 8 1 x3aga4 5 320u  tu
—2ZCao<x>a< O>< e = =200 (7 7O (G~ T)

x3azay
r3r2

a3a4 u
@2)(7 - )

X

— 2Ca0(x)33( @2)(a’ax“ =)~ 2Cag 0}

Thus, we have the following estimates

2
x a3a4
at( @2)

102 o OFU o
< MollEH, ||Loc||7|lo,

0

x3a3a4 ol 2

)_

o0

E_
X

o5

and

du o 2,02 2,02 \ Fu o
§M0||7(0)||Loo||57i;,x o+ MollEH 17 IIT(T)IIQdT,
0

x3azay
r3r?

o)

X llo

o
_3l3(
X

t
1.0 2.0,2, U 2.0 1.0 0ru
< MollEH, 2 700 M7 NN O + Mol H: 151, 3 N7 / | @ ll~dz
u
+ Mon;niwna?axu(mn% + Mollux || / €87 dcu()II3dT

t
u 92u u 3u
+ Mol “ o L O+ 14 12 / 162 ()24
X X X X

which in combination with (3.8) shows that the first term of (5.38) has a bound as in (5.30). A
straightforward computation implies the third term on the right side of (5.38) as

3 2202 3-i,
® 5
—2% c3a0(x)[a 3, (> - 3a3)83 et + 970y ( a3“4@2) }
i=1

x2e? x3 a3a4 2 8t2u
=—2C3ao(x) 070y (—— 3 3 a3)8 Oxu + 0; 0y ( ® )T

x22 5 x3 a3a4 5. Ot
—2Cao(x)88( 23a3)8,8u+88( 09—
X

2@2
~2C ozo(x)|:8 O (o st + 370, P a3a4®2)x}
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The chain rules show

3
x’azay X
e ®?) 5M0(|afaxu|+|afax2u|+|a,33x(;)|)

X

37 0 (
g X u
+ Mo(|uxee| + luxxe| + 107 ax(;)l)(|ut| + |ux| + |;|)

X u
+ My |ux,|+|uxx|+|atax<;>|)(|un|+|uxt|+|;f|)

X u
+ Mo(Jtxe | + lttxx] + |atax<;>|)(|uz|2 + Jug)? + |;’|2)
X U Uy
o+ Mo(Inox] + lutoel + |+ el 4 1)l (el | + el 41211 =51)

X u
+ Mo |n0x|+|u0x|+|ux|+|rxx|+|(;)x|)(|uz|3+|ux|3+ |;|3). (5.40)

Thus, the following estimates are needed:

t
u u u
||saoa?axu;né < ||;||im lltod? B4 (0) || + ||;||ioo / letod; du(T) I3d T,
0

t
u u u
€007 87u I3 < Il — 170 ltod7 O3 O) 5 + 11—l / I§e0; dzu (o) 5d,
0

2
34 U 2 2 U woo o 07U o u e
1E@0d; 9x (=)= llg < Mo | llue Il =700 + =7 ll— g + 1=l ,
5zxxxo Lol linee el llo e
and

U2 M 0)112 u - 2
“E(Xouxxuxt;”()_ ollorouxy ( )”Lwn;”]ﬁonsuxt”o
t
2 42 2 2
+Mo||§uxr|ILoo|I;llLoo/II«/aoazf?xu(f)llodf-
0

Thus, we can prove that the last term on the right side of (5.38) can be bounded by (5.30). Finally,

.. . s3
we also similarly estimate the other terms of Zle & o ||% and can prove (5.33).

Step 2. Boundary estimates of 8,3 u.

In this step, we prove the boundary estimate in (5.34).
We derive from (5.1) with k =3

6
as
I Vao(eod 02 + 2 = )aGd; dan)llg < Moll7ullg + D I1E VaoRi 5. (5.41)

i=1
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Similar to (5.36), the integration by parts shows

as
¢ /o (e0d; 32u + (2 — C—z)aaa?axu)n%

1
3 as as
> 2} %ull§ — (e + =) / oo (x))* (2 — C—2><a?axu)2dx
0

t t
— MyPo — Mo(P(K) + 1) f(Ez(r) + E(r))dt — MyE(t) / E(r)dr. (5.42)
0 0

For SB%, we have by the analogy with (5.37)
3,2 4 2 dtu 5012
1Z V/aoBllo < Mo | llaod; dxullg + ||0407||0 + [IV/xad; ully

4 6 3
. S
+ Mo Y _1I¢aodard} " ullg+ Moy ||c¢—aoa—’()||3. (5.43)

i=1 i=1

3
For the right side of (5.43), we only give the estimates for ||¢ , /ao% ||% with the other terms of

(5.43) can be handle by the similar proceeding to the estimate of d;u in (5.5). From (5.38), it
follows that

—2) " Clao(x)d] (Wag,)a?_l 32u
i=1 X

202 2@2

x°0® x°0®
= —2C300(x) 3 (—5—-a3) 87 97u — 2Cat (X)7 (——-a3)d,0}u
rery rery

22

x°®
—2C30(x)0} (—5—5-a3)d7u.
rery

Thus, we need the following estimates

2@2
o 3:(%613)3,23@”% < Mollaod?02u(0) 13 JaoH, 213~
’ t
+ MollH, )13 ~ / o 8302u(0)13d .
0
3. 22

2,0
6o 07 (5 5-a2) 075 < Moll/a0,03u )3 llero My |7
X
t
+ Moll Va1 [ laod?oluo) i
0
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and

3 3,% 2
2
L, 0’ (——=a3)u
” 0 t( 2.3 ) xx”()

t
< Mol 0113 1E Va0 H; V113 + oMy L 112 oo / I /a0d,82u()|2dr.  (5.44)
0

On the other hand, we have form (5.40)

t
3
g 37 Byurey 1§ <llotou |7 o lln/0d; Bx e (Y13 + lluex 17 o0 / latod; du(T) I3d T,
0

3

t
3
g og 07 97uu 1§ < llv/moux |7 oo ld7 87 O) 1§ + llux |7 f leg 870, u(r)llgdT,  (5.45)
0

and

3
2 2
”é-aé UxxUxrUx o

t
2 2 2 2 2 2 2
< IV ot ot (O) |70 lluxe llg + llotosrs I o0 [t 100 / lIv/eod: 05 u(T)llpdT.
0

3
Thus, we can handle the other terms of ||¢ 2—3 ||% and similarly prove (5.34). This completes the
proof. 0O

5.3. Estimates of E(t)
In this subsection, we close the estimate in (2.29) as follows.

Lemma 5.3. Suppose that (r, u) is a smooth solution to the problem (2.21) and (2.23) on [0, 1] x
[0, T'] with the property (3.1). Then, there exists a small time 0 < Ty < T and a positive constant
¢4 > ¢ (only depending on ||(po, uo)|| L) such that for any t € (0, T4] and ¢ > ca, the estimate
in (2.29) holds.

Proof. Due to (5.33) and (5.34), we can also prove the estimate for 8t2 8§u, which is also bounded

by the right side of (5.33), with the help of the fundamental theorem of calculus. Thus, we derive
from (5.4), (5.5), (5.6), (5.33) and (5.34)
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t
E(t) < MgPy+ Mo(P(K) + 1) /(E2(r) + E(1))dt
0

t
+ My(P(K) + 1)E(t)fE(r)dr (5.46)
0
However, we can choose K < supo . E (7), then we use the Gronwall inequality to obtain
(2.29). O
6. Existence results
In this section, we construct the existence of smooth solutions to the problem (2.24) and

(2.23) by applying the following degenerate parabolic regularization based on the priori estimate
in (2.29):

2
arx 2
xap(x)arusy + darxao(x)u, — o (mao (X)uux>
X

®

2 2 2
arx u X X u 1
— 20, <—222 aé(x)u—) -2 |:oz(2)(x)—2 a3 <—ux + —®2a4— + uu,):|
Ccorory X rers Iy r x ¢ .

P 3

af(x 1
%W —as (“—4®2ux +23+ Dt 4 —21414,)

x iy Ty r c X

2 x? 2 as.

— x"ao(x)0; ) Do = pnog(X)uxy + 12 — C—z)ao(x)cxo(x)ux
as 2 , u

— R+ e (erpx) 6.1)

The existence of solutions of the regularized problem (6.1) and (2.23) can be obtained by the
similar analysis in [7,18,38,39] using the fixed point theorem. Then the estimate of solutions
independent of 1 be similarly obtained by applying the Lemma 3.2 on the page 336 in [6] due to
our estimates in (2.29), which confirms the convergence of subsequence for the solution of (6.1)
to the solution of the relativistic Euler-Poisson equation (2.24) in the Langrangian form. We omit
the details in here.

7. Uniqueness results

In this section, we prove the uniqueness of smooth solutions to the problem (2.21) and (2.23)
given by Theorem 2.1.

Lemma 7.1. Suppose that (r,u) is a smooth solution to the problem (2.21), (2.23) given by
Theorem 2.1 satisfying

sup
1€[0,T]

< Ko, (7.1)
LOC

u oru
U, Uy, U, NOUXE, RO xx ;7 X (t)
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t t

ri :x+/u1(x,r)dt, r2=x+/u2(x,r)dt, (7.2)
0 0

with Ko being a positive constant. Then, (r, u) is unique corresponding to (ng, ug).

Proof. We assume that (u#1, r1) and (u2, r2) are two solutions of the problem (2.21) and (2.23)

corresponding to (nq, ug) with the properties (7.1) and (7.2). In order to simplify notations, we

denote by ng = —5—
Y= e,

1_ e :
&::ﬁ()(l - —Znono—(x) ) ®.
c
Set

R=ri—ry, Ri=U:=uj—uy, (7.3)

it follows from (2.21)

1 x? x?
xao(a1un—a1u2z) — () | a5 LA el wo a Ll

AEAT Ty
1 x2 uj x2 uy 5 ) x2 2 x2
2 (xo(x) a—1u— —ap ur— |+ [agx) | a —a“——
72y X 2 X 2.2 2.2
TTix ryrax T x T3 ox
2 3 3
af(x) /o5 x 5 X
220 (a2 —a? 3 ):(),
X FiFix r3T2x

which can be written as

R o R
xagai Uy + [2a§(x> (szx + ng)} + 9 (GsRe+Go ) + 21 (U, R, )

X
R

- P (U, R.. —) @y, (7.4)
X

where we have used

2—2 2—2

R
— =G1-U-2Gy-R, —2G3-—,
2.2 2.2
T x "y X

1
9 [ x%a?
Gri= | — (S a2+ pur —u2), r1x) ) dp,
u rery
0

1

22
r2 n507
Gy = (Z) o 3 |rx:rzx+u(rlx—r2)()d/~1u (7.5)
o (1= Emon 2 G?)
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P 3 O? (1 + cznon()@‘( ) )
Gg :=/
3

5 6 3 |r=r2+lL(r17r2)dM-
o 7 sz(l——zno no (3 )2>

Similarly,

x3a?  x3a? R
3—_3—:G4'U_G5'RX_G6'_7
r1r1x r2r2x X

1
a (x3a?
Gy := — 3 (uy + p(ur —u2), rix) ) du,
r=ry
0

L . me? (1+ Litono 2(£) )
Gs:= / Gl O -
b2 (1= Baono 9 (2)?)

|rv—r2,x+ll(rl,\*r2x)d'u’ (76)

L 42 ®% (3+ 2nonool( ) )
Ge ::/ lr=ry+pu(r —r)d -
0

— ®
r4rax (1 - Ciznonoé(f)z)
From (7.1), there exist positive constants C(K¢) such that

6
Y IGillL> < C(Ko). (1.7)
1

and P; (U, Ry, B) (i = 1,2) satisfy

R
Pi UsR)n_ SC
X

Multiplying (7.4) by U := u; — u; and integrating it over (0, ¢) x (0, 1), then the integrating by
parts and Cauchy-Schwarz inequality show

R

1

1
U? ) 5 R R?
xag(x)ai(uy, r1)7dx + [ oy(x) | 2G2R; + 2G3;R)C + Gﬁ; dx
0

t 1 t 1
2
< C(Ko)//ao(x)Uzdxdt + C(Ko)//ag(x) <R§ + R—2 + Uf) dxdr.  (1.9)
X
0 0 0 0

Differentiating (7.4) with respect to ¢ and multiplying the resulting equations by U;, similar to
(7.9), we have
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1 1
U? ) ) U U?
xao(x)al(ul,rl)de—i— ag(x) | GRU; +2G3;Ux+G6x_2 dx
0 0

t 1 1
<- / /ag(x)(cs - G3)ﬂuxdxdz + C(Ko)/ag(x) (R,% + R—j) dx
00 * 0 *
t 1
+ C(Ko) / / @o(x) (U2+R2) dxdt
0 0

t 1 R2 U2
2 2 2
+ C(Kop) / /ao(x) (RX gt U; + 7) dxdr. (7.10)
00

A straightforward computation yields

|Gs — G3| = C(Ko)(IR[+|UD), (7.11)
which implies

t

1
U,
—//ag(x)(Gs — G3)—U,dxdt
X
00

t

1
U2
< C(Ko) f/ag(x) (Rﬁ +U*+U? + x—2> dxdr. (7.12)
0 0

It is easy to obtain that there exist the positive constants 7} and ery such that 0 < 7} < T and
forany 0 <t < T},

1 X 1
<= <
1+ STI* ri 1-— 8T1*

, l—ep<ric=<l+ter, =12, (7.13)

where limTl*_>0 ery = 0. Thus, for any r =roy + w(rix —rox), r =ry + u(ry —r2)

—287"1*

(1) (1)

2¢e Tl*

(1 + 2sr,*) (1 - 8T|*) ’

2x _STI* <rx §r2x+2‘9T1*~

X

+o-<=<

+

N | =
N =

"

From (7.5), G, = F(u, eTI*), where

376



L.-S. Mai and M. Mei Journal of Differential Equations 313 (2022) 336-381

¢ 2
—Derx —2®2
X T n
Faerp= [ [ - ‘ L
;.
) (1 +STI*) (1 - 8T|*) (m +2er,*)
1
X dpu,

r=ry+u(ri—rz)

3
26 *
— e} x T 2
1 — Ligno G — ‘
|: ¢ Cat2erp) (1+8T1*)(1_5T1*)
then we can obtain

lim F(u, ers) = G,
Ty —0 !

with
1 X 1202
Gs = /(—)2 et - . (7.14)
r — @ =ry4u(r—
0 3. (1 - c%nwo%(%ﬂ) e
Then, there exists a positive constant T2* such that 0 < T2* < Tl* forany 0 <t < T,
) U u_ ., U U?
GQUX+2G3—UX+G6—22G2UX+2G3-—UX+G6—2, (7.15)
X X X X

which together with (7.5) and (7.6) shows there exist the positive constants ¢} > ¢ and M such
that

*r72 Y U2 2 U2
GZUX+2G3;UX+G6X—ZZM Ux+? s

with the help of Young’s inequality.
Finally, we have for any 0 <t < min{T}*, T.)'}

U U? U?
GQU§+203—UX+G6—22M<U§+—2). (7.16)
X X X

Due to (7.7)-(7.10) and (7.16), we can obtain U = R = 0 by using Gronwall’s inequality. The
proof of Lemma 7.1 is completed. O

8. Non-relativistic limits

This section is to devoted to investigating the non-relativistic limit of smooth solutions to the
problem (2.21) and (2.23) obtained in Theorem 2.1.

Lemma 8.1. Suppose that (r¢, u) is a smooth solution to the problem (2.21) and (2.23) satisfying
Theorem 2.1 for any (x,t) € [0, 1] x [0, T, ] and (r, u) is a smooth solution of the problem (2.24)
and (2.23) satisfying (2.29) for any (x,t) € [0, t] x [0, Tol. Then, there exists a positive constant
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Ty such that 0 < T < min{T,,, To}, and for any 0 < t < T and c > ¢ the estimate in (2.30)
holds.

Proof. Based on the uniform estimate in (2.29) with respect to c, the standard Sobolev embed-
ding shows that there exists a subsequence (r¢, u¢), which converges to (r, u).

We only establish the convergence rate estimate in (2.30). Set Rf = U =u®—u, R =r¢—r.
Subtracting (2.21) from (2.24) and using Taylor’s expansion, it concludes that

¢ 1 (rc—l—r)iR_c xz(r—i—x) ¢ i
xao(x)U; {ao( )[( )? A +(r) rer)? R, +O(C2):|}x
+a0(x) x)3 1 (r247rr + (r¢)? )iR_C ozo(x)(x)3 1

X (rc)? re x x roréry

o (x)

R+ (w00 + 2 ) o)

X

1 1
Olo(x) (r +V)R° /po(y)yzdy+0(c—2)- 8.1)
0

Multiplying (8.1) by U¢ and integrating it over (0, 1), it holds that

c2
—/xoto(X) ) dx +—/ 0( )( )2(}" L;r;) dx

1

1 R¢
D) X R ey

(rc)2 7C ¢ x

a 2
t o()()
0

1
/‘ao(x) ¥ L 0P+ 9% x (R
+ - dx
dt X or rC (re)? re o x2
0

< ko) [ @ (U9 + R?) dx
: R¢ 1
+ C(Ko)/ag(x) ((R;)2 + (7)2) dx + 0(6—4). (8.2)
0

By the analogy with (7.13), there exists a positive constant TO* such that 0 < TO* <min{7,,, TO*},
and for any 0 <t < T,

o l—ep <oy S l+egg. (8.3)

For small TO* and large enough c, there exists a positive constant C(K) such that
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X 5 (rs+ry) 1 (rc—l—r)iR_c

il cy\2 f 2 c
P i R+ P e R
2 c c\2 c\2 c
A (r¢) r¢ x X

Then, we can obtain
1 1
c\2 2 c\2 R* 2 1
xap(x)(U ) dx + | ay | (RY) +(7) dx < 0(6—4).
0 0

Finally, we can prove (2.30) with the help of the weighted embedding estimate in (1.7)-(1.8) and
H! 0,1)—C O[O, 1]. This completes the proof. O
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