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Abstract
This paper is concerned with the multi-dimensional compressible Euler equations
with time-dependent damping of the form ——%— pu in R", where n > 2, u > 0,

(1+1)*
and A € [0, 1). When A > O is bigger, the damping effect time-asymptotically gets

weaker, which is called under-damping. We show the optimal decay estimates of the
solutions such that [|9¢ (0 — Dl p2gny = (1 + t)_HTA(%Ha\), and |07 ullf2gny &

1+ t)_HTA(%H“')_I%A , and see how the under-damping effect influences the struc-

ture of the Euler system. Different from the traditional view that the stronger damping
usually makes the solutions decaying faster, here we recognize that the weaker damp-
ing with 0 < A < 1 enhances the faster decay for the solutions. The adopted approach
is the technical Fourier analysis and the Green function method. The main difficul-
ties caused by the time-dependent damping lie in twofold: non-commutativity of the
Fourier transform of the linearized operator precludes explicit expression of the fun-
damental solution; time-dependent evolution implies that the Green matrix G(t, s) is
not translation invariant, i.e., G(¢,s) # G(t — s, 0). We formulate the exact decay
behavior of the Green matrices G (¢, s) with respect to ¢ and s for both linear wave
equations and linear hyperbolic system, and finally derive the optimal decay rates for
the nonlinear Euler system.
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1 Introduction
1.1 Modeling Equations and Background

In this series of study, we consider the multi-dimensional compressible Euler equations
with time-dependent damping

O (pu) +V - (pu@u)+Vp(p) = (1.1)

1+
Pli=0 = po(x) := 1+ po(x), ul=0 = uo(x),

where x € R", n > 2. Here, the unknown functions p(¢, x) and u(¢, x) represent
the density and velocity of the fluid, and the pressure p(p) = %py with y > 1. The

nonlinear source —ﬁpu is the damping effect of the system with two quantities
w > 0and A € (—o00,00). It is said to be under-damping for A > 0, which is
time-asymptotically vanishing; and it is said to be over-damping for . < 0, which
is time-asymptotically enhancing to co. Particularly, when 0 < A < 1, the damping
is called the regular under-damping, which makes the system (1.1) to possess the
parabolicity structure, and can guarantee the existence of global solutions. While,
when A > 1, we call it the super under-damping, because the damping effect is too
weak, and causes the system (1.1) essentially behaves like a pure hyperbolic system
with shock singularity (blow-up of the gradients of the solutions). When A = 1, we
call it as the critical under-damping. Furthermore, we call the damping effect as the
regular over-damping for —1 < A < 0, the super over-damping for A < —1, and the
critical over-damping for A = —1. In this paper, we are mainly interested in the regular
under-damping case with A € [0, 1), and leave the regular/critical over-damping case
with A € [—1, 0) in the second part (Ji and Mei 2022). The initial data satisfy

po(x) — 1, ie., po(x) — 0, and wup(x) — 0, as|x| — oo. (1.2)
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The time-dependent damping phenomena were first proposed and studied by Wirth
(2006, 2007, 2004) for the linear damped wave equations, see also the significant
extension on the damped Klein—Gordon equations by Burg-Raugel-Schlag in Burq
et al. (2015, 2018), recently. Since then, the study on this subject becomes one of hot
spots, and intensively carried on, particularly, the research for Euler system involving
time-dependent damping. The under- or over-damping effect with A > O or A < 0
makes the structure of the solutions to (1.1) more complicated and various.

When p = 0, the system (1.1) is reduced to the pure Euler system which usually
does not possess the global-in-time solutions, no matter how smooth the initial data are,
and the singularity formed by shock waves cannot be ignored (Chen et al. 2007, 2017,
Courant and Friedrichs 1948; Dafermos 2010; Lax 1964; Pan and Zhu 2016; Smoller
1982). See also some of the important developments in the study of shock singularities
in the last two decades (Alinhac 1999a, b; Buckmaster et al. 2022; Christodoulou 2007;
Luk and Speck 2018; Miao and Yu 2017).

When ¢ > 0 and A = 0, the damping effect usually prevents the singular-
ity formation of shocks when the initial data are suitably smooth (Sideris et al.
2003), but the damped solutions can still blow up like shocks when the gradients of
the initial data are big (Li and Wang 2018; Wang and Chen 1998). For 1-D case,
Hsiao and Liu (1992) first observed that the damped Euler system is essentially
equivalent to the nonlinear porous media equations, and showed the convergence
as [|(v—10,u — i) 1)z = O@~2,171/2), where (v, it) (x/+/1) are the self-similar
solutions to the corresponding porous media equations, the so-called diffusion waves.
The relaxation-limit convergence in the weak sense was showed by Marcati and Milani
in Marcati and Milani (1990). After then, the convergence rates to the diffusion
waves were improved to O@=34, 173/% by Nishihara (1996) in L2%-sense, and to
o', 13/ 2) by Nishihara et al. (2000) in L'-sense, respectively. Furthermore, (Mei
2010) heuristically looked for the best asymptotic profiles which are a kind of solutions
for nonlinear diffusion equations with certain selected initial data, and obtained much
better convergence rates 0(t’3/ 2lnt,t 21n t). For the multiple dimensional case,

Sideris et al. (2003) first showed the global existence of the solutions and the decay rates
3_ e 3 e+l

to the constant states as |97 (0 — 1, u)(?) | 23y = O~ 42,1747 "27) when the

initial perturbations are smooth enough in Sobolev space H', which was then improved
le| s 3_lal+l s . .
to O(t’%’T’i , t’%’ -3 ) by Tan and Wu (2012) for the initial data in the Besov

ler|+s _ e +s
2

space HIHB;;;O withs € [0, 1],and to [|9F (o — 1, w)(t) || gn-tel = O(t™ 2 ,t
by Tan and Wang (2013) for the initial data in the Besov space B{’ W NH N with
s € (0,3/2]. For the vacuum case, the existence of the entropy solutions and their
convergence to Barenblatt self-similar solutions were significantly studied by Huang
etal. (2011), Huang and Pan (2003), Huang et al. (2005), and Geng and Huang (2019),
and Geng et al. (2019), respectively, and the free boundary case with singularity was
further studied by Luo and Zeng (2016) recently. The global existence and conver-
gence to the modified Barenblatt solution for Euler equations with physical vacuum
and time-dependent damping were investigated by Pan (2021, 2022).

When p > 0 and A > 0, compared with the case of . = 0, the damping effect
—ﬁpu becomes weaker, we call it as under-damping. This makes the feature of
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the compressible Euler system more complicated and fantastic. For 1-D case, Pan
(20164, b) first proved that when 0 < A < 1 and the initial data around the constant
states are small enough in Sobolev space H', then the solutions globally exist in
time; when A > 1 and the initial data are big, then the gradients of the solutions
blow up at finite time; when A = 1, the critical case, then the solutions still globally
exist for u > 2, but blow up for 0 < p < 2. These results were then improved by
Sugiyama (2018, 2020) in C! space, and particularly, by Chen et al. (2020) for the
global existence even with large initial data. When the constant states at far fields
are different, the convergence of the solutions to the diffusion waves was investigated
by Cui et al. (2018) and Li et al. (2017), independently, where the convergence rates
obtained in Cui et al. (2018) are better than in Li et al. (2017). In the critical case of
A = 1and u > 2, by the variables scaling method for finding the asymptotic profiles,
Geng et al. (2020) recognized that the roles of hyperbolicity and the damping effect for
the Euler system both are equivalently important and cannot be ignored, and further
proved the convergence of the original solutions to the asymptotic profiles which are
artfully determined in the critical case, where the convergence rates are dependent on
the physical quantity pu (> 2). For the multiple dimensional case R" with n = 2, 3,
Hou and Yin (2017) and Hou et al. (2018) first proved that, when 0 < A < 1 with
n > 0,or A = 1 with u > 3 —n, once the initial data are smooth, compact supporting,
and zero-curl or not, then the solutions for the time-dependent damped Euler system
globally exist, while when A > 1 with u > 0, or A = 1 but & < 3 — n, the solutions
will blow up in finite time. The decay rates for high-dimensional solutions in the case
0 < A < 1 were proved by Pan (2020) very recently, but these rates are not optimal.

The main purpose of the present paper is to understand the structure of the
solutions for time-dependent damped Euler system as the damping effect getting
weaker for 0 < A < 1, and to derive the optimal decay rates of the solutions as
19 (= Dll 2y ~ (140~ 5 GHD and 1920l 2y ~ (141~ 5 G5
by means of the technical Fourier analysis and the Green function method. Tradi-
tionally, we thought that the stronger damping would reduce a faster decay for the
dynamic system. However, from these optimal rates, we see that the weaker damping
with 0 < A < 1 enhances the faster decay for the solutions. This is a bit surprising
and also subverts the traditional view. In fact, as we show later, by taking Fourier
transform to the linearized system to derive the fundamental solutions, we see that
when the damping is getting less as X increases, the solutions in the high frequency
part still decay slowly, but the solutions in the low frequency part decay fast.

1.2 Main Results

In order to obtain the optimal decay rates of the solutions for Euler system (1.1), we
need to build up the fundamental solutions for the corresponding linearized system.
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Letv = %(‘/p’(p) -1 = %(p%l —Dandw = VT_I Then, (v, u) satisfies
the following symmetric system:

ohv+V-u=—-u-Vv—ovV - u,

uw
) \Y%
U+ v+(l+t))‘

V=0 = vo(x), u|;=0 = uo(x),

u=—(u-Vyu—ovVu, (1.3)

where vg(x) = %((1 + /50()6))1%1 — 1), which behaves like pg(x) if the initial
perturbation is small.

The optimal decay rate of the linearized system is essential for the study of large
time behavior of the time-dependent damped Euler equations. The linearized system
of (1.3)is

v+ V.-u=0,

"
) \Y%
(u + U+(1+I))‘

V|r=0 = vo(x), u|;=0 = uo(x).

u=0, (1.4)

Letu := A~'V -uwand w := A lcurlu (with (curlu)lj‘. = 8xjuk — 8xkuj for
u = (u',...,u"), see (Tan and Wu 2012) for example, where A is the pseudo-
differential operator defined by A*v := .Z 1 (|£|°0(£)) for s € R (see the notations
introduced below for details). Then, the linearized system (1.4) is equivalent to

o;v+ Au =0,

"
oru — Av + Au=0,
NI

V=0 = vo(x), ul=0 =uox), wl=o=wo(x),

where ug(x) = A™'V-uo(x) and wo(x) = A~ 'curl ug(x). We note that the estimates
on (v, u) are equivalent to the estimates on (v, u, w) according to the relation

u=—-A'"Vu-—A'V.w.

From the equation (1.5)3, we can see that the vorticity w(z, x) of the linearized system
decays to zero sub-exponentially as:

1—
w(t, x) = wo(x)e AT

which is faster than any algebraical decays. So we only focus on the first two equations
of (1.5). The Fourier transform B(t, £) of the linear operator (1.5) is time-dependent
and non-commutative (although it is diagonalizable), that is, B(¢,&)B(s,§) #
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B(s,&)B(t, &) for general s # t with

(0~
B8 = (|§| _(lft)}‘) .

Therefore, the fundamental solution of the first two equations of (1.5) cannot be
B(s,&)ds

t

represented as matrix exponential eo
In order to formulate the optimal decay rates of the linearized system (1.5), we con-
sider the following two kinds of linear wave equations with time-dependent damping

"
dv=0, xeR"
E (1.6)

V=0 = v1(x), 0Ovli=0 = v2(x),

8t2v — Av+

and

"W
2u— Au+9 u):O, x € R,
! t((l + 1)+ (1.7)

ul=o = u1(x), Oiuli=o0 = uz(x),

which are satisfied by the solutions v(¢, x) and u(z, x) of (1.5), respectively. The
above two Cauchy problems (1.6) and (1.7) may seem similar at first glance, but as
we prove below, their optimal decay rates are totally different. It should also be noted
that the optimal decay rates derived from (1.7) are not the optimal decay rates of
the solution u in the linearized system (1.5). The reason is that the optimal decay
rates of (1.7) are formulated with respect to arbitrary initial data u(x) and uz(x),
while the solution u in (1.5) corresponds to (1.7) with initial data u;(x) = uo(x) and
uz(x) = Avg(x) — nug(x). We will show that there exist some cancellations between
the evolution of initial data in this situation.

Notations. We denote D, = —i9; and the n-dimensional Fourier transform .% (v)
of a function v(x) is denoted by 0 (&) for simplicity. We use H® = H*(R"), s € R,
to denote Sobolev spaces and L? = LP(R"), 1 < p < o0, to denote the L? spaces.
The spatial derivatives 9% stands for dy, - - - 9y with nonnegative multi-index o =

(aq, ..., 0p), where the order of « is denoted by |¢| = Z;j aj, and B)Lal stands
for all the spatial partial derivatives of order |«|. The pseudo-differential operator A
is defined by A’v := Z 1 (|&°0(€)) for s € R. We use H® = H*(R"), s € R,
to denote homogeneous Sobolev spaces with the norm || - || 7, defined by |[v]| g5 =
[|A*v]| 2. The norm ||v||fX stands for the || - || x norm of the low frequency part vl =
F (% (©)0(&)) of v, while ||v ||§'( stands for the | - || x norm of the high frequency part
v = ZH (1 = x(£)0(&)) of v, where 0 < x (&) < 1 is a smooth cut-off function
supported in Boz(0) and x (§) = 1 on Bg(0) for a given R > 0.

Throughout this paper, we also denote b(t) = # with u > O and A € [0, 1)
and we let C (or C; with j =1, 2, ... ) denote some positive universal constants (may
depend on the dimension 7, the constants A, u, ¥, and the index o). We use f < g
org 2 fif f < Cganddenote f ~ gif f < gand g 2 f. For simplicity, we use
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I(f, &) llx to denote || fllx + llgllx and [ f := g, f(x)dx. The norm | - ||, will
be simplified as || - || if no confusion can arise. For a matrix the norm || - |lmax 1S the

maximum absolute value of all its elements and blanked entries correspond to zeros.
We define the characteristic functions

) 1, 5<%, ) = I, s>7,
] = t1(8) (= S) =
Xs=51 = Xls=3] 0, others, Ksz51 = Xlsz 3] 0, others.
For simplicity, we denote time decay functions
-4
T, s5) = (1 Fa+0*—q +s)1“) ,
O(r, s) := min{l'(¢, s), (1 +1)~*}. (1.8)

There holds
_ 14
Lt 9) Kyet)®) X (1407 2O, fyzp)(8), O, 5) ST, 5).

Here we always assume A € [0, 1) and show that under-damping gives rise to faster
decay estimates. Our main results are stated as follows. We present the L> and L9
decay estimates of the nonlinear system (1.3).

Theorem 1.1 (Optimal L? decay rates of nonlinear Euler system) For n > 2 and
A € [0, 1), there exists a constant ¢y > 0, such that the solution (v, u) of the
nonlinear system (1.3) corresponding to initial data (v, ug) with small energy
I (v, uo) || 3 < &g exists globally and satisfies

leHl%H—. =
10%v]) S (14 1)~ 5= 5 lel 0 <ol < [41+1,
10%ull S (140~ & n= 5 1e a0 < ja| < [4],

(1.9)

1+ l+}”|0{|+)n

logull S L+~ 4" 2

Il (v, u)||H[%J+3 S

lo] =[5]+ 1,

The first two decay estimates in (1.9) (i.e., the decay estimates on ||0¢v| with 0 <
la| < [5]1+ 1 and ||ogull with 0 < |a| < [5]) are optimal and consistent with the
linearized system.

Theorem 1.2 (Optimal L7 decay estimates of nonlinear Euler system) For n > 2,
A el0,1), g € 2,00l and k > 3 + [y2,4] with y24 :=n(1/2 — 1/q), let (v, u) be
the solution to the nonlinear system (1.3), corresponding to the initial data (vo, uo)
with small energy such that || (vo, u())”leH[%H-k < &0, where &g > 0, is a small
constant only depending on n, q, k and the constants y, |1, A in the system. Then,
(v, u) € L%(0, 400; H'Z1TKY and satisfies

Y - - (1.10)

1+A 1+A
18]l S A4+~ 2 7a= 30l 0 <o) <1
144 1
e SA4+1)"2 a1,
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where y1 4 = n(1 — 1/q). All the decay estimates in (1.10) are optimal.

For the time-dependent damped Euler equation (1.1), we have the following decay
estimates.

Corollary 1.1 Forn > 2 and A € [0, 1), there exists a constant g9 > 0, such that the
solution (p, u) of the Euler equation (1.1), corresponding to the initial data (pg, uo)

with small energy || (po — 1, u0)||leH n13 < €0, exists globally and satisfies

+2 144

1% (p — DIl S (L + 0y~ 5300 < Ja] < [2]+1,
J05ull < (14 1)~ P-4, 0 < o < 2],
10%u ] S (140~ %5l g = 2] 41,
o = Ll gy S 1.

2

(1.11)

The first two decay estimates in (1.11) (i.e., the decay estimates on || (p — 1)|| with
0 < |a| < [5]+ 1 and ||0yu| with O < |a| < [5]) are optimal.

Forn>2,x€l0,1),q €[2,00landk =3+ [yr4]1 with y» 4 :=n(1/2 = 1/q),
let (p, u) be the solution to the Euler equation (1.1) corresponding to initial data
(po, uo) with small energy such that || (pg — 1, u0)||L1mHl%J+k < &9, where g9 > 0 is
a small constant only depending on n, q, k and the constants y, |u, A in the system.
Then, (p — 1, u) € L®(0, +00; H'31TK) and satisfies

1990 — Dlle < (1 + 1)~ T Va3l 0 < || <1, 012
Ml < A+~ a7, '

where y1 4 = n(1 — 1/q). All the decay estimates in (1.12) are optimal.

To derive the optimal decay rates of the solutions for the Euler system with time-
dependent damping (1.1), it is essential to investigate the fundamental solutions to the
linear system (1.5) and two kinds of wave equations (1.6) and (1.7). Here, we state
the optimal decays of the solutions for the linear wave equations (1.6) and (1.7) and
the linear hyperbolic system (1.5) as follows.

Theorem 1.3 (Optimal decay rates of linear wave equations) Let v(z, x) and u(t, x)
be the solutions of the Cauchy problems (1.6) and (1.7) corresponding to the ini-
tial data (v(s, x), 0;v(s, x)) and (u(s, x), d;u(s, x)) starting from the initial time s,
respectively. Then, for q € [2,00]land 1 < p,r <2 (or6 € [0, %)), we have

10%v(r, Ve STV, s)- O, s)

(s, 2, @+ a6, D[, + [ OET 0 uts, 0. 1+ 97 as, D),
(1.13)

and

L+ 1\~
TYra(e,s) - @9,
ey IO RC LN

e, e 5
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(s, @+ 9t N, + @ uts, ),

x (1470 s, |7, ). (1.14)

where y, 4 :=n(1/p —1/q) (or yp 4 replaced by By 4 := 60 + y2. 4 and || - ||Lr norm
replaced by || - || -0 ), and wy 4 > yr 4 for (r,q) # (2,2) and w o = 0.

The decay estimates (1.13) and (1.14) are optimal for all t > s > 0 such that the
“<”in (1.13) and (1.14) can be replaced by “~” for some nontrivial initial data
(v(s, x), o;v(s, x)) and (u(s, x), o;u(s, x)).

Moreover, there exists a number Ty > 0 such that the decay estimates (1.13) and
(1.14) are element-by-element optimal for % > s > Ty in the following sense: there
exist four kinds of nontrivial initial data (v(s, x), 0), (0, d;v(s, x)), (u(s, x), 0), and
(0, 0;u(s, x)) starting from the time s such that the four corresponding solutions satisfy

h
Lr £

‘C‘H'wr,q

19%v(t, )lza ~ T7Pa(t,s) - O, s) - (||v(s, s+ 18T w6,
[0%v(t, YLe ~ (1 +5)* - T7Pa(t,5)- (1, 5)
(L2l + 10 50601,

I +1\*
0 e ~ (5) T - 0Fs)

(s Ny + [ uts 1, ),

0%t s = L+ 0* - T 5) - 0, 5) - ([auts. ],

h
Lr )

+ o B, |

respectively.

Corollary 1.2 Let v(t, x) and u(t, x) be the solutions of the Cauchy problems (1.6) and
(1.7) corresponding to the initial data (v(0, x), 3;v(0, x)) and (u(0, x), 2;:u(0, x)),
respectively. Then, for q € [2,00]land 1 < p,r <2 (or6 € [0, '5')), we have

oY v(, e < (1+ 1)~ 2 Opatlab . (H(U(O» 3. 8,0, '))“Zm

h
LV b

+ @ v, 9, 9,000, )|

and

10%u(t, Ve S (1+1)7 3 partlehtr, (II (0, ), du(s, D",
h
LI‘)’

where y, 4 :=n(1/p —1/q) (or yp 4 replaced by By 4 := 60 + y2 4 and || - ||Lr norm
replaced by || - || -0 ), and w, 4 > yr 4 for (r,q) # (2,2) and w o = 0.

+ @0, ), 9 8,00, )
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The above decay estimates are optimal such that the “<” can be replaced by “~’
for some nontrivial initial data (v(0, x), 9;v(0, x)) and (u(0, x), 9;u(0, x)).

Remark 1.1 The decay estimate (1.13) for s = 0 was first proved by Wirth (2007) by
developing a perfect diagonalization method. For the application to nonlinear systems,
we need to consider the evolution of initial data starting from any s > Otot > s
since the damping is time-dependent. One of the main difficulties caused by the time-
dependent damping is that the evolution of the initial data starting from s > 0 to
t > s is completely different from that starting from O to r — s, as can be seen from
the estimates (1.13) and (1.14). As a consequence, the estimate on the decay rate of
fot G(t,s)Q(s, x)ds is slower than Q(¢, x), where G (¢, s) is a general Green function
and Q(t, x) is a general non-homogeneous term.

Remark 1.2 1t is surprising here that the two Cauchy problems (1.6) and (1.7) decay
with different rates. We note that the function

1 _ u(+a)x?
o, x) = 1. ¢ 41nth

(14 1)

which satisfies a9 = Ag, is an asymptotic profile of (1.6), while ¥ (¢, x) :=

I
(1+0)*

o(t, x)/(ﬁ), which satisfies 8,(#@&) = A, is a good asymptotic profile of
(1.7), and ¥ (¢, x) decays slower than ¢(, x). The functions ¢(¢, x) and ¥ (¢, x) decay

at the same rates as v(¢, x) and u(¢, x) proved in Theorem 1.3.

Theorem 1.4 (Optimal decay rates of linear hyperbolic system) Let (v(t, x), u(t, x))
be the solution of the linear hyperbolic system (1.5) (the third equation of w(t, x)
is neglected as it decays sub-exponentially) corresponding to the initial data
(v(s, x), u(s, x)) starting from the time s. There exists a universal constant Ty > 0
such that for g € [2,00]and 1 < p,r <2 (or 6 € [0, %)), and fort > s > Top, we

have
h
Ll‘

h
L rJoe

19200, lize < 77791, 5) - 001, 5) - ((Jus, )5, + [ wis,

) T, s) -0 1) (uts, ), + [0 s,

(1.15)
and
o 141\ o o|+or,
0t Dl S (1s) Tty - 0w - (Jucs o, + ol s )
+ (L0 71, 5) - 0 1, 5) - (o, [, + 07T 0, 0[5, ), (116)

where y, 4 :=n(1/p —1/q) (or yp 4 replaced by By 4 := 60 + y2 4 and || - ||Lr norm
replaced by || - || o), and w, 4 > yr 4 for (r,q) # (2,2) and w5 = 0.
Furthermore, u(t, -) decays faster than (1.16) provided one order higher regularity:

10%u(t, Hipe < (141" -T7rar,s) - @ F ¢ s)
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h

Lr
+ (L 0ML 498 T, s) - 020, 9) - ((Juts, ) |,

’z) (1.17)

(Lot ol -+ 065,

+ ”ajc()l|+l+a)r,qu(s’ )|

Moreover, the decay estimates (1.15) are element-by-element optimal for % >5 >
Ty in the following sense: there exist two kinds of nontrivial initial data (v(s, x), 0)
and (0, u(s, x)) starting from the time s such that the two corresponding solutions
satisfy

l
19%v(t, Iz ~ T¥ra(t,5) - ©(2, s) - (||v<s, I

h
LY ’

8y, |

and

198v(, HlLe = (14 8)* - T7Pa(t,5) - O (1, 5)

h
Lr E)
respectively.
The decay estimate (1.16) and (1.17) are optimal with respect to v(s, x) for all
% > s > Ty in the following sense: there exists nontrivial initial data (v(s, x), 0) such
that

|a|+wr,q

(s, 2+ [0 s,

1320t s ~ (+ 0" TP (1, s) - 0 @ 5) - ((Juts, ),

h
L)

The decay estimates (1.15) and (1.17) are optimal for all t > s > 0 such that

|Q’H‘wr,q

+ o s, )

8% v(z, ) lLa ~ T7ra(t,s) - (1, s)

|01H‘wr,q

(o M + 1050,

h
LV ’

1+ s )l

+ o s, |

and

19%u(t, g & (1 +1)* - TVra(t,s) - @ H ¢z s)
(ot 9l + ol uis.

h
L rJoe

for some nontrivial initial data (v(s, x), u(s, x)).

e a5,

S CSRRETODI
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Corollary 1.3 Let (v(t, x), u(t, x)) be the solution of the linear hyperbolic system (1.5)
(the third equation of w(t, x) is neglected as it decays sub-exponentially) correspond-
ing to the initial data (v(0, x), u(0, x)). Then, for g € [2,00]land 1 < p,r <2 (or
6 €10, 5)), we have

1
130Gt e = (141~ 7 Oratled

(v, + o 00,y

h
Lr £

b )],

+ ol a0, )

and

144 1—A
lo5ate, e & (1417 % Oratled=5"

: <“v(0, DL, + [0, 4|

h
LY ’

where y, 4 :=n(1/p —1/q) (or yp 4 replaced by By 4 := 0 + y2 4 and || - ||Lr norm
replaced by || - || g0 ), and wy 4 > vy 4 for (r,q) # (2,2) and w2 = 0. The above
decay estimates are optimal.

b ],

+ oo, )|

Remark 1.3 The decay estimate (1.16) for u in the linear hyperbolic system (1.5) with
time-dependent damping derived from the optimal decay estimate (1.14) in Theorem
1.3 is not optimal, since the initial data u(0, x) = uo(x) and 9;u(0, x) = Avp(x) —
nuo(x) are not independent. Cancellation occurs and the decay rate increases as in
(1.17). However, the estimate (1.16) is still of importance in the decay estimates of
the nonlinear system (1.3) since the regularity required is one order lower than that in
the estimate (1.17).

Remark 1.4 We would like also to note some new features and difficulties caused by
the time-dependent damping of the linear system (1.5) and two kinds of wave equations
(1.6) and (1.7).

(i) The general solutions of the wave equation (1.7) (satisfied by u(¢, x)) decay
optimally slower than those solutions of (1.6) (satisfied by v(z, x)), while in the linear
system (1.5), u(z, x) decays faster than v(z, x).

(i1) The solutions to the linear system (1.5) (and the linear wave equations (1.6) and
(1.7)) decay faster as A € [0, 1) increases. This may seem counterintuitive as weaker
damping coefficients give rise to solutions which decay faster. We may understand it
as follows: when A is larger, the high frequencies decay slower as e_C(H")l_x, while
the low frequencies decay faster as e CIEP 1+ )IH, and on the whole the increasing
decay of the low frequencies dominates the decay rate of the system, which is faster
as A increases.

(iii) For the application to nonlinear problems, the fundamental solution of the linear
hyperbolic system (1.5) (and the linear wave equations (1.6) and (1.7)) starting from
the time s to ¢, denoted by G (¢, s), is essentially dependent on s. That is, G (¢, s) #
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G(t — s, 0) since the decaying damping ﬁ on (s, t) is not comparable with the
damping on (0, t — s).

(iv) Two main difficulties occur when showing the optimal decay rates: the first
one is that we cannot express the fundamental solution &(¢, s, &) in the phase space
1
as simply eJo B@HAT gng approximated diagonalization scheme is applied such that
in the elliptic zone Z},

t B /Imy (@H]
o I B+ R

Et.s. &) = o5, ),

where cog’(t, s,&):= MN;(t,£)Q(, s, E)Nl_l(t, £)M~!, see Lemma 2.1. Therefore,

we need not only to prove the lower bound of ef:(' lm”(r"g)lerZ[«/%l)dr, but also
to show that some elements of the matrix & (t,s, &) are not cancelled in the matrix
product. The other one is that the low frequencies are divided into elliptic zone ZJ;
and mixed zones, where the frequencies in Zg, decay slowest but the region Z), is
shrinking. As a result, higher decay rates are needed for frequencies in mixed zones
in order to avoid the possible cancellations between frequencies in different zones.

The paper is organized as follows. In Sects. 2 and 3, we formulate the optimal decay
estimates of the time-dependent damped wave equations and linear system separately.
The optimal L? and L7 decay estimates of the nonlinear system are proved in Sect. 4.

2 Time-Dependent Damped Wave Equations

We first focus on the optimal decay rates of the time-dependent damped wave equations
(1.6) and (1.7). Here we need to consider the wave equations starting from any time
s > 0 to time ¢ > s for application to nonlinear problems, since the evolution is not
translation invariant due to the time-dependent damping. This section is devoted to
the proof of Theorem 1.3.

Taking Fourier transforms to the time-dependent damped wave equations (1.6) and
(1.7), we have

320 + €170 + b(1)3,0 = 0, o

0(0,8) = 01(8), 9,0(0,8) = 02(8), '
and

020 + |£1%0 + 0, (b(1)id) = 0, 22)

(0,8) =u1(§), 8u(,&)=1iax), '

where b(t) = ﬁ with w > 0 and A € [0, 1). The solutions can be represented in
the form:

0(t, &) = @7(t,0,8)01(8) + P(1, 0,§)02(8), (2.3)
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ﬁ(tvg) = ’it(t709 é)ﬁl(é)—i_q)g(t’Ov%)ﬁZ(g)s (24)

with Fourier multipliers CIJ‘; (t,s,&) and d>;? (t,s,€), j = 1,2, which represent the
evolution of initial data starting from s < ¢. A perfect diagonalization scheme was
developed by Wirth (2006, 2007) in order to handle the time-dependent operators
since the matrix is not commutative.

Let

Bt &) == e2 I PO gy,

i, £) 1= 2 o P@dT 5 p gy,

Then, the equations in (2.1) and (2.2) are transformed into

2~ 2 1, L, N~
atv+(|s| - b0 = 3b (t))v_O, 2.5)
2~ 2 1o L, N~
07 + (161 = 6% + 5/ ®)i = 0. 2.6)

For simplicity, we denote

m (t é) = ‘E lb (t) 21b/(t)
[UANS) . | | 4 )
(t ) : | | 1] (t) 21 /(t)
ny (1, E = E —-b + —b .

One may think that the difference between m, (¢, §) and m,, (¢, &) is of no importance
since |b'(1)| ~ W is dominated by b2 (1) ~ m as A € [0, 1). However, we
will prove that this difference makes the solution u(z, x) of (1.7) essentially decay
slower than the solution v(¢, x) of (1.6).

We employ the diagonalization method developed by Wirth (2006, 2007), and we
pay more attention to the exact asymptotic behavior of different frequencies, especially
the low frequencies such that m, (¢, &) < 0 or m, (¢, &) < 0. We need to analyze the
phase-time space for both (2.5) and (2.6). For the sake of simplicity, we only write
down the analysis and diagonalization of the problem (2.5) and then we highlight the
difference between the two problems. The phase-time space (¢, &) of the problem (2.5)
is divided into the following parts:

Zhn 1 = (1. 6): Imy (1. 8)] = Nyb(1), my(1, &) = 0},
b=t 8): 8b(1) < V/my(t.6)] < Nyb(t). my (¢, &) = 0},
V=, 8): Imy (1, E)| < eub(1)),

Z2 =1, &) VImy(t, €)= eub(t), my(t, &) < 0,1 > 13},

where ¢, > 0 is chosen to be sufficiently small such that the influence of the reduced

zone Z;’ed on the fundamental solution is relatively small, and N, > &, te”“ > (. There
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remains a bounded part {(z, §); «/|my(t,&)| > &,b(t), my(t,&) < 0,1 € (0,13}
which is of no influence. The treatment of the zones, Zgyp, Zl';d, Z, and Z] is
similar to that in Wirth (2007); here, we present the treatment of the elliptic zone Z é’“
in detail since this part will determine the decay rates of solutions.

For any fixed constant cop > uN,, we would call

high frequencies: (¢, £) € Zﬁyp, €] > co,

low frequencies: (7, &) € ZY,;, or other mixed zones,

where mixed zones are st, Z: . and Zp . with || < ¢o. Note that the elliptic zone

73, is shrinking and the frequencies in Z;; decay slowest.
In the elliptic zone Z}};, we let D; := —id; and V := (/|my (¢, §)[0, D,7)T, where
()T is the transpose of a matrix or a vector. Then, the equation (2.5) is converted into

(note that m, (¢, &) < 0)

Dy GE)]
D,V = < NG 'm”(t’§)|> V = A(t, £)V. 2.7)
—Imy (2, &)

Here and after, blanked entries correspond to zeros in a matrix. Let

(i =i ,1_1 —i1
= (1) =5 (30
Then,

D, — A(t,§) = M(D; — D(1,§) — R(t, €)M, (2.8)

where

_ (D ([~ @B
D’—( D,>’ D“’“‘( qua,sn)’

_ b/ (1 —1
RU8) =5 i <—1 ! ) '
An important note here is that D; # D;I since D; F = —id; F is the time derivative
of a scalar, or vector, or matrix F, while D; F for a matrix F' is a multiplier such that

for general matrix or vector G. For a vector V, there holds D,V = D, V.

Now the matrices D, and D(t, £) are diagonal but R(z, &) is not. The bad thing
is that [|R(t, &) |lmax < 1+rt (the norm || - ||max for a matrix is the maximum absolute
value of all its elements), which is not uniformly bounded integrable with respect to
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time. The key ingredient for the diagonalization method developed by Wirth (2006,
2007) is to proceed a step further, such that

(Dr =D, &) — R(t,§))N1 (1, §)
= Ni(t,§)(D; —D(t,§) — Fo(t,§) — Ri(1,§)), (2.9)

with

) _ DI 8 1 _ Dm0 (1
N (t’%‘) = T 2lmy(,8)] (_] >’ FO(taE) = 2B ( 1)

and Ny (1, &) = I + N (¢, £) such that

N, e)D@t, &) — D, )NV (1, &) = R(t, &) — Fo(t, &),
and then

Ri(t,&6) =—U+NV@, e " (DNV @, &) — R, &) NV (1, 8)
+ND (e, &) Fo(t, §)).

Now one can verify that || R (¢, &) || max < W , whose integral with respect to time
over any interval (s, t) is uniformly bounded. We also note that || N1(#, &) — I |lmax =
INDOE, E) lmax < W and Ni(t, £) is uniformly bounded invertible if the 3}, in
the definition of ZJ}; is chosen large.

Lemma 2.1 The fundamental solution &(t,s, &) of Dy — A(t, &) (i.e., the equation
2.7) for (¢t,&) € 2, and 0 < s <tis

! A /Imy @ E)]
Cgo(t, s, %-) =MN(t, S)e,/S (VTmy (T.8)[+ Nl )d‘L’

0/ Imy(t.§)
_ im @RS e

o, s, &)N; ' (t, & )M~
Et,s,§),

where éE(I, 5,E):=MN(t,8)Q(t,s, é)Nl_l(t, E)M_1 and Q(t, s, &) is the solution
of the following integral equation:

t
ot,s, &) =H(t,s, &)+ i/ H(t,0,5)R1(0,£)Q(0,s,&)do, (2.10)

with

1 0
H(t,s,§) = (O o2 mdr> :

Moreover |19, s, &)|lmax is uniformly bounded and || Q(t, s, &) — H(t, s, &)|lmax <
(]+s)] Afor (t,8) € A lands <.

@ Springer



Journal of Nonlinear Science (2023) 33:7 Page 17 of 47 7

Proof According to the relation (2.8) and (2.9), it suffices to prove that the fundamental
solution of D; — D(t, &) — Fy(t, &) — Ry(t, &) is & Q(¢t, s, €) with

&, m b WIm B LEshar
That is, we need to show
9 (6Q) = iDi(6Q) = (iD(t, &) +iFo(t, ) + iR (1, £))(& Q).
In fact,
3 (6Q) = (360)Q + 68, Q = (iD +iFy — H)éQ + 65, Q.
where

Ht,6) = i(D(, ) + Folt, ) — (Vim, (@, O] + /Il

0 0
- <0 —2\/7|mv<r,s>|>'

Noticing that <§’0 is scalar, we see that Q is the solution of

3 Q(t,5,8) =H(t,£)Q(t,5,8) +iR(1,6)Q(t,5,8), Qfs,s,&) =1,

which is equivalent to the integral equation (2.10). As proved in Theorem 15 of Wirth
(2007), there holds the estimates

”Q(tvS’E) - H(tvs’é)”max
S t H ti-1
SZ ”Rl(tl,f)”max/ ||Rl(t27§)”max"’/ “Rl(tjyé)”maxdtj"'dIZdtl

j=1"°
o

<2

1
. / IR (z, s>||maxdr) < el IR@OImadr _
j=1

J:
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The proof is completed since

t t 1 1
R R d < d < )
/; IR (T, &) lmaxdT S /; 1+ ‘L')2_)‘ LN a —i—S)l_)‘

which tends to zero as s — 0. O

The following asymptotic analysis will be used to show the optimal decay rates of
the solutions v(z, £) and (¢, &) for equations (2.1) and (2.2).

Lemma 2.2 For (t,§) € Z},, there holds (note that b' () <0)

aIm@e] _ b@) » 1 D)
Imo(t, )| + 7= — bz = -8l b @) 5({)) &)1, o
9 |mv(t$| (l) , C "t .

and for (t, &) € Z}, (the definition of zones in the phase-time space corresponding to
u is completely similar to that of v), there holds

/GOl b(’) , C
|m, (¢, &)| + Wmaol 3 —&] m + ru (2, &)1,

3T (1.6)] b(t) (2.12)
|mu(l‘,§)|+zm =R |%-| %_|u( 6,

where |ry(t, &) < Wandm t,8)] < W such that the integrals of |ry (¢, £)|
and |ry(t, £)| with respect to time are uniformly bounded.

n (lvg) . |%| l: (l) l: (Z)’
v 4 2

( ’ ) . | | I ( ) ( )’
”luz % é b 1 zb t

and in the elliptic zone Z}, or Z,;, my(t,&) < 0 and /|m,(t,&)| = e,b(t), or

my(t,€) < 0and /|m,(t, &)| > &,b(t), respectively. Then, we have |m, (¢, &)| =
T2 + 30/ (1) — E1* = e2b% (1), Im, (1, §)| < 3b*(1) and

b(t)
/ 3 /Imy (L]
|my(t, &)] + 2/ G|

2
_ Iy )] = 30°() Lo (1) + 1" (1)
VImp @B+ 20 4G02 @) + 51 — [E12)
—|&? N 140

T VG D+ 5 o] +
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3b(1)b' (1) 3b" (1)
453020 + S0 (0) — 1) 4G + Sb (1) — 1E12)
BT BN AO RPN 2.13)
- O )
with [ry(t,§)] = | 280 < 2O L This shows the first

adpro+ivo—gR ~ g0 ~ 1+
inequality in (2.11).

As for m,(t,€), we have |m,(t,§)| = 1b*(t) — 3b'(t) — |&]* > €2b*(t) and
Imy (1, £)| = 162(t) — 30/ (1) — |&1> < $62(1) since b/ ()] < W is dominated
by b%(1) ~ l)u and the elliptic zone Z(, is defined within ¢ > ¢, which can be

1+t
chosen large. Now, we see that

o IEe] _ b
Im (8, )| + 5 e, 2

_ Imu(t, 6] — 36°() L' 1) — Yo" ()
VImg @O+ 2D 4GP — b/ (1) — [E7)

3 — &7 —3b' (1)
VI GO+ G B+ X
Ibb' (1) @)
4052 — 3/ (1) — [E1D) 4G — 3B/ (1) — €1
- il + Pt €)
VIm @ B 4+ 20 e
with #@ ~ |2 5k and
A3
_ ‘ —10'@0) N Lb(b' (1) N 40) ‘
I @B+ 20 4G (0 — 36/ (1) — [EPD) 4520 — 3B/ (1) — [E)

- ‘ 0] N 1G] ’ LIGLAG) OO
S @B+ H2 b adpr) - oy — 152 b b2 (1)

< D' O1YIma (@, 1 - HEL 26 (@) + 4EP 1B 0]

~ b)Y Tma @, B + 22 |b()[Im (2, 8)] (1)
(Ol — 56/ — €71 [D@)|12b (1) + 4IER] 16" ()]
b |IVIm @B+ 222 b(@)]Ima (2, )| b2(1)

A

ep L PO WOP o)
~ b(t) b2() b3 (1) b2(t)
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b’ 0] « 1

By noticing that P21 ~ ()

can be split into

which tends to zero as t — oo, we find that r,, (¢, &)

1
Fu(t, &) = |EP— - 0(t, &) + (1, £),

b(t)
with
Ib'®)1> 1B (1)) 1
|ru(t55)|§ bS(I) + b2(t) S_; (1-}-1‘)2—)»’
and
Il » 1 e
NG R O IRy

since |w(t, &) < W and we can choose 1, large enough (it suffices to let

lo(r, §)] = 1/4).
We show that the second inequality in (2.11) holds. Note that in the Z};,

1 1 1
e2b% (1) < Imy(1,8)| = szm + b - €12 < ~b2(1).
Then, (2.13) reads as

|my (2, &) + aimea e b)

2/ Imy (t,8)] 2
B —lg? b/ (1)
Vi @B+ 22 m, @, 5] + 22
Fh(D (1) 30" (1)
4(3b2() + 30/ (1) — €D 4GGD2(1) + 3/ (1) — |E[?)
_Lp 2 b0 @b @)
Z |§| b([)—i_@—}—bg—o bz([) +rv(tv%-)
_ep 2 VYO
with
_ @) Ibb' (1)
(. E) = 2 + 2
e 8) VI, @ B+ 20 adp2(n) + Lo/ (1) — (£
70 (1) G VIGVL()

_|_ — —
4GP0+ (1) — 1§ P 2D BP0
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' ')
2( 2 __2 )
O+ 2 PP+
b (1) Lb(nb' (1) 16" (1)
2 _2 _ 2
(4<%b2(r> b g PO ) ‘4(%172(:) + 360 — 5P

>%b/<r>(%b(z)—¢|mv<r,s>|)+ FhMP'O(=20'(0) + 415D b))
T WG DT MDb)  AGDA( + 30 — [EPBA(1)  Beghi (1)
b0 @+ P P Yo R

R0 Too F G Dl B0 B0 bo | B0
B0 R BOR 160

M) bty B3 b1

RS
2 =8P 5 — I )l

40
b2 (1)

where C3 &~ max;>q < max;>o W is bounded, and

p'orF ol 1
B3y - bA0) Y A+

Iry(t, )] <
Therefore, the second inequality in (2.11) holds with C = C3 + 2. The proof is
completed. O

According to the asymptotic analysis of the frequencies, we can formulate the follow-
ing estimates.

Lemma 2.3 The multiplies CD‘; (t,s,&)and CIDL; (t,s,&), ] = 1,2, inthe equations (2.3)
and (2.4) have the following estimates: there exist co > 0, ¢ € (0,1/2), C > 0, and
To > 0 (only depending on w and X\) such that

(i) For (t,&) € Z3, and 0 < s < t, there hold

_CIER [T L
|®Y(1.5.6)] S e I T,

1 _ r 1
@305, 6)1 S s e CEP [} s, 2.14)

for (t,&) € Zfl’yp, 0<s <t and|&| > cg, there holds

|2, 5. 8)] + E]1PY (1, 5, 8)] S &GO b,
and for (t,&) ¢ Z3, with0 < s < t and || < co, there hold

; —ctel ™ S de— (e [l BT
|<D](t’sss)|§e E 3

5 max(.v,lg) 1 1 !
v O e () gy O
|q>2(t,s,§)lwm'e |
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where tE =sup(t; (1, &) € ZY,}.
(ii) For (t,&) € Z}, and 0 < s < t, there hold

() _cp [ ;Ldr L _cep de,
dU(t, s, < . s B4t cp“ t, < . b(1)
[P (7,5, )] b0 € D5 (1,5, 8)] b€

(2.15)

for (t,§) € Zhyp 0<s <t and || > co, there holds

(1,5, 6)| + §1| @4 (1,5, 6)] S e~ Gmo b,
and for (t,&) ¢ Z4, with0 < s <t and || < co, there hold

P u
) binst)  —CP L (b= [y 0T
|¢1(1,S,5)|§Tg>'e e ,

clel 1™ s de-(Gee) [l b0
- ‘ odr—(3—¢ uy b(r)dt
|(Du(t s, §)| S h( .e g b(r) 2 max(s, ¢’} ’

where té‘ =sup{t; (,8) € Z,).
(iii) For (t,&) € 23, and Ty < s < t, the estimate (2.14) is optimal:

_CleR [t L 1 _Clgl2 [t
(.5, &) 2 BTN, (0, 2 s TR AT
(2.16)

with another universal constant C > 0.
(iv) For (t,&) € Ze“ and Ty < s < t, the estimate (2.15) is optimal:

b(s) _ciEp L 1 e 1
P56 25 CEFL 5t @b, s, £)] 2 O CIEF S mdT,

(2.17)

with another universal constant C > 0.

Proof The estimates (i) with s = 0 was proved by Wirth in Theorem 17 of Wirth
(2007). Here we need to consider CD;’ (t, s, &) withs < t for the application to nonlinear
system (1.3). It should be noted that CDU (t, s, &) behaves different from <I>” (t—s5,0,8)
since the damping is time-dependent.

We first focus on the elliptic zones Z}}; and Z§,. Using the fundamental solution
&(t,s,&) of Dy — A(t, &) in Lemma 2.1, we can express the solution of (2.7) as:

(ﬂmv(ns)wa,a) S E) <¢|mv<s,s>|ﬁ(s,5))
Dyo(1, §) o Dy v(s, §)
_ SV

VImy(s, §)[v(s, §)
&, s E)( D, 5(s. £) )
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where &(1, 5, &) := MNi(1,£)Qt, 5, )N (1, )M~ and |6 (1, 5, €) | max is uni-
formly bounded. According to the relation

31, 6) = e I PO g,
we arrive at (note that D, = —id;)

IR ) _ IO S e s
D 0(t, &) — i 0(t, §)

[y (s, E)[0(s, £)
Dyi(s, &) —i%20(s,8))

Therefore,
1 t /7mv ) 0r/Tmy @B _ b( -
q’")(t’s’g):mem I S (my G, DI 5. )1
b(s)
- 7[(50 s, &)2),
—1 0 /Tmy @E)] b(r)
Ot 5. 8) = ——— S VMEIERES S s o), (2.18)
[my (2, &)
such that

0(t, &) = (1,5, 6)0(s, §) + P31, 5, 6)9,0(s, §),

where [-]jx denotes the (j, k)-element of a matrix. Note that in the elliptic zone Zg;,
we have

1
evb(t) = /Imy(t, )| = Eb(t)'

We apply the estimate (2.11) in Lemma 2.2 to get

R dr _b(t) . e7‘$‘2 ki ﬁdt,
b(s)

3 /Imy (@ )] b(r) '
s Vim @B+ e T =T < —leP [{ gt .,

which implies (2.14).
Similarly, we have

1 T @)+ 2/ @)1 h<) . B
P B = o VIS T (fima . DI 5. )
b -
~i"05, s om),

—i d O Imy (T8 _ b(r) ~
7lefs Vmy (T.8)1+ 2’~/|mu(t.5)\ 2 )t [5([’, s, S)] 12.-
. (2, )]

Dh(t,s,€) =
(2.19)
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Here we have slightly abused the notion &(t, s, &), which should be replaced by the
matrix corresponding to the problem of it (¢, &). We apply the estimate (2.12) in Lemma
2.2 to get

9 b
N VIR L e e [} ey

which completes the proof of (2.15).

The treatment in the zones Zl'jyp, pd’ and Z +q Of the phase-time space of v(t, E )

is similar to that in Wirth (2007). We note that for (¢,&) € Zhyp and |&| > co, W’
b(s)

oL and T are all dominated by e Ji bt poy (t,6) ¢ Zy, and || > co, we can
apply the estimate (2.14) to <I>”(t ,8,8)ifs < t . This completes the proof of (i) and
the proof of (ii) follows 51m11arly

We prove that the estimate of ®5(z, s, &) in (2.14) is optimal. According to the
optimal estimate (2.11) in Lemma 2. 2 we see that for (¢, &) € Z],

oSO LR e e [} sidrfy igar _ DO iR [} 5Gar
b(s)
Then, (2.18) reads as:
i(t,s.8)| = m o /I S b(r))df|\/m[(§(r,s,g)]“
( )
Z e—lé\zfj %dty |n27v((ss)’§)| [E(t, s, &)1 —
and
DYt 5, £)] = — WA ENCEY Ry I
> % LTS (B, 5, )11

It suffices to show that there is no cancellation between the elements of the matrix
product of £(1, s, ) such that [ s £)]yy — L[E(1,5,6)]12| 2 1 and

b(s)
|[<£‘7(t, s, &)]12] 2 1. Noticing that

E(t,5,&) = MN(1,6)Q(t, s, )N, (1, 6)M ™!
=MUI+NV, )0, s, e)T+ NV, e) 'm,
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where [N (1, §)llmax S gy and [1Q(1 5, 8) — H (1,5, ) lmax S gy With

1 0
H(t,s,§) = (0 o2 \/mdf>

as shown in Lemma 2.1, we can find Ty > 0 such that for any 7o < s < ¢ and
(t, &) € Z};, there holds

~ _ 1
I8, 5,&) — MH(t,5,E)M ™ lmax < o
and furthermore, we have

_ L g e

max 2

(i)

st ()]
|

if t > s such that fst gyb(t)dt > 31n2/2, which is easily achieved since foo b(r)dt

is divergent. Therefore, |[<£~‘7(t, s, — %| < é and |[<5~o(t,s, i — l| < g, which
means

max_2 _16

< 1 —2f evb()dt _ i

‘( |my (s, &)
b(s)
lmy(s, &) 1 i i
- (MR )|

(£, 5, €)1 — ’z[é(r, 5,6)11)

b(s) 2 22

_VImG B 11
= bs) 8 2816

It follows that

G - »
(w5 8 = 51665, 8) | 2
(GBI L iy 31
b(s) 2 2 2 16 ~ 16’

and the proof of (iii) is completed.
We turn to prove (iv) in a similar way as (iii). According to the optimal estimate
(2.12) in Lemma 2.2, for (¢, £) € ZY,;, we have

ell”

T B B /Iy (T.E)] b(f) 2t C
/( [my (t,§) +2~/\'":TE )d‘[ _‘E‘ /; md'[‘
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Then, (2.19) reads as:

1 My (T 3 /Tmy @.E)[ h(f) T ~
@t 5.0 = e S IO ITEES | S, DA 5. )y
b(s)

- l—[g(l 5. 61|

o b(s) P! %dWM[é(L 5,8 — %[é(t, 5,8)]

~ b(1) b(s)
and
[©5(0.5.6)| = == 1( - DT T
m,(t,
1 _g2 [T C ~
25w PS50 18, 5, 8)na-

The proof of |[£(1, s, £)112| Z 1 and [ SO EG, s, O)1n — 416, 5, H)2| 2 1
in the case of (¢, ) is the same as in (iii). ]

The above frequency analysis is used to show the optimal decay estimates of the
wave equations (1.6) and (1.7). Note that the time decay functions I'(¢, s) and © (¢, s)
are defined as in (1.8).

Proof of Theorem 1.3 The estimate (1.13) for s = 0 was proved by Wirth (2007). Here,
we focus on the influence of s and show that u (¢, x) decays slower than v(z, x). We also

prove that those estimates are optimal. According to the frequency decay estimates
Lemma 2.3 and the representation

0(t, &) = ®Y(t,5,6)0(s, &) + D3(1, 5, 8)d,0(s, §),
we need to calculate the integral |||£]1*10(z, &)|| 1« decomposed into several zones,
where ¢’ := p/(p — 1) is the conjugate of ¢’ with 1’ = co. For the low frequencies

in the elliptic zone (¢, &) € Z;, we consider the case p € (1,2) and g € [2, oo) and
take |é§||°“|<b”(t s, E)]10(s, &)| for example. Let & := sup{|&[; (¢, &) € ZY,}. We have

[ (et oo o1)" as
1\ 9 5
/6 1<
, , ] ,
g/ 1119 ~Ca 6P [ gl 5 o0 g
1616
/ q//p/ . , N . e L lfq//p/
< (/ 065, £)17 dt ) (/ 1117 10— 10~ P £ et g
I§1<&: |&1<&
/ & , ! (i [ s 2t 1 lfq’/p/
< (||v(s,x)||’L,,)q (/ |£|le1P'd' /(P =g n—1 ,=CP'a"/(P'=q")-IE] I Wdrdlﬂ)
0

1 ’
< (G, D)y (1 (10— (14 5) ) 720 HaD) T
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which is

lx E)ENDY(r,5,8)D(s, &)llza S llvls, )5, (1 4+ A +0)' T
_(1 +S)I+A)7%(Vp.q+|a‘)’ (220)

where we have used the fact that for general § > 0 and C > 0,
/Ooo |§|ﬂe—CIE|2fS’ ﬁ)drdISI _ /OOO(|$|2I; ﬁdr)ge_clélzf; ﬁ)drd(mzfst ﬁdt)%
_ B+l
([ )
_ B+l
< (/SI %dr) :

We also have

B+1
SA+A+0" — A+ T =541

€1 < jg ™ S bl S A+ v g) e zy,
and then

Ix @I DY, 5,8)0(s, E)le S A+ x @)V, 5, £)D(s, )l 1a
<G, 0N, (1 + (140 — (14 )4y =27 (14 )=+, (2.21)

Combining (2.20) and (2.21) together, we have

Ix E)IEN DYz, 5, 6)0(s, E)lza S lluls, )5, - TVra(z, 5) - B (2, 5).

For the high frequencies such that (¢, £) € Zgyp and |£| > ¢, we consider the case
(r,q) # (2,2) and we have

. ¢
[ (etiotesonie. )" as
[§[=co

S / 61119/ e= G b 5, 619 g
[§1=co

, , 7 ’ 1_ ’ ’
sedroniiveas([ (e, o) ag)" " ([ erag)
[ I€1=co
1 ’
S (7GR bOdr Ty (o 17
since k = wrq4r'q'/(r' — ¢q') > n. Note that the sub-exponential function

e~ (3-0) [{ b(n)dz decays faster than (1 + (1 4+ 7)!** — (1 + )1 =3 pgHab,
For the mixed part of low frequencies such that (¢,&) ¢ Z. and || < c¢g, we
divide the proof into two cases: (i) té” > s + 1y and (ii) tsv < s +1ty, whererp > lisa

constant such that fSSHO ﬁd 7 > 1. Note that ﬁ ~ (1 4+ 7)*, and #( can be chosen
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independent of s. For case (ii) with s < tg’ < s —+ g, we have |§] ~ b(tg) ~ b(t) for
T € (s, té”), and

) max{s,tg} max(s.tS
—C1l&1* s b(r)‘h C) fmax (saf vy b(r)dt —C1 [ b(r)dt—C> fmax ol vy b(t)dt
~ e

~

< e—min{cl,cz}f; b(r)dt

which is also true for tS” < s. As for the case (i), we can use the following inequality
for general 8 > 0

5 max(x,lg) 1 .
—CiE* [; mdrfczfmax(wg)b(r)dt

€1Pe
2 0% 5o _ciep fs % ¢ —Cfpbdra 2
= (1612 jigar) e e T par)
—Ca [y b(vyde /4 5
<e g (jg h(t)dt)
—Cy [}y b(v)dr | G T 1 :
Se ¢ <1+fo b(r)df/ff W‘h) (fs el + ”(’)dr)

t _B
<(f )

since fté b(lr)dr > fSHIO b(r)dr > 1. The rest of the proof is similar to the case
(t.8) € ZY).

Now we prove that the estimate (1.13) is optimal. The proof of the optimal decay
of the estimate (1.14) follows in a similar way. Without loss of generality, we assume
that s > 1 and ¢ > 25. We show that the L'-L estimates are sharp, other L”-L¢ and
H~?-L4 estimates can be deduced similarly or using an interpolation theorem. Let
To > 0 be the constant in Lemma 2.3. If s > T, we consider the initial data at the
time s with v(s, x) = 0 and d;v(s, x) = .Z ~!(x) such that x (£) isa nonnegative and
smooth function, x(§) = 1 for || < R and suppy C B>r(0). Replacing the upper
bound estimates (2.14) by the optimal lower bound estimate (2.16) of ®(z, s, £) in
the estimates within Z}; shows that the frequencies in Zg; decay not faster than the
desired rates in (1.13). Note that (s, ) = 0 and then ®7(t, s, £) has no influence.
We only need to show that the low frequencies in the mixed zones decay faster such
that the cancellation between frequencies in different zones cannot happen. In fact,
& = sup{|€l; (1,6) € Zy} ~ (1 + )" and 1 = sup(r; (1,§) € ZY} ~ |§]77, we
can estimate for & < || < ¢o and |£| near &,

2 6 1 1 o1
e—C1|§| fx md‘L’—szts b(r)dt S *C1|§|2tél+)"7C2(tl A7t§ A)

k

< o~ CilEl” g ) < o= min{CrLCo)!TH

~
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which decays sub-exponentially and is faster than the desired decay. We can also take
the initial data ;v (s, x) = O and v(s, x) = .%Z ~!(x), and then using the optimal lower
bound estimate (2.16) of ®{ (¢, s, &).

It remains to show the optimal decays for the case s < Tp. We first choose the
initial data (v(Tp, x), 9;v(Ty, x)) at the time Tj such that v(¢, x) decays not faster
than the rate in (1.13). Then, we consider the backward wave equation (1.6) with the
initial data (v(Tp, x), 0,v(Tp, x)) at the time Ty and backward to the time s < Ty. Note
that the problem is a linear wave equation with bounded damping coefficients on a
bounded time interval (s, Tp) C (0, Tp), and the solution remains bounded. The proof
is completed. O

3 Time-Dependent Damped Linear Hyperbolic System

We next show the optimal decay estimates of the linear hyperbolic system (1.5) starting
from any time s > 0 to time ¢ > s for the application to nonlinear Euler system (1.3).

Proof of Theorem 1.4 We first prove that

<Ta(t,s)- @2 5)

~

(s, A kuts, [ + 1@ 06,0, (4970 uis, )|

0¥ vl La

h
L)

and

1+1\*
85 uloe < (%) D7 (it ) - O (1, )
N

(lws. ). @+ 5706 D], + O uts, o, (1 + 90 uis, )]

h
LV ’

which follow from the estimates (1.13) and (1.14) in Theorem 1.3. That is, we regard
v(t, x) as a solution of (1.6) with the initial data v(s, x) and d0,v(s, x) = —Au(s, x),
and u(z, x) asasolution of (1.7) with the initial data u (s, x) and 9, u(s, x) = Av(s, x)—
b(s)u(s, x). Note that

[+ 90t ) S 10 +9* Auts, ) S 1A+ uts, ),

[+ 06,5, < |+ 9o us )

and

|+ 9 s, ), S A+ 9 (Avts, ) = buls, D],
< s, ), (496, D],

A qlo|—=14w, h

||(1+S) ax qafu(s9 ) L

<@ s, ), 4 9 T s, -
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However, the above estimates on low frequencies are not element-by-element opti-
mal (the decay rate of v(z, x) in dependence on the initial data v(s, x) is optimal, but
that on u(s, x) is not). According to the frequency decay estimates Lemma 2.3 and
the representation

0(t, &) = ®(t,5,6)0(s, §) + P31, 5, £)9,0(s, §)
= d>l])(l" s, s)ﬁ(sv é:) - |s|q)g(t?sv é)ﬁ(s7 5)7

we can improve the decay rate of v(z, x) in dependence on the initial data u(s, x)
by ®(z, s) in a similar way as in the proof of Theorem 1.3 since the decay rate is
determined by the frequencies in Z(;. This completes the proof of (1.15) and (1.16).

We show that u(z, x) decays faster than (1.16). According to the equation (1.5);,
we have

t t 1
u(t,x) = e~ Js b@dry, (s, x) +/ e b(r)drAv(n,x)dn. 3.1
s

The sub-exponential function e~ [b@dr n g=C+0! 7 =(149)!) decays faster than
any desired algebraical decay and

t ot
Bg/ e_/”b(r)drAv(n,x)dnHLq
N
! " b(r)d
5/ ¢ h PO 59 Ay Gr. 3 e
N
t 1
S / e~ POy ) - @1 (g, 5)dy
N
h
)
1 't
+/ ™ PO (| syh TTra @y, s) - @423, s)dy
s

(s )

|l e, |

(ot ol + o s,

h
L)

Integrating by parts yields

t 1
/ ¢ h POy, s) - @1 (. 5)dn

N

t 1 — ["b(r)d
= rvea(y,s) - @+ g, 5 d(e= I b@adr
/s b(n) ( )
S (40" - T7a(t,s) - @ (1 5).
This ends the proof of (1.17).
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Let Ty > 0 be the constant in Lemma 2.3. We can prove that the estimates (1.15)
on [|0Zv(t, x)||re is optimal in a similar way as (1.13) in Theorem 1.3. In fact, if
s > Ty, we take v(s, x) = f‘l(x) and u(s,x) = 0 to show the optimal decay
with respect to v(s, x), such that v(z, x) is a solution of (1.6) with the initial data
v(s, x) = ﬂ_l()() and 0;v(s, x) = —Au(s, x) = 0, where Ty > 0 is the constant in
Lemma 2.3 and x (£) is the smooth function in the proof of Theorem 1.3. Alternatively,
we take u(s, x) = .Z " (x) and v(s, x) = 0 to show the optimal decay with respect
to u(s, x). For the case s < Ty, we apply the same procedure as in Theorem 1.3.

Finally, we show that the decay estimate (1.17) is optimal with respect to v(s, x)
for all % > s > Ty by taking v(s, x) = .Z ' (x) and u(s, x) = 0. For (1, &) € VAR
and s < t, according to (2.19) in the proof of Lemma 2.3, we have

u(t, §) = O, s, §)uls, §) + (1.5, §)0u(s, §)
= dh(t,s, §)IE] - x (&)

i D] _ b _
I S N ) [+ L — My ENE, s, E)ia - x (6),
\% |mu(t:%- |

and |[c§’ (t,s,&)]12] 2 1. The rest of the proof is similar to the proof of the optimal
decay in Theorem 1.3. The proof is completed. O

Remark 3.1 The estimate (1.16) on ||0%u(t, x)|zs derived from the optimal estimate
(1.14)is not optimal with respectto u (s, x) for the linear system. If one take v(s, x) = 0
and u(s, x) = .Z ~(x), then the initial data of the wave equation satisfied by u (s, x)
are u(s, x) = .Z (x) and d,u(s, x) = Av(s, 1) — b(s)u(s,x) = —b(s).F ().
According to the estimates in the proof of Lemma 2.3, we see that if s > Tp,

, . b(s) 1P ' C ar
DU, s, £)i(s. £)| & T; e L mm Ty (),
and
|1 5, )i (s. £)] ~ b(t) IR [ BT sy 8) & b(j; 1P 56547 g,

They are decaying of the same order and cancellations happen as we can prove a faster
decay (1.17).

We have formulated two kinds of decay estimates on |0 u(¢, -)|| e in Theorem 1.4:
one is (1.16) without optimal decay rates, the other is (1.17) with optimal decay rates
but the regularity required is one order higher. In application to the nonlinear system,
we can use the optimal (1.17) for the estimates of |[0%u(¢, -)|| ¢ with lower index o
and apply (1.16) to those with higher index «.

We improve the decay estimates (1.16) on [[0%u(t, -)||zs in Theorem 1.4 by tak-
ing advantage of the cancellation between the initial data u(s, x) and d;u(s, x) =
Av(s,x) — b(s)u(s, x) if we regard u(¢, x) as a solution of the wave equation (1.7).
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Proposition 3.1 (Decay rates improved by cancellation) Let (v(t, x), u(t, x)) be the
solution of the linear system (1.5) corresponding to the initial data (v(s, x), u(s, x))
starting from the time s. Then, for g € [2,00]and 1 < p,r <2 (or 6 € [0, %)), and
fort > s > Ty (Tp = 0 is the constant in Lemma 2.3), we have

et +ar, q

19gut, e S A+0* TG, s) - 0 sy - (Joes, ), + [0 v, 0], )
+ A+ +s5)* - Trra,s) - @)WHZ(L 5) - (Hu(v )”LF i Ha‘an”’u(x, ) i,)
Al el R s o
C(m) -T7ra(t,s)-© (t’s)'<(1+s)l—x+(1+(l+t) — (145 )
(sl + o™ s |7, ). (32)

where C > 0 is a constant and Yp.q :=n(l/p—1/q) (or y, , replaced by By 4 =
0+ yaq and || - ||Lr norm replaced by || - || g-6), and w, 4 > yr 4 for (v, q) # (2,2)
and wy» = 0. The decay estimate (3.2) is optimal with respect to v(s, x) for all
£>s5>T.

Proof 1f C = 0, the decay rates in (3.2) are equal to that in (1.17) in Theorem 1.4, but
the regularity required is one order lower. We note that the estimates on [[0%u(¢, )| e
in (1.17) are deduced from the optimal decay estimates on || VaZv(z, -)||L«, which
requires regularity one order higher. Noticing that cancellations happen in the evolution
between the initial data if we regard u (¢, x) as a solution of the wave equation (1.7),
we make advantage of the cancellation to improve the decay estimates without the one
order higher regularity.

Similar to the proof of Lemma 2.3 but with more precise estimates concerned with
the possible cancellations, for (¢, £) € Z{), and s <z, we have

i(1,6) = O (1,5, £)il(s, §) + DY (1,5, §)yi(5, §)
= Ot 5, £)id(s, §) + (1,5, E)(E10(s, &) — b(5)id(s, £))
= (P} (1.5.8) = b)Y (1.5, §))i(5. §) + £ P (1. 5. £)D(s. §)
_ L Wi ] 2 ar
0
(Wima s Bl s, e

HEE G, s G, — 8 5, Dnts, )

according to (2.19) in the proof of Lemma 2.3, where we have proved that there are
no cancellations between

JIma G BN 5, 6 —zﬁ[éa(r 5 ),
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and here we show that the leading terms within the summation

JIma OIEG, s, ) +zﬁ[£(t 5.6z

cancel each other. In fact, noticing that

Et,s,6) = MN(t,6)Q(t, s, E)N; (1, )M ™!
= MU+ NV, )0, s, &)I + NV, e) "M,

where [N, ) lmax S s and 1Q(, 5, 8) — H(t,5.8) lmax S gy With

1 0
H(t,s,&) = (0 efzf; mdr)

as shown in Lemma 2.1, we have

1

5 —1
&, s,8) — MH, 5, €)M~ |Imax S Tr i

(3.3)

and

o= (1)

| (:7)]

L2/t Vim @Bl
Therefore, (3.3) and (3.4) imply
l _’_672&_’ é‘ub(f)dl” (35)

|Fuso-3 <_1,- i) | S T

which means

< 1672 J§ eub(mydr (3.4)

max_ 2

max

’W[@E’(Ls,é)]u + %[c?(t,s, g)hz’ < ’W . %
+ lz . % ﬁ + 2 )i eub(v)dr
b( ))W b(S)‘ ﬁ 12} eubmde
< |€|2b2(|sb)/(s)| 5 +1S)1_A 4 o2} euboydr

It follows that
Vimas, Ol s, )
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b(s) - G - -
+l%[(§(l‘,s,$)]12‘ Sb(s)‘W[(g)(hsvé)]ll+l§[g(tvs’$)]12
< ﬁ 1 1 o2 i eub(mdr

“bs) 14s (149

Compared with

- b(s)
) |mu(s7é)|[£}(tvs7€)]ll‘ %b(t)v ZT[g(tﬂsvs)]lz %b(t)»
the multiplier blf—(lj) leads to a decay estimate multiplied by

@%(t,s) - (1+5)*,

and the multiplier

1 -2 [T e,b(r)dr 1
R s Eu <
(1 +s5)1=* e ~ (145
- - 1
e TR S s A 0 = 9

since (14 (1 + 1)+ — (1 4 5) 1)~ 260+ =149 < | forall 0 < 5 < 1. O

Remark3.2 If ¢ = 0, then (3.2) is reduced to the optimal decay estimate
(1.17) with the higher order regularity H B)LaHHw"”(v(s, 9, u(s, -))| 2, replaced by
|91 4u(s, |4, That is, (3.2) is stronger than both (1.16) and (1.17) if ¢ = 0.
Here, we cannot prove that C = 0 due to the approximation error in (3.5). Fortunately,

the strategy of applying (1.17) and (1.16) to [|0% u(t, -) || .« with different index o works
forn >2and A € [0, 1).

4 Reformulated Euler System

We apply the optimal decay estimates Theorem 1.4 of the linear system (1.5) to the
study of asymptotic behavior of nonlinear system (1.3). We rewrite (1.3) as

v 0o -V v u Vo — oV - u
" <u> B (—V _ﬁ> <“> " (_(” “Vu — vav> : “.1)

and the solution can be expressed as by the Duhamel principle

t
(”“””) = G(t.0) (Zig 2) + /O G(t.5) Qs x)ds, (42)

u(t, x)
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where

_(Qi(s,x)\ _ (—u-Vv—w@vV-u _ (911, s) Gia(t, 5)
Qls, x) = <Qz<s,x>) = (—(u V)u — wvw) . Gl = <921(r,s) gzza,s)) '

The Green matrix G(¢, s) (which is not a semigroup) stands for the evolution of the
linear system starting from the time s to ¢. For simplicity, we may write a function of
time and space v(¢, x) as v(?).

It should be noted that G(¢, s) # G(t — s, 0) since the decaying damping ﬁ on
(s, t) is completely different from the damping on (0, ¢ — 5). One should be careful
that the optimal decay estimates of G(z, s) depends on both 7 and s (not only on ¢ — s).

4.1 Optimal L2 Decay Estimates

We start with the optimal L!-L? decay estimates of the nonlinear system (1.3).
Lemmad4.1 Fort > s > Ty (Ty > 0 is the constant in Lemma 2.3), there hold
19%G11 (1. )N ST2(r,s) -0, s) - (oIl + 1191 )1™),

19¢G12(t, )| < (1 +5)" -T2, 5) - O e, 5y (lgpll" | + 011",
19¢Ga1 (1. )Nl S (L + 0% -T2, 5) - Ot s) - (ol + 19 1™),

o | e lal ! lal 4 ik
1050220 96Nl £ (15 ) - THa0) -0l s) - gl + 1ag 1.
(4.3)
Furthermore,
18 Gaa(t, $)p ()| S A+ A +9)" T2, s)- 02 )
(el + 19 ™. “.4)
Proof These estimates are simple conclusions of Theorem 1.4. O
Lemma4.2 For 8 > 0 and y > 0, there holds
t
/ A+A 4+ — A+ "™ P 45)77ds
0
(1 4 1)~ min{pU+2).v} if max{B(1+21),y}> 1,
S+ mBED  Ine + 1), if max{B(1+ 1), y} =1, 4.5)
(14 )77 =AUFIFL if max{B(14+1),y}<1.

Proof Denote 6, , = 1 for p =g and §, ;, = 0 for p # g, we can calculate
t
/ A+ A+ =+ P +s)7ds
0
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t/2 t
< (/ +/ )(1 + A+ — A+ 9" P +5)Vds
0 /2

t/2
5/ (46 PAN (1 + )77 ds
0

t

+ | A+A+"— A +9"HPA+1)7Vds
t/2

S A+ PED A 4 =7 in(e 4 )P
+ (14077 (1 + n)mU=BAED0 o 4 1) PPpaent

since
t t
A+ A+ =+ Bas 5/ A+ —s)"™)Pas
/2 /2
t 1/2
S| A41—s5)PUHNgg =/ (14 5)"PUN g,
1/2 0
We can verify (4.5) in different cases. O

Lemma4.3 For 8 >0,y > 0, and k > 0, there holds
t

/ (4% TP s) - 0 1s) - (1 +5) 7 ds
0

t t
5/ I‘ﬁ(t,s)-@k(t,s)-(1+s)_yds§/ TA4* i, s) - (14 5)Vds
0 0

(1 + )~ minl 5 By if max{HE B+ k), y) > 1,
S0 GO e 4 1), if max{EEB+h),y) =1, @.6)
(1+ )77~ F G0+ if max{E B+ k), v} < 1.

Proof We note that @ (¢, s) = min{I'(¢, s), (1 + 1)~} as defined in (1.8). The proof
is completed according to Lemma 4.2. O

The following higher-order energy estimates will be used to close the decay esti-
mates of nonlinear system (1.3).

Lemma 4.4 Assume that (vo, ug) € H'33 and a priori assume that
@), w@)Il iz1+2 =< 80b(2), 4.7)

where 69 > 0 is a small constant. Then, the nonlinear system (1.3) admits a global
solution (v, u) such that

t

(RO /0 &) (IVVSIP 510 + 182 15,)ds
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< N @o. wo) |2 1415 (4.8)

Proof The energy estimate (4.8) is proved through the following four steps. The case
of time independent damping and n = 3 is proved in Tan and Wang (2013). Here, the
main difficulty lies in the absence of a uniform lower bound for the weak damping
coefficient.
StepI: For0 < k < [%] + 2, we have
Lok . w2 + b1l S . w]g
dr"x ’ X ~ ’ glal+2

(ool + 1agul). 4.9)
This is proved by applying ajg to (1.3) and then multiplying the equation by 8)'§(v, u),

summing up and integrating over R". Here we omit the details.
Step II: For 0 < k < [5] + 2, we have

d
I @ w1 + b 10wl < N, g - N8 I+ 197 ).
(4.10)
This is proved by applying B)IE‘H to (1.3) and then multiplying the equation by

8f+1 (v, u), summing up and integrating over R".
Step III: For 0 < k < [5] + 2, we have

d
E/a,’;u-va,’;wr oy v))?
S5ul + 1wl gy - U VI + 195 wll?). (4.11)
This is proved by applying 8)’6‘ to (1.3)2 and then multiplying it by VS)’(‘U, utilizing

(1.3)1 to dealing with the mixed time derivative term f 8)15 oru - Va)]fv.
Step IV: Multiply (4.11) by b(t), for 0 < k < [5] + 2, we have

d
E(b(z)/a)’gu.va§u)+b(t)||a)’;+1u||2

S |b’<r>|f 05w - Voso| + b 105 ul® + bO W, g1 - A0 o) + 105w

S etbO3 I + b0 135ul” + bOI @, W igren - (N0 0l + 107 ),

where g1 > 0 is a small constant. Therefore, for 0 < k < [’%] + 2,

d
E(b(z) / ou . vafv) + b(0) |05 )12 < b)) 0% u)?

+bON @, W iaro - AT 0l + 195w, (4.12)
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Multiply (4.12) by a small constant &, > 0, summing it up with (4.9) and (4.10), we
have

[n/2]+2

d d
SN IR g0+ (o2 Z b(t) / k- Vitv)

+b(t)(82||vv”H[%]+2 + ”u”H[%]+3) S

provided that the a priori assumption (4.7) is valid with §o < &>/4. The constant
& > 0 1is small such that

(n/2]4+2 |
k k
82 Z b(r)/a u- V| < S, w? ? s
The proof is completed. O

We present the optimal L'-L? decay rates of the nonlinear system (1.3).

Proposition 4.1 (Decay rates of nonlinear system) Forn > 2 and A € [0, 1), there
exists a constant gy > 0, such that the solution (v, u) of the nonlinear system (1.3)

corresponding to initial data (vy, ug) with small energy | (v, u0)||leH 143 < €0
exists globally and satisfies
l82vll S (1 + )~ £ n= 5 kel 0<lof <[4]+1,
logul) < (1+n~ #3000 < jof < (2],
o < fﬂnfﬂlalJrk _rn (4.13)
loyull < (1+1) le| = [5]+ 1,
(v, W)l glas Sl

The first two decay estimates in (4.13) (i.e., the decay estimates on |03 v|| with 0 <
la| < [5]+ 1 and ||3gul| with O < |«| < [5]) are optimal.

Proof Suppose that the local solution (v, ) exists for ¢ € (0, T'). Denote the weighted

energy

EDi=sup | Y a4 T,

1€(0.0) * 0<|a|<[n/2]+1
144 1+1
Yo Uy D gy

0<|a|=[n/2]

144 142
S R ey 3 (1+t> 1108 (v, w]),
lae|=[n/2]+1 la|=[n/2]+
> e wil. (4.14)
la|=[n/2]+3
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We claim that under the condition || (vg, uo) || (4143 = €0, there holds

L'nH
E, (D) < 8o, Vi e (0,7), (4.15)

where g9 > 0 and §p > 0 are small constants to be determined.

The global existence and the a priori assumption (4.15) (which implies the decay
estimates (4.13)) will be proved in the following three steps. For the sake of simplicity,
we take the case n = 3 for example. Other cases with n > 2 follow similarly. We
may assume that 7o = 0, where Ty > 0 is the constant in Lemma 2.3. That is, we
consider the nonlinear system (1.3) starting form the time 7y and we write t — Tg as ¢
for convenience.

Step I: Basic energy decay estimates.

According to the Duhamel principle (4.2) and the decay estimates of the Green
matrix G(t, s) in Lemma 4.1, we have

lv@ I < NG, O)voll + [1G12(2, O)ug || + ](;t G112, s)Q1(s)llds
+ /0 Gt $)0(s) lds
Seol+07 "+ /Ot L2(t,s) - (1Q1)IL ) + 101 I1")ds
+ fot(l +9)"T2(t,5)- 0@, 5) - (1Q2)], + 1029 1")ds

t
< eo(l —i—t)*%”—i—E,%(t)/ T5(,5) - (14+5)~ 2" ds
0

1+4 142

t
+ Eﬁ(z)/ (1+s)"-T3(t,s)-O,5)- (145" 2" 2 ds
0
Seo(l+07 "+ B2+ 1),

where we have used Lemma 4.3 (note that #n + # > 1forn >2and X € [0, 1))
and the fpllowing decay estimates on || Q(s)||z1 and || Q(s)| (here and after, we use
D/ := 3] and we may also write u as u for simplicity)

Q1)1 < luDvlipr + lvDullpr < llulll Dol

_Ita
+ ol Dull $ E2(s)(1+s)~ 2 "1,
1021 < lluDull i + llvDvll g1 < llull | Dul|

14+2 1+A

+ vllIDv] < E,%(s)(l +5)" 27,
For n = 3, we have
lu(s)liLe S ||Du||%||D2u||% < En(s)( T
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@)z < IDVIZ 1D ]I? S En(s)(1 45)7 #7553,
1Du(s) 2 S ID2ul2 1Dl S En(s)(149)" 773,
1DVl S ID>IZ 1D 0]1? S En(s)(1 45)~ #3040,

ID%u(s) 1 S IDY 2 [D*ull? S En(s)(145)" 57,

1 1 _Ly
ID*v(s)llze < IDY |2 D*]12 S En(s)(1+5)7 75 7,

and

Q1)1 S lluDvll + lvDull < lullz<l Dol + [[vllzee | Dull

S EX) (1497 BT
102l < luDull + [lvDvll < llullze || Dull + [[v]l || Dv|
SEX)(45)" 372,
IDQ1Il < IDuDv] + [uD>v]| + lwDull S EX(s)(1 +5)~ 377115,
IDQ2()|| S lluD?ull + | DuDull + |[vD*v|| + || DvDv]|
S EXs)(145)7 700,
A

where 601, = min{%, 1+ A} > %
Using the above estimates, we have

1DV < 11DGu1 (2. 0yvoll + | DGra(t. 0o
t t
+ /0 1DGu1(t. 5)01(s)lds + /O 1DGia(t. 5)02(s)ds
A +XA t n
< eo(1 4 1y Fn—tg +/0 Ch(,s)- O ) - (1011 + 1D Q1) ds
t
+/0 (145" T3 s)- 021, 5) - (1021 + 1D Q2(s) ds

p t
S eo(l + l)_%"—% + E%([)/ L2(t,s)-0(,s)-(1 _i_s)—#n—lds
0

1+A

t
+ E,z,(t)/ A+ )" -T5(,5)- Ot 5)- (1 +5) 515 g
0

142

Seo(l+ 1)~ FF L B2 (1 + 1) Fn
and
t
1D ()| < 1 D21 (£, 0yvoll + | D2Gra(t, O)uol| + / ID2G11 (¢, 5)Q1(s) ds
0

t
+/o ID*Gia(t, s) Q2(s)llds
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A ! n
< eg(l+ 1)~ w1 +f L2(t,s)-©%t,5) - (1011 + I1D*Q1(s)I)ds
0
t
+/O (1+5)" - T2(,5) - 31, 5) - (10205) 11 + D> Qa(s)Idls

t
Seo(l 407 I 4 Ei(ﬂ/ M. s)- ©21,s) - (1+s5)" 2" lds
0

142

13
" E'%(t)/ (145" -T2(t,5)-031,s) - (1 —i—s)_%”—Tds
0

Seo(l 40~ 7m0 4 B2y (1 4 1y~ n (D),

since

14+ A I+A 1+
+ >

> n ;7 Z n+({14+2x), forn=>2,1el0,1).

We have also used the following estimates

ID*Q1()|| S luD?v]| + | DuD*v|| + || DvD*u|l + [lvDu]
S EX)(45) 30

ID*Q2()|| S lluDull + | DuD?ul| + [vD*v|| + | DvD?v|
< EX(s)(145)~ 2L,

The decay estimates on [|97v|| for O < |a| < [5] + 1 are based on the optimal
decay estimates on [|0 G 11 (¢, s)|| and [|0¢ G12(¢, s)|| in (4.3). However, the estimates
on [[0¢Ga (¢, s)|| and [|0F G (2, s)|| in (4.3) is insufficient for the optimal decay
estimates on [0 u|| for 0 < |a| < [%]. In fact, we use the optimal decay estimates
in (4.4) to show the decay estimates on |[0%u|| for 0 < |a| < [%] in a similar way as
ogv]l for 1 < |a| < [5]+ 1. One can check that the condition on the estimate of
I 8)]§u || forO <k < [%] is equivalent to the condition on the estimate of ||8)’f‘H v|.

Further, we use the decay estimates in (4.3) to show the decay estimates on ||0¢ u||
for [3]1+ 1 < |e| < [5] + 2 since the regularity required in (4.3) is one order lower
than that in (4.4). We note that in this case the condition on the estimate of || Bi‘u || for
[5]1+ 1 <k < [5]+ 2 is similar to the condition on the estimate of ||8§v||. We have

ID?Q ()|l < Il(v, w)D* (v, w)|
1D, w) D3 (. w) | + | D>(v. ) D* (v, w)|| < EX(s)(1 +5)~ + "%,

with

LA |
PR

14+ 14+ 1 14+
63:m1n{ n}
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Therefore,
t
ID3u()|| < I1D3Gar (1, 0)voll + 1D Gan (2, O)uo]| + fo ID3Ga1 (2, 5) Q1 (s)l|ds

t
+/0 DG (t, 5)Q2(s)llds

S 8()(1 +t)7%l‘l*%(1+)n)+)\

t
+f0 (L+0*-T2(t,5)- 0%, 5) - (1011 + 1D Q1()])ds

t
+/O (1) T4 009 - (10l +1D°2(0) s

t
< go(1 4+ 1)~ Fn—3UH+A Eﬁ(r)/ (1 +0)"-T5(,5) - O, s)
0

S+ s)—min{lf%nw;,l#nﬂ}ds

t A n ) N
820 [ (1) 1) 001 sy e g
0 s
<eo(l+0)"F"+ EX0)(1+1)" 5,

since 63 > A. The estimates on || D3v|| follows similarly.
Step II: Higher-order energy estimates. We note that the condition (4.15) is stronger
than the a priori assumption (4.7), and according to (4.8) in Lemma 4.4, we have

1
I, )12 5 + fo bSOV 5100 + 18I 5105)ds < 110, 20)1% 1415
(4.16)

Step III: Closure of the a priori estimate (4.15). Combining the above estimates and
choosing ¢y > 0 and §p > O to be sufficiently small such that C(gg + 8(2)) < §p, we
see that the a priori estimate (4.15) holds for all the time ¢ € (0, +00).

Finally, we show that those estimates (||d¢v|| with 0 < |a| < [5]+ 1 and |07 u||
with O < |er| < [5]) are optimal. We take the estimate on ||v|| for example. According
to the optimal decay estimates Lemma 4.1 and the energy estimates in Step I, we
choose the initial data (vg, ug) such that ||G; (¢, 0)vg|| decays optimally, and then, we
have

t
Il Z 1G11E, 0)voll — 1G12(2, Ouoll —/0 1G11(2, 5)Q1(s)llds
t
—/0 1G12(2, $) Q2(s) llds,

where [|G12(t, 0)uo|| decays faster than [|Gyy (¢, 0)voll, and [ G11 (2. 5) Q1 (s)llds +
fot 1G12(¢, 5) Q2(s)||ds decays no slower than |Gy (¢, 0)vg||. We note that Q(z, x)
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and Q»(¢, x) are quadratic, and we rescale the initial data as (g1vo, g1ug) with e} > 0
sufficiently small such that neither [ [|G11(t, ) Q1(s)llds nor [, [|G12(t, ) Q2(s) || ds
is comparable with |Gy (¢, 0)vg||. In fact, according to the proof in Step I, we have

L+,

t
f 1G1; (1. )0 () lds < EX)(A+1)~ 7" <81+~ %", j=12,
0
and

ENE
1G11(t, Ovoll = eo(1 + 1)~ ",

where the small constants g =~ Jq as in the proof Step III. That is, ||v(¢)| decays in
the same order as ||G11 (¢, 0)vg||. The proof is completed. m]

Proof of Theorem 1.1 This is proved in Proposition 4.1. O

4.2 Optimal L9 Decay Estimates

We now turn to the L'-L? decay estimates of the nonlinear system (1.3). Similar to
Lemma 4.4, we have the following higher-order energy estimates.

Lemma 4.5 Assume that (vo, ug) € HUEK yith k > 2 and a priori assume that
@), w@)Il g2 = 0b(2),

where 69 > 0 is a small constant. Then, the nonlinear system (1.3) admits a global
solution (v, u) such that

t
l@. w2 1+ /0 b (IVVOI 10 + 18I 51,,)ds < 1@, w0) 1 g5

4.17)

Proof The proof is completely same as that in Lemma 4.4. We note that the a priori

assumption only requires the norms || (v(t), u(t)) ||H[%H2, which is sufficient for the

required estimates such as ||9y (v(?), u(2))||L~ and || (v(¢), u(t))| Loo. O

Lemma4.6 Forq € [2,00]and 1 < p,r <2 (or6 € [0, %)), and fort > s > Ty
(To = 0 is the constant in Lemma 2.3), we have

1% G11 (£, )¢ ()l La ST (2, 5) - O (2, 5) - (L, + 10851111,
199Gia(t, ) () lLa S(1+ )" - TPz, 5) - O (1 ) - (oIl + 19T 91,
10%Gor (1, ) ()l e SO+ 1)F - TP (e, 5) - O (2, 5) - (I, + 10T 1)1,

1
164 Gn 0, )0 e <

A +or
) T - O - (gl 10T 1),
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where y, 4 :=n(1/p —1/q) (or yp 4 replaced by By 4 := 60 + y2 4 and || - ||Lr norm
replaced by || - || g—o ), and w, 4 > vy 4 for (r,q) # (2,2) and w o = 0.
Furthermore,

184G (t, )P ()l La S (L+ 01 +5)* - Trra(z,s) - O 21, 5)
(Il + N gk ),

Proof These estimates are simple conclusions of Theorem 1.4. O
We present the following optimal L9 decay estimates of the nonlinear system (1.3).

Proposition 4.2 (Optimal L9 decay estimates) Forn > 2, . € [0,1), g € [2, o]
and k > 3 + [y2.4] with y2 4 = n(1/2 — 1/q), let (v, u) be the solution to the
nonlinear system (1.3) corresponding to initial data (vo, ug) with small energy such

that || (vo, ug) ||L1mHl%J+k < &0, where g9 > 0 is a small constant only depending on

n, q, k and the constants vy, ju, A in the system. Then, (v, u) € L*(0, +o0; H[%Hk)
and satisfies

192vlle S (140~ F =Tl 0 <l <1, @1s)
lulle S (140~ 573", '

where y1 4, = n(1 — 1/q). All the decay estimates in (4.18) are optimal.

Proof The decay estimates are based on the optimal L? decay estimates Proposition
4.1, the higher-order energy estimates Lemma 4.5, and the L'-L9 decay estimates of
the Green matrix in Lemma 4.6.

We prove the estimate on || 0% v|| ¢ with |a| = 1in (4.18). According to the Duhamel
principle (4.2) and the L!-L7 decay estimates of the Green matrix in Lemma 4.6, we
have

IDv(H)llLs S IIDG11(t, 0vollLe + 1DGi2(t, 0)ugll1a

t t
+/0 ||Dgn(r,s>Q1<s>||qus+/0 1DGus(t. ) 0a(5) | Lods

1+A

" t
< ool 41~ TP +/ D7, 5)- 0, 5) - (1016)
0
+[ D24 Q1 (5)|)ds
t
+/0 (1+5)* - T7a(r,s)- Ot 5) - (1Q2(5) |l 11 + 1D T224 Qs (s) Dds

+A

. t
Seo(l+07 2 ra= 4 E?,(r)/ D74 (t,5) - O, ) - (1 +5)7 3" \ds
0

t
+E721(t)/ (1 "'S))L ST7ha(e, s) - @2([’ s)-(1 +S)—%)1—H7Ads
0

Seo(l+0)7 Fna=F 4 B2y + 1) T T
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where w 4 > 2,4 and

I+A +1+k>l+)» +1+A
n —
2 2 2 T
which is valid for all n > 2, 1 € [0, 1), and g € [2, oo]. Other estimates and cases
can be proved through a similar procedure. O
Proof of Theorem 1.2 This is proved in Proposition 4.2. O
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