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Abstract

This paper is concerned with a class of nonlocal reaction-diffusion equations with time-delay and de-
generate diffusion. Affected by the degeneracy of diffusion, it is proved that, the Cauchy problem of the
equation possesses the Holder-continuous solution. Furthermore, the non-critical traveling waves are proved
to be globally L1-stable, which is the first frame work on Ll—wavefront—stability for the degenerate diffu-
sion equations. The time-exponential convergence rate is also derived. The adopted approach for the proof
is the technical Ll-weighted energy estimates combining the compactness analysis, but with some new
development.
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1. Introduction

In this paper, we consider the time-delayed degenerate diffusion equation with nonlocality:

ou

a7 D™)xx +du) = / JaWb(u(t —r,x —y))dy, 1 20, x €R, (1.1)
R

subject to initial datum
Uly=s =up(s,x), se[-r0], xeR. (1.2)

Here, u represents the total population of the mature at location x and time r > 0, D > 0 is the
diffusion rate of mature population. d(u) and b(u) are the death rate function and the birth rate
function of the mature species, respectively. m > 1 is the index of degeneracy for diffusion. r > 0
denotes the age for maturation population, the so-called time-delay. The constant « satisfying
0 < a < rD expresses the total amount of diffusion for the immature population. f,(y) is the
heat kernel and satisfies

2

+00
fa) = ——e % with / fady =1. (13)

1
Vara
In particular, when the immature population is almost immobile, i.e., @ — 0T, then

111101+ / Ja(Wb(u(t =1, x = y))dy =bu(t —r,x)),
R

and the nonlocal equation (1.1) is reduced to the local equation with degenerate diffusion:

0
8—1;—D(um)xx~|—d(u)=b(u(t—r,x)), t>0, xeR. (1.4)
Throughout this paper, we assume the birth rate function b(«) and the death rate function d ()
satisfying

(H;) Two constant equilibria: u_ =0 and 4 > 0, such that d(0) =b(0) =0, d(u4+) = b(uy),
and d(u), b(u) € C*([0, u,]);

(Hz) Mono-stable type: 0 < d’(0) < b'(0), and d'(u4) > b'(uy) > 0. Namely, u = 0 is an un-
stable node, and u = u is a stable node;

(H3) Monotonicity and concavity: d'(u) > 0, b'(u) > 0, d”(u) > 0, b”"(u) < 0, but either
d"(u) >0o0rb"(u) <0, foruel0,uy].

The typical examples include three well-known dynamic models of population:
e the dynamic population model with age structure [2,16,30] for d(u) = fu® and b(u) =
ae’ ' u(t —r,x), where 8 >0, @ >0, y >0, and » > 0, which is reduced to Fisher-KPP

equation by taking 8 = 1 and ae?” = 1:
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ou

v DW"™)x + 1 = / JaWu(t —r,x —y)dy, (1.5

withu_ =0and u; =1;
e Nicholson’s blowflies equation [3,9,15,18,26,33-35,46] with d (1) = du and b(u) = pue™*":

u

T D) xx + u= /fa(y)u(t —rx —y)e gy, (1.6)

where § >0, p>0,a>0,1< % ge,u_:Oandu+:%1n§;
e Mackey- Glass equation [22,24,25]with d(u) = du and the Beverton-Holt type function

b(u) = 1+au :

du m y)
D"t bu=p /fa(wlﬂu(t_”_y)dy (1.7

whereO<8<p,a>0,u,=0andu+=£(§_1),

A traveling wave to (1.1) is a special solution in the form of u = ¢ (x + ct) with speed ¢ > 0
satisfying

cd'(§) — D@ (§)" +d (&) = f JaWb(@(E —y —cr))dy,
2 (1.8)

¢(£00) =ux,

where § = x + ¢f and’ = 3/3&. The main purpose in this paper is to study the global stability of
traveling waves u = ¢ (x + ct) to (1.8).

Background. When m =1, (1.1) and (1.4) are the regular diffusion equations with time-delay,
and have been extensively studied, for example, [20,23,26,29,33] and the references therein. For
the local equation with regular diffusion, namely o — 0% and m = 1, Schaaf [32] in 1984 first
investigated the existence of the monotone traveling waves and the linear stability for the non-
critical traveling waves by the spectral analysis method. Later then, the existence of different
types of traveling waves (monotone and oscillatory waves) were studied in different cases based
on the monotonicity / non-monotonicity of the equations as well as the size of time-delay, see [5,
7,8,10,11,21,33,34,38,39] and the references therein. The asymptotic stability of traveling waves
(critical/non-critical waves, oscillating waves) were further proved in different cases in [3,13,
14,16-18,24-30,32,36,40], where the adopted approaches are various, including the monotonic
technique, the weighted-energy method, the Green function method with Fourier transform, and
the spectral method, and so on.

However, from the ecological sense, the diffusion coefficient usually is not a constant, but
depends on the population density u. Consequently, it is more practical and interesting to consider
the reaction-diffusion equations with degeneracy of diffusion like (1™ 'uy), with m > 1, cf.
[12,42—-44]. The relevant study in this case is quite limited.

Regarding the degenerate diffusion equations without time-delay, namely m > 1 and r =0,
Aronson [1] first studied Fisher-KPP equation with degenerate diffusion
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Xo Xo

Fig. 1. Sharp traveling waves

ur— U"x=ul—u), m>1

and proved the existence of the traveling wave ¢ (x + ct) for ¢ > ¢, > 0, where ¢, is the critical
wave speed. In particular, such a critical traveling wave was recognized as the sharp-type in the
first time. Namely, there exists a number &j such that the critical wave ¢ (§) = 0 for & € (—o0, o]
and ¢ (&) > 0 for & € (&y, 00), see Fig. 1. Then, in the special case of m = 2, Gilding and Kersner
[6] constructed the exact critical traveling wave ¢ (x + c,t). Furthermore, De Pablo and Vazquez
[4] investigated the existence of traveling waves for the degenerate Fisher-KPP equation in the
more general form

up— WMy =u"(1—u), m>1.

For time-delayed reaction-diffusion equations with degenerate diffusion, namely, m > 1 and
r > 0, Huang-Jin-Mei-Yin [ 12] first considered the local equation (1.4). By using the perturbation
method, they proved the existence of traveling waves with large wave speed ¢, when the time-
delay is small enough r <« 1, and showed the stability of the traveling waves by the weighted L }O
energy method associated with a certain weight function w(x) > 0. Later then, by means of the
viscosity vanishing method and the monotonic technique, Xu-Ji-Mei-Yin [42] proved that, for the
nonlocal degenerate equation (1.1) with monotonicity, the traveling waves ¢ (x + ct) with ¢ > ¢,
(including the critical traveling waves ¢ (x + c.t)) all exist. By observing that the nonlocality
involving the heat kernel f(y) plays a mollification role in some sense for the dynamic system,
even if the equation (1.1) is with degenerate diffusion —(u"),y, all traveling waves with ¢ >
¢« > 0 are proved to be smooth. In [42], they further showed that, for the local equation (1.4)
with monotonicity, the non-critical traveling waves with ¢ > ¢, exist, and these wavefronts are
also smooth. But the existence of the critical traveling waves ¢ (x + c,t) for the local equation
(1.4) kept open at that moment. Subsequently, by proposing a new variation scheme, Xu-Ji-Mei-
Yin [43] succeeded in obtaining the existence of the critical traveling waves ¢ (x + c,t) for the
local equation (1.4) with monotonicity. Such critical waves are of sharp-type, and C'-piecewise
smooth for m > 2, and C! smooth for 1 < m < 2. All the non-critical traveling waves with
¢ > ¢4 are C2-smooth. Furthermore, when the local equation (1.4) loses its monotonicity, Xu-
Ji-Mei-Yin in [44] recently proved the existence of traveling waves and semi-traveling-waves,
and recognized that the traveling waves may be oscillating once the time-delay is a bit large,
and showed the criteria to classify all types of waves, including sharp waves, oscillating waves,
smooth waves, and semi-waves, and so on. For the forced waves of reaction-diffusion model with
density-dependent degenerate diffusion, Liu-Xu-Yin [19] further proved the stability of forced
wave.

Main purpose. In this paper, we focus on the nonlocal equation (1.1). First of all, we will
establish the existence and uniqueness of the solutions to the initial value problem (1.1) and
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(1.2), as well as the regularity of the solutions. Once the initial data is in L°°, the solution u(t, x)
of (1.1) and (1.2) is proved to be Holder continuous with respect to ¢ in the form of C ﬁ, and

with respect to x in the form of C 2. The approach adopted is the compactness method by
constructing Holmgren’s sequence. Secondly, we will prove the global stability of the non-critical
traveling waves with ¢ > c¢,. The method for the proof is the weighted L!-energy method with
new development on compactness analysis. Here the initial perturbations around the traveling
waves can be allowed arbitrarily large in L'-sense.

Technical issues. Although the weighted energy method for proving wave stability for time-
delayed reaction-diffusion equations was recently developed by Mei and his collaborators in
[3,13,16,18,24-31,45], however, to treat the case with nonlocality and the degenerate diffusion,
it is still a new and challenging attempt, because the degeneracy and the nonlocality cause some
difficulty in the energy estimates. Here we will develop it with some new techniques, in particular,
we obtain the stability result in the regular L'-space, which is the first result for the degenerate
diffusion case. More precisely, to obtain the L !-stability, we note that the chosen weight function
is somewhat like w(x) = e~** with A > 0, which is asymptotically vanishing as x — oo, such
that the weighted L Ju—stability never guarantees the L '-stability, so we need to develop some new
idea to treat it. We observe that mono-stability (Hp) of the equation (1.1), implies d’(u) > b’ (u)
for u — u4, namely x — o0, so then we technically introduce a new cutting-function such that
the L'-stability on the far field of [x(, 00) for xo >> 1 can be derived by the L'-compactness
approximation. For details, see Step 4 in Section 4.

Notations. Let 2 C R be a nonempty open set in 1-dimensional real Euclidean space R, 92
is its boundary, @ = QU 3. || - ||x represents the norm of space X. If the norm of a function
f(x) is bounded, that is, || f (x) || x < 0o, we say that f(x) belongs to X, writing f(x) € X. Here
and hereafter, the associated subset 2 is either 2 C R or 2 =R. L?(Q2) (p > 0) consists of all
measurable functions f(x) defined on R for which

I fCHllr = /If(x)l”dx < 0.
Q

If p = o0, the norm of f(x) € L°°(R) is given by || f (x)|| (@) = sup f(x). The Sobolev space
xeQ2
H¥ () is defined as
HQ):={f18/ f € LX) for 0<j <k,
where 8/ is a differential operator of order j and 3° f = f. C() is the space of all continuous
functions defined on Q2. C k(SZ) is the space consisting of all functions f(x) which, together with
all their partial derivatives 8/ f of orders 0 < j < k, are continuous on 2.

For a given weight function w(x) > 0, x € 2, we denote the weighted Sobolev spaces L (Q)
and H(Q) by

LP(Q) = (flw? f € LP(Q),
and
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1 1
Hy(Q) = (flo? f. 02 fc € LX),
where f, is the partial derivative of f with respect to x. The Holder continuous space C*(£2)

(0 <a < 1) is equipped with

1f ) = FO)
I flcoy =suplfl+  sup LT
res xyeQxgy X =l

After introducing the time variable ¢, let T > 0 be a number and B be a Banach space, we denote
L>°([0, T]; B) is the space of the B-valued L*-functions on [0, T']. In particular,

| fllLecory = sup |f(, x)l,
(t.x)eQr

r 1
I fllLrcor) = [/ |f(t,x)|Pdxdt
0 Q
A norm on the space C“*ﬂ(QT) with Q7 :=1[0, T] x ) can be defined by

|f (1, x) — f(f2,y)]
I fllcasory= sup [f(t, x)|+ sup p” B’
(.x)€Q7 P.0eQr: P20 Il —02[* +|x — y|

where P and Q are points of (¢, x) and (#2, y), respectively.

Throughout this paper, C denotes a generic positive constant, and C; >0 (i =0,1,2,...)
represent some special constants.

In what follows, we will state our main theorems on the existence, uniqueness and Holder-
continuity of the solutions to (1.1) and (1.2), and the stability of the traveling waves in Section 2.
Then we will give the proof of the existence, uniqueness, and regularity of the solutions to (1.1)
and (1.2) in Section 3. Finally, we will show the global stability of the non-critical traveling
waves in Section 4.

2. Main results

In this section, we are going to state our main results. Since (1.1) is degenerate for u = 0,
the solution is usually non-smooth, and we need to employ the following definition of weak
solutions, or say the generalized solutions.

Definition 2.1. A function u € L]ZOC((O, 4+00) x R) is called a weak solution of (1.1)if 0 <u <

ut, Vu™ € L ((0,+00) x R), and forany T > 0 and yy € C°((—r, T) x R)

loc

T

T T
—//u(l,x)aa—fdxdt—i—D//Vum ~V1ﬁdxdt+//d(u(t,x))wdxdt
R 0 R 0 R

0

max{T,r} 400

= / uop(0, x)¥ (0, x)dx + / / / b —r,y)) falx — WY (x,t)dydxdt
R

r R —o0
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min{T,r} +o00

+ / / / bluo(t — r, Y)) fu (6 — Y)Y (x, Ddydaxd.
0 R —o0

Our first theorem is on the existence, uniqueness and regularity of the solution to (1.1) and
(1.2).

Theorem 2.1 (Existence, uniqueness and regularity). Let the initial data be
0 <up(s,x) <ugq for(s,x)e[—r0] xR,
and ug € L°°([—r, 0] x R), and
xEIEloo uo(s, x) =0, XEIEOO uo(s, x) =uy, uniformly in s € [—r, 0]. 2.1
Then (1.1) admits a uniquely global solution u € D, where

D={uluel®RsxR)NCIm Ry xR); "), € LX[Ry; L], (R)),
W™); € L,.(Ry x R)},

and
O<u(t,x) <uy for(t,x) e Ry xR, 2.2)

and
XEIPoou(t’ x) =0, xlir}_loou(t, X) =uy, uniformlyint € R,. 2.3)

In order to state our second theorem on the stability of traveling waves, let us recall the prop-
erty of traveling waves. Regarding the traveling waves ¢ (x + ct) to (1.8), it was showed in [42]
that there exists the critical wave speed ¢, > 0 such that, for all ¢ > c,, the traveling waves
¢ (x + ct) exist. These waves are smooth and monotonic increasing from O to u.. See Fig. 2 for
numerical results as showed in [42].

Clearly, the characteristic equation associated with the wave speed ¢ > 0 and the correspond-
ing eigenvalue A > 0 is given by

Acy i=d'(0) + ch — b/ (0)e e — g, (2.4)
Define
G.(h) :=d'(0) +ch, and H.(}):= b (0)e rer+ar®,

It is known that, from the graphs of G.(}) and H.(A) (see Fig. 3), there exists a unique tangent
point (¢4, Ay) With ¢, > 0 and A, > O for these two curves G.(A) and H.()) such that:

e when ¢ < cy, the characteristic equation A, ; = 0 has no solution;

66



C. Liu, M. Mei and J. Yang Journal of Differential Equations 306 (2022) 60—100

0.8
0.6
04r R |
o=2
0.2 - = =0=3
o=4
0 1 L 1 J
-40 -30 -20 30 40

Fig. 2. Smooth traveling waves

b'(0) b'(0)

d’(0) a'(0)

A A

Fig. 3. The graphs of G.(A) and H. (1) for ¢ = ¢4 and ¢ > ¢, respectively.

e when ¢ = c,, the characteristic equation A, ; = 0 has a unique pair of solution (c«, A+);
e when ¢ > c,, the characteristic equation A.; = 0 has two pairs of solutions (c, A1) and

(c,A2),and A, > 0for A € (A1, A2),and A, <O for A € (0, 11) U (A2, 00).

For details, see Fig. 3.
Furthermore, let us define the other two functions:

Go() :=d'(0) +ch— DA*mu”? ", and H.(A) := b (0)e >+

From the graphes of G.(1) and H(}) (see Fig. 4), there exists another tangent point (Cs, As) for

the curves of G, (A) and ﬁc(k), with &, > ¢, > 0 and A, > 0, such that:

= (G~ Hon)

HMleny=@nin

(e, 1)=(Cs,14)

= d'(0) + Chs — DAZmuT " — b/ (0)e @il — .

— — —
0 Beilicnmiin = (Co) ~H.0)

(C,)L):(E*,X*)

= & = 2Dhmiy ™ = b (e TR (=G, + 2ad,) = 0.

When ¢ > ¢4, the equation
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b'(0) b'(0)

4

d'(0) 3 d’'(0)
Fig. 4. The graphs of G, (1) and H()) for ¢ = ¢x > ¢4 and ¢ > Cy, respectively.
Ao i=d'(0) +ch — DA 2mu” ™" — b (0)e 9 =0
possesses two solutions
A=xi1(c) >0 and A=2xs(c) >0, 2.7)
such that
Aesi=d'(0)+ch — DA 2mu” ™" — b/ (0)e % =0 for Ae (R, h).  (2.8)

See Fig. 4 for details.
Now we are ready to state the global stability of traveling waves.

Theorem 2.2 (Global stability of traveling waves). Let b(u) and d(u) satisfy (Hy) — (H3), and
& (x + ct) be a smooth non-critical traveling wave with ¢ > €, and w(£) = e~ *§ with& = x +ct

@e the weight function with A € (1, A2), where ¢y is determined by (2.5) and (2.6), and X1 and
Az are given in (2.7). When the initial perturbation around the smooth traveling wave satisfies

vo(s, §) = o (s, x) — ¢ (x +cs) € C([=r, 0]; Lo,(R) N L' (R)),
then
v(t,§) = u(t,x) = $(§) € C(R4: Ly,(R)N L' (R)),
and
1= O L1y < Ce™ (10l rorh @y + 10O L @y ®))

provided with some constant . > 0.
Remark 2.1.
1. In Theorem 2.2, we prove the stability for the fast traveling waves with a large wave speed

¢ > Cx. When the wave speed c is close to the critical wave speed c, the stability of traveling

waves is unknown. In particular, when ¢ = ¢, the asymptotic stability of the critical traveling
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waves ¢ (x + c4t) is completely open. We realize that, the approach adopted in this paper
cannot be applied to these cases, and a new technique is expected. These will be our targets
in future.

2. In this paper, the birth rate function b(u) and the death rate function d(u) both request to
be monotone (see (Hz)). If both of them are non-monotone, the traveling waves are usually
oscillatory when the time-delay r is big. In this case, the adopted method in this paper is failed,
and the study of the stability of the oscillating waves is more challenging as we know. Usually
these waves could not be expected to be globally stable. This topic will be also interesting for
future study.

3. Existence, uniqueness and regularity of solutions

In this section, we are going to prove the existence, uniqueness and regularity of the solu-
tion u(t, x) to (1.1) and (1.2). Adopted approach is the Holmgren’s approximation scheme and
compactness analysis.

Let us define a sequence u(()l) (s, x) with/ >> 1 (of course, / > u ), which is sufficiently smooth
and satisfies

0<ul(s.x) <uy, for(s,x) € [—r,0] x [L.1],
and

lim u(()l)(s, x) =up(s, x), uniformly in x and s.
[—o0

In order to construct a proper series of approximations by localizing the original problem (1.1),
let us consider the following initial-boundary-value problem

D"+ dl) = / bt —r,x —y)dy,  x€(~L1), 1 >0,
R
u(t,x):%, x € (—o0, 1], t >0, (3.1)
u(t,x) =uy —+, xell,00), t >0,
ulims = ull (s, ), (s, %) € [—r,0] x [~ 1].

We define the upper and lower solutions for (3.1) as follows.

Definition 3.1. A function u € C(Ry x [—/,[]) with u™ € Wll(,’f(R+ x [—[,1]) is called a lower
solution of (3.1), if u(¢, x) satisfies

0
3—f —DU")x +dw) < / JaWbu(t —r,x —y)dy, >0, xe[=L1],
R (3.2)
les—li%a £|X215u+_l9 t>07
wlms <ull (s, ), (s, x) € [=r, 0] x [—L,1].

A function u € C(R4 x [, []) with " € Wll()’f(R+ x [—1,1]) is called an upper solution of
(3.1), if u(z, x) satisfies the opposite inequalities of (3.2).
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Let T > 0 be a given number, Q7 := [0, T] x [/, [], and define

C+([0, T1; H'(=1,1)) = {v(t,x) | v(t,x) > 0 for (t,x) € O,
andv e C([0,T]; H' (=1, 1)},

and let v(z, x) be in C ([0, T']; H! (=1, )] with the given extensions out of [—, /]

1 1
Vlx<—1 = 7 Vx> =uy — 7 forz €0, T1],
and let us define

F(v):=d (up)v(t, x) —d(v(t, x)) + / JaWb@(t —r,x —y))dy. (3.3)
R

We first consider the following IBVP of porous media equation:

ou_ D™)xy +d'(up)u=F(v), (t,x)€Qr,

ot
w(t, =D =14, ut,)=uy—y,  t€[0,T], B34
=y = u) (s, %), (s, %) € [, 0] x [1,1],

and define the values of u(z, x) out of the above mentioned region [0, T] x [—, [] as follows
1 1
u|x5_1=7, and u|x21=u+—7, fort € [0, T]. 3.5)

Lemma 3.1 (Positivity and boundedness). Let u(t,x) be the solution of the IBVP (3.4) with
0<v(t,x) <uy for (t,x) € Qr and

1 1
Vlx<—1 = 7 and Vx> =uy — 7 fort [0, T],
and let 0 < ug)(s, x) <uy for (s,x) € [—r,0] x [<1,1]. Then
O<u(t,x)<uy, (t,x)eQr. 3.6)
Proof. From (H{)-(H3), we have

d'(u)v —d(v) =d'(us)v — [d(v) —d(0)] = [d'(uy) — d'(Op)v = 0,

where 6y = 0y (¢, x) is some point in (0, v(z, x)) C (0, u4) due to Taylor’s formula, and d’(u4) >
d’(6p) due to the condition d”(s) > 0 given in (H3). On the other hand, since b(v) > 0, we have

/ JaWbW(t —r,x —y))dy = 0.
R
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Thus, we immediately get
F(v) >0 for (¢, x) € Or,

which reduces (3.4) to

u

57~ DM+ d wpu =0, (t,x) € Or,
u(t, - =150, ut,h)=uy —1>0, r€0,7], (3.7)
ulr—o = uy’ (0, x) > 0, xel-11.

In the standard theory of quasi-linear parabolic equations (see the textbook [37,41]), we imme-
diately obtain

u(t,x)>0 for(t,x)e Qr.

On the other hand, let

m __ ., m m __ _ m
w:=uy —u, and A(w) := dy Tl = uy — (uy —w) >0,
uy —u w
then w(z, x) satisfies
ow ,
o D(A(w)w)yx +d (uy)w >0, (t,x) € Qr,
w(t, - =us — >0, wit,h=1>0, 1[0, 7], (3.8)
wli—o =1y —ul(0,x) > 0, xe[-1,1],

which, again from [37,41], implies
w(t,x) >0, for(t,x)eOr.
Therefore, we prove
O<u(t,x)<uy, for(t,x)eQr.
The proof is complete. O
Lemma 3.2 (Comparison Principle). Let
0<vi(t,x) <va(t,x) <us, (t,x)eQ0r,

with the given extensions

1 1
Vilr<ot =2lx< = 7 and Vilx>; =V2x> =y — 7 fortel0,T],
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and let ui(t, x) and us(t, x) be the solutions to the IBVP (3.4) with respect to vi and v;, respec-
tively. Then

O<ui(t,x) <ur(t,x) <uy, (t,x)e Qr. 3.9)

Proof. Let U :=u| — up. From (3.4), U satisfies

oU

o DY —u5)x +d' (up)U = F(v)) — F(v2), (t,x) € Or,

ue,-)=0, Ut,1)=0, te[0,T], (3.10)
Uli=s =0, (s,x)e[—r0] x[-1,1].

Since F(v) is increasing with respect to v > 0 due to the condition (Hz)-(H3), we have

F(v)) < F(vp), for0<wv; <ws.

Then, (3.10) is reduced to

U

o DY —uy)ex +d' (up)U <0, (¢,x) € QOr,
Ut,—1)=0, Ut 1) =0, tel0,T],
Uli—0 =0, xe[-1,1],

which, by the comparison principle of nonlinear diffusion equations [41], immediately implies

U(t,x) <0 for (t,x) e Qr,
namely,
O<ui(t,x) <us(t,x) <uy, for(t,x)eQr.

The proof is complete. []
Lemma 3.3 (Existence and uniqueness of approximate solutions). Let u(()l) € Cy([—1,0] x
[—1,1]) satisfy O < u(()l)(s, X) < u4. Then the IBVP (3.4) exists a unique smooth solution u(t, x)
satisfying

ueC([0,T); H'(~1,1)) forany T >0, 3.11)
and

O<u(t,x)y<uq, (t,x)eQ0r. 3.12)
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Proof. Define
u:=0, and u:=u,. (3.13)

Obviously, u := 0 and u = u are a pair of lower and upper solutions of (3.1).
For given v € C4 ([0, T]; H(=1, 1)) with the extensions out of [—, ]

Vlx<—1 = ;, and Vx> =uy — %, fort €0, T],
the IBVP (3.4) defines a differential operator
u=Pv, inQr,
with the given extensions
Uly<—| = %, and uly>; =u4 — %, forr €[0, T].

Let us make the iterations of u = Pv from (3.4) by choosing the initial functions u® =y and
#® =i defined in (3.13), respectively, and denote the corresponding sequences by

u® =pPu" Y and i =PV, n=1,2,---.

Namely, u ) gatisfies

ou™
S = D)+ d ™ = FW™ D). (t.x) € Or,
W@~ =4 W =uy — 1, rel0. 7], (3.14)
u™ =y =ud (s, %), (s, x) € [=r, 0] x [=1, 1],
with the extensions
(n) 1 ) 1
u <1 = 7 and u|x>1 =uy — 7 fort €0, T1],
and 7" satisfies
aﬁ(n) ~(n)\m i =(n) =(n—1)
o~ D@ +d' wa® = F@" ), @.x) € 0,
A" D=t A" =y — 1, rel0,T), (3.15)
i) =ul (s, ), (s, x) € [—r, 0] x [~L,1],

with the extensions
=(n) — 1 =(n) — 1
u |x§,1—7, and u"|y>1 =u4 7 fort € [0, T].
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We claim that the sequences {g(”)} and {ﬁ(")} both belong to C ([0, T']; H'(—1,1)), and sat-
isfy

0=u® <u®<..<u®™ <. <iq®<...<z® 3O _y  inQg. (3.16)
Clearly, the monotonicity of (3.16) can be directly obtained from the boundedness of

Lemma 3.1 and the comparison principle of Lemma 3.2. So, there exist two limit functions such
that

a(t,x):= lim u™(,x), u(t,x):= lim a"™(,x), for(t,x)e€ Or, (3.17)
n—oo n—oo
satisfying
0<u(t,x) <u(t,x) <uy, for(z,x)e Qr, (3.18)

with the extensions

N 1 . 1

Ulx<—1 = 7’ and i|x>1 =u4 — 7 fort € [0, T],
and

. 1 . 1

Ulx<—i = 7 and u|y>1 =uy4 — 7’ fort €[0,T].

Now we prove that it (¢, x) = u(t, x) in Q7 is the unique solution of the IBVP (3.1).
Let w:=u — u, and

um —pm
—, foru#u,
A(t,x) = u—1u 7
mu™m1, foru =u,
and
d@w) —dw) N
———~, foru#u,
B(t,x):= u—u 7
d' (), foru =1u.

Clearly, it holds

A(t,x)>0for (t,x) € Qr, and A(-,-) € C(Q7),
and

B(t,x) > 0 for (t,x) € Qr, and B(-,-) € C(Qr),
dueto it > > 0, and d(u) is increasing. Then w satisfies the following IBVP
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dw — DIZ(A(t, x)w)) + B(t, x)w
= Jr feWbG(t =1, x = y)) = bt —r,x — y)ldy, (t,x) € Qr,

w(t,—-1)=0, w(,1])=0, tel0,T],
w|I=S=07 (svx)e[_r30]x[_l’l]'
3.19)
When ¢ € [0, r], namely, t — r € [—r, 0], then
it —rx) =it —r,x) =ul(t —r,x), forrel0,r],xe[~L,1],
with the extensions
. 1 N 1
Ulx<—1 = 7 and uly>1 =uq — 7 fort € [0, r],
which implies
b —r,x—y)—but—r,x—y))=0, forte[0,r], and x —y € R.
Thus, (3.19) can be reduced to
orw — DE))%(A(I, x)w))+ B, x)w=0, (t,x)el[0,r]x[-11],
w(t,—1)=0, w(,l)=0, tel0,r], (3.20)
wli=0 =0, x e[-1,1].
By using the standard theory of linear parabolic equations [37], we obtain
w(t,x)=0, ie., u(t,x)=u(t,x), for(t,x)el0,r]x[-L1]. (3.21)
When ¢ € [r, 2r], by the same fashion, we can prove
w(t,x)=0, i.e., ut,x)=u(t,x), for(t, x)elr2r]x[-1,1], (3.22)
with the same extensions
A 1 . 1
Ulx<—1 = 7 and i|x>1 =u4 — 7 for t € [r, 2r],
and
. 1 . 1
Ulx<—1 = 7’ and u|y>1 =uy4 — 7 for t € [r, 2r],
Repeating this procedure, when ¢ € [nr, (n 4 1)r] for any integer n > 1, we can show
w(t,x)=0, i.e., ult,x)=u(t,x), for(t,x)el[nr,(n+1r]x[-11], (3.23)

with the same extensions
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1 1
12|x571=7, and ﬁ|xz]=lxl+—7, forte[nr,(n+1)r],

and
. 1 . 1
Ulx<—) = 7 and u|x>1 =u4 — 7 fort € [nr, (n + Dr].
Combining (3.21)-(3.23), we have proved
w(t,x)=0, i.e., ut,x)=u(,x), for(t,x)e Qr. (3.24)
The proof is complete. []

Proposition 3.1 (Existence and regularity of original solution). Under the assumptions in The-

orem 2.1, then (1.1) and (1.2) exists a Holder continuous Cﬁ’ﬁ—solution u € D, where D is
defined in Theorem 2.1.

Proof. For any a € (=] + 2,1 — 2), then (a — 2, a + 2) is any given subset of (—/, /) with an
equivalent size of 4. Let n(x) be a function such that n(x) € C(‘)>o (a—2,a+2),0<nkx)<l,
In(x)|<landn(x)=1forx€(a—1,a+1).

Multiplying the first equation of (3.1) by u*n* with a number k > 0, and integrating it with
respect to x over [a — 2,a + 2] C [/, [], we get

a+2 a+2
ﬁ% / uk+ln2dx+Dmkfum+k_2|ux|2r)2dx
a=2 a=2
a+2 a+2
+2Dm / um+k71uxnnxdx+/d(u)uknzdx
a-2 a-2
a+2
= / / faWbu(t —r,x — y)u*ndydx. (3.25)
a—2 R

By applying Young’s inequality and (3.12), then (3.25) yields

1 d a+2 ax2 o
T / uk+1n2dx+Dmk/um+k*2|ux|2n2dx+/d(u)ukﬂzdx
s a2 a—2
a+2 a+2
— —2Dm / Mm+k_lux7777xdx + /fa(y)b(u(t —r,Xx— y))ukrﬂdydx
a2 a—2 R
Dk a+2 2D a+2 a+2
aa a—2 a—2
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a+2

Dmk
< 2 k=2 1202dx + C. (3.26)

-2
a—2

Thus, for any given o > 0, and any ¢ > 0, we see that

t+o a+2
/ u" K2 | Pndxds < C, (3.27)
t a2

where C only depends on r and o. Thanks to the mean value theorem of integrals, there exists
to € (¢, t + o) such that

a+2

/ u™ =2 (10) lu (10, x) [P n* (x)dx < C. (3.28)
a—2

Multiplying (3.1) by (#™);n* and integrating the resultant equation with respect to x over [a —
2, a + 2], using integration by parts and the properties of b(u) and d («) in (H)-(H3), and noting

a+2 a+2 a+2
/d(u)(u'"),n‘*dx:m/(d(u)—d(O))um—lutn“dx:m / d' O)u"un*dx,
a—2 a—2 a—2

with some number 67 € (0, u4 ), then we have

a+2 a+2 a+2

0= / W™)iupm*dx — D / W™ )xx ™) dx + f d(w)(u™)n*dx
a—2 a—2 a—2
a+2
— / / FaObu(t —r,x — y)dyu™)m*dx
a-2 R
a+2 a+2
=m / u™ () ntdx + D / ™) e (u™)xn*dx
a—2 a—2
a+2 a+2
+4D / @™ ™)’ nedx +m / d' O)u™un*dx
a—2 a—2
a+2
-~ / / Sabu(t —r,x — y)dyu™)n*dx
a-2 R
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a+2 a+2
:m/u 4dx—i———/|(u )x|2174dx
a—2 a—2
a+2 a+2
+mi+la d’(@l)um+ln4dx+4Dm2/uzm_zuxu,n3nxdx
a—2 a—2
a+2
- / / FaObu(t = r,x = y)dy™)m'dx
a2 R
a+2 a+2
zm/umflutnzldx—i— /|(u )el2ntdx
a—2 a—
a+2 a+2
+d' (0 )ﬁdi / u"Htdx —|—4Dm2/u2m_2uxum3nxdx
a—2 a—2
a+2
- f /fa(y)b(u(t—r,x—y))dy(um),n4dx. (3.29)
a—2 R

On the other hand, by using Cauchy-Schwarz inequality (ab < sa® + %b2 for any ¢ > 0), and
noting (3.26), we get

a+2
4Dm2/u2m_2uxu,n3nxdx
a—2
a+2 a+2
5% umflu,zn4dx+l6D2m3/ 3m=1),, nznzdx
a-2 a—2
a+2 a+2
5%/umflutznzldx—i—C/u3(m7])u§n2dx
a—2 a—2
a+2
m m—12_4
EZ u"untdx +C, (3.30)
a—2
and
a+2
[ ([ fatwrptutc = rox =y )yt
a—2 R
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a+2

=m / (/ Ja )bt —r,x — y))dy)um_lutn4dx
a—2 R
a+2
= / /fa(y)[mb(u(t —rx—y)*+ %utz]um_ln“dydx
a—2 R
a+2 a+2
< % / um_lutzfl4dx +m / u"’_ln4(/fa(y)b(u(t —rx —y))zdy>dx
a=2 a=2 R
a+2
= % u"ufn'dx + C. (3.31)
a=2

Plugging (3.30) and (3.31) into (3.29), we get

t+o a+2 a+2 a+2
/ u" Vg Pn*dxds +sup | |(™)|*n*dx + sup / uW"lytdx < C, (3.32)
t t
t a-2 a—2 a—2

where C is independent of /. We denote the weak limit of ) by u as | — oo. Letting [ — 00,
we prove the existence of generalized solutions for the problem (1.1) and (1.2) equipping with
(3.27), (3.28) and

O<u<ug.
We further have
t+o a+2 a+2
/ / lug|*n*dxds + sup / |@™) > n*dx < C. (3.33)
t a—2 ! a—2

In view of the above results, u™ € L (R; HIL -(R)), due to the Sobolev’s inequality, we have
u™ e L®(Ry; C%(R)), namely

u(t,x) € C3 (R), forteR,.

Since (u™); € L2((t,t + o) x (a — 1,a + 1)), for any 1 >t >0, x € R, denoting B, as a ball
with a radius r = |t; — t2|% centered at x. From (3.33), we obtain

151

d
/lum(ll,x)—um(tz,x)ldx:/ /a—u’”(s,x)ds dx
s
By

B, o
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1
151 2

9 2
§C/ /8—um(s,x) ds | |11 —n)2dx
S
B, n
t 2
: a 2 11
<C // a—um(s,x) dsdx | |t —nl2|r|2
S
B,
<Clty —nl?|r]2. (3.34)

. . 1 .
Meanwhile, using the mean value theorem and r = |f; — 2|2, there exists x* € B, such that
1 1
/ lu™ (t1, x) — u™ (t2, x)|dx = |u" (1, x*) —u" (t2, x)||r| < C|ty — 12| 2|12,
B,

namely,

1
lu™ (11, x*) —u™ (12, x*)| < Cl|t1 — 12]%.

Therefore, we have

[u™ (t1, x) —u" (2, X)|

<lu™(ty, x) —u™ (1, x°)| + [u" (t1, x*) —u"™ (12, x7)|
+ [u™ (12, x) —u™ (2, x™)|

< C(x —x*7 + Ity — 1] )

<Clty — 1. (3.35)

This implies u™ € C#2 (R, x R), equivalently, u € C# % (R4 x R). (]

Proposition 3.2 (Uniqueness of original solution). Under the assumptions in Theorem 2.1, then
the solution of (1.1) and (1.2) is unique.

Proof. Let uj, up € D be two solutions of (1.1) and (1.2), and denote u = u; — up. When
te0,r), b(ui(t —r)) =b(ur(t —r)), then u(t, x) satisfies

d
o D) —uy)xx +dw) —du2) =0, (t,x)€(0,r) xR,

at
limy s 4oou(t, x) =0, £e(0,r), (3.36)
u(s,x)=0, sel[-r0], xeR.
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From the definition of weak solution, the weak form for (3.36) is reduced to

—//u(l,x)%dxdl—i—D/fV(u'l” —uy) - Virdxdt
0 R 0 R

+//[d(u1)—d(uz)]wdxdt=0, (3.37)
0 R

with any test function ¢ € Cgo ([—r, T] x R). Namely, we have

A 9 82
u(r, x)[— DAy, u2) =2 — Bu,, uz)w]dxdt —0, (3.38)
ot ax2
0 R
where
M’ for uj ?é uy,
A(ur,uz) =3 uy —uz (3.39)
mu'l"_l, for u; = us,
and
d —d
(u1) (u2)7 for uy # g,
B(uy,uz) = Uy — un (3.40)
d’(ul), foru1 =Uuj.

For any smooth functions g(x) € Ci°(R) and h(t) € C3°(0,7), let Bg, be the ball with radius
Ro > O such that supp g C Bg,. Forany R > Ro+1,n > 0, and ¢ > 0, we consider the following
adjoint problem in C3°([0, 7] x R):

I 82<p

E + (DAS(uls u2) + n)m - BS(”]?”Z)(p = _g(-x)h(t)a |x| < Rv te (07 r]»

9o o, k=R, re(©,r, 4D
p(x,r)=0, x| <R,

where A.(u1,us) and B.(u1,us) are the smooth approximations of A(uy,us) and B(uy, u2)
respectively, with

A(ur,uz) <Ag(ur,uz) < A(ur,uz) +¢ and B(uy,uz) < Be(uy,uz) < B(uy, uz) +¢.

Clearly, the IBVP (3.41) is the linear and regular heat equation with the given “initial data”
imposed at ¢ = r, which possesses a classic solution ¢(¢, x). Let ¢ (¢, x) = (pgn (t, x) be the solu-
tion of (3.41) with zero extension to the whole space of R, and let £g(x) € C(C)’O(R) be a cut-off
function such that 0 < &r(€) <1, &r(x) =1for |[x] <R —1,and ég(x) =0 for |x| > R — %
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Particularly, by taking (¢, x) = &g (x)(pfn (¢, x) as the test function in (3.38), we have

IV 9%y
E + DA(ul,uz)W — B(uy, ux)y

=&r 00 (5 + DA(ul,uz>327*§ — Bl w)y)
+ DAu1, u2)(Erxx® + 26Rx¥x)
= %‘R(X)(aa—(f + (DAg (u1, uz) + n)g% — Be(ui, uz)w)
— [D(Ag(ur, u2) — A(uy, uz)) + nlér@xx
+[Be(u1,u2) — B(uy, uz)ly
+ DAui, u2)(§Rxx® + 25Rx¥x)
= —g(X)h(t)Er — [D(Ae(ur, u2) — A(ur, u2)) + nlér@xx
+[Be(u1, u2) — B(ui, uz)ly
+ DA, u2)(ERxx® + 26Rx ¥x). (3.42)

Substituting (3.42) into (3.38), we obtain

//u(l,x)g(x)h(t)éR(x)dxdt
0 R
— / / (e, 1D (A (1, 12) — At u2)) + nlérgandids
0 R
+//u(t,x)[Be(u1,uz)—B(ul,uz)]wdxdt
0 R

+ / / u(t, ) DAL, u2)ERex + 2 Rega)dxdt
0 R

=11+ L+ (3.43)
As showed in the estimates in Lemma 3.1 and Lemma 3.2 in [41], we can similarly prove
I -0, ase—> 0, n— 0, (3.44)
and
Ib—0, ase — 0. (3.45)

On the other hand, we know that
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.
//¢2dxdl < ZR"”(p”iOO((O,r)xBR)’
0 Bp

and |@(t, x)| < C(llgllLeBg)> Il L>(0,r), r) independent of €, , and R, based on the maximum
principle. Note that

r

D//|M(I,X)A(u1,uz)ERxx<P|dde

0 R
,
< C/ / lu'f' (£, x) — uy (¢, x)|dxdt
0 Br\Bgr-1

—0, asR— oo,

because u1(t, x) and u> (¢, x) converge to the same value uniformly for x — oo, and

r

2D//|u(t,x)§1gxgox|dxdt

0 R
r
<cC / / Wt %) — (0, )l [dxdt
0 Br\Bgr-1

—0, asR— o0,

due to the fact that [l¢x |1, r)xBg) 1S uniformly bounded according to Lemma 3.2 in [41].
Therefore, we prove

I3 — 0 as R — oo. (3.46)

Thus, taking ¢ — 0, n — 0 and R — oo, then (3.43) with the help of (3.44)-(3.46) implies

//u(t,x)g(x)h(t)dxdt:O.
0 R

Since g(x) and h(t) are arbitrarily given, we then obtain
u(,x)=0, ie., ui(t,x)=uy(t,x), for(t,x)e[0,r]xR.
When ¢ € [r, 2r], we can similarly prove
ui(t,x) =uy(t,x), for(t,x)elr,2r]xR.
Repeating the same procedure, we can prove
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ui(t,x) =us(t,x), for(t,x)enr,(n+1)r] xR,
for any integer n. Therefore, we finally prove the uniqueness
uy(t,x) =uy(t,x), for(t,x)eRi xR.
The proof is complete. [
Proof of Theorem 2.1. Based on Proposition 3.1 and Proposition 3.2, we immediately obtain
Theorem 2.1. [J

4. Global stability of traveling waves

Let ¢ (x + ct) be a given traveling wave connecting 0 and u4 with ¢ > ¢*, and u(¢, x) be the
solution of (1.1). Denote

v(t,x):=u(t,x) —¢(x +ct),

and the initial datum

vo(s, x) :=u(s,x) —¢p(x+cs), se[—r0]
Then v (¢, x) satisfies

v 0w — ™)

ot ax2

= / JaWb@ —r,x —y)+¢(x+ct —cr —y) —b(@p(x +ct —cr —y)ldy  (4.1)
R

v(t, X)|1=s = vo(s, x) =uo(s,x) —p(x +cs), s € [—r,0].

+d(v+¢)—d(9)

Now we are going to prove the global stability of traveling waves in L!-sense. The proof will
be divided in four steps. In Step 1 and Step 2, we will prove the regularity of v in the weighted
L L(R)—space and the regular L' (R)-space, respectively. Then in Step 3 we show the exponential
stability of traveling wave in the weighted L }O(R)-space. In Step 4, based on such an exponential
convergence, we finally prove the exponential stability of traveling wave in the regular L!(R)-
space. The adopted approach is the energy estimates with the compactness analysis together.

Step 1. L -weighted regularity of v € L® (R, L }U(R)) for the perturbation equation.

Let sgn(s) be the sign function, and J;(s) be its smooth approximation. Namely, J.(s) €
CY(R) and J,(s) — sgn(s), J/(s) = 8(s), as ¢ — 0, where §(s) is the Delta function. Define

and a smooth concave function o, (x) € Cg°(R) satisfying

1, |x|<n,

0< <1, |o <1, and =
<ap(x) < la, (0)] = on (X) 0, |x|=>=n+1,
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where n > 0 is a given number.

Multiplying (4.1) by Je (D) (x)a, (x) with the weight function w(x) = e™**, and integrating
the resultant equation with respect to x over R, we get

/8t(va)ot,,).l5(f))dx—D/ﬁxng(ﬁ)wandx
R R

+ /[d(v + @) — d(P))Js (V)wapdx

= f ( f Sa Wb (er + ber) = bGer)ldy ) Je (Dendx, 4.2)
R

R

where

Ver :=v(t —r,x —y), and ¢ =@ (x —y+ct —cr)).

Let he (D) = foﬁ Je(s)ds, then we know that 9, h, (D) = J,(0)y, and k. (D) — |0| as € — 0. Note
that

D / Oy Je (D) wa,dx
R

= —D/ 10, |2 J (D) wetydx — Je (D) atndx — D/f)x Je(D)wa, dx

R R
=—D/ 0 12T (D) watydx — D/ o'y + wa, 19, he (D)dx
R

= —D/ 105 |2 (D) watndx + D | he(d) (@ oy + 20, + wa!)dx,

T

then (4.2) is reduced to

f 3 (vway) Jo (D)dx + D / |0 |2 I (D) wetndx

R R

_ D/hg(ﬁ)(a)”ozn + 20y, + wa,))dx
R

+ / [d(v + $) — d(@)]Je (D)wandx
R

2/ (/fa(y)[b(vcr + @er) _b(¢cr)]d))) Js(ﬁ)wandx- 4.3)
R

R

85



C. Liu, M. Mei and J. Yang Journal of Differential Equations 306 (2022) 60—100

2

loc

From (3.33), we know that v, v, € L7 (R). Thus, letting & — 0, we have

/ J! (D) Dy voa,dx — /é(ﬁ)ﬁwiandx =0, ase — 0,
R R

and further from (4.3) we reach, by taking ¢ — 0,

% / v sgn(d)wor,dx + D / 104128 (D) warndx
R R
+ /[d(v + ¢) — d(¢)] sgn(v)wa,dx
R

_ D/ [0](0” ay + 20", + warl) )dx
R

= [ ([ £)1bt20r +820) = b6y seniran . (44)
R R

Note that
sgn(V) =sgn(u" — ¢") = sgn(u — ¢) = sgn(v),
and d(v) is increasing, then
sgn(0) =sgn(u" — ¢") = sgn(u — ¢) = sgn(d(u) — d()),

we obtain from (4.4) that

d
E/|v|woznarx+1)/|ﬁx|25(a)m,,dx+/|az(u+¢)—d(qs)m,,dx
R R R

— D/ 0] (0" an + 20 o), + war)))d x
R

= [ ([ £)btwer +6e0) ~ b6 lay) sen(eroad,
R R

namely,

d
Ef|v|a)(xndx+D/|ﬁx|28(ﬁ)a)andx
R R

+/|d(v+¢))—d(¢)|a)andx—D/|ﬁ|a)a,’1’dx
R R
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= / (A way, — 2hwa)dx
R
/ / JaeDBer + Per) — b(¢cr)]dy) Sgn(ﬁ)wandx- 4.5)
R

Since )/ (x) <O0forx € (—n—1, —n)U(n,n+1),and ), (x) > Oforx € (—n—1, —n), ), (x) <
Oforxemn+1),0<o,(x)<land —1 <o (x) <1forx € (—n—1,—n)U n,n+1), and
noting

ld(v+ ) —d(¢)| = d"(O)]v],

due to d'(s) > 0 being increasing (see (H3)), then from (4.5) we have

d
E/|v|a)andx+D/|ﬁx|28(ﬁ)wandx
R R

+d (O)/|v|a)andx+D/a)|A "dx
R

/ |(\2way, — 2hwa)dx
R

/ / Sa b (er + ber) = b(@er)|dy |waudx
R

n+1
§C0/|v|w0!ndX+2)»/e_“|13|dx
R

n

¢ [ ([ fulveridy Joapdx
R

R
n+1

SCO/ |v|wa,dx + C / e Mdx

R n

w(x)
faWo(x = y)lverldy ) ==, (x)dx
w(x =)

R
_CO/|v|a)andx+C+C||v(t—r)||L{L(R), (4.6)

R

for some constant Co > 0. Namely, it is
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d
a7 / |v|waydx + [d'(0) — Co]/ lvlwaydx < C + Cllv(t —r)liL1 (R)- “.7
R R

When ¢t € [0, r], we have

v =Ly r) = llvo =Ml w) < C,

which together with (4.7) gives

d / ,
o (e[d (0)7C°]t/ |v|a)a,,dx) < Cel? (0)7C°]t, tel0,r],
R

and then

t
/|v|wandx 567[‘1/(0)7&)]’/|vo|a)(x)an(x)dx+C/ef[d/(0)7coj(tﬂ)ds
R R 0

<c / ol (¥)en (x)dx + C
R

<C, for te]0,r].

Taking n — oo, we have

sup /a)(x)|v(t,x)|dx <C.
]

tel0,r

Similarly, repeating the same procedure, for ¢ € [nr, (n + 1)r], we can prove

sup [a)(x)lv(t,x)|dx§C, n=1,2,---.

t L (n+1
elnr,(n )r]]R

Thus, we have

sup /a)(x)|v(t,x)|dx <C.
te[O,oo)]R

This proves v € L* (R, L}O(R)).

Step 2. L!-regularity: v € L®(R,, L' (R)).

Multiplying (4.1) by J¢(D)e, (x), and integrating the resultant equation with respect to x over
R, we get
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/ 3 (vaty) Je (V)dx — D/ Uyx Je (D)ot dx
R R

+ f [d(v+ $) — ()] (D)atndx
R

Zf (f JaeDDWer + Per) _b(d)cr)]dy)Js(ﬁ)(xndx- (4.8)
R R

Taking ¢ — 0, as showed in (4.5), we can similarly prove

d
E[|v|a,,dx+D/|ﬁx|28(f))andx
R R

+/|d(v+¢)—d(¢)|andx—D/|ﬁ|a,’;dx

R R
— [ (] fs)1btver +820) ~ b6l sgniradx
R R
< c/ (/ JaIo(e = r,x = y = en)ldy )andx. 4.9)
R R

Taking n — oo, we further have

d e
o [ Ioldx+ D [ 15 P3(6)dx
R R

+ / (v +¢) — d(@)ldx
R

= [ ([ fulote = rox =y = eriay)ax
R

R
§C||U(t_”)||L1(R)- (4.10)

When ¢ € [0, r], (4.10) implies

d
E[de =Cllvt =Nl = llvot = NliL1R)
R

which implies

/ lv(t,x)|dx < C, fortel0,r].
R
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Similarly, we can prove

/ lv(t,x)|dx < C, fortelnr,(n+ 1)r],
R

and further

/|v(t,x)|dx§C, for ¢ € [0, 00).
R

Namely, we prove v € L®(R,; L'(R)).

Step 3. Exponential stability of ¢ (x + ct) in the weighted L }U(R) space.

Now we consider v = u(t,x) — ¢(x + ct) in the moving coordinate & = x + ct. Namely
v =v(t, £) satisfies the following equation

2¢,m _ 4m
a—erca—v—Da(“—z(’l))+d(v+<zﬁ)—d(<l>)

ar o €
zjfa(y)[b(vcr + Per) — b(der)1dy, 4.11)
R
v(s,&) =vo(s,§) =uo(s,§ —cs) — @), s e[—r,0],

with ve :==v(t —r, & —cr —y) and ¢y :=P(§ —cr — ).
As we showed in (4.5), let us multiply (4.11) by J.(0)w (&), (€) with the weight function
w (&) = e * and integrating the resultant equation with respect to & over R, we get

d NPTOR
E/|v|wand$+Df|vg|28(v)wand§
R R

— D/ |f)|()»2a)an — 2o, + waZ)d"g‘
R

+ / A+ $) — d(¢)|wandE
R

— e [ (1l @@ + olon )0 @) )
R

= / (/ JaeDB(er + Per) — b(¢cr)]dY) sgn(D)wa,dE. (4.12)
R R

Since v € L}U(R) (see Step 1), from the definition of «,,(£), by taking n — oo to (4.12), we
obtain
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d
s / vl E)dE + D / 10126 (9)or (€&
R R

+ / A+ ¢) — Al E)dE — / vlo (€)dE
R R
-D / 10| (A o (§))dE
R

< f ( / FaWIb(ver + o) = b(ger)ldy ) (§)ds. (4.13)
R R

Note that d”(u) > 0 and b” (1) < 0 for u € [0, u4] (see (Hz)), there exist some points ¥ between
¢ and v + ¢, and V., between ¢, and v, + ¢, such that

ld(v+ @) —d(p)| =1d"(D)||v] = d'(0)|v] >0,
[b(Ver + Ger) — D(@er)| = |b/(1~)cr)||vcr| = b/(o)lvcr|~

These can guarantee that
/ ld(v+¢) —d($)|wd§ = d’(O)f lvlwds, (4.14)
R R

and

J ([ £eibtver + 600 = bioenias)ara
R R

6O [ ([ ot =rs =y = enidy)oerde
R R

w(§)

:b’(O)f (f JeIote = . =y —enlo —y —endy) — s
R R

=50 [ ([ fume ™0 =1 =y = enlats -y — enrdy)ds
R R

=50 [ e ([ o =gy - enloe -y - ende)dy
R R

=50 ([ £ty dy) v = Dy z,
R

= 'O |yt — ) 1) - (4.15)
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Substituting (4.14) and (4.15) into (4.13), we get

d N
s / vl E)dé + D / 1026 (9)oo (¢l
R R

+/ (d/(O) +ch— D,\ZM)lv(ns)lw(S)dS
J |v]

—A\C 2
<b' O o =)l )-

(4.16)

Multiplying (4.16) by e#*!" and integrating it with respect to ¢ over [0, ], where u; > 0 is a

number which will be determined later, then we have

t

e’“’/Iv(t,é)lw(é)d%‘+Df€“”/Iﬁs(f,$)|23(ﬁ)w(§)d$df
R R

0

||

t
+/eu1f/(d’(0)+ck—DA2m—M1>|U(t7§)|w(§)d§df
0 R

t

< / v0(0, &) | (§)dE + b (0)e <+ / T o(T =)l ryd.

R 0
Note that, by change of variables T — r — 7, we have

t

b/(o)e—kcr+axz f M lu(r — r)”LL]z)(R)dT
0
t—r
_ 2

= b (0)e Acr+ak f eu1(r+r)||v(f)||Lgo(R)df

—r
t

< b/(o)e—xcr+aA2 / eu1(r+r)||v(r)||LL(R)df

0

0
+ b/(o)e—kcrﬂuz / e“l(r+r)”UO(T)”L(L(]R)dT-
—r

Substituting (4.18) into (4.17), we get

t

o1l / v(t, £)|w(E)dE + D / ot / 10 (. £)25 (D)o (¢)dEd T
R 0 R
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t

+/e‘“’/Ac,ul(r,s)w(z,s>|w(€>d5df
R

0
0
< / [00(0, &)l (£)dE -+ b' Oy T+ / T o)l T, (419)
R —r
where
u(t, )
Ay (t,8) :=d'(0) + e — Dﬂ% — g = b ()R puar (4.20)
v(Z,
Since

0@, ) _ [u" (1, §) = ¢" ()]
lu(, &)I |u(t, &) — ¢ (&)l

_|m¢mt, asu#¢, for some p € [0, u],
| memt, asu=¢,

m—1

<muy ", “4.21)

there exists a large wave speed ¢ > 4, by taking A € (A1, A2), such that

BC(I, 5) L= d/(()) +ch— D)xz |U(l, $)| — b/(o)e—)xcr—i-a)\z
[v(z, )l
>d'(0) +ch— Dkzmuﬁ_l _ b/(O)e_)‘CH'“)‘Z
= G>0 e @H). 4.22)

Thus, there exists a small 0 < 1 < 1 such that

L _ 2|f)(t,§')| _ 3/ —Acr4ar? wir
Acj ,8):=d" (0) +ch — Dx e w1 —b'(0)e e

> d'(0) + ch — DAPmut ™" — b/ (0)eHerter’
— 1 = b Q)RR e — 1)
> Cy — 1y — b (0)e T (17 1)
> 0. 4.23)

Combining (4.19) and (4.23), we prove

1oz @ < e (10O @y + Coll i —ror @y )- (4.24)
Step 4. Exponential stability of traveling wave in L' (R).
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Since d’(uy) > b'(uy), and ¢ (&) € C'(R) is increasing in [0, u, ], there exists a sufficiently
large number &y >> 1 such that

d'(¢(8) > b'(¢(§)), foré €&, 00).

Let us introduce a new smooth function &, (¢§) € C;°(R) such that

0, E§<&—1,
a¢), &H—-1<&<é,
1, <& <mn,
0, E>n+1,

&n(g) =

and

0<a @) <1, la,@l=1,

where n satisfying n > & is a given number, and @ (§) € C*®°(&y — 1, &y) satisfies
a(G—D"H =0, a(G)=1,
and
0p@le—g—1)r =0, 0i@le—g)- =0, j=12---.

Multiplying (4.11) by J (D)@, (¢), and integrating the resultant equation with respect to & over
R, as showed in (4.12), where the nonlocal term is switched to, by taking &€ — y —cr — y,

/ Jaber + Ger) — b(@er)ldy = / Ja(& =y —cr)[bu(t —r,y) + &) —b(o(y)dy,
R R

then we can similarly have

d
E/|U|&n(%—)d§+D/|65|25(ﬁ)&n('§)d5
R

R
—D / ola! €)ds — ¢ / 01, (€)de
R R
+ / 1A+ $) — d($)]n (E)dE
R

= / ( / fuy =& = enlb((t = 7, 7) + $(1) = bBG)]dy ) sen(D), (€)dé
R R
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= / (b =7, ) + (1) = b@MI( / fuly = & = crysgn()a, (§)d§ )dy.  (4.25)
R

R

Taking n — oo to (4.25), and noting the properties of &, (§), we get

éo 00
d - d
a7 f |v|a($)d§+5/|v|d§
&o—1 &0

& 00
+D / |ﬁg|26(ﬁ)&(§)d$+D/|ﬁg|28(f))d§
&—1 &

& &
D / ol& (€)dE — ¢ / ol (£)d

&—1 Ep—1

& 00
+ f |d(v+¢)—d(¢)|&(€)d§+f|d(v+¢)—d(¢)|d§
§o—1 &o

< [ =)+ 600 = b@OII( [ fuly — &~ erde)dy
R R
< / bt — . 3) + () — by,
R
namely,
a f d [
7 / |U|&($)d§+5/|1}|d§
&—1 &
0o &
+D/|ﬁg|28(ﬁ)d$+D / |0g |28 (D)@ (£ )dE
&

&—1

+ / (v + ) — d(@)|dE
&

& &
<D / l&" €)dE + / ol (€)de
&—1 &—1
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&0
- / ld(v+¢) —d(@)|a)dE

§0—1

&
+ / b — 1, ¥) + $()) — OOy

+ / b — 1, ¥) + $()) — OOy 4.26)
&
Since

o
D / 1018 (D)@ (§)dé = 0,
§o—1
and from (H3) and the mean value theorem that there exists qg € (¢ (&), uy) such that
ld(v + @) —d(¢)| =1d'(@)|]v] = d' (¢ E))v], for & € (£, 00),
and

16(er + ber) — bder)| = 16/ (@) ver| < ' (@ E0))lver |, for & € (£, 00),

where q:5 is a mean value between ¢ (&) and u, and we also note that the exponential decays
showed in (4.18) and (4.24), which imply

&
/ (1, £)[dE < Ce M1,

&o—1

and

& éo

/Iv(l,S)IdESC/w(é)lv(t,$)|dE§Ce_”", (4.27)
then (4.26) is reduced to

d 7 a T

& [ wiaeds + L [ wias

&—1 éo
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+D/Iﬁs|25(ﬁ)d$+d/(¢($0))f|v(l,é‘)|d$
) o

& &
<c / 0. £)IdE + C / ot — 1. £)ldE
&o—1 E—1
&

+ f [b(u(t =71, y) +¢(y) — b(@(y)ldy

—00

+/|b(v(t—r, y)+ o) —b@(y)ldy
&o

& &
<c / (e, £)[dE + C / (i — 1. 8)ldE

§o—1 E—1
o

+C/ [v(t —r, y)|dy
-0

+ B (&) / (i — . y)ldy
&

< Ce M 41 (&) / (i — r. y)ldy. 4.28)
&

Multiplying (4.28) by e*2" and integrating it with respect to z, where 0 < uy < w1 will be deter-
mined later, then we have

& 00
o2t / (0] (E)dE + e / lvlde
&—1 &

t

[e¢) 1 o
+D/e"” Iﬁglz5(ﬁ)dédf+d'(¢($o))/e“ﬂ/Iv(f,S)IdédT

0 & 0 &
o e
<c / |vo(0,s>|ds+c/|vo<0,s>|dé
§—1 &
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t 1

& 00
+ / et [ pla)dzdr + f oot f (. £)|dEdz

0 §o—1 0 &0

t t o0
e / BT gr 4 b (6 (&) / eht / (z -, )ldyde
0 0 &
t o0
< CllwoO 1 g) + 12 / et [ oz, £)ldedr
0 &

r

r— [ee}
+b/(¢(€o))/6“2’/|v(u yldydt

0 &
0 e’}
+ 5 (6 () / ehat / lvo(r. )ldydr. (4.29)
—r &

Thus, (4.29) can be estimated as

o0 t o0
ot / (1, ©)1dE + [d' (@ (E0)) — b (o)) — 2l / eht / lu(z. £)|dEdr

&o 0 o

0 oo
fCHUO(O)”U(R)+b/(¢(§:0))/eM2T/|UO(T7 Vldydz. (4.30)

—-r 0

Let > be small enough such that

0 < p2 < min{u1, d'(¢&0)) — b'(¢(60))}-

Thus, from (4.30), we get
o
/ lu(t,&)ldg < Ce M. 4.31)
§o

Combining (4.27) and (4.31), and taking
w=min{u, u2} = ua,
we finally prove the exponential L'-stability for the traveling wave:
@)1 gy < Ce ™.
The proof is complete.
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