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1. Introduction

In 1990, Degond et al. [1] first studied the steady hydrodynamic (HD) model for semiconductors,
represented by Euler-Poisson equations. Its isothermal version in one dimension reads

J = const.,

2
(T—;;) nx:nE—l, (1.1)

pn
E,=n-b(z), z¢€(0,1),

prescribing boundary data
n(0) =n;, n(l)=n,, (1.2)
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where n(z), J, E(x) denote the electron density, current density, electric field; the constant T > 0 is the
lattice temperature; the given function b € C[0, 1] is the doping profile, which satisfies b(z) > 0; the positive
constant 7 > 0 is the momentum relaxation time; boundary data n;, n, are positive constants.

In order to make clear the issues we are interested in, we introduce some terms from gas dynamics. We
call ¢ := /T the speed of sound. The state of steady flow is referred to as subsonic, sonic or supersonic
provided the velocity J/n satisfies

—<¢, —=c oOor — >c
n n n

We say a solution to the HD model (1.1) is purely subsonic if n(x) is subsonic at both interior points and
end points of the device interval [0, 1]. We say a solution is interior subsonic if n(z) is subsonic at interior
points but sonic at the boundary.

In the purely subsonic setting, Degond et al. [1] obtained the existence and uniqueness of steady states to
the isentropic HD model from the current-driven perspective. Thanks to the current—voltage relationship,
Nishibata et al. [2] rebuilt the same well-posedness as [1] from the voltage-driven viewpoint.

In the case of sonic boundary data, Li et al. [3] recently studied the isothermal HD model (assuming

(11>nz—nE1,
n? T (1.3)
E,=n->b(z), z¢€(0,1),

T = J =1 for simplicity)

subject to sonic boundary conditions
n(0) =n(1) = 1. (1.4)

Due to the boundary degeneracy, a series of unexpected results was observed in [3]. One of them is the
existence and uniqueness of interior subsonic solutions (n, E)(x) to the boundary value problem (1.3) and
(1.4), under the restriction of subsonic doping b(z) > 1. The key point of their proof is that they constructed
a family of current-driven approximate solutions {n;(z)}o<;<i. Once n(z) was known, the E(z) could be
defined as

(Dl =17 1
2n3 ™'
However, it is more natural, from the point of view of semiconductor physics, to construct a family of

E(z) = (1.5)

boundary-data-driven approximate solutions. Namely, for any constant § > 0, we are supposed to consider
the following approximate problem:

1 1
(1 — 2) Ngz = nslls — —,

n2 T (1.6)
E(;’x =ngs — b(l‘), S (0, 1)7

with subsonic boundary data
ns(0) = ns(1) = 1+94. (1.7)

For notational convenience, we set

b:= inf b(z), b:= sup b(z).
IE[O,I] IE[O,H

We now state the main results of this paper.

Theorem 1.1 (Structural Stability Between Purely Subsonic Solutions). Assume that the doping profile
b € C[0,1] and b > 1. Then for any § > 0 the subsonic boundary value problem (1.6) and (1.7) has a
unique solution (ns, Es) € C1[0,1] x C1[0,1] satisfying

1 <min{l + 6, b} < ns(x) <max{l+6,b}, Vacl0,1]. (1.8)
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Furthermore, for arbitrary two parameters 61,99 > 0, there exists a positive constant C = C(Smin, b, b, T)
independent of |61 — 2| such that

||n51 - n52||cl[0,1] + HE51 - E52||cl[071] < C|51 - 62|7 (1'9)
where dpmin = min{dy, d2}. In particular, if 61 > o2, then
ns, () > ns,(x), VY €0,1]. (1.10)

Remark 1.1. The uniqueness result in the above theorem holds without the hypothesis of § > 1. As
Omin tends to zero, the singularity of solutions will occur, which is reflected in the generic constant of
structural stability estimate (1.9). In fact, from the proof of Theorem 1.1 in Section 2, it is easy to see
that C(dmin, b, b, T) = +00 as dpmin — 0. Instead, if dpnsn > b — 1, then this constant C = C(b, b, 7) will
also be independent of §,,;,. These essential phenomena are confirmed by numerical simulations as well.

Based on Theorem 1.1, we can rebuild the same existence and uniqueness result as in [3] by using a
compactness argument. The corresponding result is displayed in the following proposition. The strategy of
proof permits us to view this known result from a completely different perspective, see Section 3.

Proposition 1.2 (Ezistence and Uniqueness of Interior Subsonic Solutions [3]). Let the assumptions of
Theorem 1.1 hold. Then the sonic boundary value problem (1.3) and (1.4) admits a unique solution (n, E) €
C[0,1] x Ct[0,1] which satisfies

1+ Bsin(mz) < n(z) <b, Vr€l0,1], (1.11)

where B = B(7,b) > 0 is a constant.

As a byproduct of the alternative proof of the known result in Proposition 1.2, we can show the structural
stability in pointwise sense, see (1.12). In particular, the lower bound in (1.11) ensures us the locally
structural stability, see (1.13).

Theorem 1.3 (Structural Stability Between Purely and Interior Subsonic Solutions). Let {ns(z)}s>o be the
family of purely subsonic solutions in Theorem 1.1, and n(x) be the interior subsonic solution with the sonic
boundary (1.4) in Proposition 1.2. Then the pointwise structural stability holds, that is, for any fized x € [0, 1],

n(z) <ns(x), and 51ir£1+ (ng —mn) (xz) =0. (1.12)

Moreover, the structural stability in locally strong topology also holds. Namely, for arbitrary constant € €

(0,1/2),

61_i>r(1)1+ Ins = nllge1—q =0 (1.13)

Remark 1.2. In view of Egs. (1.3), and (1.6),, we have F5, — E, = ns —n. So, it is easy to see that
Es . — E, also satisfies the structural stability results (1.12) and (1.13). This conclusion is also numerically
observed. Unfortunately, one cannot directly get the structural stability between (ns s, Es) and (ng, E) by
letting d,,in tend to zero in (1.9), see Remark 1.1. Actually, as § — 0T in the BVP (2.1), the ellipticity of
the quasilinear equation (2.1); will be degenerate at the boundary. Therefore, we are unable to establish the
uniform estimate of ns . (x) with respect to the parameter § > 0, even in L?(0,1)-norm. This difficulty
leads to the failure of establishing the structural stability between (ns ., E5) and (n,, E). However, the
numerical simulations seemingly show that (ns., Es) will, to some extent, converge to (ny, E). Inspired
by Feng et al. [4], we presume that a certain weight should be introduced to control the singularities caused
by setting § — 07. To completely figure out this problem will be more complicated than the work in [4],
and we shall work on it in our future study.
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The paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, we give a unified
proof for both Proposition 1.2 and Theorem 1.3 in the same time. Section 4 provides the reader with some
numerical simulations in order to better understand our theoretical results.

2. Proof of Theorem 1.1

Firstly, we recast the system (1.6) by differentiating and dividing by ns. We obtain the following second
order boundary value problem (BVP), parametrized by § € R.:

ns) =0, z€(0,1),
(subsonic BVP) Qo) ©.1) (2.1)
ng(O) = 77,5(1) =1+9,
where the quasilinear differential operator @ is defined as
1 1 1
Qp::[(—)pm—f—} —(p—0b(z)). 2.2
(p) P - (p—b(x)) (2.2)

Once ns is known from the subsonic BVP (2.1), Es can be easily computed by the equation (1.6), as follows:

1
E(;(ac) = F(ng)ng’z 4+ —-, Vze [0, 1], (2.3)
TNgs
where the function F is defined as
p*—1
F(p) := R Vp € (1,+00). (2.4)

So, for the regular solution, the BVP (1.6) & (1.7) is equivalent to the BVP (2.1) together with the formula
(2.3).

In much the same way as in [1], one can prove the following existence result with ease, thus we omit the
details. The key idea of the proof is the Schauder Fixed Point Theorem along with the maximum principle
of linear elliptic equations.

Lemma 2.1.  Suppose that b € C[0,1] and b > 1. Let § € Ry. Then the BVP (2.1) has a solution
ns € CY0, 1] satisfying the lower and upper bounds

min{1 4+ 6, b} < ns(z) < max{1+4,b}, Vx€[0,1]. (2.5)

It remains for us to prove the uniqueness result for any § > 0. To this end, we have to establish
the following comparison principle for the operator @ in (2.2). Henceforth, we say a function p satisfies
Q(p) =0 (=0, <0)in (0,1) if

Qo o) = / {G-2) ] en - 0@ - efas <=0 20) (2.6)

for all non-negative ¢ € Hg(0,1).

Lemma 2.2 (Comparison Principle). Let 1 < u,v € C1[0,1] satisfy Q(u) > 0 in (0,1), Q(v) < 0 in (0,1)
and u < v at both endpoints. Then u < v in (0,1).

Proof. The basic idea is attributed to [5], we adapt it to our use. So, we include the full proof here. Let
us define

Ay, z) = <;—1)z+1, wi=1u—v,

y3 TY
4
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up i =v+tw, Vtel0,1].
Then we have
0 Z Q(ua QD) - Q(U, 90)

1
=/ (A(ut,um)lié O+ w@) dx
0

- /01 {(a(x)ww + c(z)w) e + wgo} dx
(w, ¢) (2.7)

L
for all non-negative ¢ € Hg(0,1), and L is the linear differential operator given by

L(w) = (a(z)w, + c(z)w) —w, (2.8)

x

where L N
a(x) ::/ A (ug, up g)dt,  c(x) ::/ Ay (ug, up g)dt.
0 0

Since 1 < u,v € C0,1], then we know 1 < u; € C[0,1] for all ¢t € [0,1], and thereby there exist positive
constants A, A such that
a(z) 2 A >0, la(@)]|c(z)] < 4, Vze[0,1],

and therefore L is uniformly elliptic in [0, 1] with bounded coefficients. For a > 0, take ¢ = w“ﬁia € HL(0,1),
where w™ := max{0,w}. From (2.7), we have
1 + 2 1 +
)\/ {m (1 + “’)] dz < /1/ {m (1 + w)] dz, (2.9)
0 SV P 0 SV P
which in turn implies
1 wt 2
/ In <1 + ) dx < C(A A) < 4o0. (2.10)
0 o

Letting o — 0%, we see that w™ must vanish in (0,1), that is « < v in (0,1). O

Proof of Theorem 1.1. Apparently, it follows from Lemmas 2.1 and 2.2 that the problem (1.6) and (1.7)
has a unique subsonic solution (ng, Es) for any § > 0. By Lemma 2.2 again, we can also observe the following
monotonicity relation: if 4; > do > 0, then

ns, () > ns,(x), Yz el0,1]. (2.11)

For arbitrary two positive constants 01, d2, without loss of generality, we assume §; > do. Thus, 6ppin = 2.
We also adopt throughout the convention that if the generic constant C' depends on §, then it must tend to
+ooas § — 0T,

Before setting about the structural stability, it is convenient to have the estimates for the BVP (2.1) at
our disposal:

[ns,llcio1) < C(6,b,b,7), V6> 0, (2.12)
|(ng; — nsy)z|(0) < C(S2,7)(01 — 82), Vo1 > g > 0, (2.13)

which are guaranteed by using the higher regularity and boundary gradient estimate for quasilinear elliptic
equations (see [5,6]). In view of (2.3), (2.5), (2.12) and (2.13), it is appropriate at this juncture to calculate
following estimates:

1
Es(z)| = |F ot —
|Es(2)] (ns)ns, t

5
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< C(6,b,b,7), Vxe€[0,1], V>0, (2.14)

and

1

ngl

|Es, — Es,| (0) = ’ (F(nél)nal,m + o ) - (F(”éz)naz,z +— ’

<

<n511n§2 + n§11n§2 + n§11n62> 1. Tn§1n52‘| noy — ns,)(0)
+ F(ns,)|(ns, — ns,)2[(0)
< (B0 10+ 7 ) 1= 82+ F(1-+ 8205, ~ 13210
<C(62,b,b,7)(01 — 2), V& >y > 0. (2.15)

Based on estimates (2.14) and (2.15), we can now discuss the structural stability. From (1.6) and (1.7),
taking the difference of working equations for both ns, and ns,, we have

(ns, —ney), = {f(nal)Eél - ig(nél)] - [f(n52)E52 - %9(”52) ,

(Es, — Es,), = ns, —ns,, € (0,1), (2.16)
(n51 - n52) (0) = (nél - n62) (1) =01 — 2 >0,
where
P P>
o)== 9l) = F—g, Vre(ltoo), (2.17)
and thereby
, 20,2 3 , 2
f'(p) = p(p(zp))v g'(p) = *ﬁ. (2.18)

Multiplying through (2.16), by ns, — ns,, and (2.16), by Ej5, — FEjs,, and adding these two resultant
identities, we compute by using the mean-value theorem of differentials and Cauchy’s inequality that

[(nzsl —ng,)? + (B, — E52)2}

< (2£©) I Bl + 216/ )]+ F(0) ) (s, = s+ Fls) (B, — )’
+ (ns, —ns,)° + (Es, — Es,)°
< (204 82) | By 4 21 (04 6o)l + £(1+2)) (s, = s+ (04 62) (B — B’
+ (ng, — n52)2 + (Es, — ]552)2
<C(82,0,5,7) |(ngy —ns,)* + (Esy — Es,)?], Vo€ (0,1), (2.19)

where we have used the estimate (2.14) for 6 = §;(> d2). Applying Gronwall’s inequality to (2.19), we obtain
[(nal —ns,)" + (B, — E52)2:| () < exp (/ C(d2,b, b, T)dy> [(nal —ns,)" + (B, — Es,)*| (0)
0

< O(69,b,b,7) (61 — 82)2,  Va €[0,1], (2.20)

6
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where we have used the estimate (2.15). The estimate (2.20) further implies, for any « € [0, 1],
s, — ns, | (2) + [(ns, = nsy), | (@) + [Bsy — Bsy| (2) + |(Bs, — Es,), | (x) < C(82,b,0,7)(01 — 62), (2:21)

where we have used the estimate (2.14), Egs. (2.16); and (2.16), again. An inspection of the above arguments
shows that the generic constant C' = C(82,b, b, 7) in (2.21) has the properties: (1) C is independent of §; —dy;
(2) if 63 > b —1, then C is also independent of d2; (3) if 62 < b —1, then C' depends on d2 and tends to +oo
as 02 — 07. Thus the proof of the theorem is complete. [

3. Proof of Theorem 1.3

Actually, we find that a family of {ns(z)}s>o can also be used to approximate the interior subsonic
solution n(z). Now, we start off by proving Proposition 1.2. For this reason, multiplying through (1.6),

—1-6)?
by M, integrating the resultant over [0, 1] together with (1.6),, integration by parts gives

(oo
0

3
2ng

ns

dz < /0 (b—ng) (ng — 1 —6)° da. (3.1)

Applying Young’s inequality and Poincaré’s inequality to the right-hand side of (3.1), we have

(5 [ {los 197 Y aw <t [ (o107 e L2 32

where we have also used the estimate (1.8) by letting 0 < § < b — 1. Taking p = b3, there exists a positive
constant C' = C(b) which is independent of ¢ such that
—1—52H <C, ¥ie(0,b—1] 3.3
[s —1=97] 0 < (0,51 (3.3)
Consequently, by the compact imbedding of H*(0,1) into C0, 1], there is a subsequence {ns, } and a function
n(x) such that

(ns, —1— 8x)? = (n—1)% weakly in H'(0,1) as 6, — 0,
(ns, —1—0r)* = (n—1)* strongly in C[0,1] as &, — 0. (3.4)

Obviously, the function n(x) exactly satisfies the problem (1.3) and (1.4) in the weak sense, for the weak
form, we refer the readers to [3]. Thus, the function n(x) is the unique interior subsonic solution which has
already been known in [3]. Due to the uniqueness of n(z), it is easy to see that the strong convergence result
in (3.4) can be improved to the following

51—i>%1+ [Ns — N”C[O,l] =0, (3.5)
where
Ns(x) == (nsg —1—6)*(z), N(z):=(n—1)*(x), Vaec]l0,1]. (3.6)

To complete the proof of Proposition 1.2, we still need to establish the lower bound of the interior subsonic
solution n(x). To this end, for 0 < § < (b —1)/2, we set

q(z) = (1+9)+ Bsin(nz), Vze][0,1], (3.7)

7
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where the small positive constant 5 will be determined later. From (2.2), we calculate by a priori letting

B < 1 that
cxw—[(1—1>qx+iJ$—@—bu»

qg ¢

1
Z_QIl_ﬁq.L_q_‘_b

Tq
Z*<7r2+ﬁ+1)5+(b7176)

T

b—1

> (247 = . )
> (e 2 41) 8+ 25 (3.8)

Therefore, there exists a small positive constant 8 = B(7,b) such that Q(g) > 0 in (0,1), thereby implying
by Lemma 2.2 again

_ b-1
(1+6) + Bsin(rz) < ng(z) <b, Vrel0,1], e (0, — ] . (3.9)
Next, we compute
0< |ns = nl (@) < [N}/2 4145 - NI/2 —1\ (2)
Ns — N
= 1/267 () +9d
Ng/“ + N1/2
< ——|Ns—N 1). 1
< Fein(ra) | Ns |(x)+6, Vxe(0,1) (3.10)
Letting § — 0", we have
lim |ns —n|(x) =0, Vzel0,1]. (3.11)
§—0t
Combining (2.11), (3.9) and (3.11), we obtain
1+ Bsin(rz) < n(x) < ng(x), lim+ (ns —m)(x) =0, Vxel0,1]. (3.12)
6—0

Moreover, for arbitrary constant € € (0,1/2), note that 0 < Ssin(we) < Bsin(mx) for all x € [g,1 — €], then
it follows from (3.10) that

0 < Hn5 - n”C[e,l—e] < ﬂST(?TE) ||N5 - N”C[O,l] +4 (313)
Letting 6 — 07 in the above inequality, from (3.5), we get
Jm s = nllop, o =0 (3.14)

From all the analyses above, we simultaneously prove Proposition 1.2 and Theorem 1.3. [

4. Numerical simulations

In this section, we present numerical simulations to confirm our theoretical results. The computational
interval is [0, 1] with 100,000 uniform mesh points. We use the bvp5c solver in MATLAB to numerically study
a specific case of the BVP (1.6) and (1.7), where we choose the initial guess as [1 4 d; 1/7] for (ns, Es)(0).
The choice is reasonable because we have known that in boundary degenerate case (i.e. § = 0) the electric

8
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22¢ : w w : 7
201, 6 =21 ol
A187 752 = 20 /] —~
8 16F N\ 8 2r
S~— N\ N—
14 2
N or 1
12} = -0, =21
10} 2 0y =20
8 : : : : -4 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x x
(a) Electron densities ns, (x) and ngs, (x) (b) Electric fields Es, (x) and Es, ()
150 T T T 20 T T
100} 0 =21 P 0 =21
—~~ *(52 - 20 15 *52 - 20
8 g
s 3
N K o

T T

(c) First derivatives of ns, (x) and ns, () (d) First derivatives of Ej, (z) and Ej, (x)

Fig. 1. Structural stability between (ns,, Es,)(x) and (ns,, Es,)(x) in the large (L) scale (21 = §; > 42 = 20).

field E(x) satisfies E(0) = 1/7 and E(1) < 1/7 (see [3]). More precisely, we take the value 7 = 0.1 and let
the doping profile be the function b(z) = 3 + sin(7z). So, the example in use is the following, for any ¢ > 0,

n§ 10n§
nsz = - )
s, nZ—1 J nZ—1
Es» =ns — (3+sin(rz)), =z € (0,1),

ns(0) = ns(1) =1 +6.

(4.1)

Note that Theorem 1.1 is valid for any &4, > 0. Therefore, in what follows, we shall numerically
substantiate the theoretical results (1.8), (1.9) and (1.10) by checking four typical scales of the boundary
perturbation parameter d,,;, > 0:

1. Large (L) scale: d,pin > b — 1;

2. Medium (M) scale: d,5n =b — 1;

3. Small (S) scale: 0,5 < b — 1;

4. Extra small (XS) scale: &, is very close to zero.

The threshold b — 1 equals 2 in our example here.

First of all, we restrict ourselves to the large scale: 61 = 21 and d2 = 20. The corresponding numerical
simulations are displayed in Fig. 1. To begin, we compare the components of solutions (ns,, Es,)(x) and
(ns,, Es,)(z) in Fig. 1(a) and Fig. 1(b), respectively. Our observation reveals that (ns,, Es,)(z) is adjacent
to (nsy, Es,)(x), and the differences (ns, — ns,)(x) and (Es, — Es,)(x) can be controlled by the difference
d1 — 02 = 1. Particularly, Fig. 1(a) also confirms the boundedness estimate (1.8) and monotonicity relation
(1.10). Subsequently, we examine the graphs of the first derivatives of solutions: Fig. 1(c) shows that ns, .(x)
is near to ms, (), and the difference (ns, — ns,)(z) can be controlled by 10(61 — d2); the difference
(Es, — Es,)z(x), depicted in Fig. 1(d), exhibits the same pattern as the difference (ns, — ns,)(x), which is

9
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3.35 ‘ ‘ ‘ ‘ 35
33 1 3.4
S 32t R K 32t
D 345 S 531
e 5 =21 al
3.05 *52 =2 1 291 ]
3 2.8
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T Xz
(a) Electron densities ns, (x) and ngs, (x) (b) Electric fields Es, (x) and Ejs, ()
0.5 === i " 0.2 . . .
or
—~ - : *62 - 2
) & -02f
N~— N—
5-05rF 8
s S04
S & =21 &
RS
,52 =92 0.6
15 : : : : -0.8 : i : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x x
(c) First derivatives of ns, (z) and ns, (z) (d) First derivatives of Ej, (z) and Ejs, (x)

Fig. 2. Structural stability between (ns,, Es,)(x) and (ns,, Es,)(x) in the medium (M) scale (2.1 = §; > d2 = 2).

evident upon comparing Fig. 1(a) and Fig. 1(d). Our numerical findings are closely aligned with Theorem 1.1,
validating the structural stability estimate (1.9) for the large scale.

In addition, we inspect the medium scale: 6; = 2.1 and d, = 2. The numerical results are presented in
Fig. 2. We follow the same procedure as before, comparing the components of solutions in Fig. 2(a) and
Fig. 2(b), and their first derivatives in Fig. 2(c) and Fig. 2(d). Specifically, we can see that the differences
(ns, — ns,) (), (Bs, — Esy)(x), (ns, — nsy)z(x) and (Es; — Es,).(x) are dominated by 2(6; — d2). Our
observation in the medium scale is also consistent with (1.8), (1.9) and (1.10) in Theorem 1.1.

Following the same procedure as before, we proceed to numerically analyze the small scale with §; = 0.21
and d; = 0.2, as depicted in Fig. 3. We can easily affirm in Fig. 3(a) that (1.8) and (1.10) in Theorem 1.1 still
hold true for the small scale. It is demonstrated visually in Figs. 3(a)~ 3(d) that (ns,, Es,, ns, 2, Es, 2)() is
in close proximity to (ns,, Esy, Noy,z: Fsy,e)(2). Furthermore, we extend our numerical analysis to the extra
small scale with 6; = 0.051 and J; = 0.05, as presented in Fig. 4. We observe in Fig. 4(a) that (1.8) and
(1.10) in Theorem 1.1 are still valid even for the extra small scale. And then Fig. 4(b) shows that the graph
of Es, () is almost overlapped with the one of Ej,(z). The same phenomenon also occurs between ns, ,(x)
and ns, () in Fig. 4(c), and between Es, ,(z) and Es, »(z) in Fig. 4(d). Therefore, the structural stability
estimate (1.9) in Theorem 1.1 is true for both the small scale and the extra small scale.

Of concern is numerical verification of the behavior of the estimate constant C' = C(8,b, b, 7) in (1.9).
To this end, we also simulate the quantities (n‘slé:jgz)(x), (E‘;lé:fgg)(x), (nélé_ﬁsgix(m) and (E‘Slé_l]i?;x(x) in
four different scales (L, M, S and XS), see Fig. 5. Actually, Figs. 5(a)~5(d) together explain the intrinsic
phenomena mentioned in Remark 1.1.

In order to confirm Theorem 1.3 numerically, we have to make a comparison of (ns,, Es,)(x) for all four
scales, that is 0o = 20, d2 = 2, §3 = 0.2 and o = 0.05, as illustrated in Fig. 6. According to Theorem 1.3,
we must be able to observe a tendency of convergence of the family {(ns,, Fs, »)}s,>0 as 62 — 07, In fact,
the tendency of convergence depicted in Fig. 6(a) and Fig. 6(d) coincides with Theorem 1.3, which is not

10
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Fig. 8. Structural stability between (ns,, Es,)(x) and (ns,, Es,)(x) in the small (S) scale (0.21 = §; > 42 = 0.2).
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Fig. 4. Structural stability between (ns,, Es,)(x) and (ns,, Es,)(x) in the extra small (XS) scale (0.051 = §; > §; = 0.05).
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a surprise for us. What enlightens us is the convergence trend presented in Fig. 6(b) and Fig. 6(c), which
makes us believe that the convergence of {(n52’z, E52)}52>0 as o — 07 should be true in a certain topology.
For more details, see Remark 1.2.
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