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LARGE-TIME BEHAVIOR OF SOLUTIONS TO
CAUCHY PROBLEM FOR BIPOLAR EULER-POISSON SYSTEM
WITH TIME-DEPENDENT DAMPING IN CRITICAL CASE*

LIPING LUANT, MING MEIf, BRUNO RUBINO$, AND PEICHENG ZHUY

Abstract. This paper is concerned with the Cauchy problem of a bipolar hydrodynamic model
for semiconductor device, a system of one dimensional Euler-Poisson equations with time-dependent
damping effect in the critical case. The global existence and uniqueness of the solutions to the Cauchy
problem are proved by the technical time-weighted energy method, when the initial perturbation around
the constant states are small enough. Particularly, the algebraic time-convergence-rates for the solutions
to their constant states are also derived.
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1. Introduction
Mathematical models. To describe the motion of charged particles such as electrons
and holes in bipolar semiconductor devices, or positively/negatively charged ions in
plasmas, scientists usually employ bipolar hydrodynamic models which are the most
popular models [1,41,52,53] for simulations in semiconductor devices, and those simu-
lation results coincide quite well with the corresponding experimental ones, which are
presented by the (re-scaled) isentropic Euler-Poisson systems with damping:

nit+J1z, =0,
not +Jog =0,
I3 _ J1
J1t+<?l+p> =n1 P, — <, (1.1)

2
Jor + (% +Q) =—ny®, — L2,

bpp=n1—n2—-D,

considered in R x (0,7") for some positive constant T'>0. The unknowns n; =n;(x,t)
and ng =ng(z,t) stand for the densities of electrons and holes, J; =J;(z,t) and Jo=
Jo(x,t) are the current densities for electrons and holes, respectively. ® = ®(z,t) denotes
the electrostatic potential and p=p(z,t) =p(n1)(x,t) and ¢=q(x,t) =4(n2)(z,t) are the
pressure functions for electrons and holes, respectively. The given function D= D(x) >0
is the doping profile that is the density of impurities in the semiconductor device. 7>0
is the relaxation-time.
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As mentioned in [32], for different values of the relaxation time 7, the character of
the system (1.1) will be essentially different. In fact, when 7 — oo, the damping effects
to the system (1.1) will be vanishing, and the system becomes the pure Euler-Poisson
system. While, when 7— 07, the damping effects to the system will extremely enlarge.
A mathematical concern for both cases as shown in [32] is to set 7= ~!(1+¢)* for some
constants A and p >0, where, when t— +o00, then 7=p"!(1+#)* = oo for A>0 and
r=p"1(1+t)* = 0% for A\<0. Thus, the damping effects in Euler-Poisson system (1.1)
become time-gradually-degenerate for A >0 and time-gradually-enhancing for A <0, and
reads as

nyg+Ji1. =0, (1.2)
nag + Joz =0,
J? m
J - =mE-———J 1.4
1t+(n1 +p>z ni (1+t))\ 1 ( )
J32 o
J. 2 =—nob————J 1.5
2t+<n2+Q>$ n2 (l_i_t)k 2, ( )
E_T :n17n27D7 (16)

where E :=®, is the electronic field. The initial condition is chosen to meet
(n1,n2,J1,J2) [1=0= (n10,120, J10, J20) () = (R, 71, J,J) as x— +oo. (1.7)

Here n,.J are two given constants, for which we assume that 72> 0 and J # 0, and without
loss of generality in what follows we may assume that J>0. Technically throughout
this paper we also assume

p(s)=4(s) in RT, (1.8)
p(s)>0, p'(s)>0 VseRT, (1.9)
D(z)=0, (1.10)

A=1, p>2 (critical case), (1.11)

where we used the symbol RT := (0, +c0).

REMARK 1.1.

(1) The assumption (1.8) is just for the sake of simplicity, of course the case with two
different pressures is also interesting and more physical, but more complicated.

(2) The physical meaning of D=0 is explained as follows: One is that the amplitude of
doping profile is sufficiently small. Another is we define £ = FE + ffooD(y)dy which
is regarded as a fluctuation of the field E. The case for bipolar hydrodynamic
models with D =0 is also well-studied in [13,21,22,32].

(3) For the critical case of A=1 and pu>2, the story comes from what follows. As
clearly shown in [3,4,14,33,47,48,50,51] for Euler equations with time-dependent
damping:

vyt ug =0,

U +p(v)e = —ﬁuv
when 0 <A< 1 and any p>0, even the under-damping effect is weaker, but it can
still prevent the singularity formation for the solution like shocks, namely, the
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damped Euler system can possess global-in-time solutions; while, when A >1 and
any p >0, the under-damping effect is too weak such that it cannot stop the forma-
tion of shocks, and the system really behaves like the pure Euler system to possess
shocks, namely, the solutions themselves are bounded but their derivatives will blow
up at finite time; moreover, A=1 is the critical case for the global existence and
blow-up. This was further clarified in [3,14,48,51] that, the solutions globally exist
for A=1 and p>2, and they blow up in finite time for A=1 and 0 < <2 due to
the mechanism of the system. Inspired by the above mentioned studies, here for
the bipolar Euler-Poisson equations with time-dependent damping, we are mainly
interested in the critical case with A=1 and p>2 for the global existence. The
opposite case with A=1 and p <2 for blow-up will be expected in the coming work.

Main results. Let us denote the spatial asymptotic profile of the solutions as follows

f(£oo,t)=f1(t), here fe A:={ny,n2,J1,J2,E}, (1.12)

and assume that

ny(t)=n_(t)=n, (1.13
J(0)=J_(0)=J (1.14)
Define
J=J(1+t)""my (), (1.15)
o JA+8)" k=D
A= ( ‘u)l mi(z), (1.16)
where
my(x)= [ mo(y)dy
0
and mg(z) is odd and satisfies
mo€CE(R),  mo(-a)=-mo(o). [ mowdy= [ mowdy=1,  (117)
0 0

which implies

mi(—o0) =mq(c0)=1.

Let us assume

/_ ™ tnio(#) — (x, 0)]dz = 0. (1.18)

Note from (1.16) and (1.17), we have

/ A(x,0)dx =0,

— 00

which, together with (1.18), gives

/°° [0 (z) — 2(2,0) — A(x,0)]dz =0.

— 00
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Therefore, we may denote the initial perturbations as follows:

ff)io(x)i:/f [nio(z) = —n(z,0)|dz, and (x):=Jio(z)—J(2,0), fori=1,2.

(1.19)
We are now able to state our main theorem in this article.

THEOREM 1.1.  For the critical case A=1 and p>2, let (1.18) hold, and let ¢;o €
H?(R) and ;o € H*(R) for i=1,2. There exists a suitably small number 6 >0, when

||+ | (#10,D20) || rr2 () + | (10, ¥20) || 111 () <,

then the system (1.2)—(1.11) possesses a unique global-in-time solution (ny,ng,J1,J2,E)
(z,t) satisfying, for 1=0,1,

104 (ny — 71— ftyng — 7= 2) (#) | 2y S COL+1) ™7, (1.20)
|05 (=T, Jo= ) () 12wy SCSAL+) "7, (1.21)
1OLE ()| 2wy < CS(L+1) (1.22)
and
[(n1 =t — 78, n9 — o — 12) () | oo () < CO(1+1) 1, (1.23)
(s =T T = D) ()| oo ) < CO(L+) 72, (1.24)
1B @) =) < C3(1+1) . (1.25)

The main difficulties in the proof of this theorem are as follows. The first is that the
system of several unknowns is of hyperbolic type, we make use of the time-dependent
damping term to overcome this difficulty. The second is the decay rates of some terms
are not fast enough in their original form. We deal with those terms by using the
technique of integration by parts due to the property of the asymptotic profiles that
spatial derivatives of those profiles possess the same time-decay rates.

Notations. Throughout this article, C, Cs, C¢, --- denote positive constants, which
are independent of time ¢, however may depend on parameters (usually small) d, €,--,
respectively.

For 1<p<oo, LP(R) are the spaces of measurable functions whose p-powers are

integrable on R, with the norm [|- || 1) = ([5 |- |[Pdx) P For the case that p=2, we
simply denote ||-|[z2) by [|-||. For p=o0, L>(R) is the space of bounded measurable
functions on R, with the norm ||- || (®) =esssup,cg|-|. For a nonnegative integer k,
H*=HF*(R) denotes the Hilbert spaces of order k. We write |- || for the standard
norm of H*(R). In addition, we denote by C(0,T;H*(R)) (resp. L?(0,T;H"(R))) the
space of continuous (resp. square integrable) functions on [0,7] with values taken in a
Banach space H*(R).

Literature. There are ever-increasing interests on hydrodynamic models for semicon-
ductor devices, or positively/negatively charged ions in a plasma. We recall mainly the
results the following four categories.

(A) For unipolar isentropic and non-isentropic hydrodynamic semiconductor equa-
tions, the mathematical modelling [29, 41] played an important role in the course of
the study. The papers [5,11,12] studied the well-posedness of steady-state solutions
and in [15, 16, 23, 35, 37, 43] they studied the stability of the steady-state solutions.
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In [2,36,40,49,57], the authors gave the global existence of classical solutions and the
entropy weak solutions, respectively. The large-time behavior of solutions was studied
in [16,21, 30, 35].

(B) For bipolar hydrodynamic semiconductor equations, in [17,18], Hsiao and Zhang
used the compensated compactness framework to prove the existence of the global en-
tropic weak solutions for the initial-boundary value problem to a bipolar hydrodynamic
semiconductor model. Zhu and Hattori discussed the stability of the steady state so-
lutions for an isentropic hydrodynamic model of semiconductors of two species in [58].
Huang and Li [19] considered the large-time behavior of the entropy solutions of the one-
dimensional bipolar hydrodynamic model. In addition, a general multidimensional non-
isentropic hydrodynamical model for semiconductors with small momentum relaxation
time was investigated in [31] but in the n-dimensional case, the bipolar hydrodynamic
system of semiconductors is never dealt with.

(C) There are some interesting bipolar hydrodynamic models with time-dependent
damping for semiconductors. Physically, the damping term usually causes the dynamical
system to process the nonlinear diffusive phenomena. In system (1.2)—(1.6), J; /7 (i=1,2)
are the damping effects which effect the regularity of the solutions. As 7— 0o and 7—0
respectively, it is a challenge to study the asymptotic behavior of the solutions. In order
to see the asymptotic behavior of the solutions, Li-Li-Mei-Zhang take 7= (1+1t)* for
some constant A in [32]. They studied the one-dimensional Euler-Poisson equations of
bipolar hydrodynamic model for semiconductor devices with time-dependent damping
effect —(1+¢)” for —1 <A <1 and proved the existence of a unique global smooth solu-
tion for the system. Particularly, A :% is the critical point, where the convergence rate
is the fastest.

(D) For one-dimensional compressible Euler equations with time-independent damp-
ing, there are huge amount of results on this topic. We refer the readers, however not
limited, to [20, 24, 38, 39, 42, 44-46]. Particularly, the comprehensive reviews can be
found in the recent interesting papers [3,14,25-28, 34, 54-56]. For the other topic on
Euler-Poisson equations with quantum effect, we refer to [6-10].

The rest of this article is organized as follows. In Section 2, we first construct asymp-
totic profiles, and formulate a new problem to simplify the original Cauchy problem.
Then we employ, in Section 3, the time-weighted energy method to establish a prior:
estimates for the unknowns E(z,t), n;(x,t) and J;(x,t), i=1,2 and for their derivatives.
With the a priori estimates, we complete the proof of the main result, i.e., Theorem 1.1.

2. Reformulation of the problem

2.1. Construction of the asymptotic profiles. Recalling the assumption
(1.13), we heuristically expect

E_(t) = E(—o00,t) =0, 2.1)
Denoting
+oo
B (t) = E(+00,t) = /_ (na (1) — ma(2,8) )da, (2.2)

then, as  — 00, we further expect to reduce the Equations (1.2)—(1.6) to

d
i+ =Y, 2.
dtn +=0 ( 3)
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d . I
—Jie=(-1)"1aFBy — L J,
T O

E(Lt):/_;Ez(Lt)dx:/I (n1—ng)(z,t)dx.

—0o0

Invoking E_(c0,t) =0, one obtains from (2.4) that

d Iz
TR i

which yields

Jio(t)=J(1+1)~".

(2.6)

From (2.4) we derive the equations for the difference and the sum of Jy4+ and Joy which,

respectively, read

d
&(Ju —Jox)=2nE1 — %_H(let —Jox),
and
d Iz
o it J24) = —m(J1++J2+)7

J14+(0) + Joi (0) =2..
One obtains from (2.8)—(2.9) that
(Jig+Jop)(t)=2J(1+1t) ",
Next from (1.6), invoking (1.2)—(1.3) we get
Epi=n1t—ng=—(J1— J2)s.

Integrating (2.11) with respect to = over (—oo,z) and using (2.6) yield

Et(m,t>:—/m (Jl—JQ)deZ?

(=) () — (D~ o))
=—(J1— J2)(x,t).

As z— 400, (2.12) thus becomes

d

B+ ()= = (J1s = J24)(2).

Inserting (2.13) into (2.7), we arrive at

d? p o d _
b+ + maE+(t) —2nkE4(t)=0,

+oo

B, (0)= / (10— 0) ()l =0,

— 00

(2.12)

(2.13)

(2.14)

(2.15)
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%E+(O):0. (2.16)
Solving this initial value problem yields the unique solution, that is
E.(t)=0. (2.17)
Now inserting F, (t) =0 into equation (2.4), we obtain
Jin(t)=J(1+t)"H (2.18)
Then
ni(Eoo,t)=n, Ji(foo,t)=J(1+t)"", E(Foo,t)=0. (2.19)

REMARK 2.1.  The initial condition F;(0)=0 is obvious due to (2.1), and (2.16)
follows from (2.13) and (1.7).

Since J; is not square-summable in the case that J #0, we need to construct the
asymptotic solution (7, .J) which guarantees a perturbatuon of .J; summable. We define

J=J(1+t)" my (). (2.20)

Then, by solving the following equation

Ay 4 Jp =0,
one gets
J(1+t)~ =1
= H%mo(m). (2.21)
w—

Here we choose mg(z) as

mo€ G (R), mo(—z) = —mo(x), / " mo(y)dy = / oy =1,

and define mq(z) by

()= [ molu)dy
0
which implies
my (—o0) =mq(c0)=1.

2.2. The reformulated problem. Now we are able to reformulate problem
(1.2)-(1.6). To this end, we introduce new unknowns defined by

sitwt)= [ " (nalyst) — - iy 1)) dy, (2.22)
i, t) = Ji(x,t) — J (1), (2.23)

E(z,t)=d1(z,t) — pa(x,t), (2.24)
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here and hereafter the subscript i takes values 1,2. Then we arrive at a new system

Pit +1; =0,

it +a; zxm+b1 iz 7 n’LE Fla 7’*1727

Vi +aid v 1+t1/} (=1 (2.25)
E:¢1_¢27

(¢i,i)|i=0 = (¢io, Vo) (x), i=1,2,
where a;, b;, and F; are defined by

N J?
a;:=p'(n;)— ol (2.26)
K3
2J;
b =", 2.27
= (2.7

—p'(ni)g. (2.28)

For simplicity, we denote

/ (14710 (610,620,012 E) ()
+<1+T>f-2|\aﬁ||<¢1,¢2><T>||2)dr, (2.29)
2
N(t)2: sup Z((]‘+T)6Haf:_1(¢1I7¢217¢17¢27E)(T)”2

+(1+T)Z’2H3ﬁ’1||(¢>1,¢2)(T)||2)~ (2.30)

THEOREM 2.1. Assume that (¢10,(f)20,’¢)10,1/}20) S H? (R) x H? (R) X Hl(R) X HI(R)
There exists a suitably small number § >0 such that, when

||+ 1| (610, D20) || rr2 ) + | (10, ¥20) | 111 () <,

then there exists a unique global-in-time solution (¢1,pa,11,12,E)(x,t) to the system
(2.25) satisfying

N(t)? +M(t)* < C(IJ|+ l(d10,D20) I3 + | (10, %20) [13) (2.31)
and
[(#1,02)(#) || Lo (r) < C9, (2.32)
1(@1,902) ()| oo ) S CO (14)75, (2:33)
IE(#)]| oo my <C8 (1418)71, (2.34)
1(61,02)e () Loe ) <C8 (1+1) 77, (2.35)
1(61.62)0(t) | e ) < CO (1+)71. (2.36)

We will prove this theorem by employing a standard procedure: the method of
continuation of local solutions. Assuming the initial data are smooth, we thus prove,
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by using the Banach contracting principle, the existence of smooth solutions. We omit
the details for the local existence. The rest of this article is devoted to establishing a
priori estimates.

Proof of Theorem 1.1. Once Theorem 2.1 is proved, Theorem 1.1 is immediately
obtained.

3. A priori estimates

3.1. Basic estimates for ¢;, ¥; and E. In this subsection, we are going to
establish estimates for ¢; and v; (i=1,2) and their derivatives of first order.

For the initial data that are smooth, thus the solution is smooth too. For the
existence of weak solutions to the Cauchy problem with initial data in H? x H? x H' x
H', we apply the density theorem to approximate the original initial data and obtain
smooth solutions, then pass the smooth solution to the limit by using a priori estimates.

Therefore in this section we assume solutions (¢1,d2,11,12, F) are smooth and there
hold

inf ny >0, infno >0,
z€R z€R
and

1(@1,@2)ll2+ | (1,92, E) |1 <, (3.1)

and it follows from the Sobolev embedding theorem that

1(P1,02)z | o r) 4[| (¥1,%02, )| oo (r) < CO. (3.2)

By simple computations, we have

+7
2

3

>

|3
—
o
[3Y
=

Next we estimate F; and rewrite it as follows

¢ Tl2 n;
f i

= (8 n0) = ) =" (R s = 1) e = (3 () 6 ) (= 0) ) = = 1 T
_ <(¢?+2wif>m 2

n; n;

- (ﬁ’(ni) —p'(n) —p" (n)(ni — ﬁ)) oy — ﬁ”(n)@mw)

+ <j S 2L —ﬁ”(n)ﬁm> ~ (9@ )

i g

=L +F12+F13 (34)

With the help of the mean value theorem, we treat the term of F;; as follows

() = () =" (1) (i — ) = 50" (€) s =P = 57" (O G+ (35)

Here ¢ e<n,n+n+¢1, >, we used the notation £ €< f,g> to denote that & takes a
value between two quantities f and g.
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Recalling mo € C§°(R) and mj =my, one has [[m;| ~®) <C for j=0,1. Thus we
obtain

Fia| < C (03 4+ i) ival + ||+ (82, + |ial + 22|
<O (w2 +1id |+ 91| +72) 1|+ Sl
SO + 1)L+l (L) + (L4872 (3.6)
and
|[Fio| <C (Iﬂml+|ffm|+|ft+|j+|ﬁm>
1+t

SCITN((A+8) 73 (L) 24 (L 8) 7 (L41)72F2)
<Clal+0 7, o

for sufficiently large ¢, and
py=min{p+1,20—2}>2. (3.8)

Finally Fi3:=—p'(i)n, will be treated late in the process of deriving the basic
energy estimates, by using the technique of integration by parts.

LEMMA 3.1.  There exist a constant 0< k<1 and a sufficiently small €1 such that if
|J|+ N(t)? <e1, then there holds

L+ (gl +lloel* + 1E17) + (14| ¢lJ?

+/O (L+7)" (el +lloal® + I EII?) + (1 +7)" 2|6 ]| *dr
<C (6ol +llgwl* + [ Boll* + | TI(N (£)* + N (£) M (t)) + N (1)) . (3.9)

Proof. From (2.25), we get

¢1tt_a1¢1ww+b1d)1tz+1L+t¢1t+n1E:]:17 (3.10)
¢2tt_a2¢2zw+b2¢2t$+1LH¢2t_n2E:]:2> (3.11)

here F; = —F;
Let x, A be two positive constants which will be determined later. Multiplying (3.10)
by (14+t)"(Ap1+ (1+1t)d1¢), we arrive at

(1+t (ar(1+8)@7, + (L+1)87, +2X1d1 + M — &) (1+1)~ 1¢1))
+H(1+1)" ( _/\_Lﬂﬁblt +(A 5_2‘_1)@1925%1-)

+(1+t)" (; —1)(1+1)~ ¢§+n1(A¢1+(1+t)¢1t)E)
=(1+)"(Ap1 + (L+t) 1) F1 + 1. (3.12)




LIPING LUAN, MING MEI, BRUNO RUBINO, AND PEICHENG ZHU 1217
Here I is given by

K (1 +t)ﬁ+1 2
I = —(1+1)" (012012 +b1B162) (NP1 + (1 +1) 1) + Talt%gy (3.13)

In a similar manner, taking (1+1¢)"(A¢2+ (1+1t)¢pa;), we have

(1+t (az(1+1)3, + (L +t) 3, + 2 badhor + A — k) (1+1)~ 1¢2)>

+(141)" < —A—Lﬂd)gt +(A Hl)am%x)
L (<3 00 00 D070 - nal3on+ (1400
=(1+8)"(Ap2+ (1 +1t)dot) Fa+ I, (3.14)

where

K (1+t)’i+1 2
Iy :=—(141)"(asg 25 +badpors ) (Ad2 + (1+1)Par) + T@t%x (3.15)

By adding (3.12) to (3.14), we obtain

d ((1“)” ((1+t><a1¢%w+a2¢>§w>+<1+t><z>t2+2A<¢,¢t>+x<u—n><1+t>-1|¢|2))

dt 2
d (ny(1+t)"+L
v (M)
L (== Sl + 0= D@ + ) )
0 (=5 R o= DA o (-8 )
:210+11+IQ+13, (316)
where
10;:(1+t)"'(A(¢,f)+(1+t)(¢t,f)>, (3.17)
(1+t)ﬁ+1 2 K
o= T B2 (1) B, B+ (1 +1)6) (3.18)

Here we used the notations ¢ = (¢1,¢2)7, F = (F1,F2)T which are two-dimensional vec-
tors, and the notation (f,g) denotes the inner product of the functions f,g€R? and

correspondingly |f] is the Euclidean norm of 2-d vector f.
It is easy to see that

n
ay, ax>a>0, and n12§::Q>O.

Therefore, integrating (3.16) over R x [0,¢], we obtain

o (a<1+t>||¢m||2+<1+t>||¢t||2m / <¢,¢t>dx+A<un><1+t>1||¢|2)
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(1 _|_t)’€+1

2
i 1 1
+ [asrr (a5 a0 - S o) dr

n| B

t b\ 1
# [ (G- 00+ 2o -5 ER ) ar
0
< (Gl +1ool*+2 [ on o)l + sl ol
R

t
+ / / (Io+11+12+13>dxd7-. (3.19)
0 JR

To get the positivity of the terms in the above inequality, we need:

p—K> A\, (3.20)
uf%HfAZO, (3.21)
LA P (3.22)
(k1) (5 —1) >0, (3.23)
which implies
0<Kr<1. (3.24)

However to keep the coefficient of the term fot(l +7)%||¢||?dT positive, we take
0<k<l. (3.25)

Now we are going to deal with I; term by term for j=0,1,2,3. Let I (resp. f')
be the part of I (resp. F), in that F;3 are dropped. Invoking (2.25) and the estimates
(3.6) and (3.7), we have

t
/ / Todxdr
0 R

<o [ [ ey (NP1 + (0 )l(6r, ) )

<C [y (MIF + 1+l |1 71) dr

gcm/o L) (6]+ (147 [6:1)

(71 + N dial DA +7)FH ([ [ (L47)# 4+ (A +7) 2 - (147) 7 ) dr

<OU| [+ Ul o) (I |+ [, (1477 4 (7)) e
<] [ (a+n2 ol (08 oI+ o (1+7) ) () e

t
+OU| [ @476 7+l -+7)
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K

t 1
+cu|/0 (L) E Gl (1+7) % +(14+7)F oo [|(1+7)F J(1+7)"*1dr

t

SO|j|N(t)2/t((1“)_““"5+(1+T>“‘“)dT+C|JIN(t)/ (1pr) -t 5 g
0 0
<CUI(N@®?*+N(1)), (3.26)

as all integrals in (3.24) are finite for p>2 and k<1. It remains to deal with I
containing F;3. We write

t t
/O /R(Io—fo)dach:/O /R(H—T)“()\(d),fg)+(1+T)(¢T,]-"3)>dxdr
t
=/ /(1+T)“(/\(¢z,f3)+(1+r)(¢m,ﬁ3))dxdr (3.27)
0 JR
Here F3:=§'(2)ire and e is a 2-D vector e=(1,1)T. Thus we arrive at

t
/ /(Io—j())dxd’r
0 JR

§C/(:/R(1+T)”<|¢$|+(1+7)|¢>m|)ﬁdxd7

<OW| [ @y (el + 0+l o1 (14 7)

<) [ @+ (Ioal+0+0)l6.] )1 +) 7+ ar (3.28)

For the term of Iy, we first calculate

221 (wlw + jlw) + 2J12(¢1ww +ﬁ1w)

A~/ A
z = Tz z) , h
a1z =p'(n1) (P12 +M12) 2 3 ence
010 SO (161201 + 9100 + 10|+ 1] ) (3.29)
) R
b1 = M, which yields
ny
by | < C(|pre] + 1) (3.30)

Thus we have

t
//Ildxdr
0o JR

sc/of/R(1+T>~(|am¢u|+|b1¢m|)(|¢1|+(1+T>|¢1T|)dxd7

<0 [ [ ry (sl 61mel 10474 ol (101]+ (17l ot

+CAt/R(1+T)K(|¢1T+j|(1+7—)_u)¢1Tz|(|¢1+(1+T)|¢1T)dgjd7—. (3.31)

The terms in the above inequality (3.31) may be classified into two types, i.e., one
are cubic terms of the form f-g-h where f,g,h are the unknowns ¢ or its derivatives,
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another one are quadratic terms f-g-h in which f,g are ¢ or its derivatives and h is a
small term with suitable time decay rate.

Noting the assumption about the behavior of the unknowns F,¢ at far state, we
are in a position to use interpolation inequality of the following form

1f 1l < CIFIZIf 12, (3.32)

where each term in the right-hand side is assumed to be bounded. Using the Holder
inequality, we get easily that

/Ot/R(HT)K(¢1m|+|¢1m)|¢u¢l|dxd7

¢ 3 1 3 K 1 1
< [ (I6raall + bl (1403 Howa | (140) 5 o ar
0

¢ 2 ¢
<N (1) ( / <1+T><iﬂ-%>-é‘||¢u||2czr) ( / <1+r>4<i—%>||¢>1||2dr)

(/Ot(1+7)—3d7>2M(t)%

<N(H)FM(1)>. (3.33)

1
1

N

<N()N(t)*

Nl

Similarly, however a little easier, we have

t
/ /(1+T)H+1(‘¢1zz|+|¢17m‘)|¢1m"¢17‘|d$d7—
0 JR
t
<C 1+ ot zxl| T T T % T % T d
< [ @y (101sell +101720 ) Wresl 6121 1

t 3 % k41 1
<0 [1+0 (Jorarl+161721) - (147) F o)

r+1

(147 F o |- (L+7) T~ Edr

t
<CN@®?® [ (1+7)5F ~3dr
0

<CN(t)3. (3.34)

Here the last integral in (3.34) is finite due to k< 1. Also we obtain

| [asnriondon (o + Q4o )dsdr <CN@?. (339)
0 JR

Now we handle terms of another type. First we have

t
J|(1 HERTL B 1 -] )dxd
| [ any o (jor]+ (1 7)fon| ) dadr
t
<1 [ @+ = o (lnl+ (1 7)o Jar

— t 1 r+1 K
=171 [ ((ry ) ol - (175 )

AT (1) F fr - (147)F o1 ) dr



LIPING LUAN, MING MEI, BRUNO RUBINO, AND PEICHENG ZHU 1221

SO (f“”wmw)% (/Ot““)”nasu?m)é

+|J|N(t)2/t(1+7)““d7
<o\ (N(t)M(t)+N(t)2). (3.36)

Similarly, we obtain

[ @m0 m ol 100+ 151
<] (N(t)M(t)+N(t)2). (3.37)

Therefore (3.31) is estimated as

t
//Ildl’dT
0o JR

The term I, is treated in the same manner as that for I;. It remains to deal with the
term containing Is. We write

t
//Ig,dxdT
o Jr

SC/ /((1+T)“+1E2(1+7)_“+(1+T)"|ExE|(|¢2\+(1+T)|¢2T\))dacd7'
0 JR

<C (|j| (N(t)M(t) +N(t)2) +N(t)3) : (3.38)

t
<C [ (rr BP0+ Ll ]
F+ T B o | B 63- ) dr. (3.39)

Invoking (3.32) and the Hélder inequality, we hence get

t
//IgdxdT
o JR

<C’|J|N(t)2/t(1+7)“d7
0

ron ) [ (0 2 1E) (0 5 B 1) ar

t 1 1 3 3
40 [ (@an g ) (@) IO B ) oar|
0

360+2k—1

(17 T gurll) (14 7) 5 ar

1

<C|J|N(t)2/0t(1+T)‘“dT+CN(t)3/Ot(1+T)—9¥dT

_ 3042r—1

+CN3(t)/t(1 +r)" T E dr
0
<C(|J|+N(t) N(t)>. (3.40)
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Here p> 2 is used and we suppose that 30+ 2k —1 >4 which is guaranteed by the condi-
tions k<1 and 6>1. Whence all integrals in (3.40) are finite. Therefore, from (3.25)-
(3.40) we assert that (3.19) turns out to be

(L4 (lpall>+11del >+ EI1?) + (1 +) o]
t
+/0 (1+7)" (lpll> +Ioel* + 1 EII?) + A +7)" 2| ¢]|*dr

<C(llgolli + I dwll* +11EolI*) +C(3+ N (t))N(t)?

+C (|j| (N(t)M(t) +N(t)2) +N(t)3) : (3.41)
By using the Young inequality we thus complete the proof of Lemma 3.1. O
3.2. Estimates for higher derivatives. In this subsection, we will derive

estimates for higher derivatives of E(x,t) and ¢;(z,t), v¥;(x,t) where the subscript @
takes values of 1,2.

LEMMA 3.2.  There exists a sufficiently small e9 <&y such that if |J|+ N (t)? <eq, then
there holds

(1+)* (I boal® + 1 fall* + 1 Eo]1?) + [l

t
+ [ AT (a4 NP Bl + (7)o P
<C(Igoll3+lIdewllf+Eollf+|TIN (@) +N(E)M(t) +N(t)*). (3.42)
Proof. Multiplying Equation (3.10) by (1+1)*02¢1, we have

% (L) Praadre) — (1 +8)" " draadie — (1+8) Graaedre — ar (1+8) 3,

+b1¢1tw(1 +t)’€¢la:w + /J(l +t)n_1¢la:m¢1t + ni (1 +t>5¢la::rE
=(14+t)"p12aF1. (3.43)

Then integrating (3.43) over R x [0,¢] and applying the technique of integration by parts,
we get

t
—/R(Ht)%lmlwtdx—%/R(u—n)(ut)“—la;@dﬁ/o A(1+T)H(¢§xT—a1¢%xw)dxdr

t
+/ / (1(K:LL)(H1)(1+T)K2¢%z+(1+t)n(bl¢ltr¢lzr +n1¢1er)> dl’d’r
0 JR 2

_ 1 2 ¢ K
== G| _ o+ [(ummdhilicodos [ [ Qerron Fidzar gy

We multiply (3.10) by —(1+4¢)""192¢;; and integrate the resulting equation over R x
[0,%] to obtain

1 1
§/R(1+t)m+1¢%mtdx+§Aa1(1+t)m+1¢§wwdm

1 t
5 / / (14 7)°62,. dedr
2 0 R

1t t
—i/ /a1(1+7)“¢%zwdxd7+/ /(1+T)“+1¢1m(n1E)md:EdT
2 Jo Jr o Jr
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1 t
:i/( %xt_a1¢%mm)‘t:0dx_/ /(1+T)K+1¢1:L’z'rF1dxdT+J17 (345)
R 0 JR

where J; is given by

Rl ! rtl 2 2
J1 = 2 o R(1+7_) (a1t¢1xz _blz¢1zr)dxdT' (346)

Multiplying (3.44) by —A and adding the resulting equation to (3.45), we have

1/A(u—f~;)(1+t)*”~—1 fmda:—k/R)\(l—kt)”(ﬁugbutdm

2 R
1
+5 /IR (146" (Gl dr +ardiy, ) do
t 1 1
[ fasnr (=55 =Nk + 0= ) dear
0 JR

t
+/ /(1+T)K+1¢117(R1E)wdl‘d7'
o Jr

t
0 JR
t
+)\/O A(1+7)H(b1¢ltm¢lww_¢1$(n1E)w)dxdT

t t
+/ /)\(1+7)K¢1rzfldl’d7'7/ /(1+T)H+1¢1mm7—./_'.1dl’d7'+<]1. (347)
0 JR 0 JR

We here used I D; to denote the initial data terms.
Similar to the process for deriving (3.47), multiplying Equation (3.11) by —(1+
)" (NO2pa + (1+1)D2¢h2¢) and integrating the resultant equation over R x [0,¢] give

1
3 [ A= R et [ A1+ dauaudn
R R
1 1
—|-f/(1+t)“+1¢§wtdx+f/a2(1—|—t)“+1¢§mdx
2 Jr 2 Jr
! - K+1 9 Kk+1 9
+ (1+T) (:u’_ 2 _)‘)¢2x7+()‘_T)a2¢2xx dxdr
0o Jr

t
- / / (147)" L dopr (no E) pdadr
0 JR

t
:IDQ“F%/ /(K—MXH—1)(1+T)m—2¢§wdxd7_
0 JR
t
+>\A A(1+T)”(b2¢2tz¢2rz*¢2z(n2E)m)dxd7-

t t
+/ /)\(1+T)K¢2$$]:2d$d7'—/ /(1+T)K+1¢2waf2d.’L‘dT+J2. (348)
0 JR 0 JR

Here I D5 denotes the terms of the initial data and Js is given by

K+l [ K41 2 2
5 (14+7)" (200345 — b20 B35, ) dadr. (3.49)
o Jr

Jo =
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Taking the sum of (3.47) and (3.48), we obtain

1

Kk—1 2 K
3 [ M=o, Pda e [ (140761600

k+1 Kk+1
+2/(1+t) | Pt |2 da+ = Z/az (141)"*+1¢2, dx

v [ faror[w-"

= A)ler?

+Z(A—““> Gt (VU 7)1 ), ) e

:ID+7/ /)\(nfu)(nf1)(1+7’)”72|¢$|2dzd7

2
_/\Z/ / Y1 +7) ¢m(niE)xdxd7-+ZJi.

i=0

Here ID:=1D;+ 1Dy and

:—/\Z/ / Z ! 1+T biYite PizadrdT

//HT Mza, F)+ (14+7)(dar, T ))dxdr.

Now we treat (3.50) term by term. Invoking a; > a, one has

Za”tqszax _Q‘bex‘Q

We rewrite

2
/ t / 1+ (=1) " pigr (niE)pdadr
0 JR i=1

1 1 1
:5(1+t)“+1/n1E5dx—§/(n1E2 de_/ﬁ— // (14t)*ny E2dadr
R R

1 t
_5/ /(l-f—t)fi—i-l (nlth—Q(bgm_(EEz)m)dxdT,
0 JR

and

/\Z// Yi=1(147) ¢m(niE)$)dxdT

J/ / 1+ (Es(niE), +¢QI(EEE)$)dxdT

(3.50)

(3.51)

(3.52)

(3.53)

t
:/\/ /(1+T)”n1|Ew|2dxdT+)\/ /(1+7)”(n1wEEI+</)2w(EEw)x)dxdT. (3.54)
0 JR 0 JR
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Now we take
k=1, p—1>A>1,

and see that from (3.52)-(3.54) it follows that (3.50) is changed to
1 1
5)‘(N*H)”be”z+)‘/]R(1+t)(¢xa¢zt)d$+5(1+t)2(”¢th2+QH¢immH2+QHEzH2)
t
[ L) (1= P 1) (el P+ )
3
<C(lIgoll3+ l1voll3 + 13 4il)- (8.55)
i=0
Here J3 is defined by
1 t
J3:= f/ /(1 —|—T)2 (nltEi — 2024+ (EEl)l)dxdT
2Jo Jr
t
A / / (1+7) (nlx—qbgzz)EEzdxdT. (3.56)
0 JR
We first deal with Js3. Employing the interpolation inequality (3.32) we get
t
hl<e [aen (a2
0
(I P1ar [+ @207 D) | E || oo [ Bz [l + [| @22 | ||E||L°°||Em||)dT

¢
+ / W+ 7) (1T I Ba BN + (610l + 620l ) | Bl e | Bl ) dr
§C<|j|N(t)2+N(t)3>. (3.57)
The term J> is handled as follows. Recalling the definition a; and b;, one has

2(—ip+J) (_(bitt + jt)

2.2
o= (#0) = 28 ) (G )+ g SENCES
n; n;

Using (3.10) and (3.11), we can deal with the term ¢;;; as follows
|bite] < C|Giza| + |Dite| + (1 +) " st + | E| + | Fi). (3.60)

Combining this with (3.6)-(3.7), we thus obtain
t
21<C [ [ (1basl + il + (6l +1 1) 020l +11)) 3
0 JR

40 [ [ @ (1t 1+ (0l + 1) 20+ 1)) 6
<CO(|J[+N(@1)?). (3.61)
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Ji can be estimated in the same way as that for J,. So it remains to deal with Jy. To
this end, we compute 0, F;:

€= 2
n; n;

2 ) g iJia N AN A =)\ 7 5" (7 f
s (Wi”“’“” B () ()~ (7) (=) ) — <n>¢m>

x

n? n; 1+t

K3

72 27.J . .
Here

(50 =8 () =" ()i =) = (3" (n3) " ()i
Further we recall the definition of 7 and J , and denote their time-decay rates by

r(i) = |J|(1+8) 7P r(J):=|J|(1+t) 7", and r(J) <r(n),

respectively. It is easy to see that for any i € N there hold

r(9,.f)=0)r(f), (3.64)
r(IL, 07 f) =0 (r(f))™, (3.65)
(r(F))™ <r(f). (3.66)

for all f e {n,J}, m; € NU{0}, and Y7 m;=m where we assume that m € N. Hence

[Fio = Faal S O((l + 1D iaic] + 1hsTuic]
(Wil LI Dstrania| + [bia o |+ i T |+ i Janial
(= )iz |+ i = A e |+ o] + | Groies
+c(|jjmz| | P |+ |2 Rgnig] + J2
|+ [ T | | + [
< C (191l (r(@) +7(I) + 1t (T)r(7) + (19t +|9ic |+ |7 ()
111Dl (T) () Xeupo(i) ) (3.67)

Here x4 denotes the characteristic function of the set A and supp(#n) is the support of
the function n. For the term containing Fj3,, we have

t
//(1+T)2¢17Fi31dxd7
0 JR

t
:—/ /(1+7)2¢mFi3dde
0 JR
t d t t
:_/ —/(1+r)2¢mFi3dmdr+/ /2(1+T)¢xa:Fi3d-TdT+/ /(1+T)2¢mFi37dl‘dT
o 47 Jr o Jr o JR

t t
:_/(1+7)2¢Mﬂ-3dx’0+/ /2(1+7)¢11Fi3d1:d7
R 0 JR
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t
+ / / (1+7)° ppz Fyz, dadr. (3.68)
0 R

It is easy to show that

/(1 +t)2¢waz’3dl‘
R

SC/(1+t)2|¢.L.LFZ3|dx
R

<CIT| sup ((1+7)6re (D)) (14674

< CEN(2). (3.69)

For ;1 >2,

t
0 JR

<o [ ((+nlouel) 1l

t
gc/o sup (14 7)) 1711 +7) "+

0<r<t
<COSN(1), (3.70)

and

t
(1+7)2¢ 0 Figr dadr gc/ (@+7)16sel) | Fsr
0

<CON(t). (3.71)
Then it follows from (3.67)-(3.71) that

t 2

+c/ / (1+7) ’/\ Guas F) + (1+7) (bar Fo) | dadr
<O(|J|+N(t)N(t)*+C|J|N(t). (3.72)
Thus, combining (3.50)-(3.51), we complete the proof of the lemma. d

From Lemma 3.1 and Lemma 3.2, we immediately obtain the following a priori
estimates.

LEMMA 3.3 (A priori estimates). It holds that

2
Z 1+T ”8£ 1(¢1x7¢2m7"/}17w27 )( )||2+(1"’_7—)[_2”85:_1||(¢1a¢2)(7—)”2)
(=1

+/o Z (L) O (P10, P20, 1,02, B) ()2 + (L4+7) 2|05 | (61, 02) (7)) dr
=0

<C(I ]+ lgol3 + lIolI3) (3.73)

and

1(61,62) (0)]| L= (&) < C(1T|+ 9013 + IlollD), (3.74)



1228 ASYMPTOTIC BEHAVIOR FOR BIPOLAR EULER-POISSON SYSTEM

(W1, 2) (0] ooy < CUT I+ lIgoll3 + lwoll?) (146)71, (3.75)

IE@®) L@ < C(T|+lIgol3+ Iboll}) (1+8)77, (3.76)
(@1, 62)e(t)| e ) < C(T|+lld0l3) (14673, (3.77)
(61, 62) (1) | = @y < CT|+ | doll3 +Ilebo1}) (1+8)71, (3.78)

provided with |J|+ N (t) <ez with some 0<e3 <ea, where &5 is given in Lemma 3.2.

Proof. From Lemma 3.1 and Lemma 3.2, we have

2
D (47 N0 (Pras Baws 1,02, BY ()P + (L47) 2105 [ (d1,62) (7))
=1

+/0 Z((1+TVHaiwm,@z,wl,wzﬂ)(ﬂ||2+(1+T>H||8£\|<¢1,¢2><T>H2)dT
=0

<C(|J]+llgoll3 +l%oll7) i
+C (g0l +[IrollF + [ EollT +|TI(N ()* + N (#) M (#)) + N (t)*), (3.79)

that is,
(1=CJ|=CN()N?(t)+ (1= ClJNM>(t) < C(IT|+ | doll3 + [[2olI?),
which implies the a priori estimates
N2(8)+M2() < C (1] + [ boll5 + [1¥ollD),
provided with
|J|+N ()< 1.
Furthermore, by the interpolation inequality (3.32), we have
|61z @) < Cller @I o1 (8)]12

<C(T1+ lgol3+l1oll)) ((1+6)7F(1+1)%)

[N

<O+ lIdoll3+ %o, (3.80)
and
1 1
612 (1) Lo () < Clld1a ()12 |10 (1)1
1
- _1 —1\2
<C(T1+lIgol+lwold) (1 +873+7)"
= 3
<C(J|+llgoll3 +lIwoll}) (1+2)77. (3.81)
For the rate of 1;, we use the equation ¢, = —1);. The other decay properties are obtained
in a similar way.
Therefore the proof is complete. O
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