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Abstract

In this paper, we establish the asymptotic stability of the
steady state for the 1-D stochastic Euler-Poisson equa-
tions with Ohmic contact boundary conditions forced
by the Wiener process. We utilize Banach’s fixed-point
theorem and the a priori energy estimates uniformly
in time to ensure the global existence of solutions
around the steady state. In contrast to the determin-
istic case, the presence of stochastic forces leads to
the lack of temporal derivatives of momentum, posing
challenges for energy estimates. Furthermore, Ohmic
contact boundary conditions pose greater challenges for
energy estimates compared to the insulating boundary
conditions. To address this issue, we establish asymp-
totic stability concerning the spatial derivatives through
weighted energy estimates for the estimates of stochas-
tic integrals, employing a technique distinct from that
of the deterministic case. Furthermore, we demonstrate
the existence of an invariant measure based on the a pri-

ori energy estimates. This invariant measure precisely
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corresponds to the Dirac measure generated by the
steady state, due to the time-exponential decay of the
perturbed solutions around the steady state.
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1 | INTRODUCTION

The model of the stochastic Euler—Poisson (SEP) equations provides a precise depiction of phys-
ical phenomena for the analysis and design of semiconductor devices [2] since the stochastic
effects occasionally lead to undesired defects and pattern roughness in chips. Thus, we explore
the dynamic model of semiconductors perturbed by stochastic forces within mathematical frame-
works. In Part 1 [37], we studied the existence and the symptomatic behavior of the stationary
solution to SEP in 3-D bounded domain with the insulating boundary conditions. The Ohmic
contact boundary conditions pose more challenges than the insulating boundary conditions. For a
multidimensional bounded domain with Ohmic contact boundary conditions, there are no results
on the well-posedness of deterministic solutions around the steady states. Hence, we merely
consider the 1-D SEP. In 1-D bounded smooth domain U, the 1-D SEP reads as

pr+Jx =0,
a1+ ((5+P@) +1)de=po derFpnaw, D
®x =p—b,
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where “d” is the differential notation with respect to time ¢, p is the electron density, J is the
current, P (p) is the pressure, @ is the electrostatic potential, and 7 is the velocity relaxation time,
which is regarded as a constant, assumed to be 1 without loss of generality thereafter. b : = b(x) is
called the doping profile, which is positive and immobile. We also introduce the electricity field E
satisfying E = ®,.. Stochastic processes p, J, @, E, and P (p) are actually functions of w, ¢, and x,
where w is a sample in the probability space (Q, P). For convenience, we use the simplified notions
p,J, @, E, and P (p) here and hereafter. W is an H-valued cylindrical Wiener process defined on
the filtrated probability space (Q, §, P), where H is an auxiliary separable Hilbert space, and § is
the filtration, referring the definitions of filtration and Wiener process in Appendix A. Let {e;, }]Z‘i
be an orthonormal basis in H. Then, the cylindrical Wiener process is W = z:‘:ﬁ ey, where
{Bk(t); k € N, t > 0} is a sequence of independent, real-valued standard Brownian motions. Let H
be a Bochner space, and F (p,J) be an H-valued operator from H to H. Denoting the inner product
in H as (-, -)3, the inner product

(F(ps ), )3 = Fr(p,J) 1.2)

is an H-valued vector function, which shows the strength of the external stochastic forces,
+00 oo
F(p, NAW = ) Fi(p,)dBrer,  F(p,]) = ). Fi(p, e (13)
k=1 k=1

We will write Fy (p,J) as F, for short in the sequel.
We assume that

+o00
F(o,))dW = ) Fy(p,7)d ey, (1.4)
k=1
k= , 2= 5 N 5 ¢, XL, .
Fy=aqJY(J), Y ai=1, [YO)l<cl, |[Y)|<C, |[Y'0)|<C (1.5)

where a; are positive constants. Regarding the Euler-Poisson equations (1.1), the Ohmic contact
boundary condition is given by

p(a)it’o):pls P(w,t, 1):;02’ (16)

where p; and p, are positive constants, and the boundary condition for the electrostatic potential
® is required:

D(w,t,0) =), D(w,t,1)=>,, 1.7)

where @, and @, are constants.
The stability problem of (1.1) with (1.6), (1.7), along with the following initial data in (Q, &, P)

(PO(C(),X), JO(w9x)s q)()(wﬁx))’ (18)

is studied in this paper. We denote (o,(w, x), Jy(@, x), ®y(w, X)) by (0¢, Jo, D) for short.

For the multiple dimensional case, Guo—Strauss [18] considered the deterministic 3-D Euler-
Poisson equations in a bounded domain with insulating boundary, and showed the convergence
of solutions to the 3-D subsonic steady states. The stability analysis of semiconductor systems
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with the contact boundary conditions is more complicated compared to those with the insulat-
ing boundary conditions. This complexity arises due to the absence of studies on well-posedness
of steady state for 2-D or 3-D deterministic semiconductor systems with the contact boundary
conditions. Generally, there are no solutions or no uniqueness of solutions to the elliptic equa-
tion with the Dirichlet boundary conditions. Researchers make attempts to get close to this
problem. Mei-Wu-Zhang [41] considered the stability of the steady state for 3-D spherical symmet-
ric semiconductors in a hollow ball, that is, the radius r > ¢ is required, for some small constant €.
Markowich [39] discussed the existence of the subsonic solution in two dimensions with the irro-
tational currents on the boundary. Further exploration into the stability of steady-state solutions
for the Cauchy problem was undertaken by Hattori [23]. The Cauchy problems to the deterministic
Euler-Poisson equations were extensively studied in [9, 27-30, 33]. For the ill-posedness of solu-
tions of multidimensional Cauchy problem, one can refer to Ogawa-Suguro-Wakui’s work [44].
For the case of free boundary with vacuum, we refer to [38, 42, 50] and the references therein.
For the formulation of singularities in compressible Euler-Poisson equations and the large time
behavior of Euler equations with damping, one can refer to [47] and [49], respectively.

For the deterministic case with the 1-D contact boundary condition, Degond-Markowich [7]
studied the existence of steady states and the uniqueness for a given current density J. Li-
Markowich-Mei [36] explored the existence and uniqueness of steady-state solution for the flat
doping profile. Guo-Strass [18] also considered the steady state ( o,J, (i)), and constructed a global
solution near the steady state. While the current J is small, 5, ®, and the doping profile b(x)
have large variation. Then, the uniqueness is reconsidered by Nishibada-Suzuki [43] for a given
boundary voltage.

As we addressed in Part 1 [37], the stochastic forces exhibit at most Hélder—% continuity in time
t, leading to the decreased regularity of velocity over time. From a mathematical perspective,
investigating the stochastic problem enables us to examine the long time behavior of solutions
to the SEP equations in the absence of strong regularity in time and determine whether the
desired properties persist in the presence of specific types of noise, providing valuable theoretical
guidance.

The solutions to stochastic evolving systems are called the stationary solutions, provided that
the expectations of the increments of solutions during evolution are time-independent. Origi-
nally, the study of stationary measures dates back to the works of Hopf [26], Doeblin [8], Doob
[10], Halmos [19, 20], Feller [11], and Harris and Robbins [21, 22], for the theory of discrete Markov
processes. The study of invariant measure of fluid models dates back to Cruzeiro [6] for stochas-
tic incompressible Navier-Stokes equations in 1989, by Galerkin approximation with dimensions
D > 2. Flandoli [12] and Flandoli-Gatarek [13] proved the existence of an invariant measure for
multidimensional incompressible Navier-Stokes equations by different methods with [6]. Mat-
tingly [40] proved the existence of exponentially attracting invariant measure with respect to
initial data, for incompressible N-S equations. Later, Goldys-Maslowski [17] showed that tran-
sition measures of 2-D stochastic Navier-Stokes equations converge exponentially fast to the
corresponding invariant measures in the distance of total variation. Then, for the 3-D case, Da
Prato and Debussche [45] constructed a transition semigroup for 3-D stochastic Navier-Stokes
equations, which allows for rather irregular solutions without the uniqueness. Flandoli-Romito
[15] used the classical Stroock-Varadhantype argument to find the almost-sure Markov selection.
For stochastic compressible Navier-Stokes equations, Breit-Feireisl-Hofmanova-Maslowski [4]
proved the existence of stationary solutions. Hofmanova-Zhu-Zhu [25] selected the dissipa-
tive global martingale solutions to the stochastic incompressible Euler system, and obtained
the nonuniqueness of strong Markov solutions. Very recently, they [24] showed that stationary
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solution to the Euler equations is a vanishing viscosities limit in law of stationary analytically
weak solutions to Navier—Stokes equations. In terms of the nonuniqueness studies, some scholars
believe that a certain stochastic perturbation can provide a regularizing effect of the underlying
PDE dynamics. For instance, Flandoli-Luo [14] showed that a noise of transport type prevents
a vorticity blow-up in the incompressible Navier-Stokes equations. A linear multiplicative noise
prevents the blow up of the velocity with high probability for the 3-D Euler system, which was
shown by Glatt-Holtz-Vicol [16]. Tang [48] extended the noise of transport type to pseudodiffer-
ential/multiplicative noise for stochastic Euler-Poincaré equations. To the best of our knowledge,
the stationary solutions of SEP with Ohmic contact boundary have not been explored previ-
ously. For our SEP, with better regularity than Euler equations, we could show the existence and
uniqueness of invariant measure in more regular space.

To study the asymptotic behavior of solutions to SEP, we first establish the global existence
and uniqueness of perturbed solutions around the steady state for the Euler-Poisson equations.
Subsequently, we demonstrate the existence of stationary solutions and invariant measure, based
on the a priori energy estimates and weighted energy estimates.

In the probability space (Q, §, P), the random variables ( p(w, x),J(w, x), ®(w, x)) are supposed
to satisfy the same equations as the steady-states equations

J = Constant,
(Z+P@)) +7=p0, (19)
@, =p—bx).

By multiplying % with (1.9), and taking divergence on the resultant equation, we have

J? 47> P'(p) P’(p)
< (P)—_—2>tpxx+ <F+ 5 |6 x| +—— =5 —b(x). (1.10)
We consider the case that J is sufficiently small so that the subsonic condition P/ (5) — = > 0

holds. The equation of 5 (1.10) is uniformly elliptic. Since we consider the small perturbatlon
2
around the steady state, the solutions p and J are subjected to the subsonic condition P’ (o) — ;—2 >

0. The existence and uniqueness of the system (1.9) with the contact boundary condition was
obtained by [36].

Proposition1.1 ([18]). Let b(x) > 0in U, J be a small constant, and P : (0, c0) — (0, 00) be smooth
with P (0) = 0. Then there exists (p(x),f , ti)(x)), a unique smooth steady-state solution, with the
Ohmic contact boundary condition

pO)=p1, P =p; @0)=C;, @)=, (1.11)
such that there holds
p(x)>p> 0,/ px)dx = / b(x)dx, VxeU, (1.12)
- U U
where p is a constant, and Q is supposed to satisfy

Q_x(lé) = (i)x' (1.13)
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In this paper, we make a clear distinction between stationary solution for the stochastically
forced system (1.1) and the steady state for the deterministic system (1.9).

For every w € Q, (p(x, ), J(w), ®(x,w)) = (5(x),J,®(x)) holds. We denote by (g,J,®) for
convenience. Hence, the law of steady state is Dirac measure 5, X &5 X 83, see Appendix A.

Our result is about the existence and asymptotic stability of solutions near the steady state with
the Ohmic contact boundary condition. We denote

-p, j=J-1J, (1.14)

We apply Banach’s fixed-point theorem and uniform energy estimates to establish the global exis-
tence of (o, j, ). Furthermore, we demonstrate the weighted energy estimates to achieve the
asymptotic stability for steady states with the Ohmic contact boundary conditions. Based on the
a priori estimates uniformly in ¢, by Krylov—-Bogoliubov’s theorem, we imply that the approximat-
ing measures will converge to an invariant measure. For this case, the invariant measure for (1.1)
precisely coincides with the law of steady state.

We denote ||-|| as the L*(U)-norm; the L®(U)-norm is denoted by ||-||; ||l means the
H¥-norm. £(-) is the law of random variables; see the definition of law in Appendix A.
L*™ (Q;C ([0, T]; H* (U))) is the space in which the 2mth moment of the C ([0, T]; H* (U))-norm
of random variables is bounded. The following is the statement of our main theorem.

Theorem 1.1. Let (p,f , <T>) be the smooth steady state of (1.1) in Proposition 1.1. If there exists a
constant € > 0 such that the initial condition (0, J,, ®,) satisfies

52 7% = 12)" 2m
€[ (o =815 + o =TI + l@0), ~ @.]*) | < 115)
foranym > 2, and

V| <& (@) = po — b(x), (1.16)

then in (Q,§,P), there exists a unique strong global-in-time solution of (1.1): p, J are in
L (Q;C ([0, T];H?([0,1]))), ® € L*™ (Q; C ([0, T]; H* ([0,11])) ) up to a modification. Moreover,
there hold the asymptotic stability and the existence of invariant measure:
(1) There are positive constants C and ¢ such that the expectation

m

_ _ m
<ce ™| ([log =5 + o =TI + @0 — @) |- 1)

sup (1l = I3+ | =TI + []o, - 2.
s€[0,t]

holds, where C is independent of t, and C is the mth power of some constant.
(2) The invariant measure generated by % /OT L(p) X L)X L (D)dt is exactly the Dirac measure

of steady state (5,7, ®).

Remark 1.1. After t — oo in (1.1), the stationary solution coincides with the steady state P a.s., on
account that the mth moment of their difference tends to zero.
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Remark 1.2. For
(lleo = 2115 + 9o =TI + (1B — EI) < &2, (118)
recalling E = @, we have the P a.s asymptotic stability for some constant C:

sup (llp = pI3+ [V = 7[5 + || - B|]*) < 2Ce*e2 (119)
s€[0,t]

In fact, by Chebyshev’s inequality (see Appendix A), it holds that
p[{weallo- I3+ |7 -7+ |E - B > 2Ceee? |

E[[lo = A3+ =TI+ 1~ £ "]
<

=

(2Ce—ate2)™ (1-20)

5 _at ) 2112 =n2\"
e (lleo =PI+ o -TI + B0 - E1°) |
(2Ce—ate2)™ 2m

Sending m — oo, we have
p[{weallo—pl2+ |7 =TI +|[E- B[ > 2¢e e} | » 0,

which means that
lo—pll5+ |7 —]_||§ +||E - E_||2 < 2Ce g% holds P a.s. for every s € [0, t].

The challenges and their corresponding strategies are analyzed as follows.

(1) The a priori estimates with the contact boundary condition. For the contact bound-
ary condition, the second-order estimates of perturbed solutions involve the boundary of

[G] . [G] , which cannot be directly dealt by the contact boundary condition as presented
‘] XX XX
in previous works such as [18, 41]. We solve this problem by substituting [G] with its for-

XX
mula in the first-order derivative of the system. Subsequently, we focus on estimating other

lower-order derivatives in the first-order derivative of the system. Further, for the second-
order estimates, the symmetrzing matrix in the first-order estimates is not applicable. We use
another symmetrizing matrix to multiply the system, enabling us to handle the integral of

[j] . [G] . For the zeroth-order estimates, due to the Ohmic boundary conditions, we
use ){)}Cl)é metﬂcgd of error analysis compared to the symmetrizing method for the insulating
boundary case.

(2) No temporal solutions due to the stochastic term. Since the Wiener process is at most
Hdder-%— continuous with respect to t and nowhere differentiable, we lack aa_vzf or %.

The temporal derivatives are not involved in the norm of solutions. Therefore, the estimates

bounded by the norm of the temporal derivatives, which are applicable in the deterministic

cases [18, 41], do not hold in this case. As a result, different energy estimates are necessary in

this paper. For instance, for the second-order estimates, we use another symmetrizing matrix
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to multiply the system, enabling us to handle the integral of [a] . [U] compared to the
XXX XX
first-order estimates.

(3) Weighted energy estimates on account of the estimates of the stochastic integral.
In the deterministic case, it is common practice to multiply the ordinary differential equa-
tion of solutions by an exponential function of ¢ to facilitate stability analysis. However,
in this paper, the a priori estimates are already in the form of time integrals rather than a
differential inequality, owing to Burkholder-Davis-Gundy’s inequality. Consequently, direct
acquisition of asymptotic stability becomes challenging. To overcome this obstacle, we employ
the weighted energy estimates. Furthermore, besides the role of ensuring the global existence,
the a priori estimates play a crucial role in the weighted energy estimates.

The paper is structured as follows. In §2, we demonstrate the a priori estimates up to second
order. In §3, we establish the global existence of solutions around the steady state. In §4, we inves-
tigate the asymptotic stability of solutions. §5 is about the global existence of invariant measures.
§6 is the Appendix, in which we outline some stochastic analysis theories utilized in this study.

2 | THE A PRIORI ESTIMATES UP TO SECOND ORDER

In terms of (o, j, €), the perturbed Euler—Poisson system becomes

o;+Jj, =0,
R
dj+<(({5+TJ3—%2+P(p+a)—P(ﬁ)) +j—pé—aci>x)dt=oédt+[FdW, 1)
X
é. =o.

The compatible conditions are p,|,_, = 3(0), p,|,_, = A(1). Since o, + j, = 0, the boundary
conditions for the triple of perturbations (o, u, ¢) are

o(t,0)=o(t,1) = j(¢,0) = j, (t,1) = ¢(t,0) = ¢(t,1) = 0. (2.2)

Furthermore, from (¢, + j), = o, + j, = 0, as in [18], we still have
1
A =—j+/ jdx. (2.3)
0
Denotingw = [(Jj] , we write the system as
0
dw + (Aw, + Bw + C)dt = N dt + , (2.4)
FdW

where

(2.5)
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0 0
B = —2J2 RN = —27 - s (26)
pr + P//(,O)Px -E Fﬁox +1
0
c=| |, (2.7)
—p
0
N = _ . (2.8)
l0(|w|2 + é]* + |J||W|)]

Under the assumption that
Iwli5() + llell? (2.9)

is small, we obtain the a priori estimates. Motivated by [18], we perform the zeroth-order estimates
through error analysis. Furthermore, the symmetrizing matrix for the second-order derivative
of the system differs from that for the first-order, serving different purposes. In the subsequent
subsections, we provide the a priori estimates up to second order.

2.1 | Zeroth-order estimates on w

We calculate d ( ) by It6’s formula (see Appendix A), taking X = 2J_p’ Y =J in (A.20),

J? J
d{=)=7d +—dJ+(d dJ)
2p Zp 2p
e+ =g +—deJ 2.10
’ 207 9° ( ) (210)
J J? J? J 1
==(- —+P(p)> —J+p® >dt+—] dt + =FdW + —|F|?d¢, (2.11)
p( <P x * 202" P 2p

in which we used the property of cross quadratic variations (d p,dJ) = 0 and # (dJ,dJ) =
i |F|? d t. We calculate

J 12> J? J?
|\ == ) =3P 230 (2.12)
P< e/, P et
Setting G (p) = , we have
J J _Plp)
P(P)x; = Pl(p)pr =, Pl = (G'() J (2.13)

=—G'(p)y + (G'(p)), = G(p), + (G'(p)) .-

Since &, = —j + /01 jdx and J being a constant, there holds

1
e, =—J+ /0 Jdx, (2.14)
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1
J=-¢ +/ Jdx. (2.15)
0

Together with & = &, — &, = ¢,, it holds that

1 1
%p@x =J®, = <I>x<—E, +/ de> =-3.®, +<I>x/ JTdx. (2.16)
0 0

Combining the above terms, we obtain

a2 6+ 2 P ooon) —o [ rax+T)d 217
— 46+ = )+ (= + - +=)dt .
LG+~ <<2p2 ©) ) /O x p) @17)

P aw + Lirpae
P 20

We denote Equation (2.17) as

roy=d 2o = o) —o. [ rax+?)a
G(p,J, @) = 54' (P)+7 +<<2_p2+ (P). >x— x/o x+?> o (218)

IR aw - LirPae.
P 2p
From the process of deriving the expression of G, we notice that

G T, @) = F(p,, <bx)/§, (2.19)

where F satisfies

—-J J? J
Fo,J,®)=dJ+ —dp—(—(=+P —J+p®, |dt—FdW — —J dt
(o, J, @) +2p P < <p+ (p)>x +p x> 20
=0, (2.20)
F(p,J,®,) = —F(J)dW. (2.21)

Let W = W + ew be the solution of the continuity equation, where w = (p,f s <i>). It also holds

J+ej

G(W,®, +¢e¢,) =F(W, D, +£¢x)p g

(2.22)

since we just use the mass equation and Poisson equation to do the substitution in the above
deformative equalities. We denote

L= U +¢j)’ _ (@ + E¢x)2
= 3
o) = LD G4 ep)T + ), (2.24)
2(6 +¢p)
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R (W, D, +¢¢,) :( (@ + ) / T +ej)dx+ ({Oiggjg ) (2.25)

Then, we have

G(W, D, +¢,) =d&(W,D+e¢) + D (W)dt + R(W, D, +e¢,)dt (2.26)
T+ e))F{J + )
———|FJ +¢j)|"dt — ————2d W,
2(p+s)| ] (P +ep)
and
G(w,d,) (2.27)
. - , JF(J
=d&(w,d,) + 2, (W)dt + R, (W, d,)dt - Zip_|rF(J)|2dt - % dw
By Taylor’s expansion, it holds that
G(W+w, 0, +¢,) (2.28)

=G(w,d,) +C (W, D) - [W] + %Qé’g(v'v,@x) [w] - l:’] +O(|w|3 + |¢x|3).

b b
There holds
d? s 2 . i
@(Q(W, D, + €¢x)) i =— <T’(W, D, + E¢x);_5) _ (2.29)
Ty J P (s & J Jo = 2
=F" (W, ) l¢ ](W $x)= +2l ]F (w,<I>x)<;—J - ?) +F(w,®,)0(Iwl|?)
By Taylor’s expansion, it holds that
— 7 (W, ®,) L‘;’] = P(W+w, &, +¢,) - F(W,&,) - F (W, &,) - Lﬂ (230)
_ - = 1 "l I
=F(W,®,) + S(W $OF (W, ¢, )Lﬁx]
where (W, ¢, ) lies between (W, ®, ) and (W + w, @, + ¢, ). The error terms
1 =
/ Y F (w, ) [w ¢x]J YAV ax| <ciwit <ciwis, @3
0 ¢x ¢x ¢x
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w ! (=) & ] jU w _W_
20 P (W) =~ = : 2.32
lqu] W )<p p2> lqu] ¢, | I (232)
S | v AW\ Te\[w] [w
= (F(w,(bx) +-[w ¢ JF" (W, $,) 5. ><E - ,5_2> Lﬁxl . Lf;xl =o(jwl?),
and
(Iwl]?) (v‘v,ﬁ)x)dWl;V] l ] =0(lw|*)dw, (2.33)
are small for ||w||, small enough. We calculate term by term:
J+j} (2 T. P _{j-To)
d<2(p_+0)_<2:°+E]_2_,520>>_d<—2(,5+0),52>’ (2.34)
(6. +9.) (82 (¥
d <T |5 &%) )= d > ) (2.35)
J+Jj)’ BB 3P
— 2.36
<2(,5+O')2 <2(,5) P3 o+ 2p2]>>x ( )
Jj2 J2 72452
= (321 - 3‘;3” + ”ﬁf e |a|>3)>x,
G'(p)] — G' () - G"(p)To - G'(p)j = O([T|Iw|?), (2.37)

(®x+¢x)/01(f+j)dx—((iDX)'/Olfdx—qu'/olfdx—ci)x/oljdx (2.38)
=26, [ axlonl +o(1a.l') =0(16.f’) = o(ir)

JEdwW JEQ)AW  JEDAW TjFJ)dW N JFodwW

- — ~ - (2.39)
P p p P p
_ <2[F’_(f) +j[Fli(j)>1]2dW 2][F(J)1 2dw J'[F’(J')_+ [F(j)jadW
p p )2 p? p?
+O((IjIP + Io?) dW),
and
1, . Lienizds - FDFD) | (J)I
Z|[F| dt—£|[F(J)| dt—Tj <( 1) odt
_FD HFDF'D) oy, FOF'Q) clt+2|F< DE (2.40)
2p p* p?

O((Ij1* +1a?)|J|) d¢
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Combining the above terms and integrating over x, noticing that the two ways to describe the
errors should be equivalent, we obtain

1/ 2+ 7
d/ (M+G(p+a> G(p)—G<p>c+—)dx
0

2(p + o)p?
Lpj—Jo) P 1 ;
i dedt+ <7+O((|J|3+Ia|3))> Odt+O(|J|IIw|I§)dt
+ / SURL UG j?dxdt— / [F(J)[F—N(J) odxdt (2.41)
o 20 0 p?

1
/ IFOL 2dxdi+ [ O((17P +1oP)) dxde+0(Iwl) o
0 p? 0

L op(y TR LR
+/ ( AONELEO) )>112dxdw+/ D 2 qxaw
0 p )2 o P

J[F’(J) + [F(J)

1
dW+/ o((1jP +lol’))dxdw =o0.
0

We estimate the stochastic integral /0 /0 (ZEF,(J) + ﬁF'p@) % j>dxdW by Burkhoélder-Davis—
Gundy’s inequality (see Appendix A):
m]

LRy TR
[El < _<J>+J[F_<J)>_J
Iej 2
t 1 2|]:/ T 1" 2
<CE / / (ﬁ el (J)>12dx ds
o |Jo P p /2
! 121 4 %
<CE [7Njl5ds (2.42)
0
) T z
<ce| swp i) ([ wiszas)
se€l0,t] 0
m t m
ssltEK sup |f|||j||§> ]+091El</ |f|I|jII§ds> ]
se€[0,t] 0

where C is a mth power of some constant. Similarly, we have

<%[El<szuopt |J|||o||2>ml +C92[El</0[ |f|||U||§dS>ml,

J[F(J) 2dxdw

] 0o
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El
9 " ‘ m
SEZ[EK sup |f|||o||§> ]+092[El</ |f|||j||§ds> ]
s€[0,t] 0
El
m ¢ m
<~93IEK sup ||w||§> ]+693El</ ||w||§ds> ]
s€[0,t] 0

where 3, is sufficiently small such that 9; sup ||w||g can be controlled by the error term in the
SE[0,t]

1 /7 T m
TFO)+F) )_j FD) 15 ] (2.44)

and

1o((|j|3 +|o®))dxdw

] (2.45)

left side. In summary, we have

m

(;‘(’;+J;f;2+a(p+a) G(p) — G(p)o+—>(s)dx

RGO
+[El/0 | 2(,5+o);32dxds

3J .
A(;fzw((wﬂoﬁ)))
+[El
El
+[El

where C is a mth power of some constant. Since G (p) > 0, G is strictly convex, the steady state
m
fid <2§’1 fol (j>+ 0%+ &2) dx) ] for small

enough ||w||, and |J|. , and 8, are small enough such that

.

1

ds
0

/Ot/()lo((ljm lo*)|J]) dxds

m t m
]+C[El/ Iwll3ds ]
0
8, sup [J|IIjll5 + 9, Sl[lp 7Nl

m
s€[0,t] ]
t m t m
/0|j|||w||§ds ]+C[El/0 Iwl3ds ]

m
8y sup |J|Ijll3 + 8, sup |[7]lloll3 ]
s€[0,] se[0,¢]

<E

m ¢ m
+[El/0 o([7[liwli3)ds ] (2.46)

e

is smooth, so the first integral above is at least E

m
9y sup |T|lIjlI3 + 9, sup |T|lloll3 ] (2.47)
s€[0,t] se€[0,t]
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E l
Therefore, there holds

Elg’l/otd/ol (j*+o*+é&%)dx

t
<E l / o([7[lIwli3)ds
0

g

<C[E[

is bounded by

] . (2.48)

N 1
sup / d, ({1/ (j2+c72+e”2)dx>
sef0.4]Jo 0

' RGN
]+[El/o ; 2(p+o)p2dxds
] (2.49)
t 1 m , m
/OAO((|1|3+IUI3)|j|)dxds ]+C[El/0 Iwl3ds ]
t m ¢ m
| Piiwizas ]+C[E[/ Iwlds ]
0 0

where C is a mth power of some constant. Additionally, the estimate for the dissipation in terms of
/Ot /01 (0% + &%) d x d sis needed. We divide the momentum equation by 5, and use the steady-state
equation to get

dj <1 _ _ . e j)
— +(Z(PP+0)—P@),—&— =, ——+= |dt (2.50)
5 p( (P +0)—P(P))« ;515
20+) . 1 (T+i\> (T\ 1(T+j\ F
(=T 2 (Z2L) (L) s+ 2 o, |dt+—-dw.
(ﬁ(ﬁw)”‘ ﬁ<<ﬁ+0> (p) )px ﬁ<ﬁ+0> > p

As in [18], we have

1, . _ P'(p Px /-
~(P(p +0) — P(p)), = ( Ep )o> + = P'(p)o + (0(0?)), +0(d?). (2.51)
P P x P
By (1.9), it holds
= 1/(7J 1 J
X P<P>x p( )P F
and
d P'(p)p _
A () )f 2 | o). (2.53)
P P
Combining the terms, we have
, -
- <P(f’)a> dt+ede (2.54)
P x

_dj+jdi+Fdw +0()(Iw| + I"Vxl)d”o(lw|2 +wsl +éz>dt'
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By Itd’s formula, we calculate

d<E> _ e, jde (2.55)

F F p
due to (dé,d j) = 0. We multiple (2.54) with €, and then integrate it over x. Since &, = o = 0 at
x = 0and x = 1, we have

1P/ = 1
/@éﬁdxdm/ edxdt
0 P 0
'je j 'je
=d</ dx>+ —dxdt—/ ]dx/ :dxdt+/ —dxdt (2.56)
] P o P

1 1
/ —dxdW+/ (|f|€(|w|+|wx|))dxdt+/ O<|w|2+|wx|2+éz>édxdt.
0

We deal with the right-hand side by Holder’s inequality:

1 1 - 1 ;2 1 :x~
—/ jdx/ i_dxdt+/ Jdedt+/ 1€ axde
0 o P o P o P
lj2
<c/ Tdxdi+ —dxdt+/ —dxdt (2.57)
0 0

1 1 ,.2
<C/ Pdxde+ [ Sdxdt,
0 0o 2

where C depends on p. For the stochastic term, we estimate it as follows:

t m t
[ /—dxdW ]scml/ [7|Iwli5 ds ]+C[El/ Iwl3ds
0 0

where C is the mth power of some constant. Multiplying (2.56) with some small constant, adding
(2.49), we have
m]

El
t t t 1 m
sC{”[E[/ |f|||w||§ds+/ ||w||§ds+// [7)e(lw] +|w,|)dxds
0 0 0 0
t 1 m
+C;"[El// <|w|2+|wx|2+éz>e"dxds ]
0 0
t m t m
<[Elc2/ |7 Ilw i3 d's ]+[ElC2/ Iwl3ds ]
0 0

where ¢,, Cy, and C, are positive constants.

] , (2.58)

1 t 1
/ (j2+oz+éz)(t)dx+§2/ / (j*+0*+¢é*)dxds
0 0 Jo

] (2.59)
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2.2 | First-order estimates on w

Inspired by [18], we choose the approximately symmetrizing matrix:

p=|%"° (2.60)
_Or’ '

where s = {—;—z + P (p‘)} r. r satisfies
J? _ 372 .. P@. T
{'_Z_Pl(p)}rx+ {—_3PX+P//(P)PX_ (_P)px—j}r:(). (2.61)
P P P P
We multiply (2.4) on the left by D to obtain
_ _ _ - 0
d(Dw)+(wa+Bw+C)dt=th+DLFdW], (2.62)

A=DA,B=DB,C=DC,N =DN.. Differentiating (3.9) with respect to x, we get

d(Dw,) — (D (AW, + Bw +C— N)) dt + (Aw,, + (A, + B)w, + B,w + C, ) dt

i 0 0
=Nxdt+Dx[ ]+Dl ] (2.63)
FdwW F,dW

By It0’s formula, it holds that
2 -1 2
w r—\rfF, +r,F
d(p%) =Ddw, -w, + %dt

=w,D, (AW, + BW +C - N)dt — Aw, w, dt — (A, + B)w, - w,dt (2.64)
) B i ) ) r‘l|r[Fx+rx[F|2
-Bww,dt—-Cw, dt+ N, w, dt+r Fj dW+rF,j, dW+ ————dt.

As in [18], by separating A into symmetric matrix and an antisymmetric matrix, we have

/Olffwxx.wxdx= /010<(|w| + oy +|jx|)3>dx. (2.65)

Now we collect all the terms containing w2:
1 ) 1 1
/ (—Dx.A+Ax+B— EAx>Wx -w,dx =/ ow, -w, dx, (2.66)
0 0

where O = 1 DA, — 1D, A+ DB = [qu Chz] . r is chosen such that
2 2 91 92

|q12 + | = O(|W| + |Wx|), (2.67)
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1 J+j 1 J+j J .
==rl2 —Zr (2=—= ) +r(1-2= 2.68
a2 2”{ ,5+U}x 2”x< sto r ﬁsz (2.68)

J J
=1 = 5hx = 3558 + 0wl + W)

Equation (2.61) admits a positive solution r(x). Thus, for small J, there is a constant {5 > 0, such
that

ow, -w, > {32+ O0(lw| + |wx|)|wx|2. (2.69)
For the terms containing w - w,, we estimate
(—DXB + Bx)w ‘W, =DB,wW- -w, = O(|W||Wx|) < 193|Wx|2 + C33|w|2, (2.70)

where 4, is small enough, balanced by the good term ¢, jf{ and ¢ 40)26 in the later estimates. For
terms concerning w,,, we have

(—DxC + C_x) -w,dt=DC, -w,dt =—-r(pé), j. dt =r(poc+p,8)o,dt (2.71)

=d <%rp62 + rpxéa) —rpéodt=d <%rﬁ62 + rﬁxéa) +0(c* + j%) dt,

and
Now,, = 0wl +1eD(Iwl* + [wy[*). @72)
We estimate
Ul rF, + r F|? 1 2
/ %dxdtsc/ <|W|2+|wx|2> dxdt, (2.73)
0 0
! r_1|rx[F|2 L
/ dedtsC/ [w|”dxdt. 2.74)
0 0

For the stochastic term, with the assumption that |J|? < E [||w0 ||2] is sufficiently small, we have

t p,l m
E /O/Orx[ijdxdW
[ t] p1 2 7 t] p1
<E C/ /rx[ijdx ds) |=E c/ /rx|f+j|2jxdx
0 0 0 0
t 1 2 B
:[E<C/ /rx(f2+2fj+j2)jxdx ds)
0 0
_ t m
||W0||2m]+[El<C/ |f|||w||§ds> ]
- 0
9 1 m t m
+E I“ Sup/ 1j1?dx +E <C94/ ||w||§ds> , (2.75)
sefo,.] Jo 0

m

2 2
ds>

V/A)
M
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m
where 8, is taken that E l<«94 sup /01 Vg dx) ] can be balanced by the zeroth-order esti-
|

s€lo,t

4
1 t 1 m
E Sup/ (ji+o§)(s)dx+§5//j§dxds
sefo,t] Jo o Jo

s€[0,t]
1 torl 3
<E /(Ep02+rﬁxéa>dx+c3// (|w|2+(|wx|+|w|+|€|))dxds
0 o Jo

m
mates and E l<8_4 sup /01 |Jx |2 d x) can be balanced by the left-hand side of this first-order
estimates. Combining the above terms, we obtain
) 1 t t
< [E[||w0|| ’”] +E / (5,502 + pxéo> dx + c4/ 7| Iwil5ds + c4/ w3 ds
0 0 0

] (2.76)

1

Next, we give the estimate of fot /01 o2 d x d s by multiplying (3.10) with [g] By It6’s formula, we

0 0 0
Dd<wx-[]>:dex-ll+Dwx-l _]dt. (2.77)
o fog —Jx
Then, we have

—Dd(wx- m)H)wx- l_(;ldt+(Dx(wa+Bw+C—.Af))- H dt

know

(o}

L . |o
- (Aw, + (A, + B)w, + Bow + C) - L] dt (2.78)

:_<ﬂxdt+Dx LF;W] *DLFXZWD’ H

where the first term in the left-hand side in (2.78) holds

-Dd (wx . lol ) =—-d(rj,0), (2.79)
o

and the second term in the left-hand side in (2.78) holds
0 2
Dw, | dt=—rjidt (2.80)
—Jx

0
g

‘We consider the stochastic term. For D [[F,gW] . [ ] = rF,o d W, there holds

t pr1 m
//rFxodxdW
o Jo
t 1 2 3
</ /r[Fxcdx ds> (2.81)
o |Jo

E

VA
M
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E|fIwol™"] +E l(c/o[ |j|||w||§ds>m]
l (Q[Zp,/ o] dx> ]+C,94[El</0t/olc||w||gds>m]'

The estimate of D, F C;)W is obtained similarly and upper bounded by the same quantity as the

above formula. By substitution, the key term holds

- 0
- Aw,, - [ ]dt

g

_ 0 _ 0 _ 0
<AWH> dt+wa.[ ]dHAxwx.Hdt s
al/. oy o
o T+j\° ) T+j .
=_<wal°']>xdt+<_<m> +p’(p+o)>ro§dt+2‘5+gr]xaxdt
T+j\? i T+j\ .
+<(_<,5+—o> +p’(p+a)>r>x0xadt+2<‘5+0r>x1xadt.

We integrate the above formula in [0,1] with respect to x. Then, the first term holds

1 0
—/ (wal ]) dxdt =0; (2.83)
0 g .

the second term is at least { 40)2(; the other three terms are bounded by

CWJ + Wi + C|w, - wW| < C(J + Hwi + §sw, + Co w?, 95 < min { %, i—“ } (2.84)

|

t 1
/ / C(J + j)w; + Cs w? +Clj [*dxds
0 0

To summarize, we have
El
m
<E + ' sup/ |a|2dx
s€|0,t
t 1 m t pl m t 1 m
+E <//cs4||w||gds> +9E //wfcdxds —E /d/ rj.odx
o Jo o Jo 0 0
1 m t o1 m
<O'E sup/ lo|?dx +E //Cswzdxds (2.85)
sefo] Jo o Jo 7

2
soydxds
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/()tfolwfcdxdsm] +[El</0t/01C|f|||w||§ds>m]
+[El</0l/01C94||W||§dS>ml —[El/otd/olrjxodxm].

Multiplying the above formula with some small constants such that the coefficient constant is less

than %,;’6 =min{§—5 gu—“},we obtain
t 1 m
{6/0/0 (j2+02)dxds

272
m
[El ]Hgl
1 m 1 mn
<E /<—p02+r,5xéa—rjxa>dx +O7'E sup/ |w|?dx (2.86)
0o \2 sefo] Jo
m]

+E[[wo "] +[El

g

+19§”[El

1
/ (j2+02)dx
0

t t
C4/ |f|||w||§ds+c4/ w3 ds
0 0

t 1 m
/ / C9 Wzdxdt .
o Jo 7

Together with the zeroth-order estimates (2.59), since sup fol (%,502 +rpéo—r jxcr) dx| <
s€[0,t]
sup 9 [|w[|” + sup Cj_[[wl|, we have
s€[0,t] s€[0,t]
1 m t 1 m
E|| sup / (j2+02)()dx| | +E {7/ / (j2+02)dxds
sefo,t] Jo o Jo
1 m 1 m
<[El/ (j2+02)(0)dx ]+C[El/ |wo|*dx ] (2.87)
0 0

t ~ t m
Cs/ |J|I|w||§ds+cs/ Iwlds| |.
0 0

g

2.3 | Second-order estimates on w

For the second-order estimates, we use a different symmetrizing matrix, which involves t. Let

~ § 0 T+j)? . .
D= [3 ;7] , 8= <P’ p+o0)-— ((;j:—i))z> 7, where 7 is determined later. Then, the system becomes

. . - - 0
de+D(wa+Bw+C)dt:Dth+DLFdW]. (2.88)
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Differentiating (2.88) with respect to x, we have

Ddw,+D,dw + (Aw,, + (A, + B)w, + B,w + C,) dt

- . 0 | o
=N,dt+ D, +D , (2.89)
FdW F,dW

where A = DA, B=DB, ¢ = DC, and N' = DN. Differentiating (2.89) with respect to x, we
get

Ddw,, +2D,dw, +D, dw

+ (AW + AWy + (A + By) Wy + (A + B)w,, + B, w + Bow, + C,, ) dt
=N_dt+D 0 +2D 0 +D 0 (2.90)
o Flrdw |F daw F . dw| '

Substituting (2.88) and (2.89) into (2.90), we have

- o s 0

Ddw,, +2D, D 'D,(Aw, + Bw + C)dt - 2D, D'D, { Ndt + Edw

- 2D, D' Aw, dt - 2D, D} ((A, + B)w, + Bow + C,) dt + N, dt

+21§xﬁ—1(ﬁx[ 0 ]+T)[ 0 D (2.91)
FdW F,dW

N 3 0
+ Dy (—AW, —Bw —C+ N)dt+D,, LFdW]

=N, dt+D,,
Since
d(DPw,,)=w, dD+Ddw,, +(dD,dw,,) (2.92)
d$)a ~ —2(J +j
= (A3)0 +dexx+—( Jz)[F[det,
0 (p+0)

by Itd’s formula, it holds that

d(Dw,, -w,,) =w, d(Dw,,) +2Dw, dw,, + (d(Dw,,),dw,,
= dD|w,.[* + 2w, Ddw,, + %[F Fodt+(d (Dwy,).dw,,)
o+o
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- - —2(J +j
= d1)|wxx|2 +2w,, Ddw,, + _(—JZ)[F Fodt
(p+0)
F2r FN(PF + PR ) AW = 2F, F . dW — PF, d W) (2.93)

~ 2
= dD|w,,|
o . [ o
+2w | 2D, D7D (AW, + Bw + ()t +2D, D7 DN A+ D

+2D, D' Aw,, dt + 2D, D7 ((A, + B)w, + Byw + C,) dt — N, dt

=27 FNFFAW + FF, dW) — D (—Aw, — Bw —C + N') d¢

— (AW + AW, + (A + B )Wy + (A, + B)w, + B ,w + Bow, + C, ) dt
+ N dt +F FAW +27,F, dW + 27F, d W)

N =2J +j)

F-Fodt+7 (27 F (FF+FF) AW — 27 F dW — FF, dW).
(p +0)

To estimate the terms in form of /01(-) |wxx|2 d x suffices to consider /01 w,, 0w, dx, where
0 =-4D,D_; A+ 44, + 2B+ A,. Actually, we give the reasons as the followings. The identity

1 1
1 - - 1 -~
/0 <5Axwxx + waxx>wxx dx = EAWXX “ Wy K (2.94)
holds because
L 0 g
A=DA = ~  =2(4)) (295)
§ T
is symmetric. We claim that
Aw,, W, dt|; = 0. (2.96)
- 1
Actually, we use two different ways to represent %wax “Wx |, We directly calculate
2(] +J)
wax Wxx |0 - 2S0xx1xx |0 ,O +0 ;Zcx 0 (2-97)
20 +)) 20+ )
- ZSUXXJXX(l) ZSGXXJXX(O) + r + 2 ( ) + 2 ( )
On the one hand, from the system (2.90), there hold
Aw, dt|;
- _ ~ - 1
=-Ddw, |y + (D (AW, + Bw +C = N) = (A, + B)w, — C, + N, ) it (2.98)

1

(] ]|
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and

. 1
Aw, - wy dt|,

= (Do (AW, + BW +C = N) — (A, + B)w, — C, + ) -wxxdt‘(l) (2.99)
1
—Ddw,-w |1+ 0 + 0 ‘W
oo FEAW FF.dW x’“ .

We deal with the right-hand side in the above formula term by term. Fortunately, since d j, |(1) =
dcrt|(1) = 0, we have

~ 1 « [ | « 1_ o 1
—Ddw, - W,,|,=—8d0,0,,|o— Fdjiivx|lo = —5d 00|y = SixxTxx dt[,- (2.100)

By direct calculation, we have

- 1 N
(DeAW, — A, wW,) - W, dt‘o = -DA,w, -w,, dt|,

=-DAw, - A (-Ddw,) . (2.101)
— DAW, - A (D (AW, + BwW +C = N) = (A, + B)w, — € + X)) di|
1
~ ~ 0 0
-DAw, - A7 | + i
FFEAW FF.dW o
By direct calculation, since d j,| (1) =d o[|(1) = 0, we have
~ ~ ~ 1
-DA,w, - AN (-Ddw,) , =0 (2.102)
We calculate
— DAW, - A (D (AW, + BwW +C ~ N) = (A, + B)w, — C + N di,
. 1 . - - 1
=DAw, - (AT A, W) dtl0 + DA w, - (A Bw,) dl,"0 (2.103)
+ DAW, A (D (Bw+C— N) = Co+ W) di|
~ 1
DAw, - (A7 A,w,)d t’o =0, (2.104)
~ ~ 1
DAw, - (A Bw,) dt|O =0, (2.105)
and
— DAwW, - AND (Bw+C—N) =G, + N,)d t’(l) (2.106)

= — DAwW, - A7 (D Bw — DC, + DN,) dt‘; —0.
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Similarly, we have

- DA W, - A 1( [ffo(zi W] + lﬂFx(; W] ) =0. (2.107)
Therefore, we have
(DyAw, — A,w,) - W, d t|(1) =0. (2.108)
We calculate
(D.Bw —DBw,) -w,,d t|(1) (2.109)

=D, BwW - W, dt|, — DBwW, - W, |, = D BW - w,, dt],,
since jx|(1) = 0. Similarly, the following holds:
D.Bw -w,, dt|;
=—D.Bw- A (-Ddw,) dt’;

— D Bw - A(D (AW, + Bw +C = N) — (A, + B)w, — C, + N dt|; (2.110)

. 1
Since j,|, = 0, we have

—D”wa-A—l(—dex)dt|0 =0, (2111)
~ - ~ - 1
D Bw - AN (D AW, — AW, dt|0 =0, (2.112)
~ - ~ 1
—D .Bw- A Bw, d t’o =0, (2113)

and

—D.Bw- A (D, (Bw+C—N)=C,+N,) dt|(1)

~ ~ ~ ~ ~ 1
=— D.Bw- A (D Bw — DC, + DN,) dt’o =0. (2.114)

Similarly, it holds that

=0. (2.115)
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Hence, we have

~ 1
(DyBW) - Wi, dz:(0 =0, (2.116)
~ ~ 1
(D€ —C) - Wy, dt(0 =0, .117)
~ ~ 1
(—D N + Ny - Wy, dt'o =0, (2.118)
and
- - - - 1
° + 0 (2.119)
W .
FFAW AW | .
- - - - 1
0 0 . _ N
= + - A (D Bw - DC, + DN,)| =0.
P FAW]| | PR AW .
Therefore, we have
o 20+,
SO xxJxx dtlo +7 5+o0 Jxx dt . =0. (2.120)

On the other hand, we deal with —Ddw, - w,,| (1) in (2.99) by another way, and other terms in
(2.99) are shown as before, which are proved equal to 0. From (2.98), we have

. w, . dt
W - xx 0

X XX X dt

. -A"'Dd
- _Ddw, Wx (2.121)
dt
i —A (D (AW, + BW + C = N) = (A, + B)w, — C, + N,) dt
—Ddw, -
dt
_ 0 0
AL +
5 FEAW FF.dW
—Dd . .
Wx dt
Since jx|(1) = 0 and (2.119), we have
1
_ 0
AL +
FEAW FF. dW
~ 1
—-Ddw,|, - T
~sdo A FdW +iF dW)| )
= m = jox(FFAW +7F, dW))|, (2.122)
0

1

(lron] o] )]

=0.
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By the previous calculation, there holds
_ — A7 (Dy (AW, + BW +C = N) = (A, + B)w, — G, + Ny ) de |
—-Ddw, -
dt
0
- 1
< 1. (—=2] -
= —sdaxjrx<pr+l>]+sdwx(—Cx+N'x) (2.123)
0
. 1 1
=D, BW - W, |, + (-C, + Ny) - Wy, , =0
By the mass conservation equation, it holds that
s P !
Z‘jd _A—Idex 1_ 2rdaxﬁ?d0'x (2124)
Wx dt o dt '
0
Hence, from (2.97), there holds
250 jux dt|gdt = 0. (2.125)
Together with (2.120), we obtain that
2(J +j !
7 ( D5 =0, (2.126)
p+o xx
250 jix dt|pdt = 0. (2.127)
We proved the claim.
For O = —4D,D_; A+ 4A, + 2B + A, we directly calculate
~ 0
0= h2| (2.128)
A1 492
5 J+j = 2J - J+j
where ¢, = 2rxpT<]7 + 2F (1 — 5Py +5 (pTé))’ and
: ¢+ :
(p+0) (
(=207 "¢\ = =
+ 27 5 px + P (P)px —E ).
We do Taylor’s expectation to the above formula,
7\2
G12+4n :6fx<P,(F3) - (E) )
. v (INT\ AL
+ 7| 10| P'(p) — E - pr + 2P (p)p, —2E (2.130)
X

—44+0(lw| +|w,|).
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We need gy, + ¢5; = O (|w| + |w,|), so we let 7 satisfy that

7\2
6fx<P'(ﬁ)— <5) ) (2.131)
I\ _4n
+ f<10<P’(p) - (5) ) — Fﬁx +2P"(p)p, — 2E> —4=0.
X
We denote the above equation as
F.+GF+M =0, (2.132)
where
1 Ny V) 2
a=3(P®- (—) s P'(p) - <—> ~ S p PP —E ) (133)
I8 P . P

o2\ !
M = —%(P’(p)— <£> > . (2.134)

Solving the ordinary differential equation, we get
X X
F = #(0)eJo Gdx _ / Mdx. (2.135)
0

where —M > 0. With 7#(0) being chosen as some positive constant, # has positive lower bound. So
does §. Hence, we have

Ow,, W, >$oj2 +0(lw| + |wx|)|wxx|2. (2.136)

As in the deterministic case, we estimate

1 1 1
/ D, D'D.Bw-w, dx— / D, Bw-w, dx— / D,.B.w-w,, dx (2.137)
0 0 0

1 1
<c</ |j|2dx+/ |jx|2dx>.
0 0

0_~] , it holds that

For the terms involving C = [ 5e

1 1 1
/ 2D, (D' DyC - DIC )y dx - / D Cw, dx+ / Cow,dx  (2138)
0 0 0

0 ! _ B 1 1 ) ) . .
=3 <—V(Pxxe +2p,0)0, — §V|o'x|2> dx + / F(Bor(—J) + 26, (—j))a, d X,
0 0
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in which /Olr(pxx(—j)+sz(—jx))axdx<c(/Oljzdx+/01a§dx+/01j§dx). For the

terms with N' = [ ( 0

O (IwP + e + |j| |WD],we estimate

1 1 1 1
/ D.D'N w,, dx — / D, Nw,, dx— / DN, w,, dx — / Noyw, dx
0 0 0 0
<Iwli3 + 7] Iiw 3. (2.139)

The first term in (2.93) is
! 2 2
/0 (@Doel” + @Rl ) dx

1 = 2
=/ <P"(p+a)do—(<J+]) ]+2(J+J)3da>f|axx|2dxdt (2.140)
0

+0) #+o0)
1 22
=/ _<p"(p-+g)+M)(jﬂ)x)ﬂaxxfdxdt—/ 2(J+J)(d o dx
0 (b +0) 0

(b +0)
<o(||w||§)dt—/o (25:01))((1 DFloe P dx.

By (2.4), we know that

dj+ (Ao, + Ay + Byuo+ Byj—pe—0(lwi* +e]* + [J|lw|))dt =FdW. (2.141)
So, we estimate

( J)
p+0)

2 \7%
d s) (2.143)

2
ds>

2 + j)
—/ ————(d j)F || dx < C||w||§+c
0

Prw [ dxdw|. (2.142)
(p+0)

By Burkholder-Davis—-Gundy’s inequality, we have

_ YD
< c —=J | d
<[E( /o/o (B + 0)* | | *

[ EorY|(F3+ 372 + 372 + +3) 5
C/ / > Flw, | dx
o Jo pP+o0)

We estimate term by term as follows:
m
2 2
d s>

(/

(J+J)
0 (p+0)

xx| dxdw

|3

I
o

1 -
AR 2
— Flw,  |"dx
/o (ﬁ+c7)2 | xx|
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m ¢ m
<E <|f|5 sup ||wxx||2> ]HE[(C/ |f|||w||§ds> ]
| s€[0,t] 0

[ t Z B t 3
<E <c / |J|6||wxx||4ds> ]s[E[(MS sup [[wy||C / |]|||wxx||2ds> ] (2.144)
i 0 s€[0,t] 0

where |J |S is small enough such that the first term can be balanced by the left side of this second-

order estimate; there hold
t 1 72 2 5
E / /]—12f|wxx|2dx ds
o [Jo (p+0)
! 140 2 4 B
E((C [ VIl Wl ds
0
=114 112 % ! 4 %
<el (¢ swp IR (/ Wl ds)
s€[0,t] 0
"9 2m ! 3 "
? sup ||w,|| +E C97/ lwll5ds ,
s€[0,¢] 0
2 \3
E < ds>
<[E[ / ] ||J||oo||wxx||“ds) ]
T, A 3
C sup |J| ”J” ) </ ”Wxx” dS>
se[0,t 0
t m
<<_7> E| sup ||wx||2m +E <C9 / ||w||§ds> ,
3 sef0,(] " Jo

/N

Flw xx|2dx

0 (p+o)

N

and

t 1 j3 ) 5 2 3
— dx| d
[Ek/o /0 Grop el ax S) }

[El( [ pwetas)” ]

(2.145)

(2.146)

(2.147)

85U017 SUOWIWOD 81D 3|qedl|dde au) Aq peusenob are SepoILe O ‘SN JO S3|nJ 10} AXe1q1 8UIUO A8]IM UO (SUORIPUOD-PUR-SWLBIW0D" A3 | 1M ATeIq U1 UO//SANY) SUORIPUOD PUe SWB | 81 88S *[S5202/0T/0T] uo Ariqiauliuo Al ‘AisieAiun (11BN A £T202 SWII/ZTTT OT/I0pAL0D 43| 1M Aeid pUIIUO™20SyTeWpUO /Sy WO papeojumod ‘9 ‘S20Z ‘0569 T



STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 31 0f 62

3
<E <C sup ||j||20) </ ”Wxx“4ds>
s€[0,t] 0
87 m 2m ' 3 "
<(F) Efsuw W™ | +E C97/ wl5ds) |.
sel0,t] 0

Let 9, be such that 9)'E [supse[o,[] ||wx||2m] can be bounded by the first-order estimates. The
covariation in (2.93) is

m
2

F2r F (P F + PR ) AW — 27, F, AW — PF, d W)

2
= F 2R P (R F + FR)[ At — 87 FN (P F + FRORF,

— 47 PP F + PFOFF At — 47 F P dt + 47 F2dt + PF. dt. (2.148)

We estimate — /' 87,71 (7,F + 7F,) 7, F, dxd ¢, by (1.4),

1
‘—/ 8F F L (F F + FFOFF dxdt| < C([lwll + |[T]Ilwll3) dz. (2.149)
0

Other terms are dealt with similarly. Therefore, there holds
1
/ F 2R FN (P F + FF ) AW = 2F, F . dW — PF, d W) dx < Cllwl[3dz. (2.150)
0

Next, we consider the stochastic terms in 2w, - Ddw,, that is,

47 FF Fj o AW — 47, F L (FLF + FF, ) AW — 27 Fj AW (2.151)

X

+2F Fj AW +4F F j  dW +2FF  j  dW =2FF . j  dW.

Since (1.4), by Soblev’s inequality, it holds that

t 1 m t
El/ / ZfﬂrxxjxdedW ] <E (/
0 0 i
[ t
<k <_/0 CF(”JXHZH‘]x”io||jxx||2 + ||J||io”]xx”4> dS)
- t 7 20 s 4 %
< (/ Pl ds)

) 9. \™M t - "
<[E_||wo||2’”]+[El<78> S;%g]ujxll””]%l( /0 ng(||w||§+|1|nw||§>ds> ]

1
/ P + Wl e] )i A
0

2 \7%
dS)

] (2.152)

|3
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Combining the above estimates, we have

[EK I (|oxx|2+|1xx|2)<f>)m] +El<“°/ot /Jd>m]

SE l(/ol (laxx|2 + |jxx|2>(0)>m] + C[E[“W()Hzm] + C[E[”(Wo)xuzm] (2.153)

+E l(/otc(|f|||w||§ + ||w||;)ds>m].

Similarly as in the first-order estimates, we multiply —Aw, ., with [;)
X

], and integrate with

respect to x to give the estimate of /Ot /01 |ox |2 d x ds. In fact, by Itd’s formula, we know

- 0 - 0 - 0
Dd| w,, - =Ddw,, +Dw,, - ) dt. (2.154)
Oy Oy —Jxx

Then, we have

Clal L

0 3 0 0
=Dy (AW, —BwW —C+ N) - l ]dt—DxxLFdW] . l ]
Oy of

|
[\
)
S

| o 0
+D S
] L]
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-Dd (Wxx : l ° ] ) = —d(Fjx0x)s (2.156)
Ox

0
Dwxx-l , ]dt=fj§xdt. (2.157)
—Jxx

where the first term holds

the second term holds

We consider the stochastic terms D 0 . 0 s
Fo,dW

[ frmnf]

XX=Xx

1 2 2
/ FFo,dx| d S> (2.158)
0

<El<_s§$pq/ il dx) ]HE[HWOH | +Cof l(// (Iwli3 + |7]iwli3) d s ) ]

m
where E l<_8 sup /0 ™ dx) ] can be balanced. Taking 2D, D~'D [[F SW] . [0] for
example, we estlmate

m t] 1 2 B
l ] <E (/0 /0 7 Fo.dx dS) (2.159)
1 m t 1 m
[E[||w0||2'"]+[EKcszl[1£]/0 |ox|2dx> ]+[El</0 /0 C(||w||§+|f|||w||§)ds> ]

while the estimates for other terms are also bounded by

[E[||w0||2m] +[El<cszlll(£]/ol |ax|2dx>m] +[El</ot/olc(|lw||§+|J_|||w||§)ds>m].

We calculate the key term

~ 0
— AW,y - [ ] dt
Gx
~ 0 ~ 0 ~ 0
=—| Aw,, - dt+ A, w,, - dt+ Aw,, - dt (2.160)
Ux x Ux GXX

0 T4i\2 T+
dt+ —(#) +P'(p+0) ra Ldt+2 Jrjxxa dt
ox|/, pto p+

J+j .
- or>x]xxoxdt.

r[Fa dxdw
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We integrate the above formula in [0,1] with respect to x. Then, the first term holds

t 1 B 0
—// <waxl ]) dxds (2.161)
o Jo 9]/,
J+J ! 2
// 02),dxds < Csup/ o] dx.
P+U sefo,¢] Jo

The second term is at leat {1, 02 . The other three terms are bounded by

: . S 9
CT + j)ws, +Clw,, - w,| <CUJ + j)wl + ?w +Cs W2, (2.162)

for 83 < min { %", % } Therefore, we have

d |
<[El</ot/01C|f|||w||§ds)m] +[El</ot/01C||w||§ds>m] (2.163)
+[EK—S§[1019[]/ el dx) ]

In conclusion, together with (2.153), the second-order estimates can be written as

[El ]+[Elg°l3/ot/ol(jix+oix)dxds ]

1 m
<[El / (/3 +03) ) dx ] + CE| []wo | (2.164)
0

+E[ ]

3 | GLOBAL EXISTENCE

t 1
/ $a(02, +j2,)dxds
o Jo

1
sup/ (j2,+02.)(s)dx
0

s€[0,t]

t t
C; [ Wliwizds+c, [ iwids

To give the global existence, we first establish the local existence of solutions by Banach’s fixed-
point theorem. In the following estimates, the constants in the onto mapping estimates can
depend on a given fixed time T, demanding less on the fineness of energy estimates compared
to the estimates in the last section.
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3.1 | Local existence

For given o and j, we consider the following linearized system with w known,

dw + (AW)w, + BW)w + C(w))dt = N (W,w)dt + l (3.1)

0
F(w)dw |

We denote M = sup ”é,f“ .
te[0,T]
Step 1: Uniform bound.

3.1.1 | Zeroth-order estimates for linearized system

For the zeroth-order estimates, we just multiply system (3.1) by w, then we integrate it with respect
to x and ¢. From (2.5), the expression of .4, we estimate

1
/ AW)w, -wdxdt < C|[Wwl|;|lwl|*dt.
0
By (2.6) and smoothness of steady state, there holds
1
/ Bw)w -wdxdt < Cllw|*dzt. (32)
0
Due to (2.7), it holds that
1
/ C-wdxdt<Clé||w]| dt. (3.3)
0
By (2.8) and the smoothness of steady state, we have
1
/ N, w) -wdxdt < C(|Iw]l, + D|w]*dt. (3.4)
0

For the stochastic term, taking the m-expectation, we estimate as follows:
m] [l ,t ,1 m
-wdx <E R ) j
F(W)dwW o Jo

B A .
<c/0[ /Ol[F(\?v)jdx ds) (C/O[“jHj”j”st) ] (3.5)

(c sup H]H / 117112 ds>
se€[0,¢]
1 " !
<o—E[( sup [wl? +E (c/
2 s€l0,(] 0

VA
M
VA
M

N
m
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By Itd’s formula, we have
diw|* =2dw -w + (FW)dW,F(W)dW) =2dw -w + |[F(W)|2dt. (3.6)

We directly estimate
/|[F<w)| dx <7+ |7+ < COWIE +wl, + 1) (1wl + Iwll +1). @)

Combining the above estimates, we have

| L o)
chiﬁpt <||w||>// |w|2dxds>]
l ORIl i + o +1) ds)m] (338)
l / w2 dxds+/ [w(0)|? dx) ]
<CM”"[El</ot/ol (I, + |w|2>dxds>m] +CM’mtm+C[El</ol |w0|2dx>m],

where Cy; ,, depends on m and M = sup “cr J“
te[0,T]

+E

+E

3.1.2 | Higher-order estimates for linearized system

We multiply (3.1) on the left by D to obtain
- 0
d(Dw) + (AW)W,_ + BW)w +C)dt = N(W,w)dt+D , 3.9
(Dw) + (A(W)w, + B(W) ) (W, w) LF(VV)dW] (3.9)

where D is defined in (2.60), A = DA, B = DB, C = DC, N' = DN . Differentiating (3.9) with
respect to x, we get

d(Dw,) — (D, (AW)W, + BW)W + C — N'(W,w))) dt

+ (AW, + ((AW))  + BW))w, + (B(W)) w +C,)dt (3.10)

= (N (W, w)) dt+Dxl 0 ]+Dl 0 ]
x F(w)d W (F(W)), dW
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By Itd’s formula, it holds that
2 -1 ~ A N[2
F + r, F
d(DM> _ Ddw, -w, + I EED AR FWO
2 2
=w, D, (AW)W, + BW)W + C — N (W, w)) dt — A(W)w,, w, dt
- ((AW)) , + BW))w, - w, dt — (B(W)) ww, dt — C,w, dt (3.11)
_ . . rrF, + rx[F|2(W)
+ (N(W,w)) W, dt+r,F(W)j, dW + r(F(W)), j, dW + 3 dt.
By the boundary condition j,(0) = j, (1) = 0, we have
1 1
/ AW)w, - w,dx = —/ EAxwx -w,dx. (3.12)
0 0
Now we collect all the terms containing w)zc, for (2.5) and (2.6),
1
R T 5/ = 1+, .
/0 (—DXA(W) + (AW)), + BW) — E(A(w))x)wx w, dx (3.13)
1
= / OW)w, -w, dx,
0
N (1 1 Ay |91 12|
where Q(W) = (DA, —-D, A+ DB) (W) = . r is chosen such that
2 2 di1 92
|912 + @01 | =O(IW] + [W,]), (3.14)
1 [ T+] 1 ([ T+] I
==rq2 - = 2—— 1-2— 3.15
e =ir{s ) (e (25 G

J J A A
=1 = 5rx = 3550 + O(W] + W)

Equation (2.61) admits a positive solution r(x). Thus, for small J, there is a constant 7, > 0, such

that
1 1 1 ,
/ wa-wxdenl/ j)zcdx+/ O(IW| + W |)|w,| dx,
0 0 0
where it holds that
1
[0+ [l dx < W e < vl e

For the terms containing w - w,, we estimate

/1 (=D BW) + (B(W)) J)w -w,dx = /1 D(B(W)), W - W, dx
0 0

1 1 1
=/ O(|w||wx|)dx<C/ |wx|2dx+C/ lw|*dx,
0 0 0

(3.16)

(3.17)

(3.18)
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with the formula of B (2.6). For the terms concerning w, from (2.7) and (2.8), we have
(-D,C+Cy) -w,dt =DC, -w,dt =—r(pé),j,dt = r(po + p&)o,dt (3.19)
=d (%rﬁoz + r,éxe”cr> —rpeodt=d (%rﬁcz + r,éxe”0> +0(c* + j*)dt,
and
(N W, w)) Wy = O] + [¢] + 1) (1w + [w[). (3.20)

Integrating them over x, due to é, = o, we have
1 ) 1y 1
/ (-D.C+C,) -wxdx<d/ (Er,é02+r,5xe~a)dx+C/ (% +j*)dxdt
0 0 0
1 1
<d/ C(02+éz)dx+C/ (0% + j*)dxdt (3.21)
0 0
1
<cd(lloll* + llells) +c/ (c*+ j*)dxdt =Cd|o|* + Cliol*dt,
0

and

1 1 1
/(J\_f(\iv,w))xwxdxsc(llwnl+||5||1+1)/ <|w|2dx+/ |wx|2>dx. (322)
0 0 0

Under (1.4), the assumption for F, we estimate

Ve lrF, + r FIA(W 1 2
[Fa + FTOW) i< Wi+ |w,?) dxdt<Clwltde,  (323)
A 5 o X 1
UL FIX (W 1
/ Rt le( )dxdts(f/ W|*dxdr < Clwidr. (3:24)
0 0

For the stochastic term, since J is sufficiently small, we have

t rl m
E //rx[F(\fv)jxdxdW
o Jo
[ t 1 2 3
<[E<C/ /rx[F(W)jxdx ds)
o |Jo

[ t] p1 2 B
=E C/ /rx ds
o |Jo
s L s 1 "
<E[l 2 sup/ |]| dx +E —gsup/ |jx|2dx
4 sefoJo 4 sefoJo

+[El<C99/0t'/01 |j'||wx|dx 2ds>m], (3.25)

_ A12
J+j| jodx
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m
where 9, is chosen such that E l(% sup fol ¥k dx> ] can be balanced by the zeroth-order
S€[0,t]

t 1
C(||va||1+||é‘||1+1)// (1w, + wi?) dxds
0 0

4
t] 1 2 n t m
[EK/ / |j’|wx|dx ds) ]S[El(/ C||W||§||w||§ds> ]
o |Jo 0
2 ! ! 2 "
<[ElC||a(t)|| +c/ (I3 + 1) lw|? ds+C/ (IWll, + D)||w,||" ds ] (3.26)
0 0
where Cy; ,, depends on mand M = sup ||6,1|,, 1, is a positive constant.
boundary estimates (2.96):
m]
1 m
+C[El</ <|w0,xx|2+|w0’x|2+|w0|2)dx> ]
0

m
estimates, E l(ﬁ sup /01 |Jx |2 d x> ] can be balanced by the left-hand side of this first-order
s€[0,t]
estimates. Further, there holds
Combining the above terms, along with the zeroth-order estimates, we obtain
1 t 1 m
E||sup / (o2 +j2)(s)dx + 772/ / jidxds
selo,t] Jo 0 0
m t m
+[El ]+[ElC/ Iwllds ]
0
t 1 5 m 1 5 5 m
<CypE </ / <|WX| + |w|2) dxds) + Cpyt™ + CE </ <|WO,X| + |wyo| )dx) ,
0 0 0
tel0,T]
Similarly, the second-order estimates of uniform upper bound can be obtained similarly to
1 t 1
E|| sup / (o2, +j2.)()dx +773/ / ji.dxds
sef0,t] J0 o Jo
t 1 m
<CprmE (/ / <|wxx|2 +|wi | + |w|2) dxds) + Cppt™ (3.27)
o Jo
where Cy,, depends on m and M = sup |[|8,1l|,, 15 is a positive constant. In summary of the
te[0,T]

estimates, there holds

E Ksilllogj/osdf (||w||§))m] < CM’m<tm +E l(/ot (Iwli3) ds>m] ) (3.28)

By Gronwall’s inequality, we have w € L™ (Q; C ([0, T]; H? (U))). Actually, it holds that

s€[0,t]

[EK sup (IIWII%)(S))m] SE[((IIWIlﬁ)(O))m] + Cppmt™
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+ / L (E|(1w120) ™| + Cast™ )Crg el undtds  (3.29)
0

<(E[(Iwoll2) "] + Capmt™ JeCrnt.

From (3.29), by applying Kolmogorov-Centov’s theorem, following the standard argument in
stochastic analysis [3], we deduce the time continuity of w up to a modification in a completed
probability space (Q, &, P), and so, we omit the details.

The iteration scheme is

dw, + (AW,_)(W,), + B(W)w, + C)dt (3.30)

= N(Wn—l’wn) de+ lF(Wn—l) d W] .

By energy estimates (3.29), we take T, such that

uno <2, CopTy < E[(IWIE)" . (33D
If
2m 2\
e[l [57] < 4| (IIwoll3) |- (332)
holds, then there holds
m
e [Iwall27] < €] (Iwoll2) "] (333)

Step 2: Contraction
We shall prove the contraction and the local existence of classical solutions o, j in the space
L™ (Q;C ([0, T];H? ([0,1]))). (W,, — W,,_,) satisfies

(dwn - dwn—l) + A(Wn—l)((wn)x - (wn—l)x) dt
+ (AW,,_) — AW, ) (W, _1), dt + BW)(w, —w,_;)dt + C(€,) —C(¢,_;)dt (3.34)

0

= (N(Wn—l’wn) - N(wn—z’wn—l)) dt+ (F(W,,_y) — F(w,_,)dW .

Then we multiply (3.34) with (w,, — w,_,) and integrate over x. By It0’s formula, there holds
d |Wn —Wp1 |2 = Z(Wn - Wn—l) ' (dwn - dwn—l) + |[F(wn—1) - [F(Wn—z)|2 dt. (3.35)
Recalling (2.5), we estimate by integration by parts
1
/ A(Wn—l)((wn)x - (Wn—l)x) : (Wn - Wn—l) dxdt < C||Wn—1||1 ”Wn — Wy ”2 dt. (3.36)
0
We directly estimate

1
/0 (AW,_1) = AW, )Wy - (W, —w,_p)dxdr (3.37)

< C”wn—l “1 ”wn—l - Wn—ZH “wn — Wy ” de.
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With (2.6), we have
! 2
/ BW)(W, —w,_ ;) (W, —w,_;)dxdt <C|w, —w,_,||"dt. (3.38)
0

Due to é, = o and (2.7), it holds that

1
| c@ =@ (v, = w, ) dxds (3:39)
0
. 2
<Cle, —é,_1||||w, —Wy,_1||dt < C||W,, =W,y || dt.

Since (2.8) and

N(Wn—l’wn) - N(wn—Z’wn—l) (3-40)
= N(Wn—l’wn) - N(Wn—l’wn—l) + N(Wn—l’wn—l) - N(Wn—z’wn—l)’

we estimate

1
/0 (N (Wit W) = N (W W) - (W, =W, )dxd i

1
< C/ (W, —w,_)+WwW,_; —w,_,) - (W, —w,_;)dxd¢ (3.41)
0
2
<C|wy, —w,_y||"dt + ||wWy,_y — W, ||[[W, — W, || dit.
For the stochastic integral, under the assumption for F (1.4), we estimate
m]
3

t 1 2
/0 (F(Wy_1) = FOW,_ ) — ) d X

-
[E-/O /0 (F(W,_1) = F(W,_5)(jp — Jp)dxdW

ds (3.42)

¢ 7
<E cr/{ W = o Pl = Jna [ s

4%; [ ] [ [ Wi alPas|
1<

sup ljn =

t m
cAMMA—uJWm

Immediately, there holds

|
@t

¢l
/ |F(w,_1) — [F(wn_2)|2 dxds ] (3.43)
o Jo

t m
c/0 [Wny — W] ds ]
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Combining the above estimates, for some m > 2, we have
t m
2
E l( / d [, = Wiy > ] (3.44)
0
m
<E
0

¢
/ C<”Wn - Wn—IH2 + W,y — Wn—2||2 + W, =W ||| Wy — Wn—2||> ds
L l
4m

1

where C depends on M. By Cauchy’s inequality and Jensen’s inequality, we have

m
[El( sup ||wn—wn_1||2> ]
s€[0,t]
t 5 5 m
<[ ([l =Wl + I = ol =l = i) )
t 5 5 m
<E < /0 C (1w = Wt [P + W, = Wi )ds> (3.45)
t m m
< [ (E[(colwn = waralP) "]+ E[(Colwas = el ] s

The higher order contraction estimates are proved similarly to zeroth order, with the symmetriz-
ing matrix and the boundary estimates (2.96), and so, the detailed proof is omitted here.
In summary, we have

E l( sup ||w, —wn_1||§> ] (3.46)
s€[0,t]

< [ (El(culwn = )]+ [ (Cllwns = wial) ] s

By Gronwall’s inequality, we have

m
E l( sup ||w, —wn_1||§> ] (3.47)
s€[0,t]
m ¢ m
<E l( sup ||w,_; — wn_2||§> ] ot + / E l( sup [|w,_; — wn_2||§> ]Tcgrecgnfdr
s€[0,t] 0 s€lo,7]

m
<acre K Sup [[w,,_; —wn_z||§> ]t-
s€[0,7]

. . 2
sup [|jn = Jnll
SE[0,t]
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Setting T; < Ty and 3C¢'Ty < 1, % 11 < 2, it holds that

m m
E l( sup ||w, — wn_1||2> ] <aE l( sup ||w,_; —wn_2||2> ] , a<l, (3.48)
s€[0,1] s€[0,1]

where w, is a Cauchy sequence, a = 3C¢'T,. By Banach’s fixed-point theorem, there exists a
unique solution w in L*" (Q; C ([0, T]; H? ([0,1])) ). Since ¢, = o is the unique solution under
the boundary condition (2.2), and ¢ € L*™ (Q;C ([0, T];H* ([0,1]))), it follows that & = ¢, is a
unique solution, € € L*™ (Q; C ([0, T]; H* ([0,1]))).

By the proof of Theorem 5.2.9 in [32], (p,J, ®) is the unique strong solutions to SEP, where
p,J € C([0,T,];H*(U)) and ® € C ([0,T,]; H* (U)) hold P a.s. Although it is smooth in PDE, it
is a strong solution in stochastic analysis. We give the definition of the local strong solution.

Definition 3.1. Let (Q, §§, P) be a fixed stochastic basis with a complete right-continuous filtra-
tion § = (Fy)s50 and W be the fixed Wiener process. (p,J, ) is called a strong solution to initial
and boundary problem (1.1)-(1.4)—(1.6)-(1.7)-(1.8)-(1.16), if:

(1) (p,J, ®) is adapted to the filtration (F),;

(2) P[{(p(0),7(0), 2(0)) = (oo, o, P} = 1;
(3) the equation of continuity

t
p(t) = po —/ Jyds,
0

holds P a.s., for any t € [0, T,];
(4) the momentum equation

t t t t
](t):]o—/ <%2+P(p)> ds—/ ]ds+/ p<1>xds+/ F(p,J)dW(s), (3.49)
0 x 0 0 0

holds P a.s., for any t € [0, T,];
(5) the electrostatic potential equation

@, =p—b, (3.50)
holds P a.s. for any ¢ € [0, T, ].

Remark 3.1. Reviewing the above proof, the onto mapping and contraction (3.48) hold for general
stochastic forces with linear growth. Thus, the existence holds without (1.4) and (1.15).

3.2 | Global existence

Combining the zeroth-order, first-order, and second-order energy estimates together, and
considering that |J| is sufficiently small, we have

m

] G

d 1+

sup ([Iwll3 + llell*)(s)
s€[0,t]

t
C/O (w3 + llell*)(s)d s
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/|J|||w||2ds+C/ Iwl3ds ],

where ¢ is a small positive constant with { < ¢;, 1 < i < 13. Hence, it holds that
m
] (.52

d
!

<[ (fIwoll3 + leo]I* + lIwol*) ]+[E[
t
sup ([lwl]l3+ llell? (S)+§/ Iwli3 + llelI*)(s)ds — C /O(IIW||§+|J'IIIWII§)dS

s€[0,t]

e[l + )] o] €]

sup (Iwll3 + llell? (S)+§/ Iwli3 + llel1*)(s)d s

s€[0,t]

t
/0 c(Iwl + Pliwi) ds

For ||w||, and |J| being small, we have

l m]
m

<[ (c(Iwoll2 + ol + Iwoll”) )" |- (3:53)

and
[E l

Based on energy estimates (3.54) uniformly in ¢ and local existence, we have the global esti-
mates by following the standard bootstrap, see also [34, 37]. The global existence of p,J €
L™ (Q;C ([0,T];H?(U))) holds in probability space (Q, §, P).

sup (w5 + llell*)(s)
s€[0,t]

] <CE[(Iwoll3 + el + Iwoll”) |- 359

4 | ASYMPTOTIC STABILITY OF 1-D SOLUTIONS

The a priori estimates is insufficient for investigating the decay rate since the a priori estimates are
already in the form of time integrals rather than a differential inequality. The asymptotic decay of
solution is established in this section based on the weighted decay estimates.

4.1 | Weighted decay estimates
411 | Zeroth-order weighted decay estimates

We multiply (2.41) with e*. Then, we have

1 — . - 2 i
e pj=Jo) N -
‘ d/0 (2(,5+a)p2+G(p+U) G(p) — G'(p)o + 2)dx
1

dt

1 /5: _ 7+)2 72
—J 3J
veit [T grars e (2L v o((0 +167) )
0

0o 2(p+0)p?
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1
+e¢‘/0 O([[liwl2)dxde +eS'o(lwl3) dt

+e§t/ FJ) +FOF'() Pdxdi— ;/ [F(J)[F”(]) Cdeds
0 2p 0 p

1
/ |[F( )| IFOI” dxdt+€§t/ O((|j|3+|g|3)|f|)dxdt
0 P’ 0

Lropdy JF'd LIFrQJ
+e4‘/ <—()+ ()>1 2dxdW+e¢f/ _—g)azdxdW
0 P P 2! o P

, 1
s“tw dW+e§t/ O((IjI* +1o1?))dxdw =o.
0

We estimate the stochastic term in the following way:

(ED IOV g
F s )2

t 1 2[Fl T _[FN T 2 2
C/ ezgs/ < _(J)+J__U)>lj2dx ds
0 0 p P 2
Co 5
<E <C/ e*5|T)| ||j||§ds>
0
) 7 e
<E (e;l sup |f|nju§) (c / eﬂflilﬂléds)
se[0,¢] 0

m ; m
<eSME [<|j| sup ||w||§> ] +[El<C/ e§S|j|||j||§ds> ]
s€[0,t] 0

Similarly, we have

m
<efME(( sup |J|||a||2 < efS|f|||a||§ds>
s€[0,t]
m
<e&™E|( 7] sup ||w||2 +E e<S|J‘|||a||§ds> ,
s€[0,t]

l J[F’(J)+[F(J) W‘ ]

t
ess

A
M

m
2

g’s

§s

4.1)

(4.2)

4.3)
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m ¢ m
<e™E([[ sup |J_|||0'||§ +E <C/ egs|]_|||j||§ds> (4.4)
SE[0,t] 0
m ¢ m
<e§"“[EK|J‘| sup ||w||§> ] +[El<C/ e55|f|||j||§ds> ]
s€[0,t] 0
and
m
[El s [ o((Ij1* +1o1?)) dxdw ] (4.5)
m t m
<e§mf[EK sup ||w||§> ]+[El(c/ e§S||w||§ds> ]
s€[0,t] 0
From the zeroth-order estimates in Subsection 2.1, there holds
_ m
/ Svsd/ pj=Joy +G(,5+a) G(p)—G(p)o+— (s)dx
2(p+o)p 2
t 1 m
>E /eé”Sd(;l/ (j2+o-2+é2)dx> . (4.6)
0 0
Therefore, there holds
t 1 m
E g“l/ egsd/ (j*+o*+é&)dx
0 0
t Lgi_J 2 m
+E /egs deds
0 0o 2(p+o)p |
t 3j]2 1 m] t _ m
<E /e45<2—ﬁ2+o((|j|3+|a|3))) ds| |+E /e{SO(|J|||w||§)ds (4.7)
0 0 0

t 1
+[El/ egs/ O((1jl> +lo’)||)dxds
0 0
m ¢ m
+e¢mf[EK|f| sup ||w||§> ] +[El<C/ e¢S|f|||w||§ds> ]
s€[0,t] 0
m ¢ m
+ SmE l( sup ||W||;> ]+[El<C/ g§S||w||gdS> ]
s€[0,t] 0
m ¢ m
<eSME l<|J| sup ||w||2> ] +[El<C/ e§S|J'|||W||§ds> ]
se€0,¢] 0
t m
+[El<C/ e§S||w||§ds> ]
0
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Additionally, the estimate for the dissipation in terms of /01 (0% + &) dx is needed. From the
zeroth energy estimates in Subsection 2.1, we multiply (2.54) with e$te, and then integrate it over
x.Since &, =0 =0atx =0and x = 1, we have

1P/ = 1
egt/ ﬁéidxdt+e§t/ &dxdt
0 0

P}

1 .~ 1 ;2 1 1 . 1 5
=e¢fd</ 5dx>+ef‘/ édxdt—e?f/ jdx/ i_dxdt+e?f/ axdr 48)
o P o P 0 o P o P

1 . 1
i [ osawac [ oo

1
+ egt/ O<|w|2 + |wx|2 + éz)édxdt.
0

We deal with the right-hand side by Holder’s inequality:

1 1 12 1 je
—egl/ jdx/ dedt+e§‘/ dedt+e§[/ dxdt (4.9
0 o P o P o P
1 1
séegt/ jzdxdt+e§t/ € dxdt,
0 0o 2

where C depends on p. For the stochastic term, we estimate it as follows:

‘ ' Fe "
E /egs/ —dxdw
0 o P
m ¢ m
<e§m15l<|j|2 sup ||w||2> ] +[El<C/ e§s|f|2||w||2ds> ] (4.10)
s€[0,t] 0
t m
+[ElC/ SSlwll3ds ]
0

Multiplying (4.8) with some small constant, adding (4.7), we have
m
m ; m
¢mt 7 2 ¢s| 7 2
<e [El<|J| sup ||w||2> ]+[El<C/ e |J|||w||2ds> ] (4.11)
s€[0,t] 0
t m m
+E <c/ e?S||w||§ds> +eS™E|( T sup Iwll,
0 s€[0,¢]
¢ m
+[El<C/ e§S|J_|2|IWI|zds> ]
0

t 1 t 1
/ egsd/ (j2+02+€2)(t)dx+§/ egs/ (j*+o*+é&*)dxds
0 0 0 0
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4.1.2 | First-order weighted estimates

For the first-order weighted estimates, we multiply (3.11) with S’ and integrate it on U. For the
stochastic term, we estimate
m]

t 1
/egs/ rFj,dxdw
0 0
t 1 2 [ t 1 2 B
C/ egs/ r.Fj.dx| ds =E C/ egs/ rx|j+j|2jxdx ds
0 0 0 0
t 1 2 2
=F <C/ egs/ re(J2+27j+j%)j dx ds) (4.12)
0 0
m ‘ m
<E C|f|2e§‘ sup |lwll; +E <C/ e55|f|2||W||1ds>
s€[0,t] 0
t m t m
+[El<C/ |J|e§5||w||§ds> ]+[El<C/ ||w||§ds) ]
0 0

Repeating the argument in Subsection 4.1.1, we have
m]

t m t
[El/ eS“Sd(/ |Vw|2> ]+[El/ geS“S/wadxds
0 U 0 U
m ¢ m
<rEK|f|2e§f sup ||w||1> ] HEl(C/ S Iw ds> ] (4.13)
s€[0,t] 0
m t m ¢ m
+e¢mf[El<c|f| sup ||w||§) ] +[El<C/ efS|f|||w||§ds> ] +[ElC/ eSSwll3ds ]
s€0,t] 0 0

4.1.3 | Second-order weighted estimates

A
M
w3

Similarly, we multiply (2.93) with e$!, and integrate it on U. Repeating the procedure in Subsection

4.1.1, we have
t 5 m t 3 m
E /egsd</ ’62w| dx) +E /ge“/’aZw’ dxds
0 U 0 U
m ‘ m
<E C|J_|2e§’ sup |lwl|, +E <C/ egs|f|2||w||2 ds) (4.14)
s€[0,t] 0

m t m t m
+e™E| 7] sup (w2 +E <c/ e¢S|f|||w||§ds> +E c/ eSSllwl3ds| |.
s€[0,] 0 0
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4.1.4 | Asymptotic stability

Combining the weighted estimates in the previous subsections, we obtain
m
m ¢ m
<E|[ c|7|?e" sup [Iwll, +E <c/ e§S|f|2||w||2ds> (4.15)
s€[0,t] 0
m ¢ m
+e§mf[EK|f| sup ||w||§> ] +[El<C/ e¢S|f|||w||§ds> ]
S€[0,t] 0
t m
+[ElC/ eSS wll3ds ]
0

Therefore, we have

E|[e (rwi2)["]

m
m -
<[ (fIwoll; + fla]*) ]+[El<C|J|2e§‘ sup ||w||2> ]
s€[0,t]
t m m
+[El<C/ egs|f|2||w||2ds> ] +eS™E l<|f| sup ||w||§> ] (4.16)
0 s€[0,¢]
t m t m
+[El<C/ eS°S|J‘|||w||§ds> ]+[ElC/ SSlwl3ds ]
0 0

Since ||w ||, is small, we have
- - 2 [ -
Etiwl]2 —c|J|est sup [wl|? —C|T|%" sup ||w||2—/ Cl|esIwli2 ds
s€[0,t] s€[0,t] 0

]
] (4.17)

<[ (Iwoll + BeolP) "]

We estimate

t t
/e“d(||w||§+||e~||2)+/ ¢S (w2 + llell®) ds
0 0

t t
—/ c|f|2e€’S||w||2ds—/ cesswliids
0 0

3

b 3¢s b ks ) 2
/ ¢Sllwlids < sup e7||w||§/ e ds< < sup <e¢°||w||§)> , (4.18)
0 0

s€[0,t] s€[0,¢]

t t
/ SS|T|liwli2ds < |J| sup ||w||§/ eSds < |J| sup [lwZeS. (4.19)
0 s€[0,t] 0 s€[0,t]
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If we denote y(t) = ¢ sup ||w||§, then there holds

s€[0,t]
elt sup lwll3 I
—&SHTI? sup [[wll, = =[P ——— = () — 4.20
U1 s I = = i, = O %Sap w (420
s€[0,t] s€[0,t]
> -y(t )L > —y() s =Ty,
inf sup [[wl]l, I 0||2
s€[0,t]
and
sup [lw]|;
/ e§°|]| lwll,ds < |J| sup ||w||2/ e§°ds—| |2&e§t (4.21)
0 0 sup [lw/l,
s€[0,t]
<Pl sup. Iwli3es = [7]y(0).
On the account of the smallness of (||w0||§ + ||é0||2), we have
H(l—CJ)y(t)(l— o) ‘ ] [(Iwoll2 + lleol) "] 4.22)
Since J is small, we obtain the asymptotic decay estimate
m m
[El sup [[w? ] < cme e [(lwoll3 + flaol) . (4.23)
s€[0,t]

where m > 2, and C is independent of ¢.

5 | INVARIANT MEASURE AND STATIONARY SOLUTIONS

In this section, the existence of invariant measure requires (1.4) and (1.15), which is unnecessary
in the global existence.

The law generated by the initial data z, : = (p,,Jy, Ey) in probability space (Q, &, P) is denoted
by L (z,). The system (1.1), with initial data z, satisfying (1.15), and forced by (1.4), admits a unique
strong solution

z(t,x,w) 1= (p(t, x,w), J(t, x,w), E(t, x,w)), (5.1)

in C ([0,T];H*(U)) x C ([0,T]; H? (U)) x C ([0,T]; H® (U)). We denote z(¢) for short. Let S, be
the transition semigroup [46]:

Sib(zy) = E[P(z((t,z))], t =0, (5.2)
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where 3 is the bounded function on & := H?(U)x H?(U) x H*(U), that is, ¢ € C,(%).
S(t, 2y, T) is the transition function:

S(t,2y, 1) 1= S,(zy, T) = S;1(z) = L(2(t,2)))T), 2o € X, T € B(H), t 20. (53)

For v, := (py — f§,Jo —J,Ey — E) in probability space (Q,,P), the perturbed system (2.1)
admits a unique strong solution

v(t,x,w) 1= (W(t,x,w),¢(t, x,w)) 1= (py — p,uy, Py — D), (5.4)

on C ([0,T]; H? (U)) x C ([0, T]; H* (U)) x C ([0, T]; H* (U)). We denote v(¢) for short. Let S, be
the transition semigroup for (2.1):

Sip(vo) = E[Yp(v((t, vo)], ¢ >0, (5.5)

where 1 is the bounded function on % := H?(U) X H? (U) X H* (U). We denote 3 € Cp,(#) and
denote S(t, v, T) as the transition function for (2.1).
We introduce the definition of a stationary solution for (1.1).

Definition 5.1. A strong solution (p;J;®; W) to system (1.1) and initial boundary conditions
(1.6)-(1.7)-(1.8), is called stationary, provided that the joint law of the time shift

(S,0,S8.J,5,®,S,W) (5.6)
on
c([o,T; H*(U)) x C([0, T}; HA(U)) x C([0, T]; H*(U)) x C([0,T]; H) (5.7)
is independent of 7 > 0.

Let ./ () be the space of all bounded measures on (#', % (#')). For any ¢ € C,, (#') and any
U € M (), we set the action

W) = [ peoux) 58)
x
Fort > 0,u € M (#), S; acts on M (') by
S/ u) = / St,x,Du(dx), TeBx). (5.9)
x
And there holds
(ST @) = u(SP), VY € Co(H), e M. (5.10)

Particularly, for SEP system (1.1) and z in probability space (Q, §§,P), after the action of the
transition semigroup S; for (2.4), there holds

S ZL(zy) = Z(2(t)). (5.11)
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That is,
(Si)L(zy) = E[9(z())], (5.12)
where i € Cp,(¥), L (z,) is the law generated by the initial data z.

Definition 5.2. A measure u in /(%) is said to be an invariant (stationary) measure, if

Siu=u, Vit>0. (5.13)

In particular, Dirac measure centered at the steady state (3,7, E) is the invariant measure for
(1.9), since it keeps the same after the action of the transition semigroup for (1.9).
For z, € # and T > 0, the formula

T
% / S,(zo,T)dt = Ry(zy, T), T € B(F), (5.14)
0

defines a probability measure. For any v € /(% ), R}.v is defined as follows:
Riv(D) = / Ry (x,T)v(dx), T e RB(x). (5.15)
x

For any ¢ € C,(#), there holds

T
(R = & /O (S @)dr. (5.16)

S;,t = 0, is a Feller semigroup, if for arbitrary ) € C,(%), the function
[0,+00) X Z, (t,x)+— S;p(x) (5.17)

is continuous.
The method of constructing an invariant measure described in the following theorem is due to
Krylov-Bogoliubov [35].

Theorem 5.1. If for some v € M () and some sequence T, T +oc0,R}. v — u weakly as n — oo,
then u is an invariant measure for Feller semigroup S;,t > 0.

The following lemma is obtained similarly to [4], and we provide a proof for the convenience
of the readers. v;’(’ represents the stochastic process initiated from v, for the sake of expediency.

Lemma 5.1. The perturbed SEP system (2.1) defines a Feller-Markov process, thatis, S, : Cp(#) —
C,(X), and

Elw(v2)[& ] = (B9) (V). vwew, pec,@), Vis>o. (5.18)

Proof. From the continuity of solutions, it is easy to see the Feller property that S, : C, (%) —
Cp, () is continuous. For the Markov property, it suffices to prove

E[¢(v,},)Z] = E[S%(v,°)Z], (5.19)

where Z € §;,.
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n
Let D be any F,-measurable random variable. We denote D,, = Y D1, where D' € # are
i=1
deterministic and (Q') C F; is a collection of disjoint sets such that JQ' = Q. D, - D in #
i

implies S;¢ (D,,) — S;¢(D) in . For every deterministic D € F,, the random variable VB s

depends only on the increments of the Brownian motion W, — W, and hence, it is independent
of ;. Therefore,

[E[z,b (ng)Z] - [E[1,b (vgﬂ)] E[Z], VDeF. (5.20)
Since vP, | has the same law as vP by uniqueness, we have
[E[l[) (vg +S)Z] = E[p(vP)]E[Z] = S$(D)E[Z] = E[S,¥(D)Z]. (5.21)
So,
E|e(vE.,)2] = E[(Sip) @)7] (5.22)
holds for every D. By uniqueness,

Yo — gVt P as., (5.23)

Vl+s t,t+s’

which completes the proof. O

We prove the tightness of the law

T
{% /0 cov(e)dt, T>0}, (5.24)

so as to apply Krylov-Bogoliubov’s theorem.
Theorem 5.2. There exists an invariant measure for the system (2.1).
Proof. From the energy estimates of global existence, we know that
e[ Iw3"] < ce[(IIwoll, + le@]?) "], (525)
where C is independent of T. Consequently, for compact sets
B, = {w() e P)||w)], <L}, >0, (5.26)

in C1(U), there holds

1

T . B 1 T
f/o ﬁ(w(t))(BL)dt_f/0 Pl{|lw®|,>L}]dt (5.27)

<L T[E[ ) 2’”]dt
=N L2mT 0 “W “2
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1 2
< CE|[wo "]
— 0, as L —» +co. (5.28)

The tightness of % fOT L (é(t))dt is obtained similarly due to the energy estimate

| leol| "] < C[EH(||WO||§ +[e]) m]. (5.29)

Hence, the tightness of (5.24) holds. Thus, there exists an invariant measure by Krylov-
Bogoliubov’s theorem. O

Equation (1.1) also defines a Feller-Markov process, similarly to (2.1). Since (3,7, E) is smooth,
by the uniqueness of solutions, % fOT L(P)XLJ)XL(E)dt is also a tight measure, which
generates an invariant measure as T — +o0. In fact, for compact sets

B,1 = {p€H2(U)]IIpII2 SL}, L>0, (5.30)
in C1(U), there holds

T . . _1 T
| et (B ) de=1 [ etdiel > s (531

1 T 5
m
<L2"1T/0 E[llel3™] dt
< 5C(E[leoll3"] + EL1213™])
\L2m Po 2 P 2

— 0, as L — +co. (5.32)

1
T

Remark 5.1. In the above proof, we require that the constant in energy estimate (5.25) is
independent of T. That is the reason why we assume (1.4) and (1.15).

. T
We care about what holds for the limit of % fo L()XLU)XL(E)dt.

Theorem 5.3. The invariant measure generated by % /OT L(p)X LJ)X L(E)dt, for system (1.1),
is the Dirac measure of the steady state (p,J, E), that is, the limit

T
. 1
TEwa/O L(p)X L)X L(E)dt =6;%X8; X8 (5.33)

holds weakly.

Proof. For any ¢ € C,, (#), we have

T T
Jim 1 /O (EEN@dr= Jim 1 /0 E[y(o)]d ¢ (5.34)

1 T
— lim X /0 (E[(0) — ()] + E[p()]) d.

T—+co T
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We claim that limg_ T /0 [P(P)—9(P)]dt=0. Actually, separating € into
{z,b P)—Y(P) < 7 } s > 0, and Qf, there holds

E[$(p) = $(P)] = /Q (%(p) = P(P)P(dw)

- / W(p) - PE)P[Aw) + / @) - PEIPAw)  (539)
anQy, anQy

= Il + 12.
For I, it holds that
1 /T
T1_1)r1{1°o T/ /m o W) —YPP)P(dw)dt < hm T % dt=0. (5.36)

For I,, by the weighted energy estimates and Chebyshev’s inequality, with an approximation of
the bounded function 3 by polynomials (Weierstrass Approximation Theorem), there holds

/ WP(p) —p(P)P(dw) < CP l{lﬁ(p) —P(p) > L }] (5.37)
onQs \/g

E[19(0) — $(2)I”"]

()

<csme ™ [lo - 213" -

So, we have

T
lim —/ / (l,b(p) P(P)P(dw)dt < hm C= / e dt = 0. (5.38)
0

Therefore, there holds

T
hmool / (C(e)pdt = lim L / E[(@)]dt = E[$(p)] = 6,9. (5.39)

A similar calculation shows that

T
. 1 ]
Tl_l)l’_'l_loo | ¥£(J) dt =dy; (5.40)
and
T
TETw | TE(E)dt =Jp. (5.41)
This completes the proof by the tightness of a joint distribution. O
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APPENDIX A

We provide an overview of the fundamental theory concerning stochastic analysis. Let E be a
separable Banach space and % (E) be the o-field of its Borel subsets, respectively. Let (Q, &, P) be
a stochastic basis. A filtration 7 = ({, ),y is a family of o-algebras on Q indexed by T such that
S CG: CF,s<t,steT.(Q,F, P)isalso called a filtered space. We first list some definitions.

1.

E-valued random variables. [46] For (Q, %) and (E, &) being two measurable spaces, a
mapping X from Q into E such that the set {w € Q : X(w) € A} = {X € A} belongs to F for
arbitrary A € &, is called a measurable mapping or a random variable from (Q, %) into (E, &)
or an E-valued random variable.

Strongly measurable operator valued random variables. [46] Let " and H be two sep-
arable Hilbert spaces that can be infinite-dimensional, and denote by L(U", H) the set of all
linear bounded operators from V" into H. A functional operator ¥(-) from Q into L(V", H) is
said to be strongly measurable, if, for arbitrary X € U, the function W(-)X is measurable, as
a mapping from (Q, F) into (H, B(H)). Let &£ be the smallest o-field of subsets of L(1", H)
containing all sets of the form

WelL(U,H) :¥X € A}, XeU, Ae B(H). (A1)

Then ¥ : Q — L(U’, H) is a strongly measurable mapping from (Q, %) into (L(U", H), &).
Law of arandom variable. For an E-valued random variable X : (Q,F) — (E, &), we denote
by L£[X] the law of X on E, that is, £[X] is the probability measure on (E, &) given by

LIX](A)=P[X € A], Ae€&. (A.2)

Stochastic process. [46] A stochastic process X is defined as an arbitrary family X = {X,};cr
of E-valued random variables X;, t € T. X is also regarded as a mapping from Q into a
Banach space like C([0,T];E) or LP = LP(0,T; E), 1 < p < +00, by associating w € Q with
the trajectory X (-, w).

Cylindrical Wiener process valued in Hilbert space. [46] A U -valued stochastic process
W(t),t > 0, is called a cylindrical Wiener process, if

« W(0) = 0;

* W has continuous trajectories;

* W has independent increments;

* the distribution of (W (t) — W(s))is #/(0,(t —s)), 0<s<t.

Adapted stochastic process. A stochastic process X is F-adapted, if X, is ;-measurable for
everyt € T;

Martingale. The E-valued process X is called integrable provided E [||X,]|]] < +oo for every
t € T. An integrable and adapted E-valued process X,,t € T, is a martingale if

* X is adapted,;

* X, =E[X; | G, for arbitrary t,s € T, 0 < s < t.

Stopping time. On (Q, &, P), a random time is a measurable mapping 7 : Q@ - TU c0. A
random time is a stopping time if {r < t} € &, for every ¢t € T. For a process X and a subset V'
of the state space, we define the hitting time of X in V as

Ty (w) = inf {t € T|X,(w) € V}. (A3)

If X is a continuous adapted process, and V' is closed, then 7y, is a stopping time.
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9.

10.

11.

12.

Modification. A stochastic process Y is called a modification or a version of X if
Plw € Q : X(t,w) # Y(t,w)}] =0 forallt €T. (A4)

Progressive measurability. In (Q, , P), stochastic process X is progressively measurable or
simply progressively measurable, if, for w € Q, (@, s) = X(s,w), s <tis F; ® B(T n [0, t])-
measurable for every t € T.

Progressive measurability of continuous functions. Let X(t),t € [0,T], be a stochasti-
cally continuous and adapted process with values in a separable Banach space E. Then, X has
a progressively measurable modification.

Cross quadratic variation. Fixing a number T > 0, we denote by M%(E) the space of all
E-valued continuous, square integrable martingales M, such that M(0) = 0.If M € M% ([R1 )
then there exists a unique increasing predictable process (M(+)), starting from 0, such that the
process

M*(t) = (M("), t€[0,T] (A.5)

is a continuous martingale. The process (M(-)) is called the quadratic variation of M. If
M, M, € M3, (R'), then the process

(M, (1), My()) = %[((Ml +M,)(1)) = (M = My)())] (A.6)

is called the cross quadratic variation of M;, M,. It is the unique, predictable process with
trajectories of bounded variation, starting from 0 such that

M (DM (1) — (M, (1), My(1)), t €[0,T] (A7)

is a continuous martingale.
For M € M%(H), where H is Hilbert space, the quadratic variation is defined by

M)y =Y (M), M;(t))e; ®e;, te0,T], (A8)
i,j=1

as an integrable adapted process, where M;(t) and M;(¢) are in M% (IRl). Ifae H,,beH,,
then a ® b denotes a linear operator from H, into H, given by the formula

(a®b)x = a(b,x)Hz, x € H,. (A9)

We define a cross quadratic variation for M! € M% (Hy), M? € M% (H,) where H; and H,
are two Hilbert spaces. Namely, we define

e8]

(M OM©O) = Y, (M/©O.M0)el @, telo,T], (A.10)
ij=1

where {eil} and {ejz. } are complete orthonormal bases in H; and H,, respectively.
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13. Stochastic integral. Let W be the Wiener process. Let ¥(t),t € [0,T], be a measurable
Hilbert-Schmidt operators in L(1", H), which is set in the space £, such that

[E[ /0 t (I, ds] =E /0 t(‘P(s),‘P*(s»H ds < +oo, (A1)

where (-, -);; means the inner product in H. For the stochastic integral /Ot ¥d W, there holds

t 2 t
_ 2
[El(/o lI’dW) ] —[E[/O ||‘P(s)||£2ds]. (A.12)

Furthermore, the following properties hold:

* Linearity: [(a®, + b¥,)dW =a [ ¥, dW + b [ ¥, d W for constants a and b;
* Stopping property: [ 1, ,¥dW = [W¥dM* = [O'M‘PdW;

* Ito-isometry: for every ¢,

t 2 t
_ 2
[El(/) lPdW) ] = [E[/0 IIT(S)IIEZdS]. (A.13)

14. Dirac measure. Let (E, (E)) be a measurable space. Given x € E, the Dirac measure ,, at
x is the measure defined by

1, xeA
6,(A) := A.l4
«(A) {0, cEA (A.14)

for each measurable set A C E. In this paper, there holds

65 = L[pl(A) =Pl{lw € Q| p(x) € A}] = 1.

6

15. Tightness of measures. [1] Let E be a Hausdorff space, and let & be a o-algebra on E. Let
 be a collection of measures defined on &. The collection ./Z is called tight if, for any € > 0,
there is a compact subset K, of E such that, for all measures u € ./,

KI(E\K,) <. (A.15)

where |u| is the total variation measure of x. More specially, for probability measures u, (A.15)
can be written as

uK.) > 1—-¢. (A.16)

‘We list some important theorems in stochastic analysis.

1. It6’s formula. [31, 46] Assume that ¥ is an £,-valued process stochastically integrable in
[0,T], ¢ being a H-valued predictable process Bochner integrable on [0, T], P-a.s., and X(0)
being a %)-measurable H-valued random variable. Then, the following process

t

t
X() =X(0) + /0 p(s)ds + /0 Y(s)dw(s), te€]0,T] (A.17)
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is well defined. Assume that a function F : [0,T] X H — R! and its partial derivatives
F,,F,F,, are uniformly continuous on bounded subsets of [0,T] X H. Under the above
conditions, P-a.s., for all t € [0, T],

t
F(t,X(t)) =F(0,X(0)) + /0 (Fr(5,X(s)), P(s) dW(s))y (A.18)

‘ 1
+ [ {FEXO) 4 F. X600 + FFal XN, fds
0 2 2

Applying the above formula for F = (x, x);,, we have 1td’s formula for (X, X);,. Then, by

XY X4Y) (X -V, X-Y)y

X, Y)y = 2 (A.19)
in Hilbert space, the following Ito’s formula holds for X and Y in form of (A.17),
1
X, Y)y = (X0, Yo)u + /(X,dY)H ds+ /(Y,dX)H ds +/d( (X,Y),(X,Y) )721
(A.20)

=(XO,YO)H+/(X,dY)Hds+/(Y,dde)H+((X,Y),(X,Y) )2,

where (X, Y) means the cross quadratic variation of X and Y defined above. In this paper, for
1

the convenience of notations, we still use (X, Y) to denote ( (X, Y),(X,Y) )751.
2. Chebyshev’s inequality. Let Y be a random variable in probability space (Q, &, P), € > 0. For
every 0 < r < oo, Chebyshev’s inequality reads

1
PI{IY] > e}l < E7[E[IY|’]- (A.21)
3. Burkholder-Davis-Gundy’s inequality. [5, 46] Let M be a continuous local martingale in

H. Let M* = max [M(s)|, m > 1. (M) denotes the quadratic variation stopped by T. Then,
SO

there exist constants K" and K,,, such that

2
KnE[(0)r)"] <E[(M7)™"] < K"E[n))"], (A.22)
2m(2m—2)
for every stopping time T. Form > 1, K" = (;n_ril > which is equivalent to e as m —

oo. Specifically, for every m > 1, and for every ¢t > 0, there holds

m

2m t
[Elsup ] <Km<[E[/ 1%(s)II% ds]) ) (A.23)
s€[0,t] 0 2

4. Stochastic Fubini theorem. Assume that (E, &) is a measurable space and let

t
/ Y(s)d W(s)

0

Y (t,w,x) = ¥(t,w, x)
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be a measurable mapping from (Qp X E, B(Qr) X B(E)) into (£2,% (£?)). Moreover,
assume that

1

T 1
/ [[E / (W(s), W™ (s))y, dt| p(dx) < +oo, (A.24)

E 0 |
then P-a.s. there holds

T Ty
/E [/0 lP(t,x)dW(t)],u(dx) =/0 /E lP(It,x)/,t(dx)] dw(e). (A.25)

5. Kolmogorov-Centov’s continuity theorem. [32, 46] Let (Q, F, P) be a probability space and
X aprocess on [0, T] with values in a complete metric space (E, &). Suppose that

E[|X; — X,|"] < Clt —s|**?, (A.26)

forevery s < t < T and some strictly positive constants a, b and C. Then, X admits a continuous
modification X, P [{X, = X,}] = 1 for every ¢, and X is locally Holder continuous for every
exponent 0 < y < g, namely,

o 3 Homxel ., .
0<t—s<h(w),t,s<T |[ - S|V

where h(w) is an strictly positive random variable a.s., and the constant satisfies § > 0.
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