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Abstract

This paper is concerned with the large time behaviors of solutions to the Burgers equation of porous-
media type in the form of u; + f(u)x = (u’”_lux)x, where the diffusion (um_lux)x = (IL‘T"W)X with
m < 0 possesses the strong singularity of fast-diffusion at # = 0. The main issue of the papuer is to show
the asymptotic stability of viscous shock profiles with the constant states u— > u4 = 0, where the strong
singularity exhibits for the equation when the viscous shock wave reaches the singular point u4 = 0. To
overcome such a strong singularity for wave stability, we first need to analyze the rate of the viscous shock
wave to u = 0, then we artfully choose some weight functions which are closely dependent on the decay
rate of the viscous shock wave to the singular point u = 0, and further show the wave stability by the
weighted-energy-method.
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1. Introduction

Subsequently to the previous studies [21,31], we investigate the Cauchy problem for the one-
dimensional Burgers equation with singular super-fast diffusion

ur+ f)e = @™ uy)y, xeR, t>0, (1.1
u(x,0) =ug(x) > u4, x €R, as x — +o0, '
where f is a smooth flux function, m is the index for porous media diffusion with m < 0, the
so-called super-fast diffusion, and u4 are the state constants satisfying 0 = u4 < u_. Thus, the
equation (1.1) possesses the singularity at # = 0. The main issue of the paper is to show the
asymptotic stability of the viscous shock waves to the Burgers equation (1.1) with the singular
super-fast diffusion m < 0.
When m = 1, the equation (1.1) is reduced to the regular Burgers equation:

ur + f(u)x =uyy.

It was initially proposed by Bateman [1] to model the behavior of viscous fluids and was later
adopted by Burgers [3,4] to study shock profiles in turbulence, eventually becoming known as
the Burgers equation. As a significant nonlinear partial differential equation in fluid dynamics,
a wide range of physical phenomena, including traffic flow [29], jet flow [20] and molecular
interface growth [17], frequently incorporate its application.

When m < 1, the equation (1.1) is represented for the porous media flow [27] in the form of

ur+ fu)y = (ull/t—fm)xa

which is the case of fast diffusion. While, when 0 < m < 1, the equation is called the regular-fast
diffusion equation; and when m = 0, it is said to be the critical-fast diffusion:

up + f(u)y = (nu)yy;

and when m < 0, it is then said to be the super-fast diffusion:
Ux
ur+ fu)y = (W)x-

All of these fast diffusion equations possess the singularity at # = 0, and the singularity is
strongest for the case of super-fast diffusion with m < 0.

On the other hand, when m > 1, that is the case of slow diffusion for the porous media flow,
the equation (1.1) becomes degenerate in nonlinear diffusion, and the solutions usually loss their
regularity at u = 0, namely, these solutions are not differentiable.

Since the pioneering work of Burgers [3,4], the study of shock waves U (x — st), where s
is the speed of shocks, has been one of the most important research topics in fluid dynamics,
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driven by the observation of numerous wave phenomena in nature, such as the propagation of
seismic waves and the formation of ocean waves. In mathematics, most of the achievements are
concerned with the case of linear diffusion (i.e. m = 1) by various methods.

When m = 1, II’in-Oleinik [ 1] first employed the maximum principle to study the stability of
viscous shock profiles, provided the flux function f(u) is convex. Independently, Sattinger uti-
lizing the spectral analysis showed a similar result in [28]. Furthermore, Kawashima-Matsumura
[18] and Nishihara [26] introduced a new different approach based on an energy method to es-
tablish the stability as well as convergence rates. In some circumstances the decay rates are
optimal. In all afore-mentioned papers, the proof relied on the convexity of f(u). However,
Jones-Gardner-Kapitula [12] removed this convexity condition to prove the stability of shock
profiles by applying the spectral analysis. Almost at the same time, Kawashima-Matsumura [19]
further investigated the stability of shock waves by L?-weighted energy method when f(u) is
nonconvex, without convergence rates, which were then obtained by Matsumura-Nishihara [23]
and Mei [24], respectively, while, who also addressed the case of degenerate shock condition
f'(uy) =5 < f'(u_) for the first time. The L' stability of these shock waves was further es-
tablished by Freistiihler-Serre [6]. Moreover, Howard [7-9], from the construction of Green’s
function, gave the details of stability for these shock waves. More recently, the relative entropy
method, developed by Kang-Vasseur [14] and Kang-Vasseur-Wang [15,16], was formulated to
prove the L? contraction of the solution towards the shock waves. For the absence of genuine
nonlinearity, the stability was obtained by Weinberger [30]. Very recently, in the non-convex
flux case, Huang-Wang-Zhang [10] significantly proved the new stability of the compositions of
viscous shock waves and rarefaction waves.

When the Burgers equation (1.1) with porous media diffusion (i.e. m # 1), the understanding
of its dynamics is quite limited. For the slow diffusion case (i.e. m > 1), since the viscous shock
waves become sharp caused by the degeneracy, and lose their regularity, there is only one work
related to the stability of sharp shocks of Burgers equation, see the L'-stability by Osher-Ralston
[27] based on the semigroup method.

Regarding the fast diffusion case (i.e. m < 1), recently we [21] first considered the Burgers
equation with critical-fast diffusion (i.e. m = 0), and proved the stability of shock waves of (1.1)
by the weighted energy method. Then, the third author of this paper joint with Xu et al. [31]
treated the regular-fast diffusion case with 0 < m < 1, where the chosen weights for the case of
nondegenerate shock condition are stronger than that of the degenerate shock condition. Further-
more, a convexity assumption was proposed in [31] for the stability of nondegenerate shock in
the regular-fast diffusion case (0 <m < 1).

For the super-fast diffusion case (i.e. m < 0), the stability of viscous shock waves U (x — st),
s is the wave speed, has been open as we know. To investigate such a problem is the main issue
of this paper. Here, we are going to achieve two objectives: one is to show the existence and
uniqueness (up to a shift) of monotone shock profiles connecting the zero-end-state, in particular,
the decay rates of the viscous shocks U(x — st) to uy =0 as § := x — st — oo; the second
to prove the time-asymptotic stability of these shock profiles. Here, the main difficulty is the
strong singularity of the equation at # = 0. In order to overcome such an obstacle, we adopt the
technical weighted-energy method and the cut-off technique, where, to choose different weights
in different stages plays a key role in the proof. By observing the structure of the equation, we
recognize that these weights should be carefully selected, which are closely dependent on the
decay properties to 1, = 0 of the viscous shock waves as x — oo. On the other hand, the cut-off
technique is applied to establish the a priori estimates, in order to avoid the singularity at u =0
when x — +o00. This work develops the previous studies on the stability of shock profiles to
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Burgers equation with fast diffusion in the cases m = 0 [21] and 0 < m < 1 [31]. Remarkably,
considered in this paper, the singularity of super-fast diffusion (u’"‘lux)x with m < 0 is much
stronger than that of regular-fast diffusion with 0 < m < 1 and of critical-fast diffusion with
m = 0, and the convexity condition proposed in [31] can be removed.

Regarding the reaction-diffusion equations with fast/slow diffusions, they have been inten-
sively studied recently. When m > 1 (the slow diffusion case), Bir6 [2] and Kamin-Rosenau [13]
first showed the stability of sharp traveling waves for Fisher-KPP equations, see also recent sig-
nificant developments by Du-Quir6s-Zhou [5] for spreading waves, and by Lou-Zhou [22] for
a complete classification of the asymptotic behaviors of solutions for porous medium equation
with monostable, bistable and combustion types of reactions, and by Xu-Ji-Mei-Yin [32-35] for
the stability of sharp traveling waves with monostable/bistable/combustion types of reactions.
The reaction terms in these reaction-diffusion equations are crucial for proving the stability of
sharp traveling waves, since specific reactions ensure the validity of comparison principle. In
contrast, the Burgers equation (1.1) lacks of comparison principle, and renders the monotonic
techniques inapplicable. To the best of our knowledge, the L stability of sharp viscous shock
waves for Burgers equation still remains open.

The rest of this paper is arranged as follows. In Section 2, we state our main results on the
existence and nonlinear stability of viscous shock wave solutions to the Burgers equation (1.1).
Section 3 is devoted to the proof of the existence of shock profiles. In Section 4, we prove the
nonlinear stability results.

Notations. Let C be a generic positive constant that may vary between lines. We abbreviate
the integrals [p f (x)dx and fé Jg f(x,7)dxdr as [ f(x) and ff(; f(x, 7), respectively. H*(R)
is the k-th order Sobolev space on R with the norm | f| gk g) := (Z’;ZO ”a){f”%z(R))l/z
HIIZ (R) represents the weighted Sobolev space consisting of measurable functions f such that
Jwdi f € L? for 0 < j < k with the norm ||f||H5)(R) = (ZI;:() fw(x)la){ f|2dx)1/2. Denote
(x) :=+1+x2,

)y = VJ14+x2, x>0, and (x)_ = 1, x>0,
7, x <0, Tl V14+x2, x<0O.

The weighted space L%,(IR) for the weight function w = (x) is denoted by L%x)" (R), where
+

a > 0 is a constant, and the corresponding norm is || - [|,2 g,. The weighted Sobolev space
(e
H(I;Vi (R) are defined similarly. For simplicity, we denote || - || := || - [l 2wy I llw == I .2 ).
-l = lzzy o I o= e ey I i = 1 gy and W e gore = 1t oy
X+ JC+

When two positive functions f(x) and g(x) satisfy cg(x) < f(x) < Cg(x) with some positive
constants ¢ and C for x in an interval / or x — a, then we simply write f(x) ~ g(x) forx €
Iorx—a.

2. Preliminaries and main results

Let u+ be the state constants such that u_ > u, = 0. The shock profile of (1.1) is a non-
constant self-similar solution in the form of

ux,t)=U(@z), z=x-—st, 2.1
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where s is the speed of shock profile. Substituting this ansatz into (1.1), we get the equation of
shock profiles

:—SUZ — (U 'U;), + f(U): =0, z€R, 22)

U(4+00) =0, U(—00) = u_.

It is expected that lirin U™ 'U,(z) = 0. Then, integrating (2.2) in z over R yields the Rankine-
Z—> 00

Hugoniot condition

SO fu)

0 (2.3)

On the other hand, integrating (2.2) in z and combining the fact that U (£00) = u4, we get

—sU = U"" U + f(U) = —suz+ [ (uz) 2.4)
which gives an ordinary differential equation (ODE) satisfied by U
U =U""[f(U) = flug) —s(U —uy)]. 2.5)
Theorem 2.1 (Existence of shock profiles). Let m <0 and u_ > uy := 0. Denote
) & fu) — fux) —s(u —ux). (2.6)
Suppose that f € C™X &=+, 3N (RY) with integers k+ > 0, and that g'(us) = - - - = g* (uy) =

0 with g®=+D (i) £ 0, while u_ and s satisfy the Rankine-Hugoniot condition (2.3) and the
generalized shock condition

gw) <0, forue@,u_). 2.7

Then the equation (1.1) has a unique (up to a shift) smooth monotone shock profile U (z) satisfy-
ing

U,(z) <0, VzeR. (2.8)
Moreover, it holds that
__1
{ UL e e e FF O <5< ) 29
1
~ || T FE )
|Cops T m o mere e

and
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_L
U@~z T, asz— +oo, iffO0)y<s=f'u), .11

_ 1
u-—U@)~z| =, asz— —oo,
where o_ =u """ (f'(u_) — s).

with u4 = 0, we have

Remark 2.1. Due to the Rankine-Hugoniot condition s = %

sug — fus) =su_— fu_).

Thus

gw)y=fw)— flup)—sw—uy)=fWw) — fu-) —su—u_).

Remark 2.2. As z — +o00, the wave U exhibits an algebraic decay rate, differing from the classi-
cal Burgers equation, where the waves decay at an exponential rate (see Ref. [23]). This behavior
verifies the principle of “fast diffusion”commonly associated with the range m < 1, and indicates
that the solution diffuses faster for smaller . Thus, in this sense the diffusion in the case m < 0
is referred to as “super-fast diffusion”.

Remark 2.3. One can see that the generalized shock condition (2.7) leads to Lax’s degenerate
entropy condition

0 <s < fl(uo), (2.12)

which includes the nondegenerate shock condition f'(0) < s < f/(u—), and the degenerate shock
conditions f'(0) =s < f’(u_) and f'(0) <s = f’(u—). For more details of the proof, we refer
to Remark 2.1 of [21].

Since nondegenerate and degenerate shock conditions correspond to different decay rates of
shock profiles, we investigate the stability of U (x — s¢) into three different cases. The singularity
of the equation (1.1), being the most pronounced among the fast diffusion cases, presents a
significant challenge for the problem. In this paper, we shall develop some novel ideas to resolve
this strong singularity.

Theorem 2.2 (Stability of shock profiles). Let m < 0 and U (z) (z = x — st) be a shock profile
obtained in Theorem 2.1. Assume that ug(x) — U (x) € L1 (R). Set

$o(x) 1=/(u0(y)—U(y+XO))dy, (2.13)

where xo := —u% fj;o (uo(x) — U(x))dx. Then the following stability results hold.

W) If f/(0) <s < f'(u_), there exists a constant €; > 0 such that if |¢ol|l + ||¢ox||<x>a1 +
+
o |l ()2 < €1, then the Cauchy problem (1.1) has a unique global solution u(x, t) satis-
¥

Sfying
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) 2 .72
u—-UeC ([0, 00); L(z)‘f) NnL ((0, 00); L(z)+>’

(u—"U)y eC([O 00); L2 )mL2 ((0, oo);L? )a3),(u—U)xx eL? ((o, oo);L? )M),
)5 )+

where U = U (x — st + x¢) is the shifted shock profile, a) = 1= m, =2, a3 = ?—:’; and
oy = 31 73;1”. Furthermore, the solution has the following asymptotic convergence
sup lu(x,t) —U(x — st +x9)| >0 ast— +oo. (2.14)

xeR

(i) If f'(0) =s < f'(u_), there exists a constant €; > 0 such that if ||¢o|| P + llpox ||
|0 x || ;s3 < €3, then the Cauchy problem (1.1) has a unique global solunon u(x, t) satzs-

fring
72 2 .72
u—-UeC <[0, 00); L(Z>ﬁ2) NnL ((0, 00); L<z>+)’
+

—U),y eC<[O o0); L? >ﬁ3) nL? <(o 00); L? m) (u—U)yx € L? ((o, oo);L? >,35),

where U = U(x — st + x¢) is the shifted shock profile, p1 = k++kﬁ B2 = Mﬁ’
B3 = szr(Jlrlmr)n, Ba = k+3+1 = and s = klf”’m Furthermore, the solution has the follow-
ing asymptotic convergence

sup lu(x,t) —U(x —st+x9)| >0 ast— 4oo. (2.15)

xeR

(iii) If f/(0) < s = f'(u_), there exists a constant €3 > 0 such that if ||¢0||(x), + || ¢ox ||<x> 1+
[ doxx 0?2 S €3, then the Cauchy problem (1.1) has a global solution u(x, t) satisfying
¥

u—Uec (10,00 H' 4 mL2((o,oo);L2),
(@4 (z)

(u—U), eC([O 00); L2 )mL2 ((o, oo);Lf )a3>,(u—U)xx eL? ((o, oo);L% >a4>,
2) 204

where U = U (x — st + xq) is the shifted shock profile. Furthermore, the solution has the
following asymptotic convergence

sup lu(x,t) —U(x —st+x0)] >0 ast— +oo. (2.16)
xeR
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3. Existence of the shock profile
In this section, we prove Theorem 2.1, namely the existence of a shock profile U(x — st)
connecting 0 and u_. We shall show that the equation (1.1) admits a shock profile if u_ and s
satisfy the Rankine-Hugoniot condition (2.3) and the generalized shock condition (2.7).
Proof of Theorem 2.1. Define
hU) 2 U [f(U) ~ fug) —s(U —uy)]. (3.1)

Thus, h(U) = U'""g(U), where g is given by (2.6). By virtue of (2.5) and (3.1), one can see
that U, = h(U). We only need to solve the following ordinary differential equation globally

dz _ 1
dU ~ h(U)’ (3.2)
2(7) =0.

Here, we assume that U (0) = "7‘ Integrating (3.2) gives

’ 1

By the generalized shock condition (2.7), it is evident that the function z = H(U) is monoton-
ically decreasing for any given U € (0, u_). Noting g(0) =0, g'(0) =--- = g%+ (0) = 0 and
g(k++1) (0) # 0 with an integer k4 > 0, by Taylor’s formula, we have

g(k+)(0) ky g(k++l)(§) Uk++1
ky! (k++ 1!

g(U)=g0)+ g OU +---+

_g® ()

= U1 for some & € (0, U).
ks + D!

Since g € Cmax{k=+D. 3(R) one can see that
Jim g @t ) = gD () £0.
Thus,
1g)| ~ U™ as U — 0T, (3.3)
Similarly, we have
g~ U —u " as U — . (3.4)

By (3.3) and the fact that m < 0, we get
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u_

U z

1 1
lim ——dr = lim ——————d1t = +o00.
U_>0+/ h(7) U—>0+/ tl=mg(0)]
U

u_

2

By (3.4), there exists a small constant §g > 0 such that for any U € (u_ — 8¢, u_), it holds that

lg(U)| < C|U — u_|1+k— for some constant C > 0. 3.5)

Since h(U) < 0, it follows that for U € (”T’, u_)

U U u_—8g U
1 1 1 1 1 1
——dr =— T dr < ——— dr — —— dr
h(t) T Mg (T)] u_ " lg(T)] u " lg(T)] (3.6)
u_ u_ u— u_—8g :
2 2 2
25+ D.
Obviously, I is a finite constant. By (3.5), I satisfies
U In(u_—U)—Indy ifk_ =0
I < 1 d Cul—" ’ - ’
ST N (RS Yo S [ e ) TS SRS

u_—8y Ck_ul™"

which along with (3.6) leads to

U—u_ U—u_

U
1
lim / mdr = lim (/1 + ) = —o0.
T

Therefore, according to the inverse function theorem, there exists a unique continuous function
H~! such that

U=H '), Vze(—o0,+00).

Thus, the existence of the shock profile U (z) is proved. Furthermore, by virtue of (2.7) and (2.5),
we get (2.8).

We now analyze the convergence rates of U (z) as z — Fo00. For the case f'(0) <s < f'(u_),
we write (2.5) as

‘;—U =U>"(f'(0)—s)4+U>™F (U)onz >0, (3.7)
Z

where F(U) £ w. Recalling f € C™@{k=+D. 3}(R), by Taylor’s formula, we
get

|[F1(U(2))| <Ci, VzeR.

9
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s—f'(0)

120, there exists z1 > 0 such that

Since lim;_, o, U(z) =0, by continuity, given 0 < € < 1

0<U(z) <e, Vzelzi,+00).
It then follows from (3.7) that

dUu
= U (f'(0) = 5) + C1eU> ™ = (f'(0) = s + C1e)U>™,  Vz €[z1,+00).

Solving this differential inequality yields

N
U@ = [U" @+ (A =m) (s = £/©0) = Cre)z| " forz ez, +o0).

Applying a similar argument, we have

1

U@z [U" @)+ =m) (s = £/0) + Cre)z| " forzelz1, +00).
Thus,

U@ ~ 77T, as 7 — 400
When z - —o0, we write (2.5) as

du_-—-U)

y =A_(u_—U)+ FU)u_—U)*onz <0, (3.8)
Z

& UL W)= f @) ts(U—u)]—ul ™" (') —=s)(U—u-)

where A_ = u!"" (f'(u_) — 5s) and F>(U) & 0

By Taylor’s formula, we get

|F2(U(2))] < Ca, Vze(—o00,0).

Since lim;, oo U(z) =u_, given 0 <€ < there exists zp < 0 such that

.
1+2C°

O<u_—-U@x) <e, Vze(—oo,z2].
It then follows from (3.8) that

du——-U)

2 0= Q- ).

Solving this differential inequality yields

u_ —U(2) < (u_ — Ul(zp))e” *-"C2920- =202 & 4B for 7 € (—00, 22],

where A := (u_ — U(z2))e~*-~C2922 and B := A_ — C,¢. Substituting this estimate into (3.8)
again, we have

10
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dlu_ —U)

y > (- —AePYu_ —U)forz <z, <O. (3.9)
Z

Solving this differential inequality gives
C—U@ e R W = Uz))eh ¢
<e B~ U(2)eF e forz <25 <0,
Applying a similar argument, we have
_—U(z)>Ce**forz <z <O.

Therefore,

u_ —U(zx) ~e?, asz— —oo.

In the case s = f/(0) or s = f/(u_), we have |g(U)| ~ U — us|"**= for ki >1lasz— +o0

and this indicates the convergence rates |z| k++1—”’ as z — +o0 and |z| = as z — —oo. The
proof is complete. O

Corollary 3.1. Let m < 0 and U(2) (z = x — st) be a shock profile obtained in Theorem 2.1.
) If f'(0) <s < f'(u_), it is easy to see that
U@ <CU*™ (@), U@ <CU(z), VzeR. (3.10)
i) If f'(0) =5 < f'(u_), for any ky. > 1, we have

|U;(2)| < CU"++2_’”(z) < CUZ_’"(z), Vz € [0, +00), (3.11)
Uy (z)| < CUMT32M(5) < CUP(z), Vz € [0, 400). (3.12)

(i) If f/(0) <s = f'(u_), forany k_ > 1, we have
IU.(2)] < Cu ™™ U (2) —u_|"t*=,  Vze (~00,0]. (3.13)

Proof. Since u_ > 0, by (2.5), it is easy to see that the first conclusion of (3.10) holds. Further-
more, a direct calculation by (2.5) gives

2
U= —m)% +(f'(U) = s)U'U.. (3.14)
Then, we deduce that
U, (z)| <C ('lljj((z)” +U'- ’"(z)) \U.(z)| < CU*"(z), VzeR,

11
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which implies the second estimate of (3.10). Recalling that U, = U'~"g(U), for the case s =
£(0) or s = f'(u_), we have |g(U)| ~ |U — ux|'™=* for ks > 1 as z — =oo. This together
with (3.14) yields (3.11)-(3.13). O

4. Asymptotic stability

In this section, we prove Theorem 2.2, namely the asymptotic stability of the shock profile of
(1.1). We first utilize the technique of anti-derivatives to rewrite the problem and establish the
asymptotic stability of the transformed equation.

4.1. Reformulation of the problem

Let U (x — st) be the shock profile obtained in Theorem 2.1, and U (x — st + x() represents
the asymptotic profile of the solution u(x, t) for Cauchy problem (1.1) as t — +o00, where the
shift xg := —L_ j;);) (up(x) — U(x)) dx. It follows from the equations (1.1) and (2.2) that

u

= U),+ (@ = O, = (w" w0 'Uy) =0, (4.1

X

Thanks to Theorem 2.1, the shock profile U satisfies

Iim Ukx—st+xg)=0and lm Ux —st+x9)=u_.
X—>—00

xX—> 400

Although (1.1) is a Cauchy problem, we expect that its global solution u(x, ¢) satisfies

Iim u(x,t)=0and lim wu(x,t)=u_, Vt > 0. “4.2)
X—>+00 X—>—00

We will demonstrate in Remark 4.1 that our constructed solution satisfies (4.2). Thus,
lim (f(u(x,t)) — f(U(x —st+xg))) =0, Ve > 0.
x—Fo00

Since U satisfies lim U, (x — st + xg9) =0, we get
X—>—0Q

im U U, (x — st + x0) = 0.

It follows from Corollary 3.1 that |U”"1Ux (x — st + x9)| < CU(x — st + xg). Thus, we also
have

lim U™ 'U,(x — st +x0) =0.

xX—> 400

It is also expected that the solution u(x, t) of (1.1) satisfies

lim w" luy(x,1)=0, a.e.t>0. (4.3)

x—+o0

12
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See Remark 4.1 below for details. Then integrating the equation (4.1) over (—o0, +00) x [0, t],
we have

+00 +0
/(u(x,t)—U(x—st+xo))dx=/(uo(x)—U(x—l—xo))dx, ae.t>0. “4.4)

A direct calculation gives

+00
/ (uo(x) = U (x + x0)) dx

+00 +00
= / (uo(x) = U(x))dx — / (U (x +x0) —=U(x))dx

+0oo —+00 X0
= / (uo(x) —U(x))dx — / /U/(x + n)dndx
—00 —o0 0

+00
= / (uo(x) — U(x))dx + xou—
= 0,

due to xg = —u% fjo? (uo(x) — U(x))dx. Now by (4.4), we have

+00 o0
/ (ux,t) = U (x — st +xp))dx = / (uo(x) —U (x +x09))dx =0, a.e.t>0. 4.5)

—00 —00
Set
ulx,t) =U(x — st +x9) + ¢;(z,1), z=x—st. 4.6)

That is

¢(Z,t)=/(u(y,t)—U(y—st+xo))dy, VzeR, t>0.

—00

It then follows from (4.5) that
¢ (Fo00,1) =0. @a.7
Let z = x — st, the equation (1.1) can be rewritten as

13
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up — suz + fu), = @ uy),. (4.8)

Now substituting (4.6) into (4.8) and noting U satisfies (2.2), we have

bz —5¢z +[f U+ ) — (D] = —[U +¢)" —U"].z.

1
m
Integrating the above equation over (—oo, z) and noting that ¢(—o00,t) = ¢,(—00,1) =0,
U(z) > u_ and Um_lUZ(z) — 0 as z > —o0, we derive the equation of ¢:

1
¢t_s¢z+f(U+¢z)_f(U):Z[(U‘f“ﬁz)m_Um]z~ 4.9)

Observing that if |¢,| < 1, then the leading order term of f(U + ¢,;) — f(U) is f'(U)¢,. Hence,
we write the third term of (4.9) as

fWU+¢)— fWU)=f' WU+ (f (U +¢)— fFU)— f'(U):).

Similarly, if |%| & 1, then [(U + ¢,)™ — U™], is dominated by m (U™~ '¢,).. Thus, we write
the right hand side of (4.9) as

¢
Ul—m

! ! ¢:
_[(U+¢z)m_Um]z=< ) +—|:(U+¢z)m—Um—m :| .
m Z m

1-m
Y z

Substituting the last two identities into (4.9), we obtain

2 1
¢+ &' (U — <U?m> =F+;Gz’ (4.10)
where
gW)=f'U)-s,
Fi=—(fU+¢)— fU) = fU)¢:). @.11)
and
G=U+¢)"-U"—m 9 (4.12)
: 2 i .
The initial condition for ¢ is given by
$0(z) == ¢(z,0) = / (uo(y) — U(y + x0)) dy with ¢ (£00,0) =0. (4.13)

One may observe that the perturbation equation (4.10) still has a singular diffusivity near z =
~o00 since U(+00) = 0 and m < 0. In the sequel we shall carefully select weighted functional
space to resolve the singularity.

14
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4.2. Energy estimates

We search for solutions of (4.10)-(4.13) in the following space

X(0,T):= {q&(z, nlgecC ([0, Tl; szl) L. eC ([0, T; Lﬁ,z) nL? ((0, T); Lﬁ)}) ,

¢ €C ([0, T: Lfm) nL? ((0, T); Lﬁ,s) Lz €L? ((0, T); Liﬁ)} :

4.14)
where the weight functions w;, i =1, ..., 6, are defined by
UWU-—-u_) _ U (U —u_)
wi(U)=——", w0)=U"" w3(U)=————,
gW) gW) (4.15)
wa(U) =U"""2, ws(U)=U""3, we(U)=U>""3
with U = U (z + xp).
Denote
N(@) = sup (¢, Dy, + 16:C. Dy, + 1622 ¢ DLy, ) - (4.16)

7€[0,7]

We remark that (1) if f/(0) <s < f'(u_), |g(U)| ~ |U —u+| as U — ux, then we have
wi(U) ~ C; Q) if f/(0)=s < f(u_), |gU)| ~ |U|"*+ for ky > 1 as U — 0, then we have
wi(U) = % ~ Uk as z > 400; Q) if £/(0) <s = f'(u_), |gU)| ~ |U — u_|"+t*- for
k_>1asU — u_, then we have w(U) = %
case, we have w1 (U) > 1. Clearly, if ¢, € szz, then ¢. € L? due to wa(U) > 1. By virtue of the

Sobolev inequality H!(R) < C°(R), it holds that

~|U —u_|~% as 7 > —o0. Thus, in any

sup [[¢(, T)llpo < CN (1) 4.17)
t€l0,7]

and

Vw2 (D) (-, )30 < ClVwa (U (-, )13 (4.18)

By the definition of H I horm, we get

=),

2

= [ 02

U U?

2 2
<z Uz Z
Vw2 (U):|I7 = _ [ / ¢ ¢

‘ ¢
U

5 5 - 4.19)
b; ¢ U; ¢;
=< m+2/m+2/mm,

where we have used the elementary inequality (a + b)> < 2a” + 2b? in the last inequality. We

2 42
next estimate the integral | % % Thanks to (3.10), (3.11) and m < 0, one has
|U12/U2(Z)| <CU*?(z) < C forall z.

15
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Then

UZoe o [ 92
v2u?— U2

Therefore, by (4.19), we have

Vw2 (U |17 = H%

2 o[ 2 2
ISC /m—i_/m SC”¢2||w2+”¢zz”w4- (4.20)

This along with (4.16) and (4.18) gives rise to

b2

U(~,r) <CN(1). (4.21)

LOO

sup ||v/w2p: (-, 7)|| ;o = sup
7€[0,¢] t€l0,7]

Then we have the following global well-posedness result for the Cauchy problem (4.10)-(4.13).

Theorem 4.1. Assume that m <0, ¢o € L2, (R), ¢o; € L% (R) and that ¢y € L, (R). There

w4
exists a positive constant 81 such that if N (0) < 81, then the Cauchy problem (4.10)-(4.13) has a
unique global solution ¢ € X (0, 00) satisfying

t

lpC. N5, + p: (. Ol + ¢z Ol + / (||¢z<-, Olly + 162G D5 + ez, r>||%,)6)

0

= € (9ol + Noc i3, + lgocclls, ) < CN2(0),
4.22)
foranyt € [0, 00), where wi, i =1, -, 6, are defined by (4.15). Moreover, it holds that

sup |¢;(z,)] >0 ast— +oo. (4.23)
xeR

Remark 4.1. Recalling that u(x, ) = U(x — st + x9) + ¢,(z, t), one can easily see that u(x, 1)
satisfies (4.2). We next show that u(x, t) satisfies (4.3). We write u”'u, as

Wy = (U +¢)" U A+ U + )" e
Thanks to (4.21) and the estimate (4.22), when N (0) is small, there is a constant ¢; > 0 such that
1
caU<U+¢, <—U, VY(x,1).
Cl
Thus
" ug| < CU™ U+ CU™ bl (4.24)
Noting lim U(x — st + xp) =u—_ > 0, we hence have
X—>—00

16
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lim u”" luy(x,0)= lim (U+¢)" U, + lim (U +¢.)" '¢.. =0.
X—>—0Q X—>—0Q

X—>—00

To analyze the limit of u”~u, (x, 1) as x — +00, one can see from (4.22) that ¢.. satisfies

t
/Uz('"*”qszzZ +//U3<’”*1>¢§Zz < +00, V1 > 0.
0

It then follows that
2(m—1) 42 3(m—1) 42
/U m )¢ZZ+/U m=Dg2 < 400, a.e.t>0. (4.25)

Thus, by Corollary 3.1, we obtain

/ (U™ 20 = / |m — DU U ¢z + U™ .|
<2(m—1)* / Um0, P o |* +2 / U Vig,..|*
< C/|¢zz|2 +C/U3<’"—1>|¢w|2 < +0o0,
which along with (4.25) implies that U '¢., € H'(R). Thus,

lim U™ ¢, =0.

X—>+00

It then follows from (4.24) that

lim u™ 'u,(x,1) =0.
xX— 400

Owing to the decomposition (4.6), Theorem 2.2 is a consequence of Theorem 4.1. The local

well-posedness of the system (4.10)-(4.13) is standard (see Ref. [25] for instance). To prove
Theorem 4.1, it suffices to establish the following a priori estimate.

Proposition 4.1 (A priori estimate). Assume that m < 0 and ¢ € X(0,T) is a solution of

(4.10)-(4.13) for a positive constant T. Then there exists a positive constant §, (< 8¢), inde-
pendent of T, such that if

N(t) <& forall0<t <T, (4.26)
then the estimate (4.22) holds for all t € [0, T].

Before establishing the a priori estimate in Proposition 4.1, we first present some preliminary
calculations.

17
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Lemma 4.1. Under the same assumptions of Proposition 4.1, if N(T) is sufficiently small, then
there exists a constant C > 0 independent of T such that

2
|Fl<C¢?, |G| chfim, (4.27)
IFl = C (10162 + |:119..1) (4.28)
U | A
G:|=C ( TR Ty ) , (4.29)
U7 U ¢; U | |62 Iz |
Gzl <C [( gam T+ U3”m> ¢? + Do + g a6+ T | (430)

Proof. Owing to (4.21) and U (z) € (0, u_) for z € R, it holds that

<CN(®).
LOO

162( )l <u_ ’ %(-,r)

Recalling that F' = — ( fW+¢)— fWU)— f'(U )q&z) then applying Taylor’s expansion along
with f e cmaxlke+1.3K(R), we get the first inequality of (4.27). From (4.12), it is easy to see
that G = (U + ¢,)" — U™ — mU—m 7 Combining (4.21) and the Taylor’s expansion yields the
second inequality of (4.27).
A direct calculation gives
Fo=—f"(U+¢) (U + ¢22) + f{(DU + f"(U)U ;. + f(U)g::

—(f'U+¢)— f/U) = " W) U — (f (U +¢2) — f'(U)) §zz,
and

U,
U2-m

_ ! ! L P < 1 1 )
_m[(UJrqbz)l—'"_Ul—m_(m_ Ul’"U:| T\ W T Ut P

Therefore, by (4.21) and f € C™&k=+1.3L(R)  (4.28)-(4.29) immediately follow from Taylor’s
expansion. Similarly, by (4.12), one can derive

G.=m U +¢)" " (U, + ¢;) —mU™ U, = mU™ ', —m (m — 1)

¢:

Gz=m |:(U +¢Z)m71 U+ ¢z2) — UmilUZ - Um71¢ZZ —(m—1) U2 m¢z]

—m(m—l)[ 1 L S ]U%m(m—l)—q%
- (U+¢Z)2_m U2—m U3 m < (U +¢Z)2_m
1 1 1 1
- 222 2 _1 - UZ pad
m ((U _|_¢Z)1—m Ul—m ) ¢ + m (m ) <(U +¢Z)2—m U2—m> ¢
1 1 ¢:
ml:(U+¢Z)1m - Ulfm _(m_l) m] UZZ'

18
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Then a simple calculation gives (4.30). O
We now derive the basic L2 estimate for ¢.

Lemma 4.2. Let the assumptions of Proposition 4.1 hold. If N(T) is sufficiently small, then there
exists a constant C > 0 independent of T such that

t
6, DI, +/||<z>z<-,r>||2 < Cligoll%,. 4.31)
0

foranyt [0, T].

Proof. Multiplying (4.10) by w;(U)¢(z, t) with wi (U) = ¥ (;f(;;*) yields

wi(U)
Ulfm

wi(U)
Ul m

1 2 1 / 2 1
(§w1(U)¢ ) + (E(wlg) )¢~ — ol —w1(U)G¢> ¢?
t

| | | (4.32)
3 w18)" (U)U:¢* =wi(U)F$ — —wi (U)U.Gp — —w(U)G..
m m

We observe that when one integrates (4.32) with respect to z over R, the second term in (4.32)
introduces a non-zero boundary term at z = +o0o due to singularity. To address this, we choose a
smooth cut-off function 7(z) satisfying

C
n(z) = Lfor|z| < L, n(z) =0for|z[ > 2L, 0=n(z) = 1 and [;(2)| = - forz €R. (4.33)

Multiplying (4.32) by 7% (z), integrating the result with respect to z and noting that (w;g)"(U) =
2, we obtain

1 2L t t (U)
1
3 [ m@en //|U|¢“ //Ulm
2L 0 2L 0 —2L
2L

wi(U)
Ulfm

t 2L
1 1
= / w1 (U)o +/ / 2nﬂz(z)<§(wlg)/(U)¢2—

—2L 0 2L

1
¢p: — —wl(U)G¢)
m

t
// <w1(U)F¢n ——wl(U>U Gon ——w1<U>G¢zn)

0 —-2L
(4.34)
Since ¢ € X (0, T') defined in (4.14), we see that for r € [0, T'],
2L
/ W (U < / wi (U)$? < N*(0). (4.35)
—2L
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Since (w1g) (U) =2U — u_, together with w{(U) > 1, it holds that

t 2L t 2L C t 2L CTNz(T)
/ / (w1g) ()¢ nm:(2)| < € / / Plnl < 7 / / n@)g? < @36
0 -2 0 -2 0 -2

Furthermore, by Cauchy-Schwarz inequality, one has

Lo 2L s %

2
2 / D b o) < / @) DT / B NI EY)
2L —2L —2L

By Theorem 2.1, it is clear that (1) if f/ (O) <5< f'(u_), then U™ (z + x0) ~ |z + xo| ' ~
|z|7! as z = 400 and thus mU(Z)lz \/—, ) if f/(0)=s < f (u_), then U™ (z 4 xo) ~

1—m

1—m

[0z (z)l < C

|z + xo| Tt A |z|” BFT=7 as 7 — +o00, which implies o < T T % In any
L77k++17m
case, we have
@)1} ¢
’Zim < (4.38)
Thus,
r n:(2)]2 CN?(t)
nz(Z t
/ 1(U)? / 1(U)¢?* < : (4.39)
yl-m L
—2L \/_—ZL \/—
and
2L (U) c 2L (U)
w1 w1
/ e ()12 <7 | T oin’. (4.40)
2L —2L
Substituting (4.39)-(4.40) into (4.37) gives
/ W) CTNZ(T) / ©)
w1 w1
// T o) < // SO 4D

0 —2L
Moreover, in view of (4.27), (4.21) and (4.41), it has
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t t
U 2
//nnz(z)w1(U)G¢ <C// ul;]l(_m)|¢¢znnz(z)l~|il]|
0 —2L 0 —2L
t
U
<CN() / / Uﬂ(,m)|¢¢znnz<z>| (4.42)
—2L
CTN3(T) +CN(T)// wl(U)
ﬁ Ul m
0 —-2L

Adding (4.36)-(4.42) with (4.34), we have

1 i P C+CN(T / U
/wl(U)¢2nz+//|UzI¢2n2+< sl ))// u[)jl( D

2
—2L 0 —2L 0 —2L

1 2 r 2k 1 1 (4.43)
= / wi (V)@ + / / (wl(U>F¢n2—;wi(U)UZG¢n2—;wlw)ccpz#) '

—2L 0 -2L

CTN*(T)
7
VL

Letting L — 400 yields

U
[wwe? +//|U 162 +//“;]11( D 2
(4.44)

t
<c /w1<U>¢3+//|w1(U>F¢|+//\w1<U>UZG¢|+/ w1 ()G,
0 0 0

By the first inequality of (4.27) and the fact that ||¢ (-, #)|| ;o < CN (), one can see that

wl(U) . (4.45)

//le(U)F¢>|<CN(t)//w1(U)¢ <CN(I)// =

We next estimate the third term on the right hand side of (4.44). Utilizing the second inequality
of (4.27)and ||¢ (-, 1) ||« < CN(t), we get
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t
") |U,

/|w1(U)U G¢|<CN(t) %@?
(4.46)

_ wi(U) 2 /1

CN(t)// Jim o ‘wl(U)
We claim that
wi(U) || U,

o7 <C, Vze(—00,00). (4.47)

In fact, if £/(0) <s < f'(u_), since |g(U)| ~ |U|"t*+ with k4. > 0 as z — +o0, it holds that

‘w’l(U) _ ‘(w —u)gW) = U WU —u)g'(U)

wi(U) UU —u-)gU)

U1 (12U —u_ | + U —u_|) (4.48)
UPH U —u]

<

Sl ﬁ

When z — —oo, |g(U)| ~ |U —u_|, we get

‘wi(U) _ ‘(ZU—M—)g(U)— UU—-u-)g'(U)

wi (V) UWU —u-)gU)
- U —u PO '
C
< —
U —u_|
In view of (2.5) and (2.6), it follows for k4 > 0 that
U U
‘FZ §C|U|k++1_m as z — 400 and ‘FZ <C|U —u—_| asz — —oo.
This along with (4.48), (4.49) and the fact that m < 0 gives
wi(U) UZ ko —
_'<CU_O+m<C, — 400 4.50
I T
and
w) (U
1U) “Ll<cC, asz— —oo. 4.51)
wi(U)

If f/(0) <s = f'(u_), when z — +00, (4.50) also holds, and when z — —o0 we have
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‘w](U) <C|U—u_|1+’<—(|2U—u_|+U)
wi(U) |~ U —u_|**uvu
c
<7a
T U —u-|

which in combination with (3.13) implies for k_ > 1 that

" ||u
WUzl oy <. asz— —oo (4.52)
o ) || T

Hence, thanks to (4.50), (4.51) and (4.52), we get (4.47). By virtue of (4.46) and (4.47), we then
arrive at

U
//|w1(U)U Go| <CN(t)//u[)]11( m)

For the last term on the right hand side of (4.44), it follows from (4.27) and (4.21) that

//|w1(U)G¢z|<C// CN(t)// Ull( m) : 4.53)

Substituting (4.45)-(4.53) into (4.44), we have

(U) 2
wi (U)¢* + IUz|¢ + (1 —=CN(@®)) Jiom ¢2<C [ wi(U)¢3.

Taking N (¢) small enough such that CN(¢) < 1/2, we obtain (4.31). O

The next lemma gives the H' estimate for ¢.

Lemma 4.3. Let the assumptions of Proposition 4.1 hold. If N (T) is sufficiently small, then there
exists a constant C > 0 independent of T such that

= (. DI, / =z . DI, (||¢o||2wl+||¢01||i,2). (4.54)

Proof. Multiplying (4.10) by (— 32) n?, where 72(z) is the cut-off function given by (4.33),
Z

integrating the result, we get
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L t 2L t 2L
1 ¢22 2 ¢22z z 2 2
3 | 2! +// T +2(1—m)// U5 —¢
—2L 0 —2L

0 —2L

t t
%Z PG-m [ / b’ + / / g(U)«pz( )772 (4.55)
—2L 0 -2L )
t

Y
1 t t

()b o ()] [t
0 2L ¢ 0 2L ¢

0 —2L

We next estimate the last term of (4.55). By (4.10)

U, ¢ 1
| = < g(U)—(l—m)U2 m)asz S+ F G

<lg'W)+1-

o | (4.56)
27
U2 w1l + T + I+~ Gl
where, it follows from Corollary 3.1 and (4.29) that
g’ (U)+(1—m)U2 — 16| < Clo:|, (4.57)
and
A
|—G |<C =l K (4.58)
Hence, utilizing (4.27), one has
|z ¢ 19110
¢l = C <|¢z| + i T Tt
) (4.59)
ool D7 1ol
<|¢Z| + yl-m + UZ + y2-m |-
Therefore,
s rT (bl | 82 10:ligc | I
t¥z p4 Z Z pa4 p4
’// // <|¢z|+ e )ana
0 —2L 0 —2L
. (4.60)
gt [ o
SC// (U—ZZ+ o | el
0 —2L
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where we have used the fact [|¢,(-, 1)/ Ul < CN(t) < C in the last inequality. Since ¢ €
X (0,T), we know that

/ o2 _/‘PZ < N2(t) forany 7 € [0, T]. 4.61)

—2L

Thus,

t 2L e t 22 CTNZ(T)
//U—Z277|77Z|<—//U— (4.62)

0 —2L 0 —2L

By virtue of (4.38) and Cauchy-Schwarz inequality, we deduce that

t 2L t 2L ) 3
oMt 2 d’z 012
U nlnzl_ Ug mn *In:]? + Uiy

0 —2L —2L 0 —2L
t t
< / (4.63)

U3 m /

f 0 —2L \/_ 0 —2L
t 2L 2 5

_C ¢2. , CTN*T)

~ VL TR/

0 —2L

Combining (4.62) and (4.63) with (4.60), we estimate the last term of (4.55) as

e

Substituting (4.64) into (4.55) and passing the limit L — 400, one obtains
t t t
¢2 02 _1 [% U] : ¢:
: U2+/U3—ijs§ Mt Gom [ Sieedal + //g(um 7).
0 0 0
t ¢) 1 t ¢
Z Z
e @) [ o (5).
0 0
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We now estimate the terms on the right hand side of (4.65). From Corollary 3.1,

t t
Uz | !
—m) W|¢z¢zz| =3 U3 m U5 el
0 0

. . (4.66)
L[ ¢% ¢?
SZ/ U3—m+C/ yl+m’
0 0
Similarly, thanks to |g’(U)| < C due to (2.6) and f € C™k=+1.3}(R), we have
‘//g s ( ) ‘//( I )iy ) ‘
. (4.67)

t
L[ ¢% ¢
= Z/ Us3-m +C/ yl+m:

0 0

Moreover, by virtue of |U,(z)| < CU?%™(z) and the fact that lp (-, 1)/ Ullpoc < CN(2), it fol-
lows from the Cauchy-Schwarz inequality and (4.27) that

() - (330
—c / ¢>2|¢U| //|U3 6.1
SCN(t){/U(ZZZZ //(Um 1 )

and by (4.29), the last term on the right hand side of (4.65) can be estimated as
1 t ¢ ¢ 2U,
Z 22
\a//@(ﬁ) =[5 //Gz(vz o)
0
t t t
U] s U7 o4 9219
<c // SRl + // P+ / e
0 0 0

t

N /|¢z||¢zz /U1+m //mm
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t
2, 2
<CN() T +C/ Ulim. (4.68)
0 0
We claim that
1 Cc C w (V)
T = g S piom SO Ve € (—00,+00). (4.69)

In fact, (1) if f'(0) <s < f’(u_), then we have w(U) ~ U—*+ with ky >0 as z— +oo and
w1 (U) ~ C as z — —o0, it is easy to verify that (4.69) holds due to m < 0; (2) if f'(0) <s =
f'(u-), by virtue of wi(U) ~ C as z — +oo and wi(U) ~ |U —u_ | 7%~ as z > —o0, (4.69)
holds. Substituting (4.66)-(4.68) into (4.65), noting that “4&) = w3 (U), by (4.31) and (4.69),
we have

t
/ (— —CN(t))/ U(Z“m <3 i3 +C// ’le(l{n)

0

¢0z

<5 | +c/w1(U)¢§.

Thus (4.54) is proved if CN(¢) < 1/4 and we finish the proof of Lemma 4.3. O
To close the a priori estimate, we next give the estimate for ¢;.

Lemma 4.4. Let the assumptions of Proposition 4.1 hold. If N (T) is sufficiently small, then there
exists a constant C > 0 independent of T such that

t
=z .15, + / =z (. DI §C(||¢o||3“ +||¢0z||2wz+||¢0u||%u4). (4.70)

Proof. We differentiate (4.10) with respect to z to get

1
¢+ 8" (U)U.¢: + g (U)gzz — < ) =F+ EGZZ‘ (4.71)

Multiplying (4.71) by (—%) n?, where n?(z) is the cut-off function, and integrating the
z

result, we have
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1 2L ¢2 (1) t
zz 2 222 2 z
5 y2(1—m) n+ / / y3-3m 77 +4(1 —m) / /

Us— 3m
—2L 0 —2L
L% ’ Dt /
— 0zz 2t Pzz
) U20- —m ! _2/ / m T y2(1—m) +401 - )/ / Us— 3m¢zz¢zzz
—2L —2L 0 —2L
t 2L
2-mU? U..
— (1 —m) {5—3m U4 3m ¢z¢zzz77
0 —2L

U2(-m)
0 —2L

t 2L t
2—-m)U?  U,U
+2(1 —m)? / / (( Ugs)mz —U§_§Z)¢z¢zzn + / / g(U)¢zz( P ) '

0 2L

p . t 2L ’
// //(U)quz(ﬁ)znz_//Fz(ﬁ)z,ﬂ
0 —2L 0 —-2L
’ o
] oulgbe)

0 2L

4.72)
We next estimate the second term of (4.72). By (4.71),

" Uzz UZZ
|z | = ’ —-g (U)U, + (1 —m) (Z—W)W T yeem ®;

¢ZZZ 1
( §(W) 4201 = m) o ,,,)dm Pt G

Ul-
4.73)
2 Uy
— g Oz + (1 =m) | @ =m) 35 = 7 ) [19]
U421 —m) [ R

g( + —m U2 ” |¢zz|+U1_m+| z|+|% zzls

where, utilizing Corollary 3.1, it follows from (4.28) and (4.30) that
Pl = € (U202 + 19.igee] ) (4.74)
and
¢: 9% 1¢elldul | 10llgez]
|Gzl = c( toemt Tyt e 4.75)

Thus, by (4.73), we have
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|| - A [ | 730 R PO 1S
|¢z,|<c(—z+|¢zz|+ TR iy =i T 5 el B G
And hence
t
bud
WUZUZ(],m)
0 —-2L
t 2L
1$ellgecl ®2. 22211 | o3,
= //(UZm T pat-m T T m ninzl + € U4f3m'7|’71|
0 —-2L 0 —-2L
“4.77)
9cli9ecl P2 |22z 1 | |¢- |
+C//(Ul - T g T g ) el T
0 -2L
t 2L
(AN ¢ |22z [z | 3.
//(UZm T pat-m T T m ’7|”2|+C/ W”"m’
0 —-2L 0 —-2L

where we have used ||¢;(-,1)/U|l;o0c <CN(t) < C and |¢ ”‘p“l <C |¢ ”¢~*| in the last inequality.

—m

Using |n;(2)| < %, we derive from the Cauchy-Schwarz 1nequahty that

t 2L 2 2 5
T I L2 v s
U2_m | Z| = U2(1 m) U2 L ) ( . )
0 —2L 0 —2L
[ crr & CTN(T)
ZZ
/ / Uz(l m) 77|77z| = Z/ Uz(l—m) S L . (479)
0 —2L 0 -2L

And thanks to (4.38), we get

t t t 2L 2 3
|¢zz [zzz| zzz i ¢zz In:12
ninzl < n*In.|?
U3 3m Nzl = U3 3m 2z y2(-m) yl-m
0 —2L —2L 0 —2L
t t
ZZZ 2 (4 80)
\/_ U3 3m ! U2(1 ) :
0 —2L 0 —2L
! 2
// ¢ZZZ 2 CTN-(T)
- f U3- 3m 1 ﬁ :

0 2L

Moreover, by Holder’s inequality, |n;(z)| < % and ||¢,; (-, t)/Ul_’” ;2 < CN(t), the last term
of (4.77) can be estimated as
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t

2L
(21 -} - i
// G SC [ LU ool U gl 21U 2 gl .2

0 —2L 0

(4.81)
_1 _3-m _33m 3
SCN(t)/L U= el =10~ g el .
Since
$2 [ ¢ [ (269 3—mU ¢2.
2z 2 _ [44 2 _ z2z2¥zz2 2 - zZ,2 2
gl = / (—Ua_mn> = /( giom T T gEa 9 2 mnﬂz>
—00 T 2L
2L 2L (4.82)
¢zzz ¢zzz 2 ¢zzz 2
SC/(U +W n-+C U3—mnz’
2L 2L
which along with m < 0 implies that
% ’”qbzznnLoo
<C\U~ 2 ¢zz77”L2+||U ¢zzz7]”L2+C||U__¢zz|771|”L2 (4.83)

<clu—# Gzenllp2 + 11U = “¢ezenll2 + CL” U~ F gl L2

It then follows from (4.81), (4.38) and the Cauchy-Schwarz inequality that

|¢zz|*
U4- 3m ! l Z|

0 2L

_l 3
<CN<r>/L (107 ganllz + 10U~ F g2 ) - | ¥,

Lo 33w 30
FCNQ@) [ L2U 2 dezlnel*l72

LI FT ek el
_1 222 22 2 22 Mz
= CN(I)/ 2 / <U3 3m U3—m) et CN(I)/ / y20-m) yyl-m

—2L 0 -2L

cmn//( Lo, ) L CN(T)//
U3 3m U3—m U2(1 m)
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_CNT ¢? CTN3(T
< / / (U3“§m Ufi,,)n%iﬁ( 3 (4.84)

0 —2L

Substituting (4.78)-(4.80), (4.84) into (4.77), the second term of (4.72) can be estimated as

2L
P2, P CN(T) CTN3(T)
\/_/ U3 3m / / U3 m L (485)

Substituting (4.85) into (4.72) and passing the limit L — 400, we get

2 t
l ¢ZZ + ¢ZZZ
> | p2a-m) U3-3m
0

t
1 % U
=5 U2(1Z—Zm) +4(1 —m) // U4—_Z3m¢zz¢zzz
0

t
2 —m)U? U
+-m) //(( U51113)’" = - U4ng>¢z¢zzz
0
t
Q-mU? UU,
< U6-3m Us3m>¢’z¢zZ
) p o
+/ ( g’(U)¢zz (ﬁ)zl + g//(U)Uz¢z (ﬁ)zb
0
t ¢ 1 t ¢
+‘//FZ(UZ<1Z:">> +‘E//G“<U2<fim>) '
0 Zz 0 Z

We next estimate the terms on right hand side of (4.86). By virtue of Corollary 3.1 and the
Cauchy-Schwarz inequality, we deduce that

: U, : Q-mU} U,
4(1 —m) // W¢zx¢zzx + (1 —m) // Us—m  a—3m G:¢zzz
0 0

t t
|¢zz¢zzz | |¢z¢zzz |
=C / U2—2m +/ Ul—m (4'87)
0

0

1T ¢ Tk T ¢
a4 ZZ Z
SZ/ U3 3m+C /Ulfm+/ Umfl ’
0 0 0
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5 G
7)’7z U2(1 —m)

0 —2L

(4.86)
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and

2(1 —m)?

t ; ,
2—-mU;  UU
| <( o - U;;j,)mzz scl e+ [[e2). asy
0 0 0

Similarly, thanks to (2.6), (3.10), (3.11) and f € C™ax{(k=+D. 3(R) it holds that

t

, ¢zz " ¢ZZ
//(g (U), (7)1 + 187 ()U:¢: <U2(1m)>Z D
0

U2(1 m)
Z 2(m — 1)U,
://(|g/(U)¢zz|+Ig”(U)UZ¢Z|)‘ $uzz | 2m = DU,
0

p2t-my) T T giam P

] ' (4.89)
|zz0z22] ¢z2z |¢Z¢Zzz|
= / y2i-m +/ yl-m +/ / |z Pz
0 0
t . z
1 ¢zzz ¢222
55/U33M+C/U1_m /U3m // ‘
0 0
Noting that [|¢.(-, 1) /U ;o < CN(t), by (4.74), one obtains
t
¢2z $zzz 2(m - U,
‘//FZ (W) ‘// <U2(1 —m) =T ¢zz> ‘
0
< C// (Uz_m(p? + |¢z||¢zz|> (l)iiz_zjn) 4 (|]Q?Hr|n)
O (4.90)

y—1t-m Ul-2m

<CN() // U3Zz§m / // 2

Moreover, in view of (4.75), the last term on the right hand side of (4.86) can be estimated as

! t
1 ¢ZZ l ¢ZZZ Z(m —_ 1)UZ
‘n_l //Gzz <U2(1—m)>z ‘ = '% /]Gzz <U2(1_’") + U3 m [
0 0
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OLipcl [T 16l [T (9PNl

Pzz1Pzzz] 2zl 7 1Pzz2

= / U4 3m +C/ U3—2m +C//< U2—m
0 0 0

Al R A 1 A A [ |¢z||¢zz||¢>zzz|)

+ U + U2—m + U4 3m + U3—2m

2h+hL+ 1.

Utilizing ||¢.. (-, 1)/ U™ ;2 < CN(t) and Holder’s inequality, we get

¢ ¢ ¢
n=c / H = = [ P
U = Lo lU 2 U L?
‘ P22z >H $zzz
3—m 3-3m
12 U™ g2 U2

2
t

t

2

S CN(I) ¢ZZZ + C/ ¢ZZ
0 0

U3-3m ys3-—m ’

and
a2
L<C / H ‘b“ = ; <CN(1) // 3”§ / q;” :
where we have applied [|¢.. (-, ¢)/U'~"||;2 < CN(t) and Ul — < U3C_m < U3€3’" in the last in-

equality. Furthermore, we utilize [[¢;(-,7)/Ull ~ < CN(¢) and the Cauchy-Schwarz inequality
to get

t
21|z 2 ¢? 22|12z |
I3 <CN(1) // (W H10elbzel + o+ pasam T am

4.91)
> ¢
<CN(t)// 35+ //( ij>.
Noting that m < 0, as in the proof of (4.69), one can show that
1 C
= < T < i Vz € (—00, +00) (4.92)
and
1 C C Cwi(U)
s S gmn3 S w1 = giom = CwsW), ¥z €(—00,+00). (4.93)
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Therefore, by (4.92) and (4.93), combining (4.87)-(4.91) with (4.31) and (4.54) gives rise to

t t
1 ¢222 1 ¢22,zz 1 ¢8zz ¢222 wi(U) 2
2 | p2a-m + 4 CN(®) / U3-3m = 2 | pza-m +C// y3-m + yl-m ¢;
0

0
2 2
< C< 90:: + %0 +/w1(U)¢5).

U2(1—m) U2

Thus (4.70) is derived if CN (t) < 1/8 and we finish the proof of Lemma 4.4. O
Proof of Proposition 4.1. The desired estimate (4.22) follows from (4.31), (4.54) and (4.70). O

Proof of Theorem 4.1. The a priori estimate (4.22) guarantees that if ||¢ollw, + @0z llw, +
ll¢ozz |lw, is small enough, then N(¢) is small for all # > 0. Therefore, applying the standard
extension argument, we obtain the global well-posedness of equation (4.10)-(4.13) in X (0, 00).
It remains to establish the convergence

sup |¢;(z,1)| = 0 as 1 — +o0. (4.94)
zeR

Denote p(t) £ o (-, t)||2. Utilizing the established estimate (4.22) for all ¢ € [0, 00), and
w3(U) = w(U)/ U™ > 1, we have

[ 1.0 = [ ot 0 dr < cnPo <
0 0

which implies p(¢) € L'(0, 00). We next show that p’(t) € L'(0, 00). By the equation (4.71), a
direct calculation gives

o0 o0 d
/|p’<r>|dr=/'d—||¢z(~,r>||2
T
0 0
:2/‘/¢z¢zt
0

7 1
z/'/¢z <_g”(U)Uz¢z_g/(U)¢zz+ ( ?im) +Fz+_Gzz>"
U 2z m
0

We get from (3.10), (3.11) and Cauchy-Schwarz inequality that

dr

dr (4.95)
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/¢Z(U1 m) /¢ZZ<U1 m)
—/¢zz|:%_( _1)U2 m¢{|
2
§C/<U¢;me +¢z2z+¢zz>'
Moreover, in view of ||¢;(-, 1)/ UL < CN(1), (4.28) and (4.29), we have
1 |U,| |¢z||¢zz|
E/‘bzGZZ:_ /¢ZZGZ§/¢ZZ(U3 m U2—m )
<CN(I)/<|¢Z¢ZZ ¢ )
2
SC/(U(/;ZZ," +¢§z+¢72,>’

and
[ o= [o. (102102 + 161001

¢ [(s2+4).

Therefore, combining (4.95)-(4.96) and (4.22), one obtains

/|p(r)|dr<C//(U] S 2, + ¢ ) <C. 4.97)

(4.96)

Thus,

(D> =0, ast— +oo.

Now for all z € R, we get
z 00 1/2 00
P2(z.1) =2 / b-¢2:(y, dy <2 / ¢>dy / ¢Z.dy
—0Q o0 o0
<Cllg (¢, — 0, ast— oo,

where we have used the boundedness of ||¢,.||. Therefore, (4.94) is proved and the proof of
Theorem 4.1 is complete. 0O
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