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Abstract
In this paper, we establish the asymptotic stability of the
steady state for the 1-D stochastic Euler–Poisson equa-
tions with Ohmic contact boundary conditions forced
by the Wiener process. We utilize Banach’s fixed-point
theorem and the a priori energy estimates uniformly
in time to ensure the global existence of solutions
around the steady state. In contrast to the determin-
istic case, the presence of stochastic forces leads to
the lack of temporal derivatives of momentum, posing
challenges for energy estimates. Furthermore, Ohmic
contact boundary conditions pose greater challenges for
energy estimates compared to the insulating boundary
conditions. To address this issue, we establish asymp-
totic stability concerning the spatial derivatives through
weighted energy estimates for the estimates of stochas-
tic integrals, employing a technique distinct from that
of the deterministic case. Furthermore, we demonstrate
the existence of an invariant measure based on the a pri-
ori energy estimates. This invariant measure precisely
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corresponds to the Dirac measure generated by the
steady state, due to the time-exponential decay of the
perturbed solutions around the steady state.
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1 INTRODUCTION

The model of the stochastic Euler–Poisson (SEP) equations provides a precise depiction of phys-
ical phenomena for the analysis and design of semiconductor devices [2] since the stochastic
effects occasionally lead to undesired defects and pattern roughness in chips. Thus, we explore
the dynamicmodel of semiconductors perturbed by stochastic forces withinmathematical frame-
works. In Part 1 [37], we studied the existence and the symptomatic behavior of the stationary
solution to SEP in 3-D bounded domain with the insulating boundary conditions. The Ohmic
contact boundary conditions posemore challenges than the insulating boundary conditions. For a
multidimensional bounded domainwithOhmic contact boundary conditions, there are no results
on the well-posedness of deterministic solutions around the steady states. Hence, we merely
consider the 1-D SEP. In 1-D bounded smooth domain 𝑈, the 1-D SEP reads as

⎧⎪⎨⎪⎩
𝜌𝑡 + 𝐽𝑥 = 0,

d 𝐽 +
((

𝐽2

𝜌
+ 𝑃(𝜌)

)
𝑥
+ 𝐽

𝜏

)
d 𝑡 = 𝜌Φ𝑥 d 𝑡 + 𝔽(𝜌, 𝐽) d𝑊,

Φ𝑥𝑥 = 𝜌 − 𝑏,

(1.1)
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where “ d ” is the differential notation with respect to time 𝑡, 𝜌 is the electron density, 𝐽 is the
current, 𝑃 (𝜌) is the pressure, Φ is the electrostatic potential, and 𝜏 is the velocity relaxation time,
which is regarded as a constant, assumed to be 1 without loss of generality thereafter. 𝑏 ∶= 𝑏(𝑥) is
called the doping profile, which is positive and immobile. We also introduce the electricity field 𝐸
satisfying 𝐸 = Φ𝑥. Stochastic processes 𝜌, 𝐽, Φ, 𝐸, and 𝑃 (𝜌) are actually functions of 𝜔, 𝑡, and 𝑥,
where𝜔 is a sample in the probability space (Ω, ℙ). For convenience, we use the simplified notions
𝜌, 𝐽, Φ, 𝐸, and 𝑃 (𝜌) here and hereafter.𝑊 is an -valued cylindrical Wiener process defined on
the filtrated probability space (Ω,𝔉, ℙ), where is an auxiliary separable Hilbert space, and𝔉 is
the filtration, referring the definitions of filtration andWiener process in Appendix A. Let {𝑒𝑘}+∞𝑘=1
be an orthonormal basis in . Then, the cylindrical Wiener process is 𝑊 =

∑+∞
𝑘=1 𝑒𝑘𝛽𝑘, where

{𝛽𝑘(𝑡); 𝑘 ∈ ℕ, 𝑡 ⩾ 0} is a sequence of independent, real-valued standard Brownian motions. Let𝐻
be a Bochner space, and 𝔽 (𝜌, 𝐽) be an𝐻-valued operator from to. Denoting the inner product
in as ⟨⋅, ⋅⟩ , the inner product

⟨𝔽(𝜌, 𝐽), 𝑒𝑘⟩ = 𝐹𝑘(𝜌, 𝐽) (1.2)

is an𝐻-valued vector function, which shows the strength of the external stochastic forces,

𝔽(𝜌, 𝐽) d𝑊 =

+∞∑
𝑘=1

𝐹𝑘(𝜌, 𝐽) d 𝛽𝑘𝑒𝑘, 𝔽(𝜌, 𝐽) =

+∞∑
𝑘=1

𝐹𝑘(𝜌, 𝐽)𝑒𝑘. (1.3)

We will write 𝐹𝑘 (𝜌, 𝐽) as 𝐹𝑘 for short in the sequel.
We assume that

𝔽(𝜌, 𝐽) d𝑊 =

+∞∑
𝑘=1

𝐹𝑘(𝜌, 𝐽) d 𝛽𝑘𝑒𝑘, (1.4)

𝐹𝑘 = 𝑎𝑘𝐽𝑌(𝐽),
∑

𝑎2
𝑘
= 1, |𝑌(𝐽)| ⩽ 𝐶𝐽, ||𝑌′(𝐽)|| ⩽ 𝐶, ||𝑌′′(𝐽)|| ⩽ 𝐶, (1.5)

where 𝑎𝑘 are positive constants. Regarding the Euler–Poisson equations (1.1), the Ohmic contact
boundary condition is given by

𝜌(𝜔, 𝑡, 0) = 𝜌1, 𝜌(𝜔, 𝑡, 1) = 𝜌2, (1.6)

where 𝜌1 and 𝜌2 are positive constants, and the boundary condition for the electrostatic potential
Φ is required:

Φ(𝜔, 𝑡, 0) = Φ1, Φ(𝜔, 𝑡, 1) = Φ2, (1.7)

where Φ1 and Φ2 are constants.
The stability problem of (1.1) with (1.6), (1.7), along with the following initial data in (Ω,𝔉, ℙ)

(𝜌0(𝜔, 𝑥), 𝐽0(𝜔, 𝑥), Φ0(𝜔, 𝑥)), (1.8)

is studied in this paper. We denote (𝜌0(𝜔, 𝑥), 𝐽0(𝜔, 𝑥), Φ0(𝜔, 𝑥)) by (𝜌0, 𝐽0, Φ0) for short.
For the multiple dimensional case, Guo–Strauss [18] considered the deterministic 3-D Euler–

Poisson equations in a bounded domain with insulating boundary, and showed the convergence
of solutions to the 3-D subsonic steady states. The stability analysis of semiconductor systems
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4 of 62 LI et al.

with the contact boundary conditions is more complicated compared to those with the insulat-
ing boundary conditions. This complexity arises due to the absence of studies on well-posedness
of steady state for 2-D or 3-D deterministic semiconductor systems with the contact boundary
conditions. Generally, there are no solutions or no uniqueness of solutions to the elliptic equa-
tion with the Dirichlet boundary conditions. Researchers make attempts to get close to this
problem.Mei–Wu–Zhang [41] considered the stability of the steady state for 3-D spherical symmet-
ric semiconductors in a hollow ball, that is, the radius 𝑟 > 𝜀 is required, for some small constant 𝜀.
Markowich [39] discussed the existence of the subsonic solution in two dimensions with the irro-
tational currents on the boundary. Further exploration into the stability of steady-state solutions
for theCauchy problemwas undertaken byHattori [23]. TheCauchy problems to the deterministic
Euler–Poisson equations were extensively studied in [9, 27–30, 33]. For the ill-posedness of solu-
tions of multidimensional Cauchy problem, one can refer to Ogawa–Suguro–Wakui’s work [44].
For the case of free boundary with vacuum, we refer to [38, 42, 50] and the references therein.
For the formulation of singularities in compressible Euler–Poisson equations and the large time
behavior of Euler equations with damping, one can refer to [47] and [49], respectively.
For the deterministic case with the 1-D contact boundary condition, Degond–Markowich [7]

studied the existence of steady states and the uniqueness for a given current density 𝐽. Li–
Markowich–Mei [36] explored the existence and uniqueness of steady-state solution for the flat
doping profile. Guo–Strass [18] also considered the steady state

(
𝜌̄, 𝐽, Φ̄

)
, and constructed a global

solution near the steady state. While the current 𝐽 is small, 𝜌̄, Φ̄, and the doping profile 𝑏(𝑥)
have large variation. Then, the uniqueness is reconsidered by Nishibada–Suzuki [43] for a given
boundary voltage.
As we addressed in Part 1 [37], the stochastic forces exhibit at most Hölder- 1

2
continuity in time

𝑡, leading to the decreased regularity of velocity over time. From a mathematical perspective,
investigating the stochastic problem enables us to examine the long time behavior of solutions
to the SEP equations in the absence of strong regularity in time and determine whether the
desired properties persist in the presence of specific types of noise, providing valuable theoretical
guidance.
The solutions to stochastic evolving systems are called the stationary solutions, provided that

the expectations of the increments of solutions during evolution are time-independent. Origi-
nally, the study of stationary measures dates back to the works of Hopf [26], Doeblin [8], Doob
[10], Halmos [19, 20], Feller [11], andHarris and Robbins [21, 22], for the theory of discreteMarkov
processes. The study of invariant measure of fluid models dates back to Cruzeiro [6] for stochas-
tic incompressible Navier–Stokes equations in 1989, by Galerkin approximation with dimensions
𝐷 ⩾ 2. Flandoli [12] and Flandoli–Gatarek [13] proved the existence of an invariant measure for
multidimensional incompressible Navier–Stokes equations by different methods with [6]. Mat-
tingly [40] proved the existence of exponentially attracting invariant measure with respect to
initial data, for incompressible N-S equations. Later, Goldys–Maslowski [17] showed that tran-
sition measures of 2-D stochastic Navier–Stokes equations converge exponentially fast to the
corresponding invariant measures in the distance of total variation. Then, for the 3-D case, Da
Prato and Debussche [45] constructed a transition semigroup for 3-D stochastic Navier–Stokes
equations, which allows for rather irregular solutions without the uniqueness. Flandoli–Romito
[15] used the classical Stroock–Varadhantype argument to find the almost-sure Markov selection.
For stochastic compressible Navier–Stokes equations, Breit–Feireisl–Hofmanová–Maslowski [4]
proved the existence of stationary solutions. Hofmanová–Zhu–Zhu [25] selected the dissipa-
tive global martingale solutions to the stochastic incompressible Euler system, and obtained
the nonuniqueness of strong Markov solutions. Very recently, they [24] showed that stationary
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 5 of 62

solution to the Euler equations is a vanishing viscosities limit in law of stationary analytically
weak solutions to Navier–Stokes equations. In terms of the nonuniqueness studies, some scholars
believe that a certain stochastic perturbation can provide a regularizing effect of the underlying
PDE dynamics. For instance, Flandoli–Luo [14] showed that a noise of transport type prevents
a vorticity blow-up in the incompressible Navier–Stokes equations. A linear multiplicative noise
prevents the blow up of the velocity with high probability for the 3-D Euler system, which was
shown by Glatt–Holtz–Vicol [16]. Tang [48] extended the noise of transport type to pseudodiffer-
ential/multiplicative noise for stochastic Euler–Poincaré equations. To the best of our knowledge,
the stationary solutions of SEP with Ohmic contact boundary have not been explored previ-
ously. For our SEP, with better regularity than Euler equations, we could show the existence and
uniqueness of invariant measure in more regular space.
To study the asymptotic behavior of solutions to SEP, we first establish the global existence

and uniqueness of perturbed solutions around the steady state for the Euler–Poisson equations.
Subsequently, we demonstrate the existence of stationary solutions and invariant measure, based
on the a priori energy estimates and weighted energy estimates.
In the probability space (Ω,𝔉, ℙ), the random variables

(
𝜌̄(𝜔, 𝑥), 𝐽(𝜔, 𝑥), Φ̄(𝜔, 𝑥)

)
are supposed

to satisfy the same equations as the steady-states equations

⎧⎪⎨⎪⎩
𝐽 ≡ 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡,(
𝐽2

𝜌̄
+ 𝑃(𝜌̄)

)
𝑥
+ 𝐽 = 𝜌̄Φ̄𝑥,

Φ̄𝑥𝑥 = 𝜌̄ − 𝑏(𝑥).

(1.9)

By multiplying 1

𝜌̄
with (1.9), and taking divergence on the resultant equation, we have(

𝑃′(𝜌̄) −
𝐽2

𝜌̄2

)
1

𝜌̄
𝜌̄𝑥𝑥 +

(
4𝐽2

𝜌̄4
+
𝑃′′(𝜌̄)

𝜌̄
−
𝑃′(𝜌̄)

𝜌̄2

)||𝜌̄𝑥||2 + − 𝐽

𝜌̄2
𝜌̄𝑥 = 𝜌̄ − 𝑏(𝑥). (1.10)

We consider the case that 𝐽 is sufficiently small so that the subsonic condition 𝑃′ (𝜌̄) − 𝐽2

𝜌̄2
> 0

holds. The equation of 𝜌̄ (1.10) is uniformly elliptic. Since we consider the small perturbation
around the steady state, the solutions 𝜌 and 𝐽 are subjected to the subsonic condition𝑃′ (𝜌) − 𝐽2

𝜌2
>

0. The existence and uniqueness of the system (1.9) with the contact boundary condition was
obtained by [36].

Proposition1.1 ([18]). Let 𝑏(𝑥) > 0 in 𝑈̄, 𝐽 be a small constant, and 𝑃 ∶ (0,∞) → (0,∞) be smooth
with 𝑃 (0) = 0. Then there exists

(
𝜌̄(𝑥), 𝐽, Φ̄(𝑥)

)
, a unique smooth steady-state solution, with the

Ohmic contact boundary condition

𝜌̄(0) = 𝜌1, 𝜌̄(1) = 𝜌2, Φ̄(0) = Φ1, Φ̄(1) = Φ2, (1.11)

such that there holds

𝜌̄(𝑥) > 𝜌 > 0,∫𝑈 𝜌̄(𝑥) d 𝑥 = ∫𝑈 𝑏(𝑥) d 𝑥, ∀𝑥 ∈ 𝑈̄, (1.12)

where 𝜌 is a constant, and 𝑄̄ is supposed to satisfy

𝑄̄𝑥(𝜌̄) = Φ̄𝑥. (1.13)
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6 of 62 LI et al.

In this paper, we make a clear distinction between stationary solution for the stochastically
forced system (1.1) and the steady state for the deterministic system (1.9).
For every 𝜔 ∈ Ω,

(
𝜌̄(𝑥, 𝜔), 𝐽(𝜔), Φ̄(𝑥, 𝜔)

)
=

(
𝜌̄(𝑥), 𝐽, Φ̄(𝑥)

)
holds. We denote by

(
𝜌̄, 𝐽, Φ̄

)
for

convenience. Hence, the law of steady state is Dirac measure 𝛿𝜌̄ × 𝛿𝐽 × 𝛿Φ̄, see Appendix A.
Our result is about the existence and asymptotic stability of solutions near the steady state with

the Ohmic contact boundary condition. We denote

𝜎 = 𝜌 − 𝜌̄, 𝑗 = 𝐽 − 𝐽, (1.14)

𝜙 = Φ − Φ̄, 𝑒 = 𝜙𝑥.

We apply Banach’s fixed-point theorem and uniform energy estimates to establish the global exis-
tence of (𝜎, 𝑗, 𝑒). Furthermore, we demonstrate the weighted energy estimates to achieve the
asymptotic stability for steady states with the Ohmic contact boundary conditions. Based on the
a priori estimates uniformly in 𝑡, by Krylov–Bogoliubov’s theorem, we imply that the approximat-
ing measures will converge to an invariant measure. For this case, the invariant measure for (1.1)
precisely coincides with the law of steady state.
We denote ‖⋅‖ as the 𝐿2(𝑈)-norm; the 𝐿∞(𝑈)-norm is denoted by ‖⋅‖∞; ‖⋅‖𝑘 means the

𝐻𝑘-norm.  (⋅) is the law of random variables; see the definition of law in Appendix A.
𝐿2𝑚

(
Ω;𝐶

(
[0, 𝑇];𝐻𝑘 (𝑈)

))
is the space inwhich the 2𝑚thmoment of the𝐶

(
[0, 𝑇];𝐻𝑘 (𝑈)

)
-norm

of random variables is bounded. The following is the statement of our main theorem.

Theorem 1.1. Let
(
𝜌̄, 𝐽, Φ̄

)
be the smooth steady state of (1.1) in Proposition 1.1. If there exists a

constant 𝜀 > 0 such that the initial condition (𝜌0, 𝐽0, Φ0) satisfies

𝔼
[(‖‖𝜌0 − 𝜌̄‖‖22 + ‖‖𝐽0 − 𝐽‖‖22 + ‖‖(Φ0)𝑥 − Φ̄𝑥‖‖2)𝑚] ⩽ 𝜀2𝑚, (1.15)

for any𝑚 ⩾ 2, and

||𝐽|| ⩽ 𝜀, (Φ0)𝑥𝑥 = 𝜌0 − 𝑏(𝑥), (1.16)

then in (Ω,𝔉, ℙ), there exists a unique strong global-in-time solution of (1.1): 𝜌, 𝐽 are in
𝐿2𝑚

(
Ω;𝐶

(
[0, 𝑇];𝐻2 ([0, 1])

))
,Φ ∈ 𝐿2𝑚

(
Ω;𝐶

(
[0, 𝑇];𝐻4 ([0, 1])

))
up to amodification. Moreover,

there hold the asymptotic stability and the existence of invariant measure:

(1) There are positive constants 𝐶 and 𝜁 such that the expectation

𝔼

[||||| sup𝑠∈[0,𝑡]

(‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖Φ𝑥 − Φ̄𝑥‖‖2)|||||
𝑚
]

⩽𝐶𝑒−𝜁𝑚𝑡𝔼
[(‖‖𝜌0 − 𝜌̄‖‖22 + ‖‖𝐽0 − 𝐽‖‖22 + ‖‖(Φ0)𝑥 − Φ̄𝑥‖‖2)𝑚], (1.17)

holds, where 𝐶 is independent of 𝑡, and 𝐶 is the𝑚th power of some constant.
(2) The invariant measure generated by 1

𝑇
∫ 𝑇0  (𝜌) ×  (𝐽) ×  (Φ) d 𝑡 is exactly the Dirac measure

of steady state
(
𝜌̄, 𝐽, Φ̄

)
.

Remark 1.1. After 𝑡 → ∞ in (1.1), the stationary solution coincides with the steady state ℙ a.s., on
account that the𝑚thmoment of their difference tends to zero.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 7 of 62

Remark 1.2. For (‖‖𝜌0 − 𝜌̄‖‖22 + ‖‖𝐽0 − 𝐽‖‖22 + ‖‖𝐸0 − 𝐸̄‖‖2) ⩽ 𝜀2, (1.18)

recalling 𝐸 = Φ𝑥, we have the ℙ a.s asymptotic stability for some constant 𝐶̃:

sup
𝑠∈[0,𝑡]

(‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖𝐸 − 𝐸̄‖‖2) ⩽ 2𝐶̃𝑒−𝛼𝑡𝜀2. (1.19)

In fact, by Chebyshev’s inequality (see Appendix A), it holds that

ℙ
[{
𝜔 ∈ Ω|‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖𝐸 − 𝐸̄‖‖2 > 2𝐶̃𝑒−𝛼𝑡𝜀2}]

⩽

𝔼
[|||‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖𝐸 − 𝐸̄‖‖2|||𝑚](

2𝐶̃𝑒−𝛼𝑡𝜀2
)𝑚 (1.20)

⩽

𝔼
[
𝐶̃𝑒−𝛼𝑡

(‖‖𝜌0 − 𝜌̄‖‖22 + ‖‖𝐽0 − 𝐽‖‖22 + ‖‖𝐸0 − 𝐸̄‖‖2)𝑚](
2𝐶̃𝑒−𝛼𝑡𝜀2

)𝑚 =
1

2𝑚
.

Sending𝑚 → ∞, we have

ℙ
[{
𝜔 ∈ Ω|‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖𝐸 − 𝐸̄‖‖2 > 2𝐶̃𝑒−𝛼𝑡𝜀2}]

→ 0,

which means that‖𝜌 − 𝜌̄‖22 + ‖‖𝐽 − 𝐽‖‖22 + ‖‖𝐸 − 𝐸̄‖‖2 ⩽ 2𝐶̃𝑒−𝛼𝑡𝜀2 holds ℙ a.s. for every 𝑠 ∈ [0, 𝑡].
The challenges and their corresponding strategies are analyzed as follows.

(1) The a priori estimates with the contact boundary condition. For the contact bound-
ary condition, the second-order estimates of perturbed solutions involve the boundary of[
𝜎

𝑗

]
𝑥𝑥

⋅
[
𝜎

𝑗

]
𝑥𝑥

, which cannot be directly dealt by the contact boundary condition as presented

in previous works such as [18, 41]. We solve this problem by substituting
[
𝜎

𝑗

]
𝑥𝑥

with its for-

mula in the first-order derivative of the system. Subsequently, we focus on estimating other
lower-order derivatives in the first-order derivative of the system. Further, for the second-
order estimates, the symmetrzing matrix in the first-order estimates is not applicable. We use
another symmetrizing matrix to multiply the system, enabling us to handle the integral of[
𝜎

𝑗

]
𝑥𝑥𝑥

⋅
[
𝜎

𝑗

]
𝑥𝑥

. For the zeroth-order estimates, due to the Ohmic boundary conditions, we

use the method of error analysis compared to the symmetrizing method for the insulating
boundary case.

(2) No temporal solutions due to the stochastic term. Since the Wiener process is at most
Höder- 1

2
− continuous with respect to 𝑡 and nowhere differentiable, we lack 𝜕𝑊

𝜕𝑡
or 𝜕(𝜌𝑢)

𝜕𝑡
.

The temporal derivatives are not involved in the norm of solutions. Therefore, the estimates
bounded by the norm of the temporal derivatives, which are applicable in the deterministic
cases [18, 41], do not hold in this case. As a result, different energy estimates are necessary in
this paper. For instance, for the second-order estimates, we use another symmetrizing matrix
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8 of 62 LI et al.

to multiply the system, enabling us to handle the integral of
[
𝜎

𝑗

]
𝑥𝑥𝑥

⋅
[
𝜎

𝑗

]
𝑥𝑥

compared to the

first-order estimates.
(3) Weighted energy estimates on account of the estimates of the stochastic integral.

In the deterministic case, it is common practice to multiply the ordinary differential equa-
tion of solutions by an exponential function of 𝑡 to facilitate stability analysis. However,
in this paper, the a priori estimates are already in the form of time integrals rather than a
differential inequality, owing to Burkholder–Davis–Gundy’s inequality. Consequently, direct
acquisition of asymptotic stability becomes challenging. To overcome this obstacle, we employ
theweighted energy estimates. Furthermore, besides the role of ensuring the global existence,
the a priori estimates play a crucial role in the weighted energy estimates.

The paper is structured as follows. In §2, we demonstrate the a priori estimates up to second
order. In §3, we establish the global existence of solutions around the steady state. In §4, we inves-
tigate the asymptotic stability of solutions. §5 is about the global existence of invariant measures.
§6 is the Appendix, in which we outline some stochastic analysis theories utilized in this study.

2 THE A PRIORI ESTIMATES UP TO SECOND ORDER

In terms of (𝜎, 𝑗, 𝑒), the perturbed Euler–Poisson system becomes

⎧⎪⎨⎪⎩
𝜎𝑡 + 𝑗𝑥 = 0,

d 𝑗 +
((

(𝐽+𝑗)
2

𝜌̄+𝜎
− 𝐽2

𝜌̄
+ 𝑃(𝜌̄ + 𝜎) − 𝑃(𝜌̄)

)
𝑥
+ 𝑗 − 𝜌̄𝑒 − 𝜎Φ̄𝑥

)
d 𝑡 = 𝜎𝑒 d 𝑡 + 𝔽 d𝑊,

𝑒𝑥 = 𝜎.

(2.1)

The compatible conditions are 𝜌1||𝑡=0 = 𝜌̄(0), 𝜌2
||𝑡=0 = 𝜌̄(1). Since 𝜎𝑡 + 𝑗𝑥 = 0, the boundary

conditions for the triple of perturbations (𝜎, 𝐮, 𝜙) are

𝜎(𝑡, 0) ≡ 𝜎(𝑡, 1) ≡ 𝑗𝑥(𝑡, 0) ≡ 𝑗𝑥(𝑡, 1) ≡ 𝜙(𝑡, 0) ≡ 𝜙(𝑡, 1) ≡ 0. (2.2)

Furthermore, from (𝑒𝑡 + 𝑗)𝑥 = 𝜎𝑡 + 𝑗𝑥 = 0, as in [18], we still have

𝑒𝑡 = −𝑗 + ∫
1

0

𝑗 d 𝑥. (2.3)

Denoting𝐰 =

[
𝜎

𝑗

]
, we write the system as

d𝐰 + (𝐰𝑥 + 𝐰 + ) d 𝑡 = d 𝑡 +

[
0

𝔽 d𝑊

]
, (2.4)

where

 =
⎡⎢⎢⎣

0 1

−
(
𝐽+𝑗

𝜌̄+𝜎

)2
+ 𝑃′(𝜌̄ + 𝜎) 2

𝐽+𝑗

𝜌̄+𝜎

⎤⎥⎥⎦, (2.5)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 9 of 62

 =

[
0 0

−2𝐽2

𝜌̄3
𝜌̄𝑥 + 𝑃

′′(𝜌̄)𝜌̄𝑥 − 𝐸̄
−2𝐽

𝜌̄2
𝜌̄𝑥 + 1

]
, (2.6)

 =
[
0

−𝜌̄𝑒

]
, (2.7)

 =

[
0

𝑂
(|𝐰|2 + |𝑒|2 + ||𝐽|||𝐰|)

]
. (2.8)

Under the assumption that

‖𝐰‖22(𝑡) + ‖𝑒‖2 (2.9)

is small, we obtain the a priori estimates.Motivated by [18], we perform the zeroth-order estimates
through error analysis. Furthermore, the symmetrizing matrix for the second-order derivative
of the system differs from that for the first-order, serving different purposes. In the subsequent
subsections, we provide the a priori estimates up to second order.

2.1 Zeroth-order estimates on𝐰

We calculate d
(
𝐽2

2𝜌

)
by Itô’s formula (see Appendix A), taking 𝑋 = 𝐽

2𝜌
, 𝑌 = 𝐽 in (A.20),

d

(
𝐽2

2𝜌

)
= 𝐽 d

(
𝐽

2𝜌

)
+
𝐽

2𝜌
d 𝐽 + ⟨d 𝐽

2𝜌
, d 𝐽⟩

=
𝐽

𝜌
d 𝐽 +

−𝐽2

2𝜌2
d 𝜌 +

1

2𝜌
⟨d 𝐽, d 𝐽⟩ (2.10)

=
𝐽

𝜌

(
−

(
𝐽2

𝜌
+ 𝑃(𝜌)

)
𝑥

− 𝐽 + 𝜌Φ𝑥

)
d 𝑡 +

𝐽2

2𝜌2
𝐽𝑥 d 𝑡 +

𝐽

𝜌
𝔽 d𝑊 +

1

2𝜌
|𝔽|2 d 𝑡, (2.11)

in which we used the property of cross quadratic variations ⟨d 𝜌, d 𝐽⟩ = 0 and 1

2𝜌
⟨d 𝐽, d 𝐽⟩ =

1

2𝜌
|𝔽|2 d 𝑡. We calculate

𝐽

𝜌

(
−
𝐽2

𝜌

)
𝑥

=
𝐽3

𝜌3
𝜌𝑥 − 2

𝐽2

𝜌2
𝐽𝑥. (2.12)

Setting 𝐺′′ (𝜌) = 𝑃′(𝜌)

𝜌
, we have

𝑃(𝜌)𝑥
𝐽

𝜌
= 𝑃′(𝜌)𝜌𝑥

𝐽

𝜌
=
𝑃′(𝜌)

𝜌
𝜌𝑥𝐽 =

(
𝐺′(𝜌)

)
𝑥
𝐽 (2.13)

= − 𝐺′(𝜌)𝐽𝑥 +
(
𝐺′(𝜌)𝐽

)
𝑥
= 𝐺(𝜌)𝑡 +

(
𝐺′(𝜌)𝐽

)
𝑥
.

Since 𝑒𝑡 = −𝑗 + ∫ 10 𝑗 d 𝑥 and 𝐽 being a constant, there holds

𝑒𝑡 = −𝐽 + ∫
1

0

𝐽 d 𝑥, (2.14)
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10 of 62 LI et al.

𝐽 = −𝑒𝑡 + ∫
1

0

𝐽 d 𝑥. (2.15)

Together with 𝑒 = Φ𝑥 − Φ̄𝑥 = 𝜙𝑥, it holds that

𝐽

𝜌
𝜌Φ𝑥 = 𝐽Φ𝑥 = Φ𝑥

(
−𝐸𝑡 + ∫

1

0

𝐽 d 𝑥

)
= −Φ𝑥Φ𝑥𝑡 + Φ𝑥 ∫

1

0

𝐽 d 𝑥. (2.16)

Combining the above terms, we obtain

d

(
𝐽2

2𝜌
+ 𝐺(𝜌) +

Φ2𝑥
2

)
+

((
𝐽3

2𝜌2
+ 𝐺′(𝜌)𝐽

)
𝑥

− Φ𝑥 ∫
1

0

𝐽 d 𝑥 +
𝐽2

𝜌

)
d 𝑡 (2.17)

=
𝐽𝔽

𝜌
d𝑊 +

1

2𝜌
|𝔽|2 d 𝑡.

We denote Equation (2.17) as

(𝜌, 𝐽, Φ𝑥) = d

(
𝐽2

2𝜌
+ 𝐺(𝜌) +

Φ2𝑥
2

)
+

((
𝐽3

2𝜌2
+ 𝐺′(𝜌)𝐽

)
𝑥

− Φ𝑥 ∫
1

0

𝐽 d 𝑥 +
𝐽2

𝜌

)
d 𝑡 (2.18)

−
𝐽𝔽

𝜌
d𝑊 −

1

2𝜌
|𝔽|2 d 𝑡.

From the process of deriving the expression of , we notice that
(𝜌, 𝐽, Φ𝑥) = (𝜌, 𝐽, Φ𝑥) 𝐽𝜌 , (2.19)

where  satisfies

(𝜌, 𝐽, Φ𝑥) = d 𝐽 + −𝐽

2𝜌
d 𝜌 −

(
−

(
𝐽2

𝜌
+ 𝑃(𝜌)

)
𝑥

− 𝐽 + 𝜌Φ𝑥

)
d 𝑡 − 𝔽 d𝑊 −

𝐽

2𝜌
𝐽𝑥 d 𝑡

= 0, (2.20)

(
𝜌̄, 𝐽, Φ̄𝑥

)
= −𝔽(𝐽) d𝑊. (2.21)

Let 𝐰̂ = 𝐰̄ + 𝜀𝐰 be the solution of the continuity equation, where 𝐰̄ =
(
𝜌̄, 𝐽, Φ̄

)
. It also holds

(𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥) = (
𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥

) 𝐽 + 𝜀𝑗
𝜌̄ + 𝜀𝜎

, (2.22)

since we just use the mass equation and Poisson equation to do the substitution in the above
deformative equalities. We denote

ℰ
(
𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥

)
=
(𝐽 + 𝜀𝑗)

2

2(𝜌̄ + 𝜀𝜌)
+ 𝐺(𝜌̄ + 𝜀𝜌) +

(
Φ̄𝑥 + 𝜀𝜙𝑥

)2
2

, (2.23)

𝒟(𝐰̂) =
(𝐽 + 𝜀𝑗)

3

2(𝜌̄ + 𝜀𝜌)2
+ 𝐺′(𝜌̄ + 𝜀𝜌)(𝐽 + 𝜀𝑗), (2.24)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 11 of 62

ℛ
(
𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥

)
=

(
−
(
Φ̄ + 𝜀𝜙

)
𝑥 ∫

1

0
(𝐽 + 𝜀𝑗) d 𝑥 +

(𝐽 + 𝜀𝑗)
2

𝜌̄ + 𝜀𝜌

)
. (2.25)

Then, we have

(𝐰̂, Φ̄𝑥 + 𝜙𝑥) = dℰ
(
𝐰̂, Φ̄ + 𝜀𝜙

)
+𝒟𝑥(𝐰̂) d 𝑡 +ℛ

(
𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥

)
d 𝑡 (2.26)

−
1

2(𝜌̄ + 𝜀𝜌)
||𝔽(𝐽 + 𝜀𝑗)||2 d 𝑡 − (𝐽 + 𝜀𝑗)𝔽(𝐽 + 𝜀𝑗)

(𝜌̄ + 𝜀𝜌)
d𝑊,

and

(𝐰̄, Φ̄𝑥) (2.27)

= dℰ
(
𝐰̄, Φ̄𝑥

)
+𝒟𝑥(𝐰̄) d 𝑡 +ℛ𝑥

(
𝐰̄, Φ̄𝑥

)
d 𝑡 −

1

2𝜌̄
||𝔽(𝐽)||2 d 𝑡 − 𝐽𝔽(𝐽)

𝜌̄
d𝑊.

By Taylor’s expansion, it holds that

(𝐰̄ + 𝐰, Φ̄𝑥 + 𝜙𝑥
)

(2.28)

=(𝐰̄, Φ̄𝑥) + ′𝜀(𝐰̄, Φ̄𝑥) ⋅
[
𝐰

𝜙𝑥

]
+
1

2
′′𝜀𝜀(𝐰̄, Φ̄𝑥)

[
𝐰

𝜙𝑥

]
⋅

[
𝐰

𝜙𝑥

]
+ 𝑂

(|𝐰|3 + ||𝜙𝑥||3).
There holds

d2

d 𝜀2

((𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥))|||||𝜀=0 = d2

d 𝜀2

(
(
𝐰̂, Φ̄𝑥 + 𝜀𝜙𝑥

) 𝐽
𝜌̂

)|||||𝜀=0 (2.29)

= ′′(𝐰̄, Φ̄𝑥)[𝐰
𝜙𝑥

]
(𝐰 𝜙𝑥)

𝐽

𝜌̄
+ 2

[
𝐰

𝜙𝑥

]
 ′(𝐰̄, Φ̄𝑥)( 𝑗𝜌̄ − 𝐽𝜎

𝜌̄2

)
+ (

𝐰̄, Φ̄𝑥
)
𝑂
(|𝐰|2).

By Taylor’s expansion, it holds that

−  ′(𝐰̄, Φ̄𝑥)[𝐰
𝜙𝑥

]
= (

𝐰̄ + 𝐰, Φ̄𝑥 + 𝜙𝑥
)
− (

𝐰̄, Φ̄𝑥
)
−  ′(𝐰̄, Φ̄𝑥) ⋅ [𝐰

𝜙𝑥

]
(2.30)

=(
𝐰̄, Φ̄𝑥

)
+
1

2
(𝐰 𝜙𝑥) ′′(𝐰̃, 𝜙̃𝑥)[𝐰

𝜙𝑥

]
,

where
(
𝐰̃, 𝜙̃𝑥

)
lies between

(
𝐰̄, Φ̄𝑥

)
and

(
𝐰̄ + 𝐰, Φ̄𝑥 + 𝜙𝑥

)
. The error terms

||||||∫
1

0

[
𝐰

𝜙𝑥

]
 ′′(𝐰̄, Φ̄𝑥)[𝐰 𝜙𝑥]

𝐽

𝜌̄

[
𝐰

𝜙𝑥

]
⋅

[
𝐰

𝜙𝑥

]
d 𝑥

|||||| ⩽ 𝐶‖𝐰‖42 ⩽ 𝐶‖𝐰‖32, (2.31)
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12 of 62 LI et al.

||||||2
[
𝐰

𝜙𝑥

]
 ′(𝐰̄, Φ̄𝑥)( 𝑗𝜌̄ − 𝐽𝜎

𝜌̄2

)[
𝐰

𝜙𝑥

]
⋅

[
𝐰

𝜙𝑥

]|||||| (2.32)

=

||||||
(
(
𝐰̄, Φ̄𝑥

)
+
1

2
[𝐰 𝜙𝑥] ′′(𝐰̃, 𝜙̃𝑥)[𝐰

𝜙𝑥

])(
𝑗

𝜌̄
−
𝐽𝜎

𝜌̄2

)[
𝐰

𝜙𝑥

]
⋅

[
𝐰

𝜙𝑥

]|||||| = 𝑂
(|𝐰|3),

and ||||||𝑂
(|𝐰|2)(

𝐰̄, Φ̄𝑥
)
d𝑊

[
𝐰

𝜙𝑥

]
⋅

[
𝐰

𝜙𝑥

]|||||| = 𝑂
(|𝐰|4) d𝑊, (2.33)

are small for ‖𝐰‖2 small enough. We calculate term by term:

d

(
(𝐽 + 𝑗)

2

2(𝜌̄ + 𝜎)
−

(
𝐽2

2𝜌̄
+
𝐽

𝜌̄
𝑗 −

𝐽2

2𝜌̄2
𝜎

))
= d

(
(𝜌̄𝑗 − 𝐽𝜎)

2

2(𝜌̄ + 𝜎)𝜌̄2

)
, (2.34)

d

((
Φ̄𝑥 + 𝜙𝑥

)2
2

−

(
Φ̄2𝑥
2
− Φ̄𝑥𝜙𝑥

))
= d

(
𝜙2𝑥
2

)
, (2.35)(

(𝐽 + 𝑗)
3

2(𝜌̄ + 𝜎)2
−

(
𝐽3

2(𝜌̄)2
−
𝐽3

𝜌̄3
𝜎 +

3𝐽2

2𝜌̄2
𝑗

))
𝑥

(2.36)

=

(
3𝐽𝑗2

𝜌̄2
−
3𝐽2𝑗𝜎

𝜌̄3
+
3𝐽2𝜎2

𝜌̄4
+ 𝑂

(
(|𝑗| + |𝜎|)3))

𝑥

,

𝐺′(𝜌)𝐽 − 𝐺′(𝜌̄)𝐽 − 𝐺′′(𝜌̄)𝐽𝜎 − 𝐺′(𝜌̄)𝑗 = 𝑂
(||𝐽|||𝐰|2), (2.37)

(
Φ̄𝑥 + 𝜙𝑥

)
∫

1

0
(𝐽 + 𝑗) d 𝑥 −

(
Φ̄𝑥

)
∫

1

0

𝐽 d 𝑥 − 𝜙𝑥 ∫
1

0

𝐽 d 𝑥 − Φ̄𝑥 ∫
1

0

𝑗 d 𝑥 (2.38)

=2𝜙𝑥 ∫
1

0

𝑗 d 𝑥||𝜙𝑥||2 + 𝑜(||𝜙𝑥||3) = 𝑂(||𝜙𝑥||3) = 𝑂(|𝑒|3),
𝐽𝔽 d𝑊

𝜌
−
𝐽𝔽(𝐽) d𝑊

𝜌̄
−
𝑗𝔽(𝐽) d𝑊

𝜌̄
−
𝐽𝑗𝔽′(𝐽) d𝑊

𝜌̄
+
𝐽𝔽(𝐽)𝜎 d𝑊

𝜌̄2
(2.39)

= −

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d𝑊 − 2

𝐽𝔽(𝐽)

𝜌̄3
1

2
𝜎2 d𝑊 −

𝐽𝔽′(𝐽) + 𝔽(𝐽)

𝜌̄2
𝑗𝜎 d𝑊

+ 𝑂
((|𝑗|3 + |𝜎|3) d𝑊)

,

and

1

2𝜌
|𝔽|2 d 𝑡 − 1

2𝜌̄
||𝔽(𝐽)||2 d 𝑡 − 𝔽(𝐽)𝔽′(𝐽)

𝜌̄
𝑗 d 𝑡 −

(
(−1)

||𝔽(𝐽)||2
𝜌̄2

)
𝜎 d 𝑡

=
𝔽′(𝐽)

2 + 𝔽(𝐽)𝔽′′(𝐽)

2𝜌̄
𝑗2 d 𝑡 −

𝔽(𝐽)𝔽′′(𝐽)

𝜌̄2
𝑗𝜎 d 𝑡 + 2

||𝔽(𝐽)||2
𝜌̄3

𝜎2 d 𝑡 (2.40)

+ 𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑡.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 13 of 62

Combining the above terms and integrating over 𝑥, noticing that the two ways to describe the
errors should be equivalent, we obtain

d∫
1

0

(
(𝜌̄𝑗 − 𝐽𝜎)

2

2(𝜌̄ + 𝜎)𝜌̄2
+ 𝐺(𝜌̄ + 𝜎) − 𝐺(𝜌̄) − 𝐺′(𝜌̄)𝜎 +

𝑒2

2

)
d 𝑥

+ ∫
1

0

(𝜌̄𝑗 − 𝐽𝜎)
2

2(𝜌̄ + 𝜎)𝜌̄2
d 𝑥 d 𝑡 +

(
3𝐽𝑗2

𝜌̄2
+ 𝑂

((|𝑗|3 + |𝜎|3)))|||||
1

0

d 𝑡 + 𝑂
(||𝐽||‖𝐰‖22) d 𝑡

+ ∫
1

0

𝔽′(𝐽)
2 + 𝔽(𝐽)𝔽′′(𝐽)

2𝜌̄
𝑗2 d 𝑥 d 𝑡 − ∫

1

0

𝔽(𝐽)𝔽′′(𝐽)

𝜌̄2
𝑗𝜎 d 𝑥 d 𝑡 (2.41)

− ∫
1

0

2
||𝔽(𝐽)||2
𝜌̄3

𝜎2 d 𝑥 d 𝑡 + ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑥 d 𝑡 + 𝑂(‖𝐰‖32) d 𝑡

+ ∫
1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥 d𝑊 + ∫

1

0

𝐽𝔽(𝐽)

𝜌̄3
𝜎2 d 𝑥 d𝑊

+
𝐽𝔽′(𝐽) + 𝔽(𝐽)

𝜌̄2
𝑗𝜎 d𝑊 + ∫

1

0

𝑂
((|𝑗|3 + |𝜎|3)) d 𝑥 d𝑊 = 0.

We estimate the stochastic integral ∫ 𝑡0 ∫ 10
(
2𝔽′(𝐽)

𝜌̄
+

𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥 d𝑊 by Burkhölder–Davis–

Gundy’s inequality (see Appendix A):

𝔼

[|||||∫
𝑡

0 ∫
1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥 d𝑊

|||||
𝑚
]

⩽𝐶𝔼
⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥

|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝐶𝔼

[(
∫

𝑡

0

||𝐽||2‖𝑗‖42 d 𝑠)𝑚
2

]
(2.42)

⩽𝐶𝔼
⎡⎢⎢⎣
(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22
)𝑚

2 (
∫

𝑡

0

||𝐽||‖𝑗‖22 d 𝑠)𝑚
2
⎤⎥⎥⎦

⩽𝜗1𝔼

[(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22
)𝑚]

+ 𝐶𝜗1𝔼

[(
∫

𝑡

0

||𝐽||‖𝑗‖22 d 𝑠)𝑚
]
,

where 𝐶 is a𝑚th power of some constant. Similarly, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐽𝔽(𝐽)

𝜌̄3
𝜎2 d 𝑥 d𝑊

|||||
𝑚
]

(2.43)

⩽
𝜗2
2
𝔼

[(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22
)𝑚]

+ 𝐶𝜗2𝔼

[(
∫

𝑡

0

||𝐽||‖𝜎‖22 d 𝑠)𝑚
]
,
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14 of 62 LI et al.

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐽𝔽′(𝐽) + 𝔽(𝐽)

𝜌̄2
𝑗𝜎 d𝑊

|||||
𝑚
]

(2.44)

⩽
𝜗2
2
𝔼

[(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22
)𝑚]

+ 𝐶𝜗2𝔼

[(
∫

𝑡

0

||𝐽||‖𝑗‖22 d 𝑠)𝑚
]
,

and

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)) d 𝑥 d𝑊|||||

𝑚
]

(2.45)

⩽𝜗3𝔼

[(
sup
𝑠∈[0,𝑡]

‖𝐰‖32
)𝑚]

+ 𝐶𝜗3𝔼

[(
∫

𝑡

0

‖𝐰‖32 d 𝑠)𝑚
]
,

where 𝜗3 is sufficiently small such that 𝜗3 sup
𝑠∈[0,𝑡]

‖𝐰‖32 can be controlled by the error term in the

left side. In summary, we have

𝔼

⎡⎢⎢⎣
||||||∫

𝑡

0

d∫
1

0

(
(𝜌̄𝑗 − 𝐽𝜎)

2

2(𝜌̄ + 𝜎)𝜌̄2
+ 𝐺(𝜌̄ + 𝜎) − 𝐺(𝜌̄) − 𝐺′(𝜌̄)𝜎 +

𝑒2

2

)
(𝑠) d 𝑥

||||||
𝑚⎤⎥⎥⎦

+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

(𝜌̄𝑗 − 𝐽𝜎)
2

2(𝜌̄ + 𝜎)𝜌̄2
d 𝑥 d 𝑠

|||||
𝑚]

⩽𝔼

⎡⎢⎢⎣
||||||∫

𝑡

0

(
3𝐽𝑗2

2𝜌̄2
+ 𝑂

((|𝑗|3 + |𝜎|3)))|||||
1

0

d 𝑠

||||||
𝑚⎤⎥⎥⎦ + 𝔼

[|||||∫
𝑡

0

𝑂
(||𝐽||‖𝐰‖22) d 𝑠|||||

𝑚
]

(2.46)

+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑥 d 𝑠|||||

𝑚
]
+ 𝐶𝔼

[|||||∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]

+ 𝔼

[|||||𝜗1 sup𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22 + 𝜗2 sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22|||||
𝑚
]

⩽𝐶𝔼

[|||||∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠|||||
𝑚
]
+ 𝐶𝔼

[|||||∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]

+ 𝔼

[|||||𝜗1 sup𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22 + 𝜗2 sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22|||||
𝑚
]
,

where 𝐶 is a 𝑚th power of some constant. Since 𝐺′′ (𝜌) > 0, 𝐺 is strictly convex, the steady state

is smooth, so the first integral above is at least 𝔼
[||||∫ 𝑡0 d(2𝜁1 ∫ 10 (

𝑗2 + 𝜎2 + 𝑒2
)
d 𝑥

)||||𝑚
]
for small

enough ‖𝐰‖2 and ||𝐽||. 𝜗1 and 𝜗2 are small enough such that
𝔼

[|||||𝜗1 sup𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22 + 𝜗2 sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22|||||
𝑚
]

(2.47)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 15 of 62

is bounded by

𝔼

[||||| sup𝑠∈[0,𝑡]∫
𝑠

0

d𝜏

(
𝜁1 ∫

1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥

)|||||
𝑚
]
. (2.48)

Therefore, there holds

𝔼

[|||||𝜁1 ∫
𝑡

0

d∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥

|||||
𝑚
]
+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

(𝜌̄𝑗 − 𝐽𝜎)
2

2(𝜌̄ + 𝜎)𝜌̄2
d 𝑥 d 𝑠

|||||
𝑚]

⩽𝔼

[|||||∫
𝑡

0

𝑂
(||𝐽||‖𝐰‖22) d 𝑠|||||

𝑚
]

(2.49)

+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑥 d 𝑠|||||

𝑚
]
+ 𝐶𝔼

[|||||∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]

⩽𝐶𝔼

[|||||∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠|||||
𝑚
]
+ 𝐶𝔼

[|||||∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
,

where𝐶 is a𝑚th power of some constant. Additionally, the estimate for the dissipation in terms of
∫ 𝑡0 ∫ 10 (

𝜎2 + 𝑒2
)
d 𝑥 d 𝑠 is needed.Wedivide themomentumequation by 𝜌̄, anduse the steady-state

equation to get

d 𝑗

𝜌̄
+

(
1

𝜌̄
(𝑃(𝜌̄ + 𝜎) − 𝑃(𝜌̄))𝑥 − 𝑒 −

𝜎

𝜌̄
Φ̄𝑥 −

𝜎𝑒

𝜌̄
+
𝑗

𝜌̄

)
d 𝑡 (2.50)

=

(
−
2(𝐽 + 𝑗)

𝜌̄(𝜌̄ + 𝜎)
𝑗𝑥 +

1

𝜌̄

((
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
−

(
𝐽

𝜌̄

)2)
𝜌̄𝑥 +

1

𝜌̄

(
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
𝜎𝑥

)
d 𝑡 +

𝔽

𝜌̄
d𝑊.

As in [18], we have

1

𝜌̄
(𝑃(𝜌̄ + 𝜎) − 𝑃(𝜌̄))𝑥 =

(
𝑃′(𝜌̄)

𝜌̄
𝜎

)
𝑥

+
𝜌̄𝑥

𝜌̄2
𝑃′(𝜌̄)𝜎 +

(
𝑂
(
𝜎2

))
𝑥
+ 𝑂

(
𝜎2

)
. (2.51)

By (1.9), it holds

Φ̄𝑥 =
1

𝜌̄

(
𝐽2

𝜌̄

)
𝑥

+
1

𝜌̄
(𝑃(𝜌̄))𝑥 +

𝐽

𝜌̄
, (2.52)

and

−
𝜎Φ̄𝑥
𝜌̄

= −
𝑃′(𝜌̄)𝜌̄𝑥𝜎

𝜌̄2
+ 𝑂(𝐽)𝜎. (2.53)

Combining the terms, we have

−

(
𝑃′(𝜌̄)

𝜌̄
𝜎

)
𝑥

d 𝑡 + 𝑒 d 𝑡 (2.54)

=
d 𝑗 + 𝑗 d 𝑡 + 𝔽 d𝑊

𝜌̄
+ 𝑂(𝐽)

(|𝐰| + ||𝐰𝑥
||) d 𝑡 + 𝑂(|𝐰|2 + ||𝐰𝑥

||2 + 𝑒2) d 𝑡.
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16 of 62 LI et al.

By Itô’s formula, we calculate

d

(
𝑗𝑒

𝜌̄

)
=
(d 𝑗)𝑒

𝜌̄
+
𝑗(d 𝑒)

𝜌̄
, (2.55)

due to ⟨d 𝑒, d 𝑗⟩ = 0. We multiple (2.54) with 𝑒, and then integrate it over 𝑥. Since 𝑒𝑥 = 𝜎 = 0 at
𝑥 = 0 and 𝑥 = 1, we have

∫
1

0

𝑃′(𝜌̄)

𝜌̄
𝑒2𝑥 d 𝑥 d 𝑡 + ∫

1

0

𝑒2 d 𝑥 d 𝑡

= d

(
∫

1

0

𝑗𝑒

𝜌̄
d 𝑥

)
+ ∫

1

0

𝑗2

𝜌̄
d 𝑥 d 𝑡 − ∫

1

0

𝑗 d 𝑥 ∫
1

0

𝑗

𝜌̄
d 𝑥 d 𝑡 + ∫

1

0

𝑗𝑒

𝜌̄
d 𝑥 d 𝑡 (2.56)

+ ∫
1

0

𝔽𝑒

𝜌̄
d 𝑥 d𝑊 + ∫

1

0

𝑂
(||𝐽||𝑒(|𝐰| + ||𝐰𝑥

||)) d 𝑥 d 𝑡 + ∫
1

0

𝑂
(|𝐰|2 + ||𝐰𝑥

||2 + 𝑒2)𝑒 d 𝑥 d 𝑡.
We deal with the right-hand side by Hölder’s inequality:

− ∫
1

0

𝑗 d 𝑥 ∫
1

0

𝑗

𝜌̄
d 𝑥 d 𝑡 + ∫

1

0

𝑗2

𝜌̄
d 𝑥 d 𝑡 + ∫

1

0

𝑗𝑒

𝜌̄
d 𝑥 d 𝑡

⩽𝐶 ∫
1

0

𝑗2

𝜌̄
d 𝑥 d 𝑡 + ∫

1

0

𝑒2

2
d 𝑥 d 𝑡 + ∫

1

0

𝑗2

2𝜌̄2
d 𝑥 d 𝑡 (2.57)

⩽𝐶 ∫
1

0

𝑗2 d 𝑥 d 𝑡 + ∫
1

0

𝑒2

2
d 𝑥 d 𝑡,

where 𝐶 depends on 𝜌̄. For the stochastic term, we estimate it as follows:

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝔽𝑒

𝜌̄
d 𝑥 d𝑊

|||||
𝑚
]
⩽ 𝐶𝔼

[|||||∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠|||||
𝑚
]
+ 𝐶𝔼

[|||||∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
, (2.58)

where 𝐶 is the𝑚th power of some constant. Multiplying (2.56) with some small constant, adding
(2.49), we have

𝔼

[|||||∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
(𝑡) d 𝑥 + 𝜁2 ∫

𝑡

0 ∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝐶𝑚1 𝔼

[|||||∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + ∫
𝑡

0

‖𝐰‖32 d 𝑠 + ∫
𝑡

0 ∫
1

0

||𝐽||𝑒(|𝐰| + ||𝐰𝑥
||) d 𝑥 d 𝑠|||||

𝑚
]

(2.59)

+ 𝐶𝑚1 𝔼

[|||||∫
𝑡

0 ∫
1

0

(|𝐰|2 + ||𝐰𝑥
||2 + 𝑒2)𝑒 d 𝑥 d 𝑠|||||

𝑚
]

⩽𝔼

[|||||𝐶2 ∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠|||||
𝑚
]
+ 𝔼

[|||||𝐶2 ∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
,

where 𝜁2, 𝐶1, and 𝐶2 are positive constants.
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2.2 First-order estimates on𝐰

Inspired by [18], we choose the approximately symmetrizing matrix:

 =

[
𝑠 0

0 𝑟

]
, (2.60)

where 𝑠 =
{
−𝐽2

𝜌̄2
+ 𝑃′ (𝜌̄)

}
𝑟. 𝑟 satisfies{

𝐽2

𝜌̄2
− 𝑃′(𝜌̄)

}
𝑟𝑥 +

{
3𝐽2

𝜌̄3
𝜌̄𝑥 + 𝑃

′′(𝜌̄)𝜌̄𝑥 −
𝑃′(𝜌̄)

𝜌̄
𝜌̄𝑥 −

𝐽

𝜌̄

}
𝑟 = 0. (2.61)

We multiply (2.4) on the left by to obtain

d (𝐰) + (̄𝐰𝑥 + ̄𝐰 + ̄) d 𝑡 = ̄ d 𝑡 +
[

0

𝔽 d𝑊

]
, (2.62)

̄ = , ̄ = , ̄ = , ̄ =  . Differentiating (3.9) with respect to 𝑥, we get

d (𝐰𝑥) −
(𝑥

(𝐰𝑥 + 𝐰 +  − ))
d 𝑡 +

(̄𝐰𝑥𝑥 +
(̄𝑥 + ̄)

𝐰𝑥 + ̄𝑥𝐰 + ̄𝑥) d 𝑡
= ̄𝑥 d 𝑡 +𝑥

[
0

𝔽 d𝑊

]
+

[
0

𝔽𝑥 d𝑊

]
. (2.63)

By Itô’s formula, it holds that

d

(
 ||𝐰𝑥

||2
2

)
=  d𝐰𝑥 ⋅𝐰𝑥 +

𝑟−1||𝑟𝔽𝑥 + 𝑟𝑥𝔽||2
2

d 𝑡

=𝐰𝑥𝑥

(𝐰𝑥 + 𝐰 +  − )
d 𝑡 − ̄𝐰𝑥𝑥𝐰𝑥 d 𝑡 −

(̄𝑥 + ̄)
𝐰𝑥 ⋅𝐰𝑥 d 𝑡 (2.64)

− ̄𝑥𝐰𝐰𝑥 d 𝑡 − ̄𝑥𝐰𝑥 d 𝑡 + ̄𝑥𝐰𝑥 d 𝑡 + 𝑟𝑥𝔽𝑗𝑥 d𝑊 + 𝑟𝔽𝑥𝑗𝑥 d𝑊 +
𝑟−1||𝑟𝔽𝑥 + 𝑟𝑥𝔽||2

2
d 𝑡.

As in [18], by separating ̄ into symmetric matrix and an antisymmetric matrix, we have

∫
1

0

̄𝐰𝑥𝑥 ⋅𝐰𝑥 d𝑥 = ∫
1

0

𝑂
((|𝐰| + ||𝜎𝑥|| + ||𝑗𝑥||)3) d 𝑥. (2.65)

Now we collect all the terms containing𝐰2
𝑥:

∫
1

0

(
−𝑥 + ̄𝑥 + ̄ − 1

2
̄𝑥

)
𝐰𝑥 ⋅𝐰𝑥 d𝑥 = ∫

1

0

𝐰𝑥 ⋅𝐰𝑥 d𝑥, (2.66)

where  = 1

2
𝑥 −

1

2
𝑥 + =

[
𝑞11 𝑞12
𝑞21 𝑞22

]
. 𝑟 is chosen such that

||𝑞12 + 𝑞21|| = 𝑂(|𝐰| + ||𝐰𝑥
||), (2.67)
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18 of 62 LI et al.

𝑞22 =
1

2
𝑟

{
2
𝐽 + 𝑗

𝜌̄ + 𝜎

}
𝑥

−
1

2
𝑟𝑥

(
2
𝐽 + 𝑗

𝜌̄ + 𝜎

)
+ 𝑟

(
1 − 2

𝐽

𝜌̄2
𝜌̄𝑥

)
(2.68)

=𝑟 −
𝐽

𝜌̄
𝑟𝑥 − 3

𝐽

𝜌̄2
𝜌̄𝑥𝑟 + 𝑂(|𝐰| + |𝐰𝑥|).

Equation (2.61) admits a positive solution 𝑟(𝑥). Thus, for small 𝐽, there is a constant 𝜁3 > 0, such
that

𝐰𝑥 ⋅𝐰𝑥 ⩾ 𝜁3𝑗
2
𝑥 + 𝑂

(|𝐰| + ||𝐰𝑥
||)||𝐰𝑥

||2. (2.69)

For the terms containing𝐰 ⋅𝐰𝑥, we estimate(
−𝑥 + ̄𝑥)𝐰 ⋅𝐰𝑥 = 𝑥𝐰 ⋅𝐰𝑥 = 𝑂

(|𝐰|||𝐰𝑥
||) ⩽ 𝜗3||𝐰𝑥

||2 + 𝐶𝜗3 |𝐰|2, (2.70)

where 𝜗3 is small enough, balanced by the good term 𝜁4𝑗
2
𝑥 and 𝜁4𝜎

2
𝑥 in the later estimates. For

terms concerning𝐰𝑥, we have(
−𝑥 + ̄𝑥) ⋅𝐰𝑥 d 𝑡 = 𝑥 ⋅𝐰𝑥 d 𝑡 = −𝑟(𝜌̄𝑒)𝑥𝑗𝑥 d 𝑡 = 𝑟(𝜌̄𝜎 + 𝜌̄𝑥𝑒)𝜎𝑡 d 𝑡 (2.71)

= d
(
1

2
𝑟𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
− 𝑟𝜌̄𝑥𝑒𝑡𝜎 d 𝑡 = d

(
1

2
𝑟𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
+ 𝑂

(
𝜎2 + 𝑗2

)
d 𝑡,

and

̄𝑥𝐰𝑥 = 𝑂(|𝐰| + |𝑒|)(|𝐰|2 + ||𝐰𝑥
||2). (2.72)

We estimate

∫
1

0

𝑟−1||𝑟𝔽𝑥 + 𝑟𝑥𝔽||2
2

d 𝑥 d 𝑡 ⩽ 𝐶 ∫
1

0

(|𝐰|2 + ||𝐰𝑥
||2)2 d 𝑥 d 𝑡, (2.73)

∫
1

0

𝑟−1||𝑟𝑥𝔽||2
2

d 𝑥 d 𝑡 ⩽ 𝐶 ∫
1

0

|𝐰|3 d 𝑥 d 𝑡. (2.74)

For the stochastic term, with the assumption that |𝐽|3 ⩽ 𝔼 [‖‖𝐰0
‖‖2] is sufficiently small, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑟𝑥𝔽𝑗𝑥 d 𝑥 d𝑊
|||||
𝑚
]

⩽ 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝑟𝑥𝔽𝑗𝑥 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ = 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝑟𝑥
||𝐽 + 𝑗||2𝑗𝑥 d 𝑥|||||

2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

= 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝑟𝑥
(
𝐽2 + 2𝐽𝑗 + 𝑗2

)
𝑗𝑥 d 𝑥

|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽ 𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[(

𝐶 ∫
𝑡

0

||𝐽||‖𝐰‖21 d 𝑠)𝑚
]

+ 𝔼

[(
𝜗4
4
sup
𝑠∈[0,𝑡]∫

1

0

|𝑗|2 d 𝑥)𝑚]
+ 𝔼

[(
𝐶𝜗4 ∫

𝑡

0

‖𝐰‖31 d 𝑠)𝑚
]
, (2.75)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 19 of 62

where 𝜗4 is taken that 𝔼

[(
𝜗4 sup

𝑠∈[0,𝑡]

∫ 10 |𝑗|2 d 𝑥)𝑚]
can be balanced by the zeroth-order esti-

mates and 𝔼

[(
𝜗4
4
sup
𝑠∈[0,𝑡]

∫ 10 ||𝑗𝑥||2 d 𝑥
)𝑚]

can be balanced by the left-hand side of this first-order

estimates. Combining the above terms, we obtain

𝔼

[||||| sup𝑠∈[0,𝑡]∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
(𝑠) d 𝑥 + 𝜁5 ∫

𝑡

0 ∫
1

0

𝑗2𝑥 d 𝑥 d 𝑠
|||||
𝑚
]

⩽𝔼

[|||||∫
1

0

(
1

2
𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
d 𝑥 + 𝐶3 ∫

𝑡

0 ∫
1

0

(|𝐰|2 + (||𝐰𝑥
|| + |𝐰| + |𝑒|)3) d 𝑥 d 𝑠|||||

𝑚
]

(2.76)

⩽𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[|||||∫

1

0

(
1

2
𝜌̄𝜎2 + 𝜌̄𝑥𝑒𝜎

)
d 𝑥 + 𝐶4 ∫

𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + 𝐶4 ∫ 𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
.

Next, we give the estimate of ∫ 𝑡0 ∫ 10 𝜎2𝑥 d 𝑥 d 𝑠 by multiplying (3.10) with
[
0
𝜎

]
. By Itô’s formula, we

know

 d
(
𝐰𝑥 ⋅

[
0

𝜎

])
=  d𝐰𝑥 ⋅

[
0

𝜎

]
+𝐰𝑥 ⋅

[
0

−𝑗𝑥

]
d 𝑡. (2.77)

Then, we have

− d
(
𝐰𝑥 ⋅

[
0

𝜎

])
+𝐰𝑥 ⋅

[
0

−𝑗𝑥

]
d 𝑡 +

(𝑥

(𝐰𝑥 + 𝐰 +  − ))
⋅

[
0

𝜎

]
d 𝑡

−
(̄𝐰𝑥𝑥 +

(̄𝑥 + ̄)
𝐰𝑥 + ̄𝑥𝐰 + ̄) ⋅ [0

𝜎

]
d 𝑡 (2.78)

= −

(
̄𝑥 d 𝑡 +𝑥

[
0

𝔽 d𝑊

]
+

[
0

𝔽𝑥 d𝑊

])
⋅

[
0

𝜎

]
,

where the first term in the left-hand side in (2.78) holds

− d
(
𝐰𝑥 ⋅

[
0

𝜎

])
= −d (𝑟𝑗𝑥𝜎), (2.79)

and the second term in the left-hand side in (2.78) holds

𝐰𝑥 ⋅

[
0

−𝑗𝑥

]
d 𝑡 = −𝑟𝑗2𝑥 d 𝑡. (2.80)

We consider the stochastic term. For [
0

𝔽𝑥 d𝑊

]
⋅
[
0
𝜎

]
= 𝑟𝔽𝑥𝜎 d𝑊, there holds

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑟𝔽𝑥𝜎 d 𝑥 d𝑊
|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝑟𝔽𝑥𝜎 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (2.81)
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20 of 62 LI et al.

⩽𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[(

𝐶 ∫
𝑡

0

||𝐽||‖𝐰‖21 d 𝑠)𝑚
]

+ 𝔼

[
𝜗4
4

(
sup
𝑠∈[0,𝑡]∫

1

0

|𝜎|2 d 𝑥)𝑚]
+ 𝐶𝜗4𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶‖𝐰‖32 d 𝑠)𝑚
]
.

The estimate of𝑥

[
0

𝔽 d𝑊

]
is obtained similarly and upper bounded by the same quantity as the

above formula. By substitution, the key term holds

− ̄𝐰𝑥𝑥 ⋅

[
0

𝜎

]
d 𝑡

= −

(
̄𝐰𝑥

[
0

𝜎

])
𝑥

d 𝑡 + ̄𝐰𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡 + ̄𝑥𝐰𝑥 ⋅

[
0

𝜎

]
d 𝑡 (2.82)

= −

(
̄𝐰𝑥

[
0

𝜎

])
𝑥

d 𝑡 +

(
−

(
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
+ 𝑃′(𝜌̄ + 𝜎)

)
𝑟𝜎2𝑥 d 𝑡 + 2

𝐽 + 𝑗

𝜌̄ + 𝜎
𝑟𝑗𝑥𝜎𝑥 d 𝑡

+

((
−

(
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
+ 𝑃′(𝜌̄ + 𝜎)

)
𝑟

)
𝑥

𝜎𝑥𝜎 d 𝑡 + 2

(
𝐽 + 𝑗

𝜌̄ + 𝜎
𝑟

)
𝑥

𝑗𝑥𝜎 d 𝑡.

We integrate the above formula in [0,1] with respect to 𝑥. Then, the first term holds

−∫
1

0

(
̄𝐰𝑥

[
0

𝜎

])
𝑥

d 𝑥 d 𝑡 = 0; (2.83)

the second term is at least 𝜁4𝜎2𝑥; the other three terms are bounded by

𝐶(𝐽 + 𝑗)𝐰2
𝑥 + 𝐶

||𝐰𝑥 ⋅𝐰|| ⩽ 𝐶(𝐽 + 𝑗)𝐰2
𝑥 + 𝜗5𝐰

2
𝑥 + 𝐶𝜗5𝐰

2, 𝜗5 ⩽ min

{
𝜁5
4
,
𝜁4
4

}
. (2.84)

To summarize, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝜁5𝜎
2
𝑥 d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐶(𝐽 + 𝑗)𝐰2
𝑥 + 𝐶𝜗5𝐰

2 + 𝐶|𝑗𝑥|2 d 𝑥 d 𝑠|||||
𝑚
]
+ 𝜗𝑚4 𝔼

[(
sup
𝑠∈[0,𝑡]∫

1

0

|𝜎|2 d 𝑥)𝑚]

+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶𝜗4‖𝐰‖32 d 𝑠)𝑚
]
+ 𝜗𝑚5 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐰2
𝑥 d 𝑥 d 𝑠

|||||
𝑚
]
− 𝔼

[|||||∫
𝑡

0

d∫
1

0

𝑟𝑗𝑥𝜎 d 𝑥
|||||
𝑚
]

⩽𝜗𝑚4 𝔼

[(
sup
𝑠∈[0,𝑡]∫

1

0

|𝜎|2 d 𝑥)𝑚]
+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐶𝜗5𝐰
2 d 𝑥 d 𝑠

|||||
𝑚
]

(2.85)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 21 of 62

+ 𝜗𝑚5 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐰2
𝑥 d 𝑥 d 𝑠

|||||
𝑚
]
+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶||𝐽||‖𝐰‖22 d 𝑠)𝑚
]

+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶𝜗4‖𝐰‖32 d 𝑠)𝑚
]
− 𝔼

[|||||∫
𝑡

0

d∫
1

0

𝑟𝑗𝑥𝜎 d 𝑥
|||||
𝑚
]
.

Multiplying the above formula with some small constants such that the coefficient constant is less
than 𝜁5

4
, 𝜁6 = min

{
𝜁5
2
,
𝜁4
2

}
, we obtain

𝔼

[|||||∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
(𝑡) d 𝑥

|||||
𝑚
]
+ 𝔼

[|||||𝜁6 ∫
𝑡

0 ∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[|||||∫
1

0

(
1

2
𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎 − 𝑟𝑗𝑥𝜎

)
d 𝑥

|||||
𝑚
]
+ 𝜗𝑚4 𝔼

[(
sup
𝑠∈[0,𝑡]∫

1

0

|𝐰|2 d 𝑥)𝑚]
(2.86)

+ 𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[|||||𝐶4 ∫

𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + 𝐶4 ∫ 𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]

+ 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝐶𝜗5𝐰
2 d 𝑥 d 𝑡

|||||
𝑚
]
,

Together with the zeroth-order estimates (2.59), since sup
𝑠∈[0,𝑡]

||||∫ 10 (
1

2
𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎 − 𝑟𝑗𝑥𝜎

)
d 𝑥

|||| ⩽
sup
𝑠∈[0,𝑡]

𝜗6
‖‖𝐰𝑥

‖‖2 + sup
𝑠∈[0,𝑡]

𝐶𝜗6 ‖𝐰‖2, we have
𝔼

[||||| sup𝑠∈[0,𝑡]∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
(𝑠) d 𝑥

|||||
𝑚
]
+ 𝔼

[|||||𝜁7 ∫
𝑡

0 ∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[|||||∫
1

0

(
𝑗2𝑥 + 𝜎

2
𝑥

)
(0) d 𝑥

|||||
𝑚
]
+ 𝐶𝔼

[|||||∫
1

0

||𝐰0
||2 d 𝑥|||||

𝑚
]

(2.87)

+ 𝔼

[|||||𝐶5 ∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + 𝐶5 ∫ 𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
.

2.3 Second-order estimates on𝐰

For the second-order estimates, we use a different symmetrizing matrix, which involves 𝑡. Let

̃ =

[
𝑠 0

0 𝑟

]
, 𝑠 =

(
𝑃′ (𝜌̄ + 𝜎) −

(𝐽+𝑗)
2

(𝜌̄+𝜎)2

)
𝑟, where 𝑟 is determined later. Then, the system becomes

̃ d𝐰 + ̃(𝐰𝑥 + 𝐰 + ) d 𝑡 = ̃ d 𝑡 + ̃
[

0

𝔽 d𝑊

]
. (2.88)
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22 of 62 LI et al.

Differentiating (2.88) with respect to 𝑥, we have

̃ d𝐰𝑥 + ̃𝑥 d𝐰 +
(̃𝐰𝑥𝑥 +

(̃𝑥 + ̃)
𝐰𝑥 + ̃𝑥𝐰 + ̃𝑥) d 𝑡

= ̃𝑥 d 𝑡 + ̃𝑥

[
0

𝔽 d𝑊

]
+ ̃

[
0

𝔽𝑥 d𝑊

]
, (2.89)

where ̃ = ̃, ̃ = ̃, ̃ = ̃, and ̃ = ̃ . Differentiating (2.89) with respect to 𝑥, we
get

̃ d𝐰𝑥𝑥 + 2̃𝑥 d𝐰𝑥 + ̃𝑥𝑥 d𝐰

+
(̃𝑥𝐰𝑥𝑥 + ̃𝐰𝑥𝑥𝑥 +

(̃𝑥𝑥 + ̃𝑥)𝐰𝑥 +
(̃𝑥 + ̃)

𝐰𝑥𝑥 + ̃𝑥𝑥𝐰 + ̃𝑥𝐰𝑥 + ̃𝑥𝑥) d 𝑡
=𝑁𝑥𝑥 d 𝑡 + ̃𝑥𝑥

[
0

𝔽 d𝑊

]
+ 2̃𝑥

[
0

𝔽𝑥 d𝑊

]
+ ̃

[
0

𝔽𝑥𝑥 d𝑊

]
. (2.90)

Substituting (2.88) and (2.89) into (2.90), we have

̃ d𝐰𝑥𝑥 + 2̃𝑥̃−1̃𝑥(𝐰𝑥 + 𝐰 + ) d 𝑡 − 2̃𝑥̃−1̃𝑥

(
 d 𝑡 +

[
0

𝔽 d𝑊

])
− 2̃𝑥̃−1̃𝐰𝑥𝑥 d 𝑡 − 2̃𝑥̃−1

((̃𝑥 + ̃)
𝐰𝑥 + ̃𝑥𝐰 + ̃𝑥) d 𝑡 + ̃𝑥 d 𝑡

+ 2̃𝑥̃−1

(
̃𝑥

[
0

𝔽 d𝑊

]
+ ̃

[
0

𝔽𝑥 d𝑊

])
(2.91)

+ ̃𝑥𝑥

(
−𝐰𝑥 − 𝐰 −  + )

d 𝑡 + ̃𝑥𝑥

[
0

𝔽 d𝑊

]
+

(̃𝑥𝐰𝑥𝑥 + ̃𝐰𝑥𝑥𝑥 +
(̃𝑥𝑥 + ̃𝑥)𝐰𝑥 +

(̃𝑥 + ̃)
𝐰𝑥𝑥 + ̃𝑥𝑥𝐰 + ̃𝑥𝐰𝑥 + ̃𝑥𝑥) d 𝑡

= ̃𝑥𝑥 d 𝑡 + ̃𝑥𝑥

[
0

𝔽 d𝑊

]
+ 2̃𝑥

[
0

𝔽𝑥 d𝑊

]
+ ̃

[
0

𝔽𝑥𝑥 d𝑊

]
.

Since

d
(̃𝐰𝑥𝑥

)
= 𝐰𝑥𝑥 d ̃ + ̃ d𝐰𝑥𝑥 + ⟨d ̃, d𝐰𝑥𝑥⟩ (2.92)

=

[
(d 𝑠)𝜎𝑥𝑥

0

]
+ ̃ d𝐰𝑥𝑥 +

−2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝔽𝔽𝑥 d 𝑡,

by Itô’s formula, it holds that

d
(̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥

)
= 𝐰𝑥𝑥 d

(̃𝐰𝑥𝑥

)
+ 2̃𝐰𝑥𝑥 d𝐰𝑥𝑥 +

⟨
d
(̃𝐰𝑥𝑥

)
, d𝐰𝑥𝑥

⟩
= d ̃||𝐰𝑥𝑥

||2 + 2𝐰𝑥𝑥̃ d𝐰𝑥𝑥 +
−2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝔽 ⋅ 𝔽𝑥 d 𝑡 +

⟨
d
(̃𝐰𝑥𝑥

)
, d𝐰𝑥𝑥

⟩
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 23 of 62

= d ̃||𝐰𝑥𝑥
||2 + 2𝐰𝑥𝑥̃ d𝐰𝑥𝑥 +

−2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝔽 ⋅ 𝔽𝑥 d 𝑡

+ 𝑟−1
⟨
2𝑟𝑥𝑟

−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥) d𝑊 − 2𝑟𝑥𝔽𝑥 d𝑊 − 𝑟𝔽𝑥𝑥 d𝑊
⟩

(2.93)

= d ̃||𝐰𝑥𝑥
||2

+ 2𝐰𝑥𝑥

(
−2̃𝑥̃−1̃𝑥(𝐰𝑥 + 𝐰 + ) d 𝑡 + 2̃𝑥̃−1

(
̃𝑥 d 𝑡 + ̃

[
0

𝔽 d𝑊

])
+2̃𝑥̃−1̃𝐰𝑥𝑥 d 𝑡 + 2̃𝑥̃−1

((̃𝑥 + ̃)
𝐰𝑥 + ̃𝑥𝐰 + ̃𝑥) d 𝑡 − ̃𝑥 d 𝑡

− 2𝑟𝑥𝑟
−1(𝑟𝑥𝔽 d𝑊 + 𝑟𝔽𝑥 d𝑊) − ̃𝑥𝑥

(
−𝐰𝑥 − 𝐰 −  + )

d 𝑡

−
(̃𝑥𝐰𝑥𝑥 + ̃𝐰𝑥𝑥𝑥 +

(̃𝑥𝑥 + ̃𝑥)𝐰𝑥 +
(̃𝑥 + ̃)

𝐰𝑥𝑥 + ̃𝑥𝑥𝐰 + ̃𝑥𝐰𝑥 + ̃𝑥𝑥) d 𝑡
+ ̃𝑥𝑥 d 𝑡 + 𝑟𝑥𝑥𝔽 d𝑊 + 2𝑟𝑥𝔽𝑥 d𝑊 + 2𝑟𝔽𝑥𝑥 d𝑊

)
+
−2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝔽 ⋅ 𝔽𝑥 d 𝑡 + 𝑟

−1
⟨
2𝑟𝑥𝑟

−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥) d𝑊 − 2𝑟𝑥𝔽𝑥 d𝑊 − 𝑟𝔽𝑥𝑥 d𝑊
⟩
.

To estimate the terms in form of ∫ 10 (⋅) ||𝐰𝑥𝑥
||2 d 𝑥 suffices to consider ∫ 10 𝐰𝑥𝑥̃𝐰𝑥𝑥 d 𝑥, where̃ = −4̃𝑥̃−1̃ + 4̃𝑥 + 2̃ + ̃𝑥. Actually, we give the reasons as the followings. The identity

∫
1

0

(
1

2
̃𝑥𝐰𝑥𝑥 + ̃𝐰𝑥𝑥𝑥

)
𝐰𝑥𝑥 d 𝑥 =

1

2
̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥

||||10, (2.94)

holds because

̃ = ̃ =

[
0 𝑠

𝑠 𝑟
2(𝐽+𝑗)

𝜌̄+𝜎

]
(2.95)

is symmetric. We claim that

̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥 d 𝑡
||10 = 0. (2.96)

Actually, we use two different ways to represent 1
2
̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥

|||10. We directly calculate
̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥

||10 = 2𝑠𝜎𝑥𝑥𝑗𝑥𝑥
||10 + 𝑟

2(𝐽 + 𝑗)

𝜌̄ + 𝜎
𝑗2𝑥𝑥

||||
1

0

(2.97)

=2𝑠𝜎𝑥𝑥𝑗𝑥𝑥(1) − 2𝑠𝜎𝑥𝑥𝑗𝑥𝑥(0) + 𝑟
2(𝐽 + 𝑗)

𝜌̄ + 𝜎
𝑗2𝑥𝑥(1) − 𝑟

2(𝐽 + 𝑗)

𝜌̄ + 𝜎
𝑗2𝑥𝑥(0).

On the one hand, from the system (2.90), there hold

̃𝐰𝑥𝑥 d 𝑡
||10

=−̃ d𝐰𝑥
||10 + (̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10 (2.98)

+

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

,
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24 of 62 LI et al.

and

̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥 d 𝑡
||10

=
(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
⋅𝐰𝑥𝑥 d 𝑡

|||10 (2.99)

−̃ d𝐰𝑥 ⋅𝐰𝑥𝑥
||10 +

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

]
⋅𝐰𝑥𝑥

)||||||
1

0

.

We deal with the right-hand side in the above formula term by term. Fortunately, since d 𝑗𝑥||10 =
d 𝜎𝑡

||10 = 0, we have
−̃ d𝐰𝑥 ⋅𝐰𝑥𝑥

||10 = −𝑠 d 𝜎𝑥𝜎𝑥𝑥||10 − 𝑟 d 𝑗𝑥𝑗𝑥𝑥
||10 = −𝑠 d 𝜎𝑥𝜎𝑥𝑥||10 = 𝑠𝑗𝑥𝑥𝜎𝑥𝑥 d 𝑡

||10. (2.100)

By direct calculation, we have(̃𝑥𝐰𝑥 − ̃𝑥𝐰𝑥

)
⋅𝐰𝑥𝑥 d 𝑡

|||10 = −̃𝑥𝐰𝑥 ⋅𝐰𝑥𝑥 d 𝑡
||10

= − ̃𝑥𝐰𝑥 ⋅ ̃−1
(
−̃ d𝐰𝑥

)|||10 (2.101)

− ̃𝑥𝐰𝑥 ⋅ ̃−1
(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10
−̃𝑥𝐰𝑥 ⋅ ̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

.

By direct calculation, since d 𝑗𝑥||10 = d𝜎𝑡
||10 = 0, we have

−̃𝑥𝐰𝑥 ⋅ ̃−1
(
−̃ d𝐰𝑥

)|||10 = 0. (2.102)

We calculate

− ̃𝑥𝐰𝑥 ⋅ ̃−1
(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10
= ̃𝑥𝐰𝑥 ⋅

(−1𝑥𝐰𝑥

)
d 𝑡

|||10 + ̃𝑥𝐰𝑥 ⋅
(
𝐴̃−1̃𝐰𝑥

)
d 𝑡

|||10 (2.103)

+ ̃𝑥𝐰𝑥 ⋅ ̃−1
(̃𝑥

(𝐰 +  − )
− ̃𝑥 + ̃𝑥

)
d 𝑡

|||10,
̃𝑥𝐰𝑥 ⋅

(−1𝑥𝐰𝑥

)
d 𝑡

|||10 = 0, (2.104)

̃𝑥𝐰𝑥 ⋅
(−1̃𝐰𝑥

)
d 𝑡

|||10 = 0, (2.105)

and

− ̃𝑥𝐰𝑥 ⋅ ̃−1
(̃𝑥

(𝐰 +  − )
− ̃𝑥 + ̃𝑥

)
d 𝑡

|||10 (2.106)

= − ̃𝑥𝐰𝑥 ⋅ ̃−1
(̃𝑥𝐰 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10 = 0.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 25 of 62

Similarly, we have

− ̃𝑥𝐰𝑥 ⋅ ̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

= 0. (2.107)

Therefore, we have (̃𝑥𝐰𝑥 − ̃𝑥𝐰𝑥

)
⋅𝐰𝑥𝑥 d 𝑡

|||10 = 0. (2.108)

We calculate (̃𝑥𝐰 − ̃𝐰𝑥

)
⋅𝐰𝑥𝑥 d 𝑡

|||10 (2.109)

= ̃𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑡
||10 − ̃𝐰𝑥 ⋅𝐰𝑥𝑥

||10 = ̃𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑡
||10,

since 𝑗𝑥||10 = 0. Similarly, the following holds:
̃𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑡

||10
= − ̃𝑥𝐰 ⋅ ̃−1

(
−̃ d𝐰𝑥

)
d 𝑡

|||10
− ̃𝑥𝐰 ⋅ ̃−1

(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10 (2.110)

−̃𝑥𝐰 ⋅ ̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

.

Since 𝑗𝑥||10 = 0, we have
−̃𝑥𝐰 ⋅ ̃−1

(
−̃ d𝐰𝑥

)
d 𝑡

|||10 = 0, (2.111)

−̃𝑥𝐰 ⋅ ̃−1
(̃𝑥𝐰𝑥 − ̃𝑥𝐰𝑥

)
d 𝑡

|||10 = 0, (2.112)

−̃𝑥𝐰 ⋅ ̃−1̃𝐰𝑥 d 𝑡
|||10 = 0, (2.113)

and

− ̃𝑥𝐰 ⋅ ̃−1
(̃𝑥

(𝐰 +  − )
− ̃𝑥 + ̃𝑥

)
d 𝑡

|||10
= − ̃𝑥𝐰 ⋅ ̃−1

(̃𝑥𝐰 − ̃𝑥 + ̃𝑥

)
d 𝑡

|||10 = 0. (2.114)

Similarly, it holds that

−∫
𝑡

0

̃𝑥𝐰 ⋅ ̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

= 0. (2.115)
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26 of 62 LI et al.

Hence, we have (̃𝑥𝐰)
⋅𝐰𝑥𝑥 d 𝑡

|||10 = 0, (2.116)

(̃𝑥 − ̃𝑥) ⋅𝐰𝑥𝑥 d 𝑡
|||10 = 0, (2.117)

(
−̃𝑥 + ̃𝑥

)
⋅𝐰𝑥𝑥 d 𝑡

|||10 = 0, (2.118)

and ([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

]
⋅𝐰𝑥𝑥

)||||||
1

0

(2.119)

=

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])
⋅ ̃−1

(̃𝑥𝐰 − ̃𝑥 + ̃𝑥

)||||||
1

0

= 0.

Therefore, we have

𝑠𝜎𝑥𝑥𝑗𝑥𝑥 d 𝑡
||10 + 𝑟

2(𝐽 + 𝑗)

𝜌̄ + 𝜎
𝑗2𝑥𝑥 d 𝑡

||||
1

0

= 0. (2.120)

On the other hand, we deal with −̃ d𝐰𝑥 ⋅𝐰𝑥𝑥
||10 in (2.99) by another way, and other terms in

(2.99) are shown as before, which are proved equal to 0. From (2.98), we have

− ̃ d𝐰𝑥 ⋅𝐰𝑥𝑥 = −̃ d𝐰𝑥 ⋅
𝐰𝑥𝑥 d 𝑡

d 𝑡

= − ̃ d𝐰𝑥 ⋅
−̃−1̃ d𝐰𝑥

d 𝑡
(2.121)

− ̃ d𝐰𝑥 ⋅
−̃−1

(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

d 𝑡

− ̃ d𝐰𝑥 ⋅

̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])
d 𝑡

.

Since 𝑗𝑥||10 = 0 and (2.119), we have

−̃ d𝐰𝑥
||10 ⋅

̃−1

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

])||||||
1

0

d 𝑡

=
−𝑠 d 𝜎𝑥

1

𝑠
(𝑟𝑥𝔽 d𝑊 + 𝑟𝔽𝑥 d𝑊)

d 𝑡

||||||
1

0

= 𝑗𝑥𝑥(𝑟𝑥𝔽 d𝑊 + 𝑟𝔽𝑥 d𝑊)
||10 (2.122)

=

([
0

𝑟𝑥𝔽 d𝑊

]
+

[
0

𝑟𝔽𝑥 d𝑊

]
⋅𝐰𝑥𝑥

)||||||
1

0

= 0.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 27 of 62

By the previous calculation, there holds

−̃ d𝐰𝑥 ⋅
−̃−1

(̃𝑥

(𝐰𝑥 + 𝐰 +  − )
−

(̃𝑥 + ̃)
𝐰𝑥 − ̃𝑥 + ̃𝑥

)
d 𝑡

d 𝑡

|||||
1

0

= −𝑠 d 𝜎𝑥
1

𝑠
𝑟𝑥

(
−2𝐽

𝜌̄2
𝜌̄𝑥 + 1

)
𝑗 + 𝑠 d𝐰𝑥

(
−𝑥 +𝑥

)|||||
1

0

(2.123)

= ̃𝑥𝐰 ⋅𝐰𝑥𝑥
||10 + (

−𝑥 +𝑥

)
⋅𝐰𝑥𝑥

|||10 = 0.
By the mass conservation equation, it holds that

−̃ d𝐰𝑥 ⋅
−̃−1̃ d𝐰𝑥

d 𝑡

|||||
1

0

=
2𝑟 d 𝜎𝑥

𝐽+𝑗

𝜌̄+𝜎
d 𝜎𝑥

d 𝑡

|||||||
1

0

= 2𝑟
𝐽 + 𝑗

𝜌̄ + 𝜎
𝑗2𝑥𝑥 d 𝑡

||||
1

0

. (2.124)

Hence, from (2.97), there holds

2𝑠𝜎𝑥𝑥𝑗𝑥𝑥 d 𝑡
||10 d 𝑡 = 0. (2.125)

Together with (2.120), we obtain that

𝑟
2(𝐽 + 𝑗)

𝜌̄ + 𝜎
𝑗2𝑥𝑥 d 𝑡

||||
1

0

= 0, (2.126)

2𝑠𝜎𝑥𝑥𝑗𝑥𝑥 d 𝑡
||10 d 𝑡 = 0. (2.127)

We proved the claim.
For ̃ = −4̃𝑥̃−1̃ + 4̃𝑥 + 2̃ + ̃𝑥, we directly calculate

̃ =

[
0 𝑞12

𝑞21 𝑞22

]
, (2.128)

where 𝑞22 = 2𝑟𝑥
𝐽+𝑗

𝜌̄+𝜎
+ 2𝑟

(
1 − 2𝐽

𝜌̄2
𝜌̄𝑥 + 5

(
𝐽+𝑗

𝜌̄+𝜎

)
𝑥

)
, and

𝑞12 + 𝑞21 = 5𝑠𝑥 − 4 + 𝑟𝑥

(
𝑃′(𝜌̄ + 𝜎) −

(𝐽 + 𝑗)
2

(𝜌̄ + 𝜎)2

)
+ 5𝑟

(
𝑃′(𝜌̄ + 𝜎) −

(𝐽 + 𝑗)
2

(𝜌̄ + 𝜎)2

)
𝑥

(2.129)

+ 2𝑟

(
−2𝐽2

𝜌̄3
𝜌̄𝑥 + 𝑃

′′(𝜌̄)𝜌̄𝑥 − 𝐸̄

)
.

We do Taylor’s expectation to the above formula,

𝑞12 + 𝑞21 = 6𝑟𝑥

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)

+ 𝑟

(
10

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)
𝑥

−
4𝐽2

𝜌̄3
𝜌̄𝑥 + 2𝑃

′′(𝜌̄)𝜌̄𝑥 − 2𝐸̄

)
(2.130)

− 4 + 𝑂
(|𝐰| + ||𝐰𝑥

||).
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28 of 62 LI et al.

We need 𝑞12 + 𝑞21 = 𝑂
(|𝐰| + ||𝐰𝑥

||), so we let 𝑟 satisfy that
6𝑟𝑥

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)
(2.131)

+ 𝑟

(
10

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)
𝑥

−
4𝐽2

𝜌̄3
𝜌̄𝑥 + 2𝑃

′′(𝜌̄)𝜌̄𝑥 − 2𝐸̄

)
− 4 = 0.

We denote the above equation as

𝑟𝑥 + 𝐺𝑟 +𝑀 = 0, (2.132)

where

𝐺 =
1

3

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)−1(
5

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)
𝑥

−
2𝐽2

𝜌̄3
𝜌̄𝑥 + 𝑃

′′(𝜌̄)𝜌̄𝑥 − 𝐸̄

)
, (2.133)

𝑀 = −
2

3

(
𝑃′(𝜌̄) −

(
𝐽

𝜌̄

)2)−1

. (2.134)

Solving the ordinary differential equation, we get

𝑟 = 𝑟(0)𝑒− ∫ 𝑥0 𝐺 d 𝑥 − ∫
𝑥

0

𝑀 d𝑥. (2.135)

where −𝑀 > 0. With 𝑟(0) being chosen as some positive constant, 𝑟 has positive lower bound. So
does 𝑠. Hence, we have

̃𝐰𝑥𝑥 ⋅𝐰𝑥𝑥 ⩾ 𝜁9𝑗
2
𝑥𝑥 + 𝑂

(|𝐰| + ||𝐰𝑥
||)||𝐰𝑥𝑥

||2. (2.136)

As in the deterministic case, we estimate

∫
1

0

̃𝑥̃−1̃𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰 ⋅𝐰𝑥𝑥 d 𝑥 (2.137)

⩽𝐶

(
∫

1

0

|𝑗|2 d 𝑥 + ∫
1

0

||𝑗𝑥||2 d 𝑥).
For the terms involving  =

[
0

−𝜌̄𝑒

]
, it holds that

∫
1

0

2̃𝑥

(̃−1̃𝑥 − ̃−1̃𝑥)𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰𝑥𝑥 d 𝑥 + ∫
1

0

̃𝑥𝑥𝐰𝑥𝑥 d 𝑥 (2.138)

=
𝜕

𝜕𝑡 ∫
1

0

(
−𝑟(𝜌̄𝑥𝑥𝑒 + 2𝜌̄𝑥𝜎)𝜎𝑥 −

1

2
𝑟||𝜎𝑥||2) d 𝑥 + ∫

1

0

𝑟(𝜌̄𝑥𝑥(−𝑗) + 2𝜌̄𝑥(−𝑗𝑥))𝜎𝑥 d 𝑥,
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 29 of 62

in which ∫ 10 𝑟 (𝜌̄𝑥𝑥 (−𝑗) + 2𝜌̄𝑥 (−𝑗𝑥)) 𝜎𝑥 d 𝑥 ⩽ 𝐶
(∫ 10 𝑗2 d 𝑥 + ∫ 10 𝜎2𝑥 d 𝑥 + ∫ 10 𝑗2𝑥 d 𝑥

)
. For the

terms with =

[
0

𝑂
(|𝐰|2 + |𝑒|2 + ||𝐽|| |𝐰|)

]
, we estimate

∫
1

0

̃𝑥̃−1̃𝑥𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰𝑥𝑥 d 𝑥 − ∫
1

0

̃𝑥𝑥𝐰𝑥𝑥 d 𝑥

⩽ ‖𝐰‖32 + ||𝐽||‖𝐰‖22. (2.139)

The first term in (2.93) is

∫
1

0

(
(d 𝑠)||𝜎𝑥𝑥||2 + (d 𝑟)||𝑗𝑥𝑥||2) d 𝑥

= ∫
1

0

(
𝑃′′(𝜌̄ + 𝜎) d 𝜎 −

2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
d 𝑗 + 2

(𝐽 + 𝑗)
2

(𝜌̄ + 𝜎)3
d 𝜎

)
𝑟||𝜎𝑥𝑥||2 d 𝑥 d 𝑡 (2.140)

= ∫
1

0

−

(
𝑃′′(𝜌̄ + 𝜎) +

2(𝐽 + 𝑗)
2

(𝜌̄ + 𝜎)3

)
(𝐽 + 𝑗)𝑥)𝑟

||𝜎𝑥𝑥||2 d 𝑥 d 𝑡 − ∫
1

0

2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
(d 𝑗)𝑟||𝜎𝑥𝑥||2 d 𝑥

⩽𝑂
(‖𝐰‖32) d 𝑡 − ∫

1

0

2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
(d 𝑗)𝑟||𝜎𝑥𝑥||2 d 𝑥.

By (2.4), we know that

d 𝑗 +
(21𝜎𝑥 +22𝑗𝑥 + 21𝜎 + 22𝑗 − 𝜌̄𝑒 − 𝑂(|𝐰|2 + |𝑒|2 + ||𝐽|||𝐰|)) d 𝑡 = 𝔽 d𝑊. (2.141)

So, we estimate

−∫
1

0

2(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
(d 𝑗)𝑟||𝜎𝑥𝑥||2 d 𝑥 ⩽ 𝐶‖𝐰‖32 + 𝐶|||||∫

1

0

(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝐽2𝑟||𝐰𝑥𝑥

||2 d 𝑥 d𝑊|||||. (2.142)

By Burkholder–Davis–Gundy’s inequality, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

(𝐽 + 𝑗)

(𝜌̄ + 𝜎)2
𝐽2𝑟||𝐰𝑥𝑥

||2 d 𝑥 d𝑊|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0 ∫
1

0

||||| (𝐽 + 𝑗)(𝜌̄ + 𝜎)2
𝐽2𝑟||𝐰𝑥𝑥

||2 d 𝑥|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (2.143)

=𝔼
⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0 ∫
1

0

|||||
(
𝐽3 + 3𝐽2𝑗 + 3𝐽𝑗2 + +𝑗3

)
(𝜌̄ + 𝜎)2

𝑟||𝐰𝑥𝑥
||2 d 𝑥|||||

2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦.

We estimate term by term as follows:

𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝐽3

(𝜌̄ + 𝜎)2
𝑟||𝐰𝑥𝑥

||2 d 𝑥|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦
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30 of 62 LI et al.

⩽𝔼

[(
𝐶 ∫

𝑡

0

||𝐽||6‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2

]
⩽ 𝔼

⎡⎢⎢⎣
(||𝐽||5 sup

𝑠∈[0,𝑡]

‖‖𝐰𝑥𝑥
‖‖2𝐶 ∫

𝑡

0

||𝐽||‖‖𝐰𝑥𝑥
‖‖2 d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (2.144)

⩽𝔼

[(||𝐽||5 sup
𝑠∈[0,𝑡]

‖‖𝐰𝑥𝑥
‖‖2

)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

||𝐽||‖𝐰‖22 d 𝑠)𝑚
]
,

where ||𝐽||5 is small enough such that the first term can be balanced by the left side of this second-
order estimate; there hold

𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝐽2𝑗

(𝜌̄ + 𝜎)2
𝑟||𝐰𝑥𝑥

||2 d 𝑥|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝔼

[(
𝐶 ∫

𝑡

0

||𝐽||4‖𝑗‖2∞‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2

]
(2.145)

⩽𝔼

⎡⎢⎢⎣
(
𝐶 sup
𝑠∈[0,𝑡]

||𝐽‖‖4‖𝑗‖2∞
)𝑚

2 (
∫

𝑡

0

‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2
⎤⎥⎥⎦

⩽

(
𝜗7
3

)𝑚
𝔼

[
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑥
‖‖2𝑚

]
+ 𝔼

[(
𝐶𝜗7 ∫

𝑡

0

‖𝐰‖32 d 𝑠)𝑚
]
,

𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝐽𝑗2

(𝜌̄ + 𝜎)2
𝑟||𝐰𝑥𝑥

||2 d 𝑥|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝔼

[(
𝐶 ∫

𝑡

0

||𝐽||2‖𝑗‖4∞‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2

]
(2.146)

⩽𝔼

⎡⎢⎢⎣
(
𝐶 sup
𝑠∈[0,𝑡]

||𝐽||2‖𝑗‖4∞
)𝑚

2 (
∫

𝑡

0

‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2
⎤⎥⎥⎦

⩽

(
𝜗7
3

)𝑚
𝔼

[
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑥
‖‖2𝑚

]
+ 𝔼

[(
𝐶𝜗7 ∫

𝑡

0

‖𝐰‖32 d 𝑠)𝑚
]
,

and

𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝑗3

(𝜌̄ + 𝜎)2
𝑟||𝐰𝑥𝑥

||2 d 𝑥|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝔼

[(
𝐶 ∫

𝑡

0

‖𝑗‖6∞‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2

]
(2.147)
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⩽𝔼

⎡⎢⎢⎣
(
𝐶 sup
𝑠∈[0,𝑡]

‖𝑗‖6∞
)𝑚

2 (
∫

𝑡

0

‖‖𝐰𝑥𝑥
‖‖4 d 𝑠)𝑚

2
⎤⎥⎥⎦

⩽

(
𝜗7
3

)𝑚
𝔼

[
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑥
‖‖2𝑚

]
+ 𝔼

[(
𝐶𝜗7 ∫

𝑡

0

‖𝐰‖32 d 𝑠)𝑚
]
.

Let 𝜗7 be such that 𝜗𝑚7 𝔼
[
sup𝑠∈[0,𝑡]

‖‖𝐰𝑥
‖‖2𝑚] can be bounded by the first-order estimates. The

covariation in (2.93) is

𝑟−1
⟨
2𝑟𝑥𝑟

−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥) d𝑊 − 2𝑟𝑥𝔽𝑥 d𝑊 − 𝑟𝔽𝑥𝑥 d𝑊
⟩

=𝑟−1
|||2𝑟𝑥𝑟−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥)|||2 d 𝑡 − 8𝑟𝑥𝑟−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥)𝑟𝑥𝔽𝑥 d 𝑡

− 4𝑟𝑥𝑟
−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥)𝑟𝔽𝑥𝑥 d 𝑡 − 4𝑟𝑥𝔽𝑥𝑟𝔽𝑥𝑥 d 𝑡 + 4𝑟

2
𝑥𝔽
2
𝑥 d 𝑡 + 𝑟

2𝔽2𝑥𝑥 d 𝑡. (2.148)

We estimate − ∫ 10 8𝑟𝑥𝑟−1 (𝑟𝑥𝔽 + 𝑟𝔽𝑥) 𝑟𝑥𝔽𝑥 d 𝑥 d 𝑡, by (1.4),
|||||−∫

1

0

8𝑟𝑥𝑟
−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥)𝑟𝑥𝔽𝑥 d 𝑥 d 𝑡

||||| ⩽ 𝐶(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑡. (2.149)

Other terms are dealt with similarly. Therefore, there holds

∫
1

0

𝑟−1
⟨
2𝑟𝑥𝑟

−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥) d𝑊 − 2𝑟𝑥𝔽𝑥 d𝑊 − 𝑟𝔽𝑥𝑥 d𝑊
⟩
d 𝑥 ⩽ 𝐶‖𝐰‖32 d 𝑡. (2.150)

Next, we consider the stochastic terms in 2𝐰𝑥𝑥 ⋅ ̃ d𝐰𝑥𝑥, that is,

4𝑟𝑥𝑟
−1𝑟𝑥𝔽𝑗𝑥𝑥 d𝑊 − 4𝑟𝑥𝑟

−1(𝑟𝑥𝔽 + 𝑟𝔽𝑥)𝑗𝑥𝑥 d𝑊 − 2𝑟𝑥𝑥𝔽𝑗𝑥𝑥 d𝑊 (2.151)

+ 2𝑟𝑥𝑥𝔽𝑗𝑥𝑥 d𝑊 + 4𝑟𝑥𝔽𝑥𝑗𝑥𝑥 d𝑊 + 2𝑟𝔽𝑥𝑥𝑗𝑥𝑥 d𝑊 = 2𝑟𝔽𝑥𝑥𝑗𝑥𝑥 d𝑊.

Since (1.4), by Soblev’s inequality, it holds that

𝔼

[|||||∫
𝑡

0 ∫
1

0

2𝑟𝔽𝑥𝑥𝑗𝑥𝑥 d 𝑥 d𝑊
|||||
𝑚
]
⩽ 𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝐶𝑟
(||𝐽𝑥||2 + |𝐽|||𝐽𝑥𝑥||)𝑗𝑥𝑥 d 𝑥|||||

2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝔼

[(
∫

𝑡

0

𝐶𝑟
(‖‖𝐽𝑥‖‖2‖‖𝐽𝑥‖‖2∞‖‖𝑗𝑥𝑥‖‖2 + ‖𝐽‖2∞‖‖𝑗𝑥𝑥‖‖4) d 𝑠)𝑚

2

]
(2.152)

⩽𝔼

[(
∫

𝑡

0

𝐶𝑟‖‖𝐽𝑥‖‖2‖‖𝑗𝑥𝑥‖‖4 d 𝑠)𝑚
2

]

⩽𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[(

𝜗8
2

)𝑚
sup
𝑠∈[0,𝑡]

‖‖𝑗𝑥‖‖2𝑚
]
+ 𝔼

[(
∫

𝑡

0

𝐶𝜗8

(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠)𝑚
]
.
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32 of 62 LI et al.

Combining the above estimates, we have

𝔼

[(
∫

1

0

(||𝜎𝑥𝑥||2 + ||𝑗𝑥𝑥||2)(𝑡))𝑚
]
+ 𝔼

[(
𝜁10 ∫

𝑡

0 ∫
1

0

𝑗2𝑥𝑥 d 𝑠

)𝑚]

⩽𝔼

[(
∫

1

0

(||𝜎𝑥𝑥||2 + ||𝑗𝑥𝑥||2)(0))𝑚
]
+ 𝐶𝔼

[‖‖𝐰0
‖‖2𝑚] + 𝐶𝔼[‖‖(𝐰0)𝑥

‖‖2𝑚] (2.153)

+ 𝔼

[(
∫

𝑡

0

𝐶
(||𝐽||‖𝐰‖22 + ‖𝐰‖32) d 𝑠)𝑚

]
.

Similarly as in the first-order estimates, we multiply −̃𝐰𝑥𝑥𝑥 with
[
0

𝜎𝑥

]
, and integrate with

respect to 𝑥 to give the estimate of ∫ 𝑡0 ∫ 10 ||𝜎𝑥𝑥||2 d 𝑥 d 𝑠. In fact, by Itô’s formula, we know
̃ d

(
𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

])
= ̃ d𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

]
+ ̃𝐰𝑥𝑥 ⋅

[
0

−𝑗𝑥𝑥

]
d 𝑡. (2.154)

Then, we have

− ̃ d
(
𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

])
+ ̃𝐰𝑥𝑥 ⋅

[
0

−𝑗𝑥𝑥

]
d 𝑡 − 2̃𝑥̃−1̃𝑥(𝐰𝑥 + 𝐰 + ) ⋅

[
0

𝜎𝑥

]
d 𝑡

+ 2̃𝑥̃−1̃𝑥

(
 d 𝑡 +

[
0

𝔽 d𝑊

])
⋅

[
0

𝜎𝑥

]
+ 2̃𝑥̃−1̃𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡

+ 2̃𝑥̃−1
((̃𝑥 + ̃)

𝐰𝑥 + ̃𝑥𝐰 + ̃𝑥) ⋅ [ 0
𝜎𝑥

]
d 𝑡 − ̃𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡

− 2̃𝑥̃−1

(
̃𝑥

[
0

𝔽 d𝑊

]
+ ̃

[
0

𝔽𝑥 d𝑊

])
⋅

[
0

𝜎𝑥

]
(2.155)

− ̃𝑥𝑥

(
−𝐰𝑥 − 𝐰 −  + )

⋅

[
0

𝜎𝑥

]
d 𝑡 − ̃𝑥𝑥

[
0

𝔽 d𝑊

]
⋅

[
0

𝜎𝑥

]

−
(̃𝑥𝐰𝑥𝑥 + ̃𝐰𝑥𝑥𝑥 +

(̃𝑥𝑥 + ̃𝑥)𝐰𝑥 +
(̃𝑥 + ̃)

𝐰𝑥𝑥 + ̃𝑥𝑥𝐰 + ̃𝑥𝐰𝑥 + ̃𝑥𝑥) ⋅ [ 0
𝜎𝑥

]
d 𝑡

= − ̃𝑥𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡 + ̃𝑥𝑥

[
0

𝔽 d𝑊

]
⋅

[
0

𝜎𝑥

]
+ 2̃𝑥

[
0

𝔽𝑥 d𝑊

]
⋅

[
0

𝜎𝑥

]

+ ̃
[

0

𝔽𝑥𝑥 d𝑊

]
⋅

[
0

𝜎𝑥

]
,

 14697750, 2025, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70213 by M

cgill U
niversity, W

iley O
nline L

ibrary on [10/10/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 33 of 62

where the first term holds

−̃ d
(
𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

])
= −d (𝑟𝑗𝑥𝑥𝜎𝑥), (2.156)

the second term holds

̃𝐰𝑥𝑥 ⋅

[
0

−𝑗𝑥𝑥

]
d 𝑡 = 𝑟𝑗2𝑥𝑥 d 𝑡. (2.157)

We consider the stochastic terms ̃
[

0

𝔽𝑥𝑥 d𝑊

]
⋅
[
0

𝜎𝑥

]
,

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑟𝔽𝑥𝑥𝜎𝑥 d 𝑥 d𝑊
|||||
𝑚
]
⩽ 𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝑟𝔽𝑥𝑥𝜎𝑥 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (2.158)

⩽𝔼

[(
𝜗8
3
sup
𝑠∈[0,𝑡]∫

1

0

||𝑗𝑥𝑥||2 d 𝑥
)𝑚]

+ 𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝐶𝜗8𝔼
[(

∫
𝑡

0 ∫
1

0

𝐶
(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠)𝑚

]
,

where 𝔼

[(
𝜗8
3
sup
𝑠∈[0,𝑡]

∫ 10 ||𝑗𝑥𝑥||2 d 𝑥
)𝑚]

can be balanced. Taking 2̃𝑥̃−1̃
[

0

𝔽𝑥 d𝑊

]
⋅
[
0

𝜎𝑥

]
, for

example, we estimate

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑟𝑥𝔽𝑥𝜎𝑥 d 𝑥 d𝑊
|||||
𝑚
]
⩽ 𝔼

⎡⎢⎢⎣
(
∫

𝑡

0

|||||∫
1

0

𝑟𝑥𝔽𝑥𝜎𝑥 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (2.159)

⩽𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[(

𝐶 sup
𝑠∈[0,𝑡]∫

1

0

||𝜎𝑥||2 d 𝑥
)𝑚]

+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶
(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠)𝑚

]
,

while the estimates for other terms are also bounded by

𝔼
[‖‖𝐰0

‖‖2𝑚] + 𝔼
[(

𝐶 sup
𝑠∈[0,𝑡]∫

1

0

||𝜎𝑥||2 d 𝑥
)𝑚]

+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶
(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠)𝑚

]
.

We calculate the key term

− ̃𝐰𝑥𝑥𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡

= −

(
̃𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

])
𝑥

d 𝑡 + ̃𝑥𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥

]
d 𝑡 + ̃𝐰𝑥𝑥 ⋅

[
0

𝜎𝑥𝑥

]
d 𝑡 (2.160)

= −

(
̃𝐰𝑥𝑥

[
0

𝜎𝑥

])
𝑥

d 𝑡 +

(
−

(
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
+ 𝑃′(𝜌̄ + 𝜎)

)
𝑟𝜎2𝑥𝑥 d 𝑡 + 2

𝐽 + 𝑗

𝜌̄ + 𝜎
𝑟𝑗𝑥𝑥𝜎𝑥 d 𝑡

+

((
−

(
𝐽 + 𝑗

𝜌̄ + 𝜎

)2
+ 𝑃′(𝜌̄ + 𝜎)

)
𝑟

)
𝑥

𝜎𝑥𝑥𝜎𝑥 d 𝑡 + 2

(
𝐽 + 𝑗

𝜌̄ + 𝜎
𝑟

)
𝑥

𝑗𝑥𝑥𝜎𝑥 d 𝑡.
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34 of 62 LI et al.

We integrate the above formula in [0,1] with respect to 𝑥. Then, the first term holds

− ∫
𝑡

0 ∫
1

0

(
̃𝐰𝑥𝑥

[
0

𝜎𝑥

])
𝑥

d 𝑥 d 𝑠 (2.161)

= ∫
𝑡

0 ∫
1

0

2
𝐽 + 𝑗

𝜌̄ + 𝜎
𝑟
(
𝜎2𝑥

)
𝑡
d 𝑥 d 𝑠 ⩽ 𝐶 sup

𝑠∈[0,𝑡]∫
1

0

||𝜎𝑥||2 d 𝑥.
The second term is at leat 𝜁11𝜎2𝑥𝑥. The other three terms are bounded by

𝐶(𝐽 + 𝑗)𝐰2
𝑥𝑥 + 𝐶

||𝐰𝑥𝑥 ⋅𝐰𝑥
|| ⩽ 𝐶(𝐽 + 𝑗)𝐰2

𝑥𝑥 +
𝜗8
3
𝐰2
𝑥𝑥 + 𝐶𝜗8𝐰

2
𝑥, (2.162)

for 𝜗8 ⩽ min
{
𝜁10
4
,
𝜁11
4

}
. Therefore, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝜁12
(
𝜎2𝑥𝑥 + 𝑗

2
𝑥𝑥

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶||𝐽||‖𝐰‖22 d 𝑠)𝑚
]
+ 𝔼

[(
∫

𝑡

0 ∫
1

0

𝐶‖𝐰‖32 d 𝑠)𝑚
]

(2.163)

+ 𝔼

[(
𝜗8
3
sup
𝑠∈[0,𝑡]∫

1

0

||𝑗𝑥𝑥||2 d 𝑥
)𝑚]

.

In conclusion, together with (2.153), the second-order estimates can be written as

𝔼

[||||| sup𝑠∈[0,𝑡]∫
1

0

(
𝑗2𝑥𝑥 + 𝜎

2
𝑥𝑥

)
(𝑠) d 𝑥

|||||
𝑚
]
+ 𝔼

[|||||𝜁13 ∫
𝑡

0 ∫
1

0

(
𝑗2𝑥𝑥 + 𝜎

2
𝑥𝑥

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[|||||∫
1

0

(
𝑗2𝑥𝑥 + 𝜎

2
𝑥𝑥

)
(0) d 𝑥

|||||
𝑚
]
+ 𝐶𝔼

[‖‖𝐰0
‖‖2𝑚] (2.164)

+ 𝔼

[|||||𝐶6 ∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + 𝐶6 ∫ 𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
.

3 GLOBAL EXISTENCE

To give the global existence, we first establish the local existence of solutions by Banach’s fixed-
point theorem. In the following estimates, the constants in the onto mapping estimates can
depend on a given fixed time 𝑇, demanding less on the fineness of energy estimates compared
to the estimates in the last section.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 35 of 62

3.1 Local existence

For given 𝜎 and 𝑗, we consider the following linearized system with 𝐰̂ known,

d𝐰 + ((𝐰̂)𝐰𝑥 + (𝐰̄)𝐰 + (𝐰)) d 𝑡 = (𝐰̂,𝐰) d 𝑡 +

[
0

𝔽(𝐰̂) d𝑊

]
. (3.1)

We denote𝑀 = sup
𝑡∈[0,𝑇]

‖‖‖𝜎̂, 𝐽‖‖‖2.
Step 1: Uniform bound.

3.1.1 Zeroth-order estimates for linearized system

For the zeroth-order estimates, we justmultiply system (3.1) by𝐰, thenwe integrate it with respect
to 𝑥 and 𝑡. From (2.5), the expression of, we estimate

∫
1

0

(𝐰̂)𝐰𝑥 ⋅𝐰 d𝑥 d 𝑡 ⩽ 𝐶‖𝐰̂‖1‖𝐰‖2 d 𝑡.
By (2.6) and smoothness of steady state, there holds

∫
1

0

(𝐰̄)𝐰 ⋅𝐰 d𝑥 d 𝑡 ⩽ 𝐶‖𝐰‖2 d 𝑡. (3.2)

Due to (2.7), it holds that

∫
1

0

 ⋅𝐰 d𝑥 d 𝑡 ⩽ 𝐶‖𝑒‖‖𝐰‖ d 𝑡. (3.3)

By (2.8) and the smoothness of steady state, we have

∫
1

0

 (𝐰̂,𝐰) ⋅𝐰 d𝑥 d 𝑡 ⩽ 𝐶(‖𝐰̂‖1 + 1)‖𝐰‖2 d 𝑡. (3.4)

For the stochastic term, taking the𝑚-expectation, we estimate as follows:

𝔼

⎡⎢⎢⎣
||||||∫

𝑡

0 ∫
1

0

[
0

𝔽(𝐰̂) d𝑊

]
⋅𝐰 d𝑥

||||||
𝑚⎤⎥⎥⎦ ⩽ 𝔼

[|||||∫
𝑡

0 ∫
1

0

𝔽(𝐰̂)𝑗 d 𝑥 d𝑊
|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝔽(𝐰̂)𝑗 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ ⩽ 𝔼

[(
𝐶 ∫

𝑡

0

‖‖‖𝐽‖‖‖41‖𝑗‖2 d 𝑠
)𝑚

2

]
(3.5)

⩽𝔼

⎡⎢⎢⎣
(
𝐶 sup
𝑠∈[0,𝑡]

‖‖‖𝐽‖‖‖41 ∫ 𝑡

0

‖𝑗‖2 d 𝑠)𝑚
2 ⎤⎥⎥⎦

⩽
1

2𝑚
𝔼

[(
sup
𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

‖‖‖𝐽‖‖‖41 d 𝑠
)𝑚]

.
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36 of 62 LI et al.

By Itô’s formula, we have

d |𝐰|2 = 2 d𝐰 ⋅𝐰 + ⟨𝔽(𝐰̂) d𝑊, 𝔽(𝐰̂) d𝑊⟩ = 2d𝐰 ⋅𝐰 + |𝔽(𝐰̂)|2 d 𝑡. (3.6)

We directly estimate

∫
1

0

|𝔽(𝐰̂)|2 d 𝑥 ⩽ 𝐶‖‖‖𝐽 + 𝑗̂‖‖‖2‖‖‖𝐽 + 𝑗̂‖‖‖∞ ⩽ 𝐶
(‖𝐰̂‖21 + ‖𝐰̂‖1 + 1)(‖𝐰̂‖2 + ‖𝐰̂‖ + 1). (3.7)

Combining the above estimates, we have

𝔼

[(
sup
𝑠∈[0,𝑡]∫

1

0

||𝐰(𝑠)||2 d 𝑥
)𝑚]

⩽𝔼

[(
𝐶 sup
𝑠∈[0,𝑡]

(‖𝐰̂‖1)∫ 𝑡

0 ∫
1

0

|𝐰|2 d 𝑥 d 𝑠)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

(‖𝐰̂‖41 + ‖𝐰̂‖31 + ‖𝐰̂‖21 + ‖𝐰̂‖1 + 1) d 𝑠)𝑚] (3.8)

+ 𝔼

[(
𝐶 ∫

𝑡

0 ∫
1

0

|𝐰|2 d 𝑥 d 𝑠 + ∫
1

0

||𝐰(0)||2 d 𝑥)𝑚
]

⩽𝐶𝑀,𝑚𝔼

[(
∫

𝑡

0 ∫
1

0

(||𝐰𝑥
||2 + |𝐰|2) d 𝑥 d 𝑠)𝑚] + 𝐶𝑀,𝑚𝑡𝑚 + 𝐶𝔼[(∫

1

0

||𝐰0
||2 d 𝑥)𝑚

]
,

where 𝐶𝑀,𝑚 depends on𝑚 and𝑀 = sup
𝑡∈[0,𝑇]

‖‖‖𝜎̂, 𝐽‖‖‖2.
3.1.2 Higher-order estimates for linearized system

We multiply (3.1) on the left by to obtain

d (𝐰) + (̄(𝐰̂)𝐰𝑥 + ̄(𝐰̄)𝐰 + ̄) d 𝑡 = ̄ (𝐰̂,𝐰) d 𝑡 +
[

0

𝔽(𝐰̂) d𝑊

]
, (3.9)

where  is defined in (2.60), ̄ = , ̄ = , ̄ = , ̄ =  . Differentiating (3.9) with
respect to 𝑥, we get

d (𝐰𝑥) −
(𝑥

((𝐰̂)𝐰𝑥 + (𝐰̄)𝐰 +  − (𝐰̂,𝐰)
))
d 𝑡

+
(̄(𝐰̂)𝐰𝑥𝑥 +

((̄(𝐰̂))
𝑥
+ ̄(𝐰̄))𝐰𝑥 +

(̄(𝐰̄))
𝑥
𝐰 + ̄𝑥) d 𝑡 (3.10)

=
(̄ (𝐰̂,𝐰)

)
𝑥
d 𝑡 +𝑥

[
0

𝔽(𝐰̂) d𝑊

]
+

[
0

(𝔽(𝐰̂))𝑥 d𝑊

]
.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 37 of 62

By Itô’s formula, it holds that

d

(
 ||𝐰𝑥

||2
2

)
=  d𝐰𝑥 ⋅𝐰𝑥 +

𝑟−1||𝑟(𝔽(𝐰̂))𝑥 + 𝑟𝑥𝔽(𝐰̂)||2
2

d 𝑡

=𝐰𝑥𝑥

((𝐰̂)𝐰𝑥 + (𝐰̄)𝐰 +  − (𝐰̂,𝐰)
)
d 𝑡 − ̄(𝐰̂)𝐰𝑥𝑥𝐰𝑥 d 𝑡

−
((̄(𝐰̂))

𝑥
+ ̄(𝐰̄))𝐰𝑥 ⋅𝐰𝑥 d 𝑡 −

(̄(𝐰̄))
𝑥
𝐰𝐰𝑥 d 𝑡 − ̄𝑥𝐰𝑥 d 𝑡 (3.11)

+
(̄ (𝐰̂,𝐰)

)
𝑥
𝐰𝑥 d 𝑡 + 𝑟𝑥𝔽(𝐰̂)𝑗𝑥 d𝑊 + 𝑟(𝔽(𝐰̂))𝑥𝑗𝑥 d𝑊 +

𝑟−1||𝑟𝔽𝑥 + 𝑟𝑥𝔽||2(𝐰̂)
2

d 𝑡.

By the boundary condition 𝑗𝑥(0) = 𝑗𝑥(1) = 0, we have

∫
1

0

̄(𝐰̂)𝐰𝑥𝑥 ⋅𝐰𝑥 d𝑥 = −∫
1

0

1

2
̄𝑥𝐰𝑥 ⋅𝐰𝑥 d𝑥. (3.12)

Now we collect all the terms containing𝐰2
𝑥, for (2.5) and (2.6),

∫
1

0

(
−𝑥(𝐰̂) + (̄(𝐰̂))

𝑥
+ ̄(𝐰̄) − 1

2

(̄(𝐰̂))
𝑥

)
𝐰𝑥 ⋅𝐰𝑥 d𝑥 (3.13)

= ∫
1

0

(𝐰̂)𝐰𝑥 ⋅𝐰𝑥 d𝑥,

where  (𝐰̂) = (
1

2
𝑥 −

1

2
𝑥 +)

(𝐰̂) =

[
𝑞11 𝑞12
𝑞11 𝑞22

]
. 𝑟 is chosen such that

||𝑞12 + 𝑞21|| =𝑂(|𝐰̂| + ||𝐰̂𝑥
||), (3.14)

𝑞22 =
1

2
𝑟

{
2
𝐽 + 𝑗̂

𝜌̄ + 𝜎

}
𝑥

−
1

2
𝑟𝑥

(
2
𝐽 + 𝑗̂

𝜌̄ + 𝜎

)
+ 𝑟

(
1 − 2

𝐽

𝜌̄2
𝜌̄𝑥

)
(3.15)

=𝑟 −
𝐽

𝜌̄
𝑟𝑥 − 3

𝐽

𝜌̄2
𝜌̄𝑥𝑟 + 𝑂(|𝐰̂| + |𝐰̂𝑥|).

Equation (2.61) admits a positive solution 𝑟(𝑥). Thus, for small 𝐽, there is a constant 𝜂1 > 0, such
that

∫
1

0

𝐰𝑥 ⋅𝐰𝑥 d𝑥 ⩾ 𝜂1 ∫
1

0

𝑗2𝑥 d 𝑥 + ∫
1

0

𝑂
(|𝐰̂| + ||𝐰̂𝑥

||)||𝐰𝑥
||2 d 𝑥, (3.16)

where it holds that

∫
1

0

𝑂
(|𝐰̂| + ||𝐰̂𝑥

||)||𝐰𝑥
||2 d 𝑥 ⩽ ‖‖𝐰̂𝑥

‖‖∞‖‖𝐰𝑥
‖‖2 ⩽ ‖𝐰̂‖2‖‖𝐰𝑥

‖‖2. (3.17)

For the terms containing𝐰 ⋅𝐰𝑥, we estimate

∫
1

0

(
−𝑥(𝐰̄) + (̄(𝐰̄))

𝑥

)
𝐰 ⋅𝐰𝑥 d𝑥 = ∫

1

0

((𝐰̄))𝑥𝐰 ⋅𝐰𝑥 d𝑥 (3.18)

= ∫
1

0

𝑂
(|𝐰|||𝐰𝑥

||) d 𝑥 ⩽ 𝐶 ∫
1

0

||𝐰𝑥
||2 d 𝑥 + 𝐶 ∫

1

0

|𝐰|2 d 𝑥,
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38 of 62 LI et al.

with the formula of  (2.6). For the terms concerning𝐰𝑥, from (2.7) and (2.8), we have(
−𝑥 + ̄𝑥) ⋅𝐰𝑥 d 𝑡 = 𝑥 ⋅𝐰𝑥 d 𝑡 = −𝑟(𝜌̄𝑒)𝑥𝑗𝑥 d 𝑡 = 𝑟(𝜌̄𝜎 + 𝜌̄𝑥𝑒)𝜎𝑡 d 𝑡 (3.19)

= d
(
1

2
𝑟𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
− 𝑟𝜌̄𝑥𝑒𝑡𝜎 d 𝑡 = d

(
1

2
𝑟𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
+ 𝑂

(
𝜎2 + 𝑗2

)
d 𝑡,

and (̄ (𝐰̂,𝐰)
)
𝑥
𝐰𝑥 = 𝑂

(|𝐰̂| + || ̂̃𝑒|| + 1)(|𝐰|2 + ||𝐰𝑥
||2). (3.20)

Integrating them over 𝑥, due to 𝑒𝑥 = 𝜎, we have

∫
1

0

(
−𝑥 + ̄𝑥) ⋅𝐰𝑥 d𝑥 ⩽ d∫

1

0

(
1

2
𝑟𝜌̄𝜎2 + 𝑟𝜌̄𝑥𝑒𝜎

)
d 𝑥 + 𝐶 ∫

1

0

(
𝜎2 + 𝑗2

)
d 𝑥 d 𝑡

⩽ d∫
1

0

𝐶
(
𝜎2 + 𝑒2

)
d 𝑥 + 𝐶 ∫

1

0

(
𝜎2 + 𝑗2

)
d 𝑥 d 𝑡 (3.21)

⩽ 𝐶 d
(‖𝜎‖2 + ‖𝑒‖21) + 𝐶 ∫

1

0

(
𝜎2 + 𝑗2

)
d 𝑥 d 𝑡 = 𝐶 d ‖𝜎‖2 + 𝐶‖𝜎‖2 d 𝑡,

and

∫
1

0

(̄ (𝐰̂,𝐰)
)
𝑥
𝐰𝑥 d 𝑥 ⩽ 𝐶

(‖𝐰̂‖1 + ‖‖ ̂̃𝑒‖‖1 + 1)∫ 1

0

(|𝐰|2 d 𝑥 + ∫
1

0

||𝐰𝑥
||2) d 𝑥. (3.22)

Under (1.4), the assumption for 𝔽, we estimate

∫
1

0

𝑟−1||𝑟𝔽𝑥 + 𝑟𝑥𝔽||2(𝐰̂)
2

d 𝑥 d 𝑡 ⩽ 𝐶 ∫
1

0

(|𝐰̂|2 + ||𝐰̂𝑥
||2)2 d 𝑥 d 𝑡 ⩽ 𝐶‖𝐰̂‖41 d 𝑡, (3.23)

∫
1

0

𝑟−1||𝑟𝑥𝔽||2(𝐰̂)
2

d 𝑥 d 𝑡 ⩽ 𝐶 ∫
1

0

|𝐰̂|4 d 𝑥 d 𝑡 ⩽ 𝐶‖𝐰̂‖41 d 𝑡. (3.24)

For the stochastic term, since 𝐽 is sufficiently small, we have

𝔼

[|||||∫
𝑡

0 ∫
1

0

𝑟𝑥𝔽(𝐰̂)𝑗𝑥 d 𝑥 d𝑊
|||||
𝑚
]

⩽ 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝑟𝑥𝔽(𝐰̂)𝑗𝑥 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

= 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||∫
1

0

𝑟𝑥
|||𝐽 + 𝑗̂|||2𝑗𝑥 d 𝑥|||||

2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽ 𝔼

[(
𝜗9
4
sup
𝑠∈[0,𝑡]∫

1

0

|||𝑗̂|||2 d 𝑥
)𝑚]

+ 𝔼

[(
𝜗9
4
sup
𝑠∈[0,𝑡]∫

1

0

||𝑗𝑥||2 d 𝑥
)𝑚]

+ 𝔼

[(
𝐶𝜗9 ∫

𝑡

0

|||||∫
1

0

|||𝑗̂|||||𝐰𝑥
|| d 𝑥|||||

2

d 𝑠

)𝑚]
, (3.25)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 39 of 62

where 𝜗9 is chosen such that 𝔼

[(
𝜗9
4
sup
𝑠∈[0,𝑡]

∫ 10 |𝑗|2 d 𝑥)𝑚]
can be balanced by the zeroth-order

estimates, 𝔼

[(
𝜗9
4
sup
𝑠∈[0,𝑡]

∫ 10 ||𝑗𝑥||2 d 𝑥
)𝑚]

can be balanced by the left-hand side of this first-order

estimates. Further, there holds

𝔼

[(
∫

𝑡

0

|||||∫
1

0

|||𝑗̂|||||𝐰𝑥
||𝑑𝑥|||||

2

d 𝑠

)𝑚]
⩽ 𝔼

[(
∫

𝑡

0

𝐶‖𝐰̂‖22‖𝐰‖22 d 𝑠)𝑚
]
.

Combining the above terms, along with the zeroth-order estimates, we obtain

𝔼

[||||| sup𝑠∈[0,𝑡]∫
1

0

(
𝜎2
𝑥
+ 𝑗2

𝑥

)
(𝑠) d 𝑥 + 𝜂2 ∫

𝑡

0 ∫
1

0

𝑗2
𝑥
d 𝑥 d 𝑠

|||||
𝑚
]

⩽𝔼

[|||||𝐶‖‖𝜎(𝑡)‖‖2 + 𝐶 ∫
𝑡

0

(‖𝐰̂‖2
2
+ 1

)‖𝐰‖2 d 𝑠 + 𝐶 ∫
𝑡

0

(‖𝐰̂‖2 + 1)‖‖𝐰𝑥
‖‖2 d 𝑠|||||

𝑚
]

(3.26)

+ 𝔼

[|||||𝐶(‖𝐰̂‖1 + ‖‖ ̂̃𝑒‖‖1 + 1)∫ 𝑡

0 ∫
1

0

(||𝐰𝑥
||2 + |𝐰|2) d 𝑥 d 𝑠|||||

𝑚
]
+ 𝔼

[|||||𝐶 ∫
𝑡

0

‖𝐰̂‖4
1
d 𝑠

|||||
𝑚
]

⩽𝐶𝑀,𝑚𝔼

[(
∫

𝑡

0 ∫
1

0

(||𝐰𝑥
||2 + |𝐰|2) d 𝑥 d 𝑠)𝑚

]
+ 𝐶𝑀,𝑚𝑡

𝑚 + 𝐶𝔼

[(
∫

1

0

(||𝐰0,𝑥
||2 + ||𝐰0

||2) d 𝑥)𝑚
]
,

where 𝐶𝑀,𝑚 depends on𝑚 and𝑀 = sup
𝑡∈[0,𝑇]

‖𝜎̂, 𝐮̂‖2, 𝜂2 is a positive constant.
Similarly, the second-order estimates of uniform upper bound can be obtained similarly to

boundary estimates (2.96):

𝔼

[||||| sup𝑠∈[0,𝑡]∫
1

0

(
𝜎2𝑥𝑥 + 𝑗

2
𝑥𝑥

)
(𝑠) d 𝑥 + 𝜂3 ∫

𝑡

0 ∫
1

0

𝑗2𝑥𝑥 d 𝑥 d 𝑠
|||||
𝑚
]

⩽𝐶𝑀,𝑚𝔼

[(
∫

𝑡

0 ∫
1

0

(||𝐰𝑥𝑥
||2 + ||𝐰𝑥

||2 + |𝐰|2) d 𝑥 d 𝑠)𝑚] + 𝐶𝑀,𝑚𝑡𝑚 (3.27)

+ 𝐶𝔼

[(
∫

1

0

(||𝐰0,𝑥𝑥
||2 + ||𝐰0,𝑥

||2 + ||𝐰0
||2) d 𝑥)𝑚

]
,

where 𝐶𝑀,𝑚 depends on 𝑚 and 𝑀 = sup
𝑡∈[0,𝑇]

‖𝜎̂, 𝐮̂‖2, 𝜂3 is a positive constant. In summary of the
estimates, there holds

𝔼

[(
sup
𝑠∈[0,𝑡]∫

𝑠

0

d𝜏
(‖𝐰‖22)

)𝑚]
⩽ 𝐶𝑀,𝑚

(
𝑡𝑚 + 𝔼

[(
∫

𝑡

0

(‖𝐰‖22) d 𝑠)𝑚
])

. (3.28)

By Grönwall’s inequality, we have𝐰 ∈ 𝐿𝑚
(
Ω;𝐶

(
[0, 𝑇];𝐻2 (𝑈)

))
. Actually, it holds that

𝔼

[(
sup
𝑠∈[0,𝑡]

(‖𝐰‖22)(𝑠)
)𝑚]

⩽𝔼
[((‖𝐰‖22)(0))𝑚] + 𝐶𝑀,𝑚𝑡𝑚
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40 of 62 LI et al.

+ ∫
𝑡

0

(
𝔼
[(‖𝐰‖22(0))𝑚] + 𝐶𝑀,𝑚𝑡𝑚)𝐶𝑀,𝑚𝑒∫ 𝑠0 𝐶𝑀,𝑚 d 𝜏 d 𝑠 (3.29)

⩽
(
𝔼
[(‖‖𝐰0

‖‖22)𝑚] + 𝐶𝑀,𝑚𝑡𝑚)𝑒𝐶𝑀,𝑚𝑡.
From (3.29), by applying Kolmogorov–Centov’s theorem, following the standard argument in
stochastic analysis [3], we deduce the time continuity of 𝐰 up to a modification in a completed
probability space

(
Ω̃, 𝔉̃, ℙ̃

)
, and so, we omit the details.

The iteration scheme is

d𝐰𝑛 +
((𝐰𝑛−1)(𝐰𝑛)𝑥 + (𝐰̄)𝐰𝑛 + ) d 𝑡 (3.30)

= (𝐰𝑛−1,𝐰𝑛) d 𝑡 +

[
0

𝔽(𝐰𝑛−1) d𝑊

]
.

By energy estimates (3.29), we take 𝑇0 such that

𝑒𝐶𝑀,𝑚𝑇0 ⩽ 2, 𝐶𝑀,𝑚𝑇0 ⩽ 𝔼
[(‖𝐰‖22(0))𝑚]. (3.31)

If

𝔼
[‖‖𝐰𝑛−1

‖‖2𝑚2 ]
⩽ 4𝔼

[(‖‖𝐰0
‖‖22)𝑚], (3.32)

holds, then there holds

𝔼
[‖‖𝐰𝑛

‖‖2𝑚2 ]
⩽ 4𝔼

[(‖‖𝐰0
‖‖22)𝑚]. (3.33)

Step 2: Contraction
We shall prove the contraction and the local existence of classical solutions 𝜎, 𝑗 in the space

𝐿𝑚
(
Ω;𝐶

(
[0, 𝑇];𝐻2 ([0, 1])

))
. (𝐰𝑛 −𝐰𝑛−1) satisfies

(d𝐰𝑛 − d𝐰𝑛−1) +(𝐰𝑛−1)
(
(𝐰𝑛)𝑥 − (𝐰𝑛−1)𝑥

)
d 𝑡

+ ((𝐰𝑛−1) −(𝐰𝑛−2))(𝐰𝑛−1)𝑥 d 𝑡 + (𝐰̄)(𝐰𝑛 −𝐰𝑛−1) d 𝑡 + (𝑒𝑛) − (𝑒𝑛−1) d 𝑡 (3.34)

=
( (𝐰𝑛−1,𝐰𝑛) − (𝐰𝑛−2,𝐰𝑛−1)

)
d 𝑡 +

[
0

(𝔽(𝐰𝑛−1) − 𝔽(𝐰𝑛−2)) d𝑊

]
.

Then we multiply (3.34) with (𝐰𝑛 −𝐰𝑛−1) and integrate over 𝑥. By Itô’s formula, there holds

d ||𝐰𝑛 −𝐰𝑛−1
||2 = 2(𝐰𝑛 −𝐰𝑛−1) ⋅ (d𝐰𝑛 − d𝐰𝑛−1) +

||𝔽(𝐰𝑛−1) − 𝔽(𝐰𝑛−2)
||2 d 𝑡. (3.35)

Recalling (2.5), we estimate by integration by parts

∫
1

0

(𝐰𝑛−1)
(
(𝐰𝑛)𝑥 − (𝐰𝑛−1)𝑥

)
⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡 ⩽ 𝐶

‖‖𝐰𝑛−1
‖‖1‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 d 𝑡. (3.36)

We directly estimate

∫
1

0
((𝐰𝑛−1) −(𝐰𝑛−2))(𝐰𝑛−1)𝑥 ⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡 (3.37)

⩽𝐶‖‖𝐰𝑛−1
‖‖1‖‖𝐰𝑛−1 − 𝐰𝑛−2

‖‖‖‖𝐰𝑛 −𝐰𝑛−1
‖‖ d 𝑡.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 41 of 62

With (2.6), we have

∫
1

0

(𝐰̄)(𝐰𝑛 −𝐰𝑛−1) ⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡 ⩽ 𝐶
‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 d 𝑡. (3.38)

Due to 𝑒𝑥 = 𝜎 and (2.7), it holds that

∫
1

0

(𝑒𝑛) − (𝑒𝑛−1) ⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡 (3.39)

⩽𝐶‖‖𝑒𝑛 − 𝑒𝑛−1‖‖‖‖𝐰𝑛 −𝐰𝑛−1
‖‖ d 𝑡 ⩽ 𝐶‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 d 𝑡.
Since (2.8) and

 (𝐰𝑛−1,𝐰𝑛) − (𝐰𝑛−2,𝐰𝑛−1) (3.40)

= (𝐰𝑛−1,𝐰𝑛) − (𝐰𝑛−1,𝐰𝑛−1) + (𝐰𝑛−1,𝐰𝑛−1) − (𝐰𝑛−2,𝐰𝑛−1),

we estimate

∫
1

0

( (𝐰𝑛−1,𝐰𝑛) − (𝐰𝑛−2,𝐰𝑛−1)
)
⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡

⩽𝐶 ∫
1

0
((𝐰𝑛 −𝐰𝑛−1) + (𝐰𝑛−1 − 𝐰𝑛−2)) ⋅ (𝐰𝑛 −𝐰𝑛−1) d 𝑥 d 𝑡 (3.41)

⩽𝐶‖‖𝐰𝑛 −𝐰𝑛−1
‖‖2 d 𝑡 + ‖‖𝐰𝑛−1 − 𝐰𝑛−2

‖‖‖‖𝐰𝑛 −𝐰𝑛−1
‖‖ d 𝑡.

For the stochastic integral, under the assumption for 𝔽 (1.4), we estimate

𝔼

[|||||∫
𝑡

0 ∫
1

0
(𝔽(𝐰𝑛−1) − 𝔽(𝐰𝑛−2))(𝑗𝑛 − 𝑗𝑛−1) d 𝑥 d𝑊

|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
||||||𝐶 ∫

𝑡

0

|||||∫
1

0
(𝔽(𝐰𝑛−1) − 𝔽(𝐰𝑛−2))(𝑗𝑛 − 𝑗𝑛−1) d 𝑥

|||||
2

d 𝑠

||||||
𝑚
2 ⎤⎥⎥⎦ (3.42)

⩽𝔼

⎡⎢⎢⎣
|||||𝐶 ∫

𝑡

0

‖‖𝐽𝑛−1 − 𝐽𝑛−2‖‖2‖‖𝑗𝑛 − 𝑗𝑛−1‖‖2 d 𝑠|||||
𝑚
2 ⎤⎥⎥⎦

⩽
1

4𝑚
𝔼

[||||| sup𝑠∈[0,𝑡]

‖‖𝑗𝑛 − 𝑗𝑛−1‖‖2|||||
𝑚
]
+ 𝔼

[|||||𝐶 ∫
𝑡

0

‖‖𝑗𝑛−1 − 𝑗𝑛−2‖‖2 d 𝑠|||||
𝑚
]
.

Immediately, there holds

𝔼

[|||||∫
𝑡

0 ∫
1

0

||𝔽(𝐰𝑛−1) − 𝔽(𝐰𝑛−2)
||2 d 𝑥 d 𝑠|||||

𝑚
]
⩽ 𝔼

[|||||𝐶 ∫
𝑡

0

‖‖𝑗𝑛−1 − 𝑗𝑛−2‖‖2 d 𝑠|||||
𝑚
]

(3.43)

⩽𝔼

[|||||𝐶 ∫
𝑡

0

‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖2 d 𝑠|||||

𝑚
]
.
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42 of 62 LI et al.

Combining the above estimates, for some𝑚 ⩾ 2, we have

𝔼

[(
∫

𝑡

0

d ‖‖𝐰𝑛 −𝐰𝑛−1
‖‖2)𝑚

]
(3.44)

⩽𝔼

[|||||∫
𝑡

0

𝐶
(‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 + ‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖2 + ‖‖𝐰𝑛 −𝐰𝑛−1

‖‖‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖) d 𝑠|||||

𝑚
]

+
1

4𝑚
𝔼

[||||| sup𝑠∈[0,𝑡]

‖‖𝑗𝑛 − 𝑗𝑛−1‖‖2|||||
𝑚
]
,

where 𝐶 depends on𝑀. By Cauchy’s inequality and Jensen’s inequality, we have

𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖2

)𝑚]

⩽𝔼

[(
∫

𝑡

0

𝐶
(‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 + ‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖2 + ‖‖𝐰𝑛 −𝐰𝑛−1

‖‖‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖) d 𝑠)𝑚

]

⩽𝔼

[(
∫

𝑡

0

𝐶
(‖‖𝐰𝑛 −𝐰𝑛−1

‖‖2 + ‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖2) d 𝑠)𝑚

]
(3.45)

⩽ ∫
𝑡

0

(
𝔼
[(
𝐶7

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖2)𝑚] + 𝔼[(𝐶7‖‖𝐰𝑛−1 − 𝐰𝑛−2

‖‖2)𝑚]) d 𝑠.
The higher order contraction estimates are proved similarly to zeroth order, with the symmetriz-
ing matrix and the boundary estimates (2.96), and so, the detailed proof is omitted here.
In summary, we have

𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖22

)𝑚]
(3.46)

⩽ ∫
𝑡

0

(
𝔼
[(
𝐶8

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖22)𝑚] + 𝔼[(𝐶8‖‖𝐰𝑛−1 − 𝐰𝑛−2

‖‖22)𝑚]) d 𝑠.
By Grönwall’s inequality, we have

𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖22

)𝑚]
(3.47)

⩽𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖22

)𝑚]
𝐶𝑚8 𝑡 + ∫

𝑡

0

𝔼

[(
sup
𝑠∈[0,𝜏]

‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖22

)𝑚]
𝜏𝐶2𝑟8 𝑒

𝐶𝑚
8
𝜏 d 𝜏

⩽ 3𝐶𝑚8 𝔼

[(
sup
𝑠∈[0,𝜏]

‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖22

)𝑚]
𝑡.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 43 of 62

Setting 𝑇1 ⩽ 𝑇0 and 3𝐶𝑚8 𝑇1 < 1, 𝑒
𝐶𝑚
8
𝑇1 ⩽ 2, it holds that

𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛 −𝐰𝑛−1
‖‖2

)𝑚]
⩽ 𝑎 𝔼

[(
sup
𝑠∈[0,𝑡]

‖‖𝐰𝑛−1 − 𝐰𝑛−2
‖‖2

)𝑚]
, 𝑎 < 1, (3.48)

where 𝐰𝑛 is a Cauchy sequence, 𝑎 = 3𝐶𝑚8 𝑇1. By Banach’s fixed-point theorem, there exists a
unique solution𝐰 in 𝐿2𝑚

(
Ω;𝐶

(
[0, 𝑇];𝐻2 ([0, 1])

))
. Since 𝜙𝑥𝑥 = 𝜎 is the unique solution under

the boundary condition (2.2), and 𝜙 ∈ 𝐿2𝑚
(
Ω;𝐶

(
[0, 𝑇];𝐻4 ([0, 1])

))
, it follows that 𝑒 = 𝜙𝑥 is a

unique solution, 𝑒 ∈ 𝐿2𝑚
(
Ω;𝐶

(
[0, 𝑇];𝐻3 ([0, 1])

))
.

By the proof of Theorem 5.2.9 in [32], (𝜌, 𝐽, Φ) is the unique strong solutions to SEP, where
𝜌, 𝐽 ∈ 𝐶

(
[0, 𝑇1]; 𝐻

2 (𝑈)
)
andΦ ∈ 𝐶

(
[0, 𝑇1]; 𝐻

4 (𝑈)
)
hold ℙ a.s. Although it is smooth in PDE, it

is a strong solution in stochastic analysis. We give the definition of the local strong solution.

Definition 3.1. Let (Ω,𝔉, ℙ) be a fixed stochastic basis with a complete right-continuous filtra-
tion 𝔉 = (𝔉𝑠)𝑠⩾0 and𝑊 be the fixed Wiener process. (𝜌, 𝐽, Φ) is called a strong solution to initial
and boundary problem (1.1)–(1.4)–(1.6)–(1.7)–(1.8)–(1.16), if:

(1) (𝜌, 𝐽, Φ) is adapted to the filtration (𝔉𝑠)𝑠⩾0;
(2) ℙ[{(𝜌(0), 𝐽(0), Φ(0)) = (𝜌0, 𝐽0, Φ0)}] = 1;
(3) the equation of continuity

𝜌(𝑡) = 𝜌0 − ∫
𝑡

0

𝐽𝑥 d 𝑠,

holds ℙ a.s., for any 𝑡 ∈ [0, 𝑇1];
(4) the momentum equation

𝐽(𝑡) = 𝐽0 − ∫
𝑡

0

(
𝐽2

𝜌
+ 𝑃(𝜌)

)
𝑥

d 𝑠 − ∫
𝑡

0

𝐽 d 𝑠 + ∫
𝑡

0

𝜌Φ𝑥 d 𝑠 + ∫
𝑡

0

𝔽(𝜌, 𝐽) d𝑊(𝑠), (3.49)

holds ℙ a.s., for any 𝑡 ∈ [0, 𝑇1];
(5) the electrostatic potential equation

Φ𝑥𝑥 = 𝜌 − 𝑏, (3.50)

holds ℙ a.s. for any 𝑡 ∈ [0, 𝑇1].

Remark 3.1. Reviewing the above proof, the onto mapping and contraction (3.48) hold for general
stochastic forces with linear growth. Thus, the existence holds without (1.4) and (1.15).

3.2 Global existence

Combining the zeroth-order, first-order, and second-order energy estimates together, and
considering that |𝐽| is sufficiently small, we have

𝔼

[||||| sup𝑠∈[0,𝑡]

(‖𝐰‖22 + ‖𝑒‖2)(𝑠)|||||
𝑚
]
+ 𝔼

[|||||𝜁 ∫
𝑡

0

(‖𝐰‖22 + ‖𝑒‖2)(𝑠) d 𝑠|||||
𝑚
]

(3.51)
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44 of 62 LI et al.

⩽𝔼
[(‖‖𝐰0

‖‖22 + ‖‖𝑒0‖‖2)𝑚] + 𝐶𝔼[‖‖𝐰0
‖‖2𝑚] + 𝔼

[|||||𝐶 ∫
𝑡

0

||𝐽||‖𝐰‖22 d 𝑠 + 𝐶 ∫
𝑡

0

‖𝐰‖32 d 𝑠|||||
𝑚
]
,

where 𝜁 is a small positive constant with 𝜁 ⩽ 𝜁𝑖 , 1 ⩽ 𝑖 ⩽ 13. Hence, it holds that

𝔼

[||||| sup𝑠∈[0,𝑡]

(‖𝐰‖22 + ‖𝑒‖2)(𝑠) + 𝜁 ∫ 𝑡

0

(‖𝐰‖22 + ‖𝑒‖2)(𝑠) d 𝑠|||||
𝑚
]

(3.52)

⩽𝔼
[(‖‖𝐰0

‖‖22 + ‖‖𝑒0‖‖2 + ‖‖𝐰0
‖‖2)𝑚] + 𝔼

[|||||∫
𝑡

0

𝐶
(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠|||||

𝑚
]
.

For ‖𝐰‖2 and ||𝐽|| being small, we have
𝔼

[||||| sup𝑠∈[0,𝑡]

(‖𝐰‖22 + ‖𝑒‖2)(𝑠) + 𝜁 ∫ 𝑡

0

(‖𝐰‖22 + ‖𝑒‖2)(𝑠) d 𝑠 − 𝐶 ∫
𝑡

0

(‖𝐰‖32 + ||𝐽||‖𝐰‖22) d 𝑠|||||
𝑚
]

⩽𝔼
[(
𝐶
(‖‖𝐰0

‖‖22 + ‖‖𝑒0‖‖2 + ‖‖𝐰0
‖‖2))𝑚], (3.53)

and

𝔼

[||||| sup𝑠∈[0,𝑡]

(‖𝐰‖22 + ‖𝑒‖2)(𝑠)|||||
𝑚
]
⩽𝐶𝔼

[(‖‖𝐰0
‖‖22 + ‖‖𝑒0‖‖2 + ‖‖𝐰0

‖‖2)𝑚]. (3.54)

Based on energy estimates (3.54) uniformly in 𝑡 and local existence, we have the global esti-
mates by following the standard bootstrap, see also [34, 37]. The global existence of 𝜌, 𝐽 ∈
𝐿𝑚

(
Ω;𝐶

(
[0, 𝑇];𝐻2 (𝑈)

))
holds in probability space (Ω,𝔉, ℙ).

4 ASYMPTOTIC STABILITY OF 1-D SOLUTIONS

The a priori estimates is insufficient for investigating the decay rate since the a priori estimates are
already in the form of time integrals rather than a differential inequality. The asymptotic decay of
solution is established in this section based on the weighted decay estimates.

4.1 Weighted decay estimates

4.1.1 Zeroth-order weighted decay estimates

We multiply (2.41) with 𝑒𝜁𝑡. Then, we have

𝑒𝜁𝑡 d∫
1

0

(
(𝜌̄𝑗 − 𝐽𝜎)

2

2(𝜌̄ + 𝜎)𝜌̄2
+ 𝐺(𝜌̄ + 𝜎) − 𝐺(𝜌̄) − 𝐺′(𝜌̄)𝜎 +

𝑒2

2

)
d 𝑥

+ 𝑒𝜁𝑡 ∫
1

0

(𝜌̄𝑗 − 𝐽𝜎)
2

2(𝜌̄ + 𝜎)𝜌̄2
d 𝑥 d 𝑡 + 𝑒𝜁𝑡

(
3𝐽𝑗2

𝜌̄2
+ 𝑂

((|𝑗|3 + |𝜎|3)))|||||
1

0

d 𝑡
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 45 of 62

+ 𝑒𝜁𝑡 ∫
1

0

𝑂
(||𝐽||‖𝐰‖22) d 𝑥 d 𝑡 + 𝑒𝜁𝑡𝑂(‖𝐰‖32) d 𝑡

+ 𝑒𝜁𝑡 ∫
1

0

𝔽′(𝐽)
2 + 𝔽(𝐽)𝔽′′(𝐽)

2𝜌̄
𝑗2 d 𝑥 d 𝑡 − 𝑒𝜁𝑡 ∫

1

0

𝔽(𝐽)𝔽′′(𝐽)

𝜌̄2
𝑗𝜎 d 𝑥 d 𝑡 (4.1)

− 𝑒𝜁𝑡 ∫
1

0

2
||𝔽(𝐽)||2
𝜌̄3

𝜎2 d 𝑥 d 𝑡 + 𝑒𝜁𝑡 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑥 d 𝑡

+ 𝑒𝜁𝑡 ∫
1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥 d𝑊 + 𝑒𝜁𝑡 ∫

1

0

𝐽𝔽(𝐽)

𝜌̄3
𝜎2 d 𝑥 d𝑊

+ 𝑒𝜁𝑡
𝐽𝔽′(𝐽) + 𝔽(𝐽)

𝜌̄2
𝑗𝜎 d𝑊 + 𝑒𝜁𝑡 ∫

1

0

𝑂
((|𝑗|3 + |𝜎|3)) d 𝑥 d𝑊 = 0.

We estimate the stochastic term in the following way:

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥 d𝑊

|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

𝑒2𝜁𝑠
|||||∫

1

0

(
2𝔽′(𝐽)

𝜌̄
+
𝐽𝔽′′(𝐽)

𝜌̄

)
1

2
𝑗2 d 𝑥

|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

⩽𝔼

[(
𝐶 ∫

𝑡

0

𝑒2𝜁𝑠||𝐽||2‖𝑗‖42 d 𝑠)𝑚
2

]
(4.2)

⩽𝔼

⎡⎢⎢⎣
(
𝑒𝜁𝑡 sup

𝑠∈[0,𝑡]

||𝐽||‖𝑗‖22
)𝑚

2 (
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝑗‖22 d 𝑠)𝑚
2
⎤⎥⎥⎦

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝑗‖22 d 𝑠)𝑚
]
.

Similarly, we have

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝐽𝔽(𝐽)

𝜌̄3
𝜎2 d 𝑥 d𝑊

|||||
𝑚
]

⩽ 𝑒𝜁𝑚𝑡𝔼

[(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝜎‖22 d 𝑠)𝑚
]

(4.3)

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝜎‖22 d 𝑠)𝑚
]
,

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝐽𝔽′(𝐽) + 𝔽(𝐽)

𝜌̄2
𝑗𝜎 d𝑊

|||||
𝑚
]
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⩽ 𝑒𝜁𝑚𝑡𝔼

[(
sup
𝑠∈[0,𝑡]

||𝐽||‖𝜎‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝑗‖22 d 𝑠)𝑚
]

(4.4)

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝑗‖22 d 𝑠)𝑚
]
,

and

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)) d 𝑥 d𝑊|||||

𝑚
]

(4.5)

⩽ 𝑒𝜁𝑚𝑡𝔼

[(
sup
𝑠∈[0,𝑡]

‖𝐰‖32
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠)𝑚
]
.

From the zeroth-order estimates in Subsection 2.1, there holds

𝔼

⎡⎢⎢⎣
||||||∫

𝑡

0

𝑒𝜁𝑠 d∫
1

0

(
(𝜌̄𝑗 − 𝐽𝜎)

2

2(𝜌̄ + 𝜎)𝜌̄2
+ 𝐺(𝜌̄ + 𝜎) − 𝐺(𝜌̄) − 𝐺′(𝜌̄)𝜎 +

𝑒2

2

)
(𝑠) d 𝑥

||||||
𝑚⎤⎥⎥⎦

⩾𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 d

(
𝜁1 ∫

1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥

)|||||
𝑚
]
. (4.6)

Therefore, there holds

𝔼

[
𝜁1

|||||∫
𝑡

0

𝑒𝜁𝑠 d∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥

|||||
𝑚
]

+ 𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

(𝜌̄𝑗 − 𝐽𝜎)
2

2(𝜌̄ + 𝜎)𝜌̄2
d 𝑥 d 𝑠

|||||
𝑚]

⩽𝔼

⎡⎢⎢⎣
||||||∫

𝑡

0

𝑒𝜁𝑠
(
3𝐽𝑗2

2𝜌̄2
+ 𝑂

((|𝑗|3 + |𝜎|3)))|||||
1

0

d 𝑠

||||||
𝑚⎤⎥⎥⎦ + 𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠𝑂
(||𝐽||‖𝐰‖22) d 𝑠|||||

𝑚
]

(4.7)

+ 𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝑂
((|𝑗|3 + |𝜎|3)||𝐽||) d 𝑥 d 𝑠|||||

𝑚
]

+ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]

+ 𝑒𝜁𝑚𝑡𝔼

[(
sup
𝑠∈[0,𝑡]

‖𝐰‖32
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠)𝑚
]

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠)𝑚
]
.
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Additionally, the estimate for the dissipation in terms of ∫ 10 (
𝜎2 + 𝑒2

)
d 𝑥 is needed. From the

zeroth energy estimates in Subsection 2.1, we multiply (2.54) with 𝑒𝜁𝑡𝑒, and then integrate it over
𝑥. Since 𝑒𝑥 = 𝜎 = 0 at 𝑥 = 0 and 𝑥 = 1, we have

𝑒𝜁𝑡 ∫
1

0

𝑃′(𝜌̄)

𝜌̄
𝑒2𝑥 d 𝑥 d 𝑡 + 𝑒

𝜁𝑡 ∫
1

0

𝑒2 d 𝑥 d 𝑡

= 𝑒𝜁𝑡 d

(
∫

1

0

𝑗𝑒

𝜌̄
d 𝑥

)
+ 𝑒𝜁𝑡 ∫

1

0

𝑗2

𝜌̄
d 𝑥 d 𝑡 − 𝑒𝜁𝑡 ∫

1

0

𝑗 d 𝑥 ∫
1

0

𝑗

𝜌̄
d 𝑥 d 𝑡 + 𝑒𝜁𝑡 ∫

1

0

𝑗𝑒

𝜌̄
d 𝑥 d 𝑡 (4.8)

+ 𝑒𝜁𝑡 ∫
1

0

𝔽𝑒

𝜌̄
d 𝑥 d𝑊 + 𝑒𝜁𝑡 ∫

1

0

𝑂
(||𝐽||𝑒(|𝐰| + ||𝐰𝑥

||)) d 𝑥 d 𝑡
+ 𝑒𝜁𝑡 ∫

1

0

𝑂
(|𝐰|2 + ||𝐰𝑥

||2 + 𝑒2)𝑒 d 𝑥 d 𝑡.
We deal with the right-hand side by Hölder’s inequality:

− 𝑒𝜁𝑡 ∫
1

0

𝑗 d 𝑥 ∫
1

0

𝑗

𝜌̄
d 𝑥 d 𝑡 + 𝑒𝜁𝑡 ∫

1

0

𝑗2

𝜌̄
d 𝑥 d 𝑡 + 𝑒𝜁𝑡 ∫

1

0

𝑗𝑒

𝜌̄
d 𝑥 d 𝑡 (4.9)

⩽ 𝐶̃𝑒𝜁𝑡 ∫
1

0

𝑗2 d 𝑥 d 𝑡 + 𝑒𝜁𝑡 ∫
1

0

𝑒2

2
d 𝑥 d 𝑡,

where 𝐶̃ depends on 𝜌̄. For the stochastic term, we estimate it as follows:

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝔽𝑒

𝜌̄
d 𝑥 d𝑊

|||||
𝑚
]

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽||2 sup
𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠)𝑚] (4.10)

+ 𝔼

[|||||𝐶 ∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]
.

Multiplying (4.8) with some small constant, adding (4.7), we have

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 d∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
(𝑡) d 𝑥 + 𝜁 ∫

𝑡

0

𝑒𝜁𝑠 ∫
1

0

(
𝑗2 + 𝜎2 + 𝑒2

)
d 𝑥 d 𝑠

|||||
𝑚
]

⩽ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]

(4.11)

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠)𝑚
]
+ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽||2 sup
𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠)𝑚].
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48 of 62 LI et al.

4.1.2 First-order weighted estimates

For the first-order weighted estimates, we multiply (3.11) with 𝑒𝜁𝑡 and integrate it on 𝑈. For the
stochastic term, we estimate

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 ∫
1

0

𝑟𝑥𝔽𝑗𝑥 d 𝑥 d𝑊
|||||
𝑚
]

⩽𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠
|||||∫

1

0

𝑟𝑥𝔽𝑗𝑥 d 𝑥
|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ = 𝔼

⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠
|||||∫

1

0

𝑟𝑥
||𝐽 + 𝑗||2𝑗𝑥 d 𝑥|||||

2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦

=𝔼
⎡⎢⎢⎣
(
𝐶 ∫

𝑡

0

|||||𝑒𝜁𝑠 ∫
1

0

𝑟𝑥
(
𝐽2 + 2𝐽𝑗 + 𝑗2

)
𝑗𝑥 d 𝑥

|||||
2

d 𝑠

)𝑚
2 ⎤⎥⎥⎦ (4.12)

⩽𝔼

[(
𝐶||𝐽||2𝑒𝜁𝑡 sup

𝑠∈[0,𝑡]

‖𝐰‖1)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖1 d 𝑠)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

||𝐽||𝑒𝜁𝑠‖𝐰‖21 d 𝑠)𝑚
]
+ 𝔼

[(
𝐶 ∫

𝑡

0

‖𝐰‖31 d 𝑠)𝑚
]
.

Repeating the argument in Subsection 4.1.1, we have

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 d

(
∫𝑈 |∇𝐰|2)|||||

𝑚
]
+ 𝔼

[|||||∫
𝑡

0

𝜁𝑒𝜁𝑠 ∫𝑈 |∇𝐰|2 d 𝑥 d 𝑠|||||
𝑚
]

⩽𝔼

[(||𝐽||2𝑒𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖1)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖1 d 𝑠)𝑚] (4.13)

+ 𝑒𝜁𝑚𝑡𝔼

[(
𝐶||𝐽|| sup

𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]
+ 𝔼

[|||||𝐶 ∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]
.

4.1.3 Second-order weighted estimates

Similarly, wemultiply (2.93) with 𝑒𝜁𝑡, and integrate it on𝑈. Repeating the procedure in Subsection
4.1.1, we have

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 d

(
∫𝑈

|||𝜕2𝐰|||2 d 𝑥
)|||||

𝑚
]
+ 𝔼

[|||||∫
𝑡

0

𝜁𝑒𝜁𝑠 ∫𝑈
|||𝜕2𝐰|||2 d 𝑥 d 𝑠|||||

𝑚
]

⩽𝔼

[(
𝐶||𝐽||2𝑒𝜁𝑡 sup

𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠)𝑚] (4.14)

+ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]
+ 𝔼

[|||||𝐶 ∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]
.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 49 of 62

4.1.4 Asymptotic stability

Combining the weighted estimates in the previous subsections, we obtain

𝔼

[|||||∫
𝑡

0

𝑒𝜁𝑠 d
(‖𝐰‖22 + ‖𝑒‖2) + ∫

𝑡

0

𝜁𝑒𝜁𝑠
(‖𝐰‖22 + ‖𝑒‖2) d 𝑠|||||

𝑚
]

⩽𝔼

[(
𝐶||𝐽||2𝑒𝜁𝑡 sup

𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]
+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠)𝑚] (4.15)

+ 𝑒𝜁𝑚𝑡𝔼

[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]

+ 𝔼

[|||||𝐶 ∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]
.

Therefore, we have

𝔼
[|||𝑒𝜁𝑡(‖𝐰‖22)|||𝑚]

⩽𝔼
[(‖‖𝐰0

‖‖22 + ‖‖𝑒0‖‖2)𝑚] + 𝔼
[(

𝐶||𝐽||2𝑒𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖2)𝑚]

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠)𝑚] + 𝑒𝜁𝑚𝑡𝔼[(||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22
)𝑚]

(4.16)

+ 𝔼

[(
𝐶 ∫

𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠)𝑚
]
+ 𝔼

[|||||𝐶 ∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]
.

Since ‖𝐰‖2 is small, we have
𝔼

[|||||𝑒𝜁𝑡‖𝐰‖22 − 𝐶||𝐽||𝑒𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖22 − 𝐶||𝐽||2𝑒𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖2 − ∫
𝑡

0

𝐶||𝐽||𝑒𝜁𝑠‖𝐰‖22 d 𝑠
−∫

𝑡

0

𝐶||𝐽||2𝑒𝜁𝑠‖𝐰‖2 d 𝑠 − ∫
𝑡

0

𝐶𝑒𝜁𝑠‖𝐰‖32 d 𝑠|||||
𝑚
]

(4.17)

⩽𝔼
[(‖‖𝐰0

‖‖22 + ‖‖𝑒0‖‖2)𝑚].
We estimate

∫
𝑡

0

𝑒𝜁𝑠‖𝐰‖32 d 𝑠 ⩽ sup
𝑠∈[0,𝑡]

𝑒
3𝜁𝑠

2 ‖𝐰‖32 ∫ 𝑡

0

𝑒−
3𝜁𝑠

2 d 𝑠 ⩽

(
sup
𝑠∈[0,𝑡]

(
𝑒𝜁𝑠‖𝐰‖22)

) 3
2

, (4.18)

∫
𝑡

0

𝑒𝜁𝑠||𝐽||‖𝐰‖22 d 𝑠 ⩽ ||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22 ∫ 𝑡

0

𝑒𝜁𝑠 d 𝑠 ⩽ ||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22𝑒𝜁𝑡. (4.19)
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50 of 62 LI et al.

If we denote 𝑦(𝑡) = 𝑒𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖22, then there holds

− 𝑒𝜁𝑡||𝐽||2 sup
𝑠∈[0,𝑡]

‖𝐰‖2 = −||𝐽||2 𝑒
𝜁𝑡 sup
𝑠∈[0,𝑡]

‖𝐰‖22
sup
𝑠∈[0,𝑡]

‖𝐰‖2 = −𝑦(𝑡)
||𝐽||2

sup
𝑠∈[0,𝑡]

‖𝐰‖2 (4.20)

⩾ −𝑦(𝑡)
||𝐽||2

inf sup
𝑠∈[0,𝑡]

‖𝐰‖2 ⩾ −𝑦(𝑡) ||𝐽||2‖‖𝐰0
‖‖2 = −||𝐽||𝑦(𝑡),

and

∫
𝑡

0

𝑒𝜁𝑠||𝐽||2‖𝐰‖2 d 𝑠 ⩽ ||𝐽||2 sup
𝑠∈[0,𝑡]

‖𝐰‖2 ∫ 𝑡

0

𝑒𝜁𝑠 d 𝑠 = ||𝐽||2 sup𝑠∈[0,𝑡]

‖𝐰‖22
sup
𝑠∈[0,𝑡]

‖𝐰‖2 𝑒𝜁𝑡 (4.21)

⩽ ||𝐽|| sup
𝑠∈[0,𝑡]

‖𝐰‖22𝑒𝜁𝑡 = ||𝐽||𝑦(𝑡).
On the account of the smallness of

(‖‖𝐰0
‖‖22 + ‖‖𝑒0‖‖2), we have

𝔼

[||||(1 − 𝐶𝐽)𝑦(𝑡)(1 −√
𝑦(𝑡)

)||||𝑚
]
⩽ 𝔼

[(‖‖𝐰0
‖‖22 + ‖‖𝑒0‖‖2)𝑚]. (4.22)

Since 𝐽 is small, we obtain the asymptotic decay estimate

𝔼

[||||| sup𝑠∈[0,𝑡]

‖𝐰‖22|||||
𝑚
]
⩽ 𝐶𝑚𝑒−𝜁𝑚𝑡𝔼

[(‖‖𝐰0
‖‖22 + ‖‖𝑒0‖‖2)𝑚], (4.23)

where𝑚 ⩾ 2, and 𝐶 is independent of 𝑡.

5 INVARIANTMEASURE AND STATIONARY SOLUTIONS

In this section, the existence of invariant measure requires (1.4) and (1.15), which is unnecessary
in the global existence.
The law generated by the initial data 𝐳0 ∶= (𝜌0, 𝐽0, 𝐸0) in probability space (Ω,𝔉, ℙ) is denoted

by (𝐳0). The system (1.1), with initial data 𝐳0 satisfying (1.15), and forced by (1.4), admits a unique
strong solution

𝐳(𝑡, 𝑥, 𝜔) ∶= (𝜌(𝑡, 𝑥, 𝜔), 𝐽(𝑡, 𝑥, 𝜔), 𝐸(𝑡, 𝑥, 𝜔)), (5.1)

in 𝐶
(
[0, 𝑇];𝐻3 (𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻3 (𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻5 (𝑈)

)
. We denote 𝐳(𝑡) for short. Let 𝑡 be

the transition semigroup [46]:

𝑡𝜓(𝐳0) = 𝔼[𝜓(𝐳((𝑡, 𝐳0)))], 𝑡 ⩾ 0, (5.2)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 51 of 62

where 𝜓 is the bounded function on ℋ ∶= 𝐻2 (𝑈) × 𝐻2 (𝑈) × 𝐻4 (𝑈), that is, 𝜓 ∈ 𝐶𝑏(ℋ).
(𝑡, 𝐳0, Γ) is the transition function:

(𝑡, 𝐳0, Γ) ∶= 𝑡(𝐳0, Γ) = 𝑡𝟙Γ(𝐳0) =ℒ(𝐳(𝑡, 𝐳0))(Γ), 𝐳0 ∈ℋ, Γ ∈ℬ(ℋ), 𝑡 ⩾ 0. (5.3)

For 𝐯0 ∶= (𝜌0 − 𝜌̄, 𝐽0 − 𝐽, 𝐸0 − 𝐸̄) in probability space (Ω,𝔉, ℙ), the perturbed system (2.1)
admits a unique strong solution

𝐯(𝑡, 𝑥, 𝜔) ∶= (𝐰(𝑡, 𝑥, 𝜔), 𝜙(𝑡, 𝑥, 𝜔)) ∶=
(
𝜌0 − 𝜌̄, 𝐮0, Φ0 − Φ̄

)
, (5.4)

on 𝐶
(
[0, 𝑇];𝐻2 (𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻2 (𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻4 (𝑈)

)
. We denote 𝐯(𝑡) for short. Let ̃𝑡 be

the transition semigroup for (2.1):

̃𝑡𝜓(𝐯0) = 𝔼[𝜓(𝐯((𝑡, 𝐯0)))], 𝑡 ⩾ 0, (5.5)

where 𝜓 is the bounded function onℋ ∶= 𝐻2 (𝑈) × 𝐻2 (𝑈) × 𝐻4 (𝑈). We denote 𝜓 ∈ 𝐶𝑏(ℋ) and
denote ̃(𝑡, 𝐯0, Γ) as the transition function for (2.1).
We introduce the definition of a stationary solution for (1.1).

Definition 5.1. A strong solution (𝜌; 𝐽; Φ;𝑊) to system (1.1) and initial boundary conditions
(1.6)–(1.7)–(1.8), is called stationary, provided that the joint law of the time shift

(𝜏𝜌,𝜏𝐽,𝜏Φ,𝜏𝑊) (5.6)

on

𝐶
(
[0, 𝑇];𝐻2(𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻2(𝑈)

)
× 𝐶

(
[0, 𝑇];𝐻4(𝑈)

)
× 𝐶([0, 𝑇];) (5.7)

is independent of 𝜏 ⩾ 0.

Letℳ (ℋ) be the space of all bounded measures on (ℋ,ℬ (ℋ)). For any 𝜓 ∈ 𝐶𝑏 (ℋ) and any
𝜇 ∈ℳ (ℋ), we set the action

𝜇(𝜓) = ∫ℋ 𝜓(𝑥)𝜇(d 𝑥). (5.8)

For 𝑡 ⩾ 0, 𝜇 ∈ℳ (ℋ), ∗𝑡 acts onℳ (ℋ) by

∗𝑡 𝜇(Γ) = ∫ℋ (𝑡, 𝑥, Γ)𝜇(d 𝑥), Γ ∈ℬ(ℋ). (5.9)

And there holds (∗𝑡 𝜇)(𝜓) = 𝜇(𝑡𝜓), ∀𝜓 ∈ 𝐶𝑏(ℋ), 𝜇 ∈ℳ(ℋ). (5.10)

Particularly, for SEP system (1.1) and 𝐳 in probability space (Ω,𝔉, ℙ), after the action of the
transition semigroup 𝑡 for (2.4), there holds

∗𝑡 ℒ(𝐳0) =ℒ(𝐳(𝑡)). (5.11)
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52 of 62 LI et al.

That is,

(𝑡𝜓)(𝐳0) = 𝔼[𝜓(𝐳(𝑡))], (5.12)

where 𝜓 ∈ 𝐶𝑏(ℋ),  (𝐳0) is the law generated by the initial data 𝐳0.

Definition 5.2. Ameasure 𝜇 inℳ(ℋ) is said to be an invariant (stationary) measure, if

∗𝑡 𝜇 = 𝜇, ∀ 𝑡 > 0. (5.13)

In particular, Dirac measure centered at the steady state (𝜌̄, 𝐽, 𝐸̄) is the invariant measure for
(1.9), since it keeps the same after the action of the transition semigroup for (1.9).
For 𝐳0 ∈ℋ and 𝑇 > 0, the formula

1

𝑇 ∫
𝑇

0

𝑡(𝐳0, Γ) d 𝑡 = 𝑅𝑇(𝐳0, Γ), Γ ∈ℬ(ℋ), (5.14)

defines a probability measure. For any 𝜈 ∈ℳ(ℋ), 𝑅∗
𝑇
𝜈 is defined as follows:

𝑅∗𝑇𝜈(Γ) = ∫ℋ 𝑅𝑇(𝑥, Γ)𝜈(d 𝑥), Γ ∈ℬ(ℋ). (5.15)

For any 𝜓 ∈ 𝐶𝑏(ℋ), there holds

(
𝑅∗𝑇𝜈

)
(𝜓) =

1

𝑇 ∫
𝑇

0

(∗𝑡 𝜈)(𝜓) d 𝑡. (5.16)

𝑡, 𝑡 ⩾ 0, is a Feller semigroup, if for arbitrary 𝜓 ∈ 𝐶𝑏(ℋ), the function

[0, +∞) ×ℋ, (𝑡, 𝑥) ↦ 𝑡𝜓(𝑥) (5.17)

is continuous.
The method of constructing an invariant measure described in the following theorem is due to

Krylov–Bogoliubov [35].

Theorem 5.1. If for some 𝜈 ∈ℳ(ℋ) and some sequence 𝑇𝑛 ↑ +∞,𝑅∗𝑇𝑛𝜈 → 𝜇 weakly as 𝑛 → ∞,
then 𝜇 is an invariant measure for Feller semigroup 𝑡, 𝑡 ⩾ 0.
The following lemma is obtained similarly to [4], and we provide a proof for the convenience

of the readers. 𝐯𝐯0𝑡 represents the stochastic process initiated from 𝐯0 for the sake of expediency.

Lemma5.1. The perturbed SEP system (2.1) defines a Feller–Markov process, that is, ̃𝑡 ∶ 𝐶𝑏(ℋ) →

𝐶𝑏(ℋ), and

𝔼
[
𝜓
(
𝐯
𝐯0
𝑡+𝑠

)|||𝔉𝑡] = (̃𝑠𝜓)(𝐯𝐯0𝑡 )
, ∀ 𝐯0 ∈ℋ, 𝜓 ∈ 𝐶𝑏(ℋ), ∀ 𝑡, 𝑠 > 0. (5.18)

Proof. From the continuity of solutions, it is easy to see the Feller property that ̃𝑡 ∶ 𝐶𝑏(ℋ) →

𝐶𝑏(ℋ) is continuous. For the Markov property, it suffices to prove

𝔼
[
𝜓
(
𝐯
𝐯0
𝑡+𝑠

)
𝑍
]
= 𝔼

[̃𝑠𝜓(𝐯𝐯0𝑡 )
𝑍
]
, (5.19)

where 𝑍 ∈ 𝔉𝑡.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 53 of 62

Let 𝐃 be any 𝑡-measurable random variable. We denote 𝐃𝑛 =
𝑛∑
𝑖=1
𝐃𝑖𝟏Ω𝑖 , where 𝐃𝑖 ∈ℋ are

deterministic and
(
Ω𝑖

)
⊂ 𝑡 is a collection of disjoint sets such that

⋃
𝑖

Ω𝑖 = Ω. 𝐃𝑛 → 𝐃 in ℋ

implies ̃𝑡𝜑 (𝐃𝑛) → ̃𝑡𝜑(𝐃) in ℋ. For every deterministic 𝐃 ∈ 𝑡, the random variable 𝐯𝐃𝑡,𝑡+𝑠
depends only on the increments of the Brownianmotion𝑊𝑡+𝑠 −𝑊𝑡, and hence, it is independent
of 𝑡. Therefore,

𝔼
[
𝜓
(
𝐯𝐃𝑡,𝑡+𝑠

)
𝑍
]
= 𝔼

[
𝜓
(
𝐯𝐃𝑡,𝑡+𝑠

)]
𝔼[𝑍], ∀ 𝐃 ∈ 𝑡. (5.20)

Since 𝐯𝐃𝑡,𝑡+𝑠 has the same law as 𝐯𝐃𝑠 by uniqueness, we have

𝔼
[
𝜓
(
𝐯𝐃𝑡,𝑡+𝑠

)
𝑍
]
= 𝔼

[
𝜓
(
𝐯𝐃𝑠

)]
𝔼[𝑍] = 𝑆𝑠𝜓(𝐃)𝔼[𝑍] = 𝔼

[
𝑆𝑠𝜓(𝐃)𝑍

]
. (5.21)

So,

𝔼
[
𝜑
(
𝐯𝐃𝑡,𝑡+𝑠

)
𝑍
]
= 𝔼

[(
𝑆𝑠𝜑

)
(𝐃)𝑍

]
(5.22)

holds for every 𝐃. By uniqueness,

𝐯
𝐯0
𝑡+𝑠 = 𝐯

𝐯𝑡
𝑡,𝑡+𝑠, ℙ a.s., (5.23)

which completes the proof. □

We prove the tightness of the law{
1

𝑇 ∫
𝑇

0

(𝐯(𝑡)) d 𝑡, 𝑇 > 0

}
, (5.24)

so as to apply Krylov–Bogoliubov’s theorem.

Theorem 5.2. There exists an invariant measure for the system (2.1).

Proof. From the energy estimates of global existence, we know that

𝔼
[‖‖𝐰(𝑡)‖‖2𝑚2 ]

⩽ 𝐶𝔼
[(‖‖𝐰0

‖‖2 + ‖‖𝑒(0)‖‖2)𝑚], (5.25)

where 𝐶 is independent of 𝑇. Consequently, for compact sets

𝐵𝐿 =
{
𝐰(𝑡) ∈ 𝐻2(𝑈)

|||‖‖𝐰(𝑡)‖‖2 ⩽ 𝐿}, 𝐿 > 0, (5.26)

in 𝐶1(𝑈), there holds

1

𝑇 ∫
𝑇

0

(𝐰(𝑡))(𝐵𝑐𝐿) d 𝑡 = 1

𝑇 ∫
𝑇

0

ℙ
[{‖‖𝐰(𝑡)‖‖2 > 𝐿}] d 𝑡 (5.27)

⩽
1

𝐿2𝑚𝑇 ∫
𝑇

0

𝔼
[‖‖𝐰(𝑡)‖‖2𝑚2 ]

d 𝑡

 14697750, 2025, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70213 by M

cgill U
niversity, W

iley O
nline L

ibrary on [10/10/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



54 of 62 LI et al.

⩽
1

𝐿2𝑚
𝐶𝔼

[‖‖𝐰0
‖‖2𝑚2 ]

→ 0, as 𝐿 → +∞. (5.28)

The tightness of 1
𝑇
∫ 𝑇0  (𝑒(𝑡)) d 𝑡 is obtained similarly due to the energy estimate

𝔼
[|||‖‖𝑒(𝑡)‖‖2|||𝑚] ⩽ 𝐶𝔼

[||||(‖‖𝐰0
‖‖23 + ‖‖𝑒(0)‖‖2)||||𝑚

]
. (5.29)

Hence, the tightness of (5.24) holds. Thus, there exists an invariant measure by Krylov–
Bogoliubov’s theorem. □

Equation (1.1) also defines a Feller-Markov process, similarly to (2.1). Since (𝜌̄, 𝐽, 𝐸̄) is smooth,
by the uniqueness of solutions, 1

𝑇
∫ 𝑇0  (𝜌) ×  (𝐽) ×  (𝐸) d 𝑡 is also a tight measure, which

generates an invariant measure as 𝑇 → +∞. In fact, for compact sets

𝐵𝜌,𝐿 =
{
𝜌 ∈ 𝐻2(𝑈)

|||‖𝜌‖2 ⩽ 𝐿}, 𝐿 > 0, (5.30)

in 𝐶1(𝑈), there holds

1

𝑇 ∫
𝑇

0

(
𝜌
𝜌0
𝑡

)(
𝐵𝑐𝜌,𝐿

)
d 𝑡 =

1

𝑇 ∫
𝑇

0

ℙ[{‖𝜌‖2 > 𝐿}] d 𝑡 (5.31)

⩽
1

𝐿2𝑚𝑇 ∫
𝑇

0

𝔼
[‖𝜌‖2𝑚2 ]

d 𝑡

⩽
1

𝐿2𝑚
𝐶
(
𝔼
[‖‖𝜌0‖‖2𝑚2 ]

+ 𝔼
[‖𝜌̄‖2𝑚2 ])

→ 0, as 𝐿 → +∞. (5.32)

Remark 5.1. In the above proof, we require that the constant in energy estimate (5.25) is
independent of 𝑇. That is the reason why we assume (1.4) and (1.15).

We care about what holds for the limit of 1
𝑇
∫ 𝑇0  (𝜌) ×  (𝐽) ×  (𝐸) d 𝑡.

Theorem 5.3. The invariant measure generated by 1

𝑇
∫ 𝑇0  (𝜌) ×  (𝐽) ×  (𝐸) d 𝑡, for system (1.1),

is the Dirac measure of the steady state (𝜌̄, 𝐽, 𝐸̄), that is, the limit

lim
𝑇→+∞

1

𝑇 ∫
𝑇

0

(𝜌) × (𝐽) × (𝐸) d 𝑡 = 𝛿𝜌̄ × 𝛿𝐽 × 𝛿𝐸̄ (5.33)

holds weakly.

Proof. For any 𝜓 ∈ 𝐶𝑏 (ℋ), we have

lim
𝑇→+∞

1

𝑇 ∫
𝑇

0
((𝜌))(𝜓) d 𝑡 = lim

𝑇→+∞

1

𝑇 ∫
𝑇

0

𝔼[𝜓(𝜌)] d 𝑡 (5.34)

= lim
𝑇→+∞

1

𝑇 ∫
𝑇

0
(𝔼[𝜓(𝜌) − 𝜓(𝜌̄)] + 𝔼[𝜓(𝜌̄)]) d 𝑡.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 55 of 62

We claim that lim𝑇→+∞
1

𝑇
∫ 𝑇0 𝔼 [𝜓 (𝜌) − 𝜓 (𝜌̄)] d 𝑡 = 0. Actually, separating Ω into

Ω𝑡 =

{
𝜓 (𝜌) − 𝜓 (𝜌̄) ⩽

1√
𝑠

}
, 𝑠 > 0, and Ω𝑐𝑡 , there holds

𝔼[𝜓(𝜌) − 𝜓(𝜌̄)] = ∫Ω (𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔)

= ∫Ω∩Ω𝑡 (𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔) + ∫Ω∩Ω𝑐𝑡
(𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔) (5.35)

= 𝐼1 + 𝐼2.

For 𝐼1, it holds that

lim
𝑇→+∞

1

𝑇 ∫
𝑇

0 ∫Ω∩Ω𝑡 (𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔) d 𝑡 ⩽ lim
𝑇→+∞

1

𝑇 ∫
𝑇

0

1√
𝑠
d 𝑡 = 0. (5.36)

For 𝐼2, by the weighted energy estimates and Chebyshev’s inequality, with an approximation of
the bounded function 𝜓 by polynomials (Weierstrass Approximation Theorem), there holds

∫Ω∩Ω𝑐𝑡
(𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔) ⩽ 𝐶ℙ

[{
𝜓(𝜌) − 𝜓(𝜌̄) >

1√
𝑠

}]
(5.37)

⩽𝐶
𝔼
[|𝜓(𝜌) − 𝜓(𝜌̄)|2𝑚](

1√
𝑠

)2𝑚 ⩽ 𝐶𝑠𝑚𝑒−𝛾𝑚𝑠𝔼
[‖‖𝜌0 − 𝜌̄‖‖2𝑚2 ]

.

So, we have

lim
𝑇→+∞

1

𝑇 ∫
𝑇

0 ∫Ω∩Ω𝑐𝑡
(𝜓(𝜌) − 𝜓(𝜌̄))ℙ(d𝜔) d 𝑡 ⩽ lim

𝑇→+∞
𝐶
1

𝑇 ∫
𝑇

0

𝑡𝑚𝑒−𝛾𝑚𝑡 d 𝑡 = 0. (5.38)

Therefore, there holds

lim
𝑇→+∞

1

𝑇 ∫
𝑇

0
((𝜌))𝜓 d 𝑡 = lim

𝑇→+∞

1

𝑇 ∫
𝑇

0

𝔼[𝜓(𝜌̄)] d 𝑡 = 𝔼[𝜓(𝜌̄)] = 𝛿𝜌̄𝜓. (5.39)

A similar calculation shows that

lim
𝑇→+∞∫

𝑇

0

1

𝑇
(𝐽) d 𝑡 = 𝛿𝐽; (5.40)

and

lim
𝑇→+∞∫

𝑇

0

1

𝑇
(𝐸) d 𝑡 = 𝛿𝐸̄. (5.41)

This completes the proof by the tightness of a joint distribution. □
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56 of 62 LI et al.

APPENDIX A
We provide an overview of the fundamental theory concerning stochastic analysis. Let 𝐸 be a
separable Banach space andℬ(𝐸) be the 𝜎-field of its Borel subsets, respectively. Let (Ω,𝔉, ℙ) be
a stochastic basis. A filtration  = (𝔉𝑡)𝑡∈𝐓 is a family of 𝜎-algebras on Ω indexed by 𝐓 such that
𝔉𝑠 ⊆𝔉𝑡 ⊆  , 𝑠 ⩽ 𝑡, 𝑠, 𝑡 ∈ 𝐓. (Ω,𝔉, ℙ) is also called a filtered space.We first list some definitions.
1. 𝐸-valued random variables. [46] For (Ω,ℱ) and (𝐸,ℰ) being two measurable spaces, a
mapping 𝑋 from Ω into 𝐸 such that the set {𝜔 ∈ Ω ∶ 𝑋(𝜔) ∈ 𝐴} = {𝑋 ∈ 𝐴} belongs toℱ for
arbitrary𝐴 ∈ ℰ, is called ameasurablemapping or a random variable from (Ω,ℱ) into (𝐸,ℰ)
or an 𝐸-valued random variable.

2. Strongly measurable operator valued random variables. [46] Let  and  be two sep-
arable Hilbert spaces that can be infinite-dimensional, and denote by 𝐿( ,) the set of all
linear bounded operators from  into . A functional operator Ψ(⋅) from Ω into 𝐿( ,) is
said to be strongly measurable, if, for arbitrary 𝑋 ∈  , the function Ψ(⋅)𝑋 is measurable, as
a mapping from (Ω,ℱ) into (,ℬ()). Letℒ be the smallest 𝜎-field of subsets of 𝐿( ,)
containing all sets of the form

{Ψ ∈ 𝐿( ,) ∶ Ψ𝑋 ∈ 𝐴}, 𝑋 ∈  , 𝐴 ∈ℬ(). (A.1)

Then Ψ ∶ Ω → 𝐿( ,) is a strongly measurable mapping from (Ω,ℱ) into (𝐿( ,),ℒ).
3. Lawof a randomvariable. For an𝐸-valued randomvariable𝑋 ∶ (Ω,) → (𝐸,ℰ), we denote

by [𝑋] the law of 𝑋 on 𝐸, that is, [𝑋] is the probability measure on (𝐸,ℰ) given by
[𝑋](𝐴) = ℙ[𝑋 ∈ 𝐴], 𝐴 ∈ ℰ. (A.2)

4. Stochastic process. [46]A stochastic process𝑋 is defined as an arbitrary family𝑋 = {𝑋𝑡}𝑡∈𝐓
of 𝐸-valued random variables 𝑋𝑡, 𝑡 ∈ 𝐓. 𝑋 is also regarded as a mapping from Ω into a
Banach space like 𝐶([0, 𝑇]; 𝐸) or 𝐿𝑝 = 𝐿𝑝(0, 𝑇; 𝐸), 1 ⩽ 𝑝 < +∞, by associating 𝜔 ∈ Ω with
the trajectory 𝑋(⋅, 𝜔).

5. Cylindrical Wiener process valued in Hilbert space. [46] A -valued stochastic process
𝑊(𝑡), 𝑡 ⩾ 0, is called a cylindrical Wiener process, if
∙ 𝑊(0) = 0;
∙ 𝑊 has continuous trajectories;
∙ 𝑊 has independent increments;
∙ the distribution of (𝑊(𝑡) −𝑊(𝑠)) is𝒩(0, (𝑡 − 𝑠)), 0 ⩽ 𝑠 < 𝑡.

6. Adapted stochastic process. A stochastic process𝑋 is  -adapted, if𝑋𝑡 is𝔉𝑡-measurable for
every 𝑡 ∈ 𝐓;

7. Martingale. The 𝐸-valued process 𝑋 is called integrable provided 𝔼 [‖𝑋𝑡‖] < +∞ for every
𝑡 ∈ 𝐓. An integrable and adapted 𝐸-valued process 𝑋𝑡, 𝑡 ∈ 𝐓, is a martingale if
∙ 𝑋 is adapted;
∙ 𝑋𝑠 = 𝔼 [𝑋𝑡 ∣ 𝔉𝑠], for arbitrary 𝑡, 𝑠 ∈ 𝐓, 0 ⩽ 𝑠 ⩽ 𝑡.

8. Stopping time. On (Ω,𝔉, ℙ), a random time is a measurable mapping 𝜏 ∶ Ω → 𝐓 ∪∞. A
random time is a stopping time if {𝜏 ⩽ 𝑡} ∈ 𝔉𝑡 for every 𝑡 ∈ 𝐓. For a process 𝑋 and a subset 𝑉
of the state space, we define the hitting time of 𝑋 in 𝑉 as

𝜏𝑉(𝜔) = inf { 𝑡 ∈ 𝐓|𝑋𝑡(𝜔) ∈ 𝑉}. (A.3)

If 𝑋 is a continuous adapted process, and 𝑉 is closed, then 𝜏𝑉 is a stopping time.
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 57 of 62

9. Modification. A stochastic process 𝑌 is called a modification or a version of 𝑋 if

ℙ[{𝜔 ∈ Ω ∶ 𝑋(𝑡, 𝜔) ≠ 𝑌(𝑡, 𝜔)}] = 0 for all 𝑡 ∈ 𝐓. (A.4)

10. Progressivemeasurability. In (Ω,𝔉, ℙ), stochastic process𝑋 is progressivelymeasurable or
simply progressively measurable, if, for 𝜔 ∈ Ω, (𝜔, 𝑠) ↦ 𝑋(𝑠, 𝜔), 𝑠 ⩽ 𝑡 is 𝔉𝑡 ⊗ℬ(𝐓 ∩ [0, 𝑡])-
measurable for every 𝑡 ∈ 𝐓.

11. Progressive measurability of continuous functions. Let 𝑋(𝑡), 𝑡 ∈ [0, 𝑇], be a stochasti-
cally continuous and adapted process with values in a separable Banach space 𝐸. Then,𝑋 has
a progressively measurable modification.

12. Cross quadratic variation. Fixing a number 𝑇 > 0, we denote by 2
𝑇
(𝐸) the space of all

𝐸-valued continuous, square integrable martingales𝑀, such that𝑀(0) = 0. If𝑀 ∈2
𝑇

(
ℝ1

)
,

then there exists a unique increasing predictable process ⟨𝑀(⋅)⟩, starting from 0, such that the
process

𝑀2(𝑡) − ⟨𝑀(⋅)⟩, 𝑡 ∈ [0, 𝑇] (A.5)

is a continuous martingale. The process ⟨𝑀(⋅)⟩ is called the quadratic variation of 𝑀. If
𝑀1,𝑀2 ∈2

𝑇

(
ℝ1

)
, then the process

⟨𝑀1(𝑡),𝑀2(𝑡)⟩ = 1

4
[⟨(𝑀1 +𝑀2)(𝑡)⟩ − ⟨(𝑀1 −𝑀2)(𝑡)⟩] (A.6)

is called the cross quadratic variation of 𝑀1,𝑀2. It is the unique, predictable process with
trajectories of bounded variation, starting from 0 such that

𝑀1(𝑡)𝑀2(𝑡) − ⟨𝑀1(𝑡),𝑀2(𝑡)⟩, 𝑡 ∈ [0, 𝑇] (A.7)

is a continuous martingale.
For𝑀 ∈2

𝑇
(), where is Hilbert space, the quadratic variation is defined by

⟨𝑀(𝑡)⟩ = ∞∑
𝑖,𝑗=1

⟨
𝑀𝑖(𝑡),𝑀𝑗(𝑡)

⟩
𝑒𝑖 ⊗ 𝑒𝑗, 𝑡 ∈ [0, 𝑇], (A.8)

as an integrable adapted process, where𝑀𝑖(𝑡) and𝑀𝑗(𝑡) are in2
𝑇

(
ℝ1

)
. If 𝑎 ∈ 1, 𝑏 ∈ 2,

then 𝑎 ⊗ 𝑏 denotes a linear operator from2 into1 given by the formula

(𝑎 ⊗ 𝑏)𝑥 = 𝑎⟨𝑏, 𝑥⟩2
, 𝑥 ∈ 2. (A.9)

We define a cross quadratic variation for 𝑀1 ∈2
𝑇 (1), 𝑀2 ∈2

𝑇 (2) where 1 and 2

are two Hilbert spaces. Namely, we define

⟨
𝑀1(𝑡),𝑀2(𝑡)

⟩
=

∞∑
𝑖,𝑗=1

⟨
𝑀1
𝑖
(𝑡),𝑀2

𝑗
(𝑡)

⟩
𝑒1
𝑖
⊗ 𝑒2

𝑗
, 𝑡 ∈ [0, 𝑇], (A.10)

where
{
𝑒1
𝑖

}
and

{
𝑒2
𝑗

}
are complete orthonormal bases in1 and2, respectively.
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58 of 62 LI et al.

13. Stochastic integral. Let 𝑊 be the Wiener process. Let Ψ(𝑡), 𝑡 ∈ [0, 𝑇], be a measurable
Hilbert–Schmidt operators in 𝐿( ,), which is set in the space 2 such that

𝔼

[
∫

𝑡

0

‖Ψ(𝑠)‖22 d 𝑠] ∶= 𝔼∫
𝑡

0

⟨Ψ(𝑠), Ψ⋆(𝑠)⟩ d 𝑠 < +∞, (A.11)

where ⟨⋅, ⋅⟩ means the inner product in. For the stochastic integral ∫ 𝑡0 Ψ d𝑊, there holds

𝔼

[(
∫

𝑡

0

Ψ d𝑊

)2]
= 𝔼

[
∫

𝑡

0

‖Ψ(𝑠)‖22 d 𝑠]. (A.12)

Furthermore, the following properties hold:
∙ Linearity: ∫ (𝑎Ψ1 + 𝑏Ψ2) d𝑊 = 𝑎 ∫ Ψ1 d𝑊 + 𝑏 ∫ Ψ2 d𝑊 for constants 𝑎 and 𝑏;
∙ Stopping property: ∫ 1{⋅⩽𝜏}Ψ d𝑊 = ∫ Ψd𝑀𝜏 = ∫ ⋅∧𝜏

0 Ψ d𝑊;
∙ Itô-isometry: for every 𝑡,

𝔼

[(
∫

𝑡

0

Ψ d𝑊

)2]
= 𝔼

[
∫

𝑡

0

‖Ψ(𝑠)‖22 d 𝑠]. (A.13)

14. Dirac measure. Let (𝐸,ℬ(𝐸)) be a measurable space. Given 𝑥 ∈ 𝐸, the Dirac measure 𝛿𝑥 at
𝑥 is the measure defined by

𝛿𝑥(𝐴) ∶=

{
1, 𝑥 ∈ 𝐴

0, 𝑥 ∉ 𝐴
(A.14)

for each measurable set 𝐴 ⊆ 𝐸. In this paper, there holds

𝛿𝜌̄ = [𝜌̄](𝐴) = ℙ[{𝜔 ∈ Ω | 𝜌̄(𝑥) ∈ 𝐴}] = 1.
15. Tightness of measures. [1] Let 𝐸 be a Hausdorff space, and let ℰ be a 𝜎-algebra on 𝐸. Let

ℳ be a collection of measures defined onℰ. The collectionℳ is called tight if, for any 𝜀 > 0,
there is a compact subset 𝐾𝜀 of 𝐸 such that, for all measures 𝜇 ∈ℳ,

|𝜇|(𝐸∖𝐾𝜀) < 𝜀, (A.15)

where |𝜇| is the total variationmeasure of 𝜇. More specially, for probability measures 𝜇, (A.15)
can be written as

𝜇(𝐾𝜀) > 1 − 𝜀. (A.16)

We list some important theorems in stochastic analysis.

1. Itô’s formula. [31, 46] Assume that Ψ is an 2-valued process stochastically integrable in
[0, 𝑇], 𝜑 being a -valued predictable process Bochner integrable on [0, 𝑇], ℙ-a.s., and 𝑋(0)
being aℱ0-measurable-valued random variable. Then, the following process

𝑋(𝑡) = 𝑋(0) + ∫
𝑡

0

𝜑(𝑠)𝑑𝑠 + ∫
𝑡

0

Ψ(𝑠) d𝑊(𝑠), 𝑡 ∈ [0, 𝑇] (A.17)
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STATIONARY SOLUTION TO SEP IN BOUNDED DOMAIN 59 of 62

is well defined. Assume that a function 𝐹 ∶ [0, 𝑇] × → ℝ1 and its partial derivatives
𝐹𝑡, 𝐹𝑥, 𝐹𝑥𝑥 are uniformly continuous on bounded subsets of [0, 𝑇] ×. Under the above
conditions, ℙ-a.s., for all 𝑡 ∈ [0, 𝑇],

𝐹(𝑡, 𝑋(𝑡)) =𝐹(0, 𝑋(0)) + ∫
𝑡

0

⟨𝐹𝑥(𝑠, 𝑋(𝑠)), Ψ(𝑠) d𝑊(𝑠)⟩ (A.18)

+ ∫
𝑡

0

{
𝐹𝑡(𝑠, 𝑋(𝑠)) + ⟨𝐹𝑥(𝑠, 𝑋(𝑠)), 𝜑(𝑠)⟩ + 1

2
𝐹𝑥𝑥(𝑠, 𝑋(𝑠))‖Ψ(𝑠)‖22} d 𝑠.

Applying the above formula for 𝐹 = ⟨𝑥, 𝑥⟩ , we have Itô’s formula for ⟨𝑋,𝑋⟩ . Then, by
⟨𝑋,𝑌⟩ =

⟨𝑋 + 𝑌,𝑋 + 𝑌⟩ − ⟨𝑋 − 𝑌,𝑋 − 𝑌⟩
4

(A.19)

in Hilbert space, the following Itô’s formula holds for 𝑋 and 𝑌 in form of (A.17),

⟨𝑋,𝑌⟩ = ⟨𝑋0, 𝑌0⟩ + ∫ ⟨𝑋, d𝑌⟩ d 𝑠 + ∫ ⟨𝑌, d𝑋⟩ d 𝑠 + ∫ d ⟨ ⟨𝑋,𝑌⟩, ⟨𝑋,𝑌⟩ ⟩ 12
= ⟨𝑋0, 𝑌0⟩ + ∫ ⟨𝑋, d𝑌⟩ d 𝑠 + ∫ ⟨𝑌, d𝑋 d 𝑠⟩ + ⟨ ⟨𝑋,𝑌⟩, ⟨𝑋,𝑌⟩ ⟩ 12 ,

(A.20)

where ⟨𝑋,𝑌⟩means the cross quadratic variation of 𝑋 and 𝑌 defined above. In this paper, for

the convenience of notations, we still use ⟨𝑋,𝑌⟩ to denote ⟨ ⟨𝑋,𝑌⟩, ⟨𝑋,𝑌⟩ ⟩ 12 .
2. Chebyshev’s inequality. Let𝑌 be a random variable in probability space (Ω,𝔉, ℙ), 𝜀 > 0. For

every 0 < 𝑟 < ∞, Chebyshev’s inequality reads

ℙ[{|𝑌| ⩾ 𝜀}] ⩽ 1

𝜀𝑟
𝔼[|𝑌|𝑟]. (A.21)

3. Burkholder–Davis–Gundy’s inequality. [5, 46] Let 𝑀 be a continuous local martingale in
. Let 𝑀∗ = max

0⩽𝑠⩽𝑡
|𝑀(𝑠)|, 𝑚 ⩾ 1. ⟨𝑀⟩𝑇 denotes the quadratic variation stopped by 𝑇. Then,

there exist constants 𝐾𝑚 and 𝐾𝑚 such that

𝐾𝑚𝔼
[
(⟨𝑀⟩𝑇)𝑚] ⩽ 𝔼[(𝑀∗

𝑇

)2𝑚]
⩽ 𝐾𝑚𝔼

[
(⟨𝑀⟩𝑇)𝑚], (A.22)

for every stopping time 𝑇. For𝑚 ⩾ 1, 𝐾𝑚 =
(

2𝑚

2𝑚−1

) 2𝑚(2𝑚−2)
2 , which is equivalent to 𝑒𝑚 as𝑚 →

∞. Specifically, for every𝑚 ⩾ 1, and for every 𝑡 ⩾ 0, there holds

𝔼

[
sup
𝑠∈[0,𝑡]

|||||∫
𝑡

0

Ψ(𝑠) d𝑊(𝑠)
|||||
2𝑚

]
⩽ 𝐾𝑚

(
𝔼

[
∫

𝑡

0

‖Ψ(𝑠)‖22 d 𝑠])𝑚. (A.23)

4. Stochastic Fubini theorem. Assume that (𝐸,ℰ) is a measurable space and let

Ψ ∶ (𝑡, 𝜔, 𝑥) → Ψ(𝑡, 𝜔, 𝑥)
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be a measurable mapping from (Ω𝑇 × 𝐸,ℬ(Ω𝑇) ×ℬ(𝐸)) into
(2,ℬ (2)). Moreover,

assume that

∫𝐸
[
𝔼∫

𝑇

0

⟨Ψ(𝑠), Ψ⋆(𝑠)⟩ d 𝑡] 12 𝜇(d 𝑥) < +∞, (A.24)

then ℙ-a.s. there holds

∫𝐸
[
∫

𝑇

0

Ψ(𝑡, 𝑥) d𝑊(𝑡)

]
𝜇(d 𝑥) = ∫

𝑇

0

[
∫𝐸 Ψ(𝑡, 𝑥)𝜇(d 𝑥)

]
d𝑊(𝑡). (A.25)

5. Kolmogorov–Centov’s continuity theorem. [32, 46] Let (Ω, , ℙ) be a probability space and
𝑋̄ a process on [0, 𝑇] with values in a complete metric space (𝐸,ℰ). Suppose that

𝔼
[||𝑋̄𝑡 − 𝑋̄𝑠||𝑎] ⩽ 𝐶|𝑡 − 𝑠|1+𝑏, (A.26)

for every 𝑠 < 𝑡 ⩽ 𝑇 and some strictly positive constants𝑎, 𝑏 and𝐶. Then, 𝑋̄ admits a continuous
modification 𝑋, ℙ [{𝑋𝑡 = 𝑋̄𝑡}] = 1 for every 𝑡, and 𝑋 is locally Hölder continuous for every
exponent 0 < 𝛾 < 𝑏

𝑎
, namely,

ℙ

[{
𝜔 ∶

∑
0<𝑡−𝑠<ℎ(𝜔),𝑡,𝑠⩽𝑇

||𝑋𝑡(𝜔) − 𝑋𝑠(𝜔)|||𝑡 − 𝑠|𝛾 ⩽ 𝛿

}]
= 1, (A.27)

where ℎ(𝜔) is an strictly positive random variable a.s., and the constant satisfies 𝛿 > 0.
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