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ARTICLE INFO ABSTRACT

Keywords: It is challenging to develop high-order structure-preserving finite difference schemes for the
Decoupled scheme modified two-component Euler-Poincaré equations due to the nonlinear terms and high-order
ngh_'order accuracy o derivative terms. To overcome the difficulties, we introduce a bi-variate function and carefully
Modified two-component Euler—Poincaré choose the intermediate average variable in the temporal discretization. Then, we obtain a
equations . decoupled and linearly implicit scheme. It is shown that the fully-discrete scheme can keep
Mass conservation ; .

Energy stability both the discrete mass and energy conserved. And the fully-discrete scheme has fourth-order

accuracy in the spatial direction and second-order accuracy in the temporal direction. Several
numerical examples are given to confirm the theoretical results.

1. Introduction

In this paper, we aim to present an effective structure-preserving scheme for the following two-component Euler—Poincaré
equation with the periodic boundary conditions:

m; +um, +2mu, +gpp, =0, t€(0,T], x€[0,L] CR,
pi+(pu),=0,1€(0,T], xe[0,L] CR,

u(0,x) =up(x), x€[0,L]CR,

p(0,x) = py(x), x€[0,L]CR,

(1.1)

where m =u—au,, and p = (1— ﬁc)i)(ﬁ — py), m denotes the momentum related to the horizontal fluid velocity u, p is density, and p is
locally averaged density. 5 is taken to be a constant, g > 0 is the downward constant acceleration of gravity, and two non-negative
constants « and f are dispersion parameters. The Euler-Poincaré equation is widely used to describe the unidirectional propagation
of shallow water waves over a flat bottom [11,20,25,26,36,37].

The theoretical results of Euler-Poincaré equations have been investigated extensively. Here we refer readers to the
Refs. [10,40,44] for the global well-posedness of the solutions, the Refs. [2,19] for the global conservation of the models, and
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the Ref. [9] for the related geometric property. Besides, Eq. (1.1) has two remarkable conservation quantities, i.e.,

d
Mass: — t,x)dx =0,
o Rp( x)dx
Energy: 4 2 4 | Vul? 2 g BIVy ) 0)dx =0, y=j—p
gy: 2 R(Iul +a|Vul= +gly|” + ghIVy ), x)dx =0, y=p—po.

In the past few years, much effort has been devoted to the numerical analysis of Euler—Poincaré equations. For instance,
Mclanchlan and Zhang [35] constructed a family of self-similar solutions, equipping with studying its infinite-time asymptotic
behavior. For the solutions in finite time, Holden and Raynaud [18] proved the convergence of a particular finite difference
scheme. For general H' initial data, Coclite et al. [6] suggested a finite difference scheme, and proved that this scheme converges
to a dissipative weak solution strongly. Under multi-dimensions conditions, Holdahl et al. [17] studied an unconditionally stable
method by combining the front-tracking method with the operator splitting method. For two-component Euler—Poincaré with 5, = 0,
Chertock et al. [5] proposed a finite volume method and a hybrid finite-volume-particle method. More works about numerical
analysis can be found in [1,4,7,8,43,47]. In these references, the numerical schemes were developed without considering the
conservative mass and energy.

Since the structure-preserving numerical schemes show a great advantage in a long-term calculation, it is important for the
numerical methods to keep the associated discrete invariant conserved. In early references, some researchers developed several
structure-preserving methods for the following special Euler—Poincaré equation without density, i.e.,

m;+um, +2mu, =0, m=u—u,, x€[0,L]CR, te0,T]. 1.2)

For example, Matsuo and his co-authors [33,34] proposed an energy-conserving Galerkin scheme and a Hamiltonian-conserving
Galerkin scheme. Later, Jiang et al. [23] presented a linearly implicit energy-preserving scheme by combining the finite difference
schemes and scalar variable approaches. Zhang et al. [51] applied energy method to investigate four kinds of invariants and prove
their conservation. Liu and Xing [32] developed a fully-discrete scheme by using the two-stages Gauss-Legendre method and a
discontinuous Galerkin method for temporal and spatial discretization, respectively. They proved that the fully-discrete method can
preserve momentum and energy discretely. Gong et al. [13] developed a class of arbitrarily high-order energy-preserving algorithms
by combining the quadratic auxiliary variable technique with the symplectic Runge—Kutta methods in the temporal direction and
using the Fourier pseudo-spectral method in the spatial direction, respectively. The convergence results in these papers were missing.

Recently, Zhang et al. [49] proposed an invariant-preserving finite difference scheme for a special case of two-component Euler—
Poincaré equations (« = 1, § =0, g = 1). They showed that the scheme is of second-order convergence accuracy in both the temporal
and spatial directions. We also would like to point out there are some approaches to develop the structure-preserving scheme,
i.e., invariant energy quadratization [22,24,45,46], scalar auxiliary variable approach [3,15,28,31], the relaxation approach [27,
29,30,38,39] and so on [14,16,21,42]. Generally speaking, the schemes constructed by using these approaches usually preserve one
invariant. Up to now, it is still challenging to investigate the high-order multiple-invariants preserving schemes and their convergence
results for two-component Euler-Poincaré equations (1.1).

This paper proposes a decoupled, linearly implicit and structure-preserving difference scheme for the modified two-component
Euler-Poincaré equation (1.1). The fully-discrete scheme keeps both the discrete mass and energy conserved. The fully-discrete
scheme has second-order accuracy in the temporal direction and fourth-order accuracy in the spatial direction. The convergence
result of the fully-discrete scheme is proved by rigorous analysis of every term in the error equations. The error estimate holds
without any restrictions on the parameters of the equations.

We would like to point out that it is non-trial to develop the fully-discrete structure-preserving scheme. To the end, we introduce
a bi-variate function ¢(u, v) (see Eq. (2.1)). Thanks to the bi-variate function, several fourth-order spatial discrete operators have
the same conservative properties as the continuous ones. Then, the time discretization is done by using the leap-frog scheme. By
carefully choosing the intermediate average variable, we get the decoupled, linearly implicit and high-order structure-preserving
scheme.

The rest of the paper is structured in the following way. The fully-discrete scheme and its analytical results are shown in Section 2.
The proofs of the main results are presented in Section 3. In Section 4, several numerical experiments illustrate the validity of our
method and the correctness of our theoretical results. Finally, some conclusions are given in Section 5.

2. The difference scheme and main results

In this section, we will establish a finite difference scheme through some discrete numerical techniques. Before giving the finite
difference scheme, some notations and lemmas are collected.

2.1. Lemmas and notations

Let M, N be two positive integers, and h = L/M, ¢ = T/N. Denote x; = ih, 0 < i < M, t, = kr, 0 < k < N, and
Q= {(x;,t)] 0 <i < M,0 < k < N}. For any grid function u = {uffli € Z, 0 < k < N} defined on £,,,, we introduce the
following notations:

k k kK k k k k k
u: —Uu. u. u. —Uu. u. —Uu.
i+1 i , (ufc);( _ i i—1 , (uf‘);( — i+1 i—1 , (u{()x — i+2 i-2

ky
Wz =— h 2h o
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kK Ak ok k Ak ok
Kk _ 4k 1k 2k A% iU Uiy 2ui + Uy
Dyu; = g(ui )z = g(u,. oo Doy = 3 n2 3 4h2 ’
K+l _ ok K+l _ k-1
1 — —_
i u' u u' e+ 1 P

3 i i k i i 2 _ k k+1 k k+1 k—1

O.u; = Z , Au = 7 s Y = z(ul. +u;), up =5 +u ).

Define
vh ={vlv= (U,'), Viym =V, L E Z}.

Then, for any grid function u € V), denote

k k k k !’ k k 2 k 2 k
w'=luy, wy, oy 1, D™ = (Dyup)er,,» Diu® = D)y, »

k _ k k _ k k _ k k _ k
u, = ((”i ))‘()ie]Ma u; = ((ui )’_C)iE]M’ u, = ((u,- )})ie[Ma u, = ((ui )x),'e]Ms

where I, = {i |1 <i < M}. For any grid function u, v € V, the discrete inner product can be represented as

(u,v)="h z u;v;,

i€y

equipping with the norms

4 1
lull = V@ w), lully = 4/ g(u;(,u;;) - §(u;(,u;<),
lugll = [h Y 1@sl lugll = [h Y 1w)s12,
i€ly i€ly
lugll = [h Y 1@)s 2 lugll =R 1)l
i€l i€lyy

IDull = [ Y D).

i€y

Moreover, denote (uv); = y;v;, and define a bi-variate function for any 1 <i < M,

Plu,v); = %‘[(u,-(u,-);) + (v))g] = %[(u,-(u,-w + (@o))gl,
@(D*u,v); = %‘[(Dﬁu,- S)g) + (D2u; - v)g] = %[(Diui “(0)g) + (D2u; - v)g ]

Similar definition of the bi-variate function can be found in [48,50].
We collect the following lemmas, which are helpful in the proof of our main results.

Lemma 2.1 (Lemma 1, [12]). For any grid functions u, v € V), we have,

(ug,v) = —(u,v5), (ug,v) =—(u,vg), (ug,v) = —(u,vy),
(Dyu,v) = —(u, D, v), (ug,u)=0, (ug,u)=0,
gz ) = =llugl®,  (uggow) = —lug||*.

Lemma 2.2. For any grid function u, v € V,,, we have

5
(@, 0),0) =0, Jlugll < llugll < llugll < llull;, and || Dull < 3 llelly-

Proof. Considering (2.1), we have

(@ v),0) = Y ‘3—‘[u[<uf>gv;+((uv);)gvf]— D %[ui(v>;)xv,~+<(uv>,~>xv[1

i€l i€ly

= Y 2w @)= Y, 3100wy~ )]
i€l i€ly

= 0.

Noting that
Upp1 — U; 1
sl =k D% (=50 = D% g —w)’,
i€l i€l
we can get the following inequalities immediately,
Uiyl —Ui—1 o
lugl? = h Y, (1)
i€ly 2h
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= 4h N [y = ) + = )P

i€lyy

< 2h D gy — ) +— > -

i€l IEIM

llus !, 2.4

I\

and

2
lluss

h2(1+2

IEIM

mh D [ign — ) + (4 — )1

i€y,
h Z Wiy = u;)? + h Z (W = ;)
2 i€ly 4h? 2 i€ly 4h?
< gl (2.5)
Besides, it holds that

2
[luelly

A

4 1
(=D ) = lusll” = 3 lug |

4 1
2 —|Iu;|I2 - —IIM;IIZ = [lug . (2.6)

\%

From (2.3)-(2.6), we can get |luy|| < [lug|| < |luzll < |lull,. Besides, it holds that
4 1 4 1
||Dx14||2 = (gu,} - 5”55’ gufc - 51455)

16 8 1

= g sl = 5 s, ) + g s
16 4 4 1

< I+ Gl + Gl + 5 gl
25, 2

< 3I|ulll-

Then, we have || D ul| < 2|lull,. [

Lemma 2.3 (Lemma 2.3, [41]). For any smooth function u, v, suppose U,." =u(x;, 1), V;" =v(x;, 1), | € Iy, t, = 7k, we have

k k k
4 ,+1 -U., 1 ,+2 -U., _ au, 4
= ——+0h"),
3 2h 3 4h dx
k _oprk k _hp7k k 277k
i Ui+l 2Ui + Ui— 1 1+2 2U + U _ d Ui +(9(h4)
3 h? 3 4h? dx? ’

Lemma 2.4. For any smooth function u, v, suppose Ui" =u(x;, 1), Vi" = v(x;, 1), i € Iy, t,, = tk. Then, we have

k k k dUik 4
U, U"); =3U; Tx +O(h"), 2.7)
vk auk Uk
P(D*U* UY, =UF—F +2—— —= + 0h*). (2.8)
bodx3 dx dx?

Proof. By Taylor’s expansion, we have

i+a

& (ahy
Ufa =US+ Y, S Uf+ 00", a=x1, +2.
1=1 :

For any function V(x,1) satisfying periodic boundary conditions, we have

k k
4 1+1 —Va 1 V1+2 Vica
37 2n 37 4n
4 e, B ke, Bt P 6 k), 2h% k@) bt k) 6
= [V, v, O(h Vv v, v, O(h
3[, +e +120 +0O(h”)]- (, +5 +35 +0(h))
4
=y 4 g‘—OV,."*(S) +O(h°). (2.9
Then, we have
5 n
k _ ykpk k(1) p rko(n=1) 6
vhuk =viube T T ZV U+ o).

n=
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Similarly, we can obtain

vk Uk, —VkU"+Z( 1)" ZV“’)U"(” D+ omd).
= !

Thus, we can get

Vk Uk _Vk Uk 1 5
i+1 1+1 i— k(l) k,(1=1) k(D) yrk.(3— I) h k(D) y7k,(5=1) 6
=Tl Y Al Z + ZV U5 Y vROUr e romd),
=0 =
vk, uk, vk uk ! 2 3 4
i+2”ir2 " imaYicy k() k(-1 , 2h k(D) k3=, 8h k(D) p ko (5=1) 6
22 2 N RO 2 N O e 2 N ROy L omd),
4h = 3 & 60 ~
and
Kk k g7k k gk k gk
ﬂV1+1Uz+1 VieiVini _1 VisaUina = ViU
3 2h 3 4h
1
_ ZVik,(I)Uik,(l—l) Z yEOGEED L o).
i=0 =0

Combining (2.9) and (2.10), and letting V¥ = U}, we can get (2.7). Then, by Lemma 2.3, let V¥ = D2U} =
get (2.8). O

2.2. Finite different scheme and main results

Denote
UF = u(x;, 1), IF = p(x;, 1), TF=p(x;1), i€y, 0<k<N.

Considering (1.1) at point (x,.,tl), i € I, we have

1
8,U 2 — as, D2U2 +oU°, U2) - ap(D2U°, U2) +g0’D, 117 =R,
72 272 073 0
5, 17,.2 - ﬂ&,DXITI.Z +D,(10U7) = Q"
The local truncation errors satisfy
IR <c(z+hY), i€y,

Q% < ez +h*), i€dy,

(2.10)

2
‘ + O(h*), we can

(2.11)

(2.12)

(2.13)
(2.14)

where ¢, is a generic constance independent of M, N. Considering (1.1) at point (x;,7,), i € I};, 1 <k < N, we have

AUF — ad, D2UF + p(U*,UY), — ap(D*U*,U*), + gIT¥ D JTF = RY,
7k 2 ik kyrk k
AJTF - pA DM + D (ITFUF) = 0%
The local truncation errors satisfy
IRF| < cy(®+h*), i€ly, 1<k<N,

0¥ < ey(z* + hY), i€ly, 1<k<N,

(2.15)
(2.16)

(2.17)
(2.18)

where ¢, is a generic constant independent of M, N. Combining with the initial and boundary condition, we have

UY =uy(x,), 10 =py(x,), i€y

vk =uk,, nf=nmkt,, mF=im}

i+M> i M i iam> €1y, 0Sk<N.

Ignoring the small terms, and replacing the solutions of the grid functions in (2.11)-(2.12) and (2.15)-(2.16) U¥, ¥, I1¥ by

uk, p¥, p¥, we propose a difference scheme for (1.1),
1 1 1 1 4 )

S —as, D)Zcui2 + o, u2), - atp(Din, uz); + gp? D.p} =0, i€y,
1 1 1
6,0} — ﬂ&,Diﬁf + Dx(/’?”iz) =0, i€ ly,

Al — ad, D2uf + ok i) — ap(D2u ), + gp D, 5K =0, i€ly, 1<k<N,

AE = pAD G + D (pfuf) =0, i€ly, 1<k<N,
with the initial and boundary conditions,

0_ S0 _ - e
u; =up(x;),  p; = po(x;), i€y,
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wf =l v PE =Pl P =Pa €Ty, 0SKSN. (2.24)

Now, we present the theoretical results of the numerical schemes as follows.
Theorem 2.5. Let {u¥, p¥, p* | i € Iy, 0 < k < N} be the numerical solutions of (2.19)~(2.24) and r* = p* — p. Then, for any
1 <k <N, we have
EF=E0 1F =10
where
EO = 112 + alld® 112 + g1P1 + BI°11),

1 - - - -
B = 2 [(h 1 4 N 02) e (B + 0 0T) g (NP0 o+ 1 02) 8 (I + 1771 IE)]

Ik:thff.

i€ly

Theorem 2.6. Let {UF, ITF, IT¥| i € I, 0 < k < N} be the solutions of the (1.1), {u¥, p¥, p¥| i € I);, 0 < k < N} be the solutions of
(2.19)-(2.24), and e¥ = UF —u¥, 7k = Ik — 3%, i€ Iy, 0 <k < N. Then there exist positive constants hy, 7, and i, such that when
h < hg, T <min{l, 75, 1/(6c,)}, 4 < max{Ag, Ao} < 2, it holds that,

le¥I? < co(z? + h*Y2, N1eFI? < eo(z? + h*Y2,

17412 < (@ + A2, AT < co(a? + R,

where 0 <k < N, ek =[ef, ek, ..., & 17, F =175 75, ... F51", A=cor/h with

¢ = Ostil,ll()ktsT{ (e, D], g Ge, DI, N 6, D1, g (x, D1}
and
Sco Scola+ P +3 co(170a + 60 +60) +45a  22¢)+21  170cy +45
€ = max{—==+ 6 : T2a(1 = 54/4) (1 =34/2) 20 =54/H "
¢, = max{cs, c%L}, cs = exp(6T'cy) - (max{a, f}(1 + %/L)ch + %),
2c; 2c; 2c¢5

o =2 TSI W= 3478 -S4/

3. Proof of the main results
In this section, we will give detailed proofs of the theorems in the previous Section.
3.1. Proof of Theorem 2.5

Proof. Firstly, we prove energy conservation. Since 5, is a constant, (2.19)—(2.22) can be written as

1 1

sul —ad,D2ul + (p(u?,ui%) — ap(D*, u[.%) + gp?Dxrl.% =0, i€y, (3.1)
5,4% - ﬁ&,Diri% + Dx(pou%)i =0, i€l (3.2)
A,ul’.‘ - aA,D)zcuf.‘ + (p(uf.‘,uf?) - a<p(Diu5‘,u{‘) + gp:‘DXr:‘ =0, iely,l1<k<N, (3.3)
Ak — A D2 * + D (pFuF), =0, i€y, 1<k<N. (3.4

1
Taking the inner product of (3.1) with u2, we have
11 , 1 o L1 o Lot on L1
(6u2,u?)—a(6,Du2,u?)+ (o ,u?),u2) —ale(Du’ u2),u2)+g(p Dyr2,u2) =0.
By Lemma 2.1 and Lemma 2.2, we can get
1 a 1 1
Sl 17 = 1) + 5=l 1 = 160l17) = g(r2, Dy(p%u2)). (3.5)
2t 2t
1
Similarly, taking the inner product of (3.2) with 2, we have
1 , 11 0 1.1
(6,r2,r2) = (6, D;r2,r2) +(Dy(p"u2),rz) =0.
Rearranging the above equation, we can get
1 p 11
22 =12 + = I = 1) + (Do), r7) = 0, (3.6)
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Multiplying (3.6) with g, and summing up with (3.5), we obtain
1 g
St = 1) + el 1 = DT+ S LA P = 101 + Bl I = 1011 = 0,
which implies
1
LI+ N1 + a1 + 1D + g 112+ 1117 + 8B 1T + 11D
= 11 + el + gl 11> + gl
Consequently,
E'=E°. 3.7)
Then, taking the inner product of (3.3) with uT‘, we have
(A,* i) = (4, D2 ) + (@G, i), uF) — al@(D2u,uF), i) + g(o* D ) = 0.
Using Lemma 2.1 and Lemma 2.2, we obtain
1 ~ _ _ _
4—T[<||uk“||2 = 1511 + a3 = F 5] = g@*, DL(Fub)). (3.8)
Taking the inner product of (3.4) with r’;, we have
(@, 7% = B4, D2, 5y + (0%, Do b)) = o,
which implies
1 ~ ~ _ _
22 LI = A1)+ AT = 1P HIDT+ 6, Do) = 0. 3.9
Multiplying (3.9) by g, and summing up it with (3.8), we can get
1 - -
TP = ) + a1 = R
4t
g - _
+ 1A = 1A+ AU = D) = 0.
4r
Rearranging the above equation, we get
1 -
5[(|Iu"+l 17+ 1 1% + @l T+ e 1) + g1+ 1) + g AP I + 141D
1 - - - -
=§[(|Iu"ll2 + TP+ a1+ 1D + g+ 1) + gBAEIE + 1FH I
It implies that
EMl=EF 1<k<N. (3.10)

Combining (3.7) with (3.10), we get the conclusion on the conservation of energy.
Next, we prove mass conservation. Taking inner product of (2.20) with 1, we can get

6,77, 1) = B8, D252, 1) + (D (p"u), 1) = 0.
Because of the periodic boundary condition, the inner product between Dx(pou%) and 1 is 0. Then, it follows that
') - D25 1) = 1) - pD2R°, 1),
which implies
' D="D. (3.11)
After that, taking the inner product of (2.22) with 1, we have
(4,75, 1) = B4, D2 5", 1) + (D (p*u"). 1) = 0.
Similarly, we obtain
D =D,
At last, we have
[k = k1 (3.12)

Combining (3.11) with (3.12), we get the required result. []
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3.2. Proof of Theorem 2.6

Proof. Without losing the generality, we assume g = 1. Subtracting (2.11)—(2.12) and (2.15)-(2.16) from (2.19)-(2.22), for
i €I, 1 <k < N, the error equations can be written as

1 1 1 1 _=
be} —as, Die‘.2 + o, e2), - a(p(Din, e2); + pODxf[2 = R?, (3.13)
1 1 1
8, f2 = B8, D2f2 + Dy (p%2); = Q°, (3.14)
A,e{.‘ - aA,D)ZCef.‘ + (p(U*, Uk),- — oWk, uk),-)
= A(@(D2U*, U, = (D2uk,uF)) — (ITF D TF = p¥ D, 5%) + R, (3.15)
A f* = pAD2 ¥ + (D, (IT*U*), — D, (p*ub),) = OF. (3.16)

1
Taking the inner product of (3.13) with eZ, we have
11 , 11 o L1 b0 Lol 11 o 1
(6,e2,e2) —a(5,Die2,e2) + (pu,e2),e2) —a(p(Du",e2),e2)+ (p" D, f2,e2) = (R",e2).
By Lemma 2.2, Lemma 2.2 and the fact that ¢’ = 0, we can rearrange the above equation as
Loz, @y 1217 0,1 L o i
lee "+ lee i = Z(f D (pe)) + E(R ,e). (3.17)

_1
Taking the inner product of (3.14) with f2, we have

Z1 1 11 Z1 1 Z1
(6:.f2.f2) = B, DEf2, F2)+(f2,D(p2)) = (Q% f2). (3.18)
Noticing (3.17), (3.18) implies
Ly Ly« Lo pgety = 100, ). (3.19)
2T 2t 174 T 2 ’
Using Lemma 2.1 and adding (3.17) and (3.19), we have
1 P = 1 1 =
ot + allelIF + 1717 + BIAID = SR, eh + 2(@% 7
T 2 2
Lol Ly oy 71
<=|IR =
< SRV 1+ S0
Lotz Tupon2 .y LywAn2 o Tuno2
<— ~|IR — -
< gl I+ Z IR + =+ 110
1 _ _
< E(llelllz+allelllf+llfl I>+817" ||%>+§ch<r+h4)2,
when 7 < 1,
le' I +alle |12+ 171112 + BIFIE < 222 Lz + h*) < 2c] L(z* + B, (3.20)

Taking the inner product of (3.15) with el_‘, we have
(4", k) — a(4, D2 F) + (p(UF, UF) — gk, uF), F)
— a(@(D2UX,U*) = (D2uk i), ) + (IT* D TF — p* D, 5F, ) = (R, éb). (3.21)

It is easy to see that

p(UF, UY), — o@F, "), = U, UY), — oU* ub), + (U i), — o(*, b,
= @(U*, "), + p(e, uh); — p(ek, U*), — p(ek, U),

= oU*, ek),- + (X, Uj‘)l- — (X, ei‘)i. (3.22)

Similarly, we have
@Dk, uF); = (D2 ), = p(D2U¥, eF),; + p(D2ek, UF), — (D2 ek, &by, (3.23)
D 0} - pfD.pf = OFD, ff + fFDITf - D, F. (3.29)

Combining (3.22), (3.23) with Lemma 2.1, we can get
(@U . U") = ok, ub), &) = (p(e*, UF), F)

LT N DS AU DI S A B
= S (g, ) = 3 US ) = 2" U, &) + (UK ), (3.25)
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and
(@(DIU*,UF) - (D2, uF), &) = (@(D2et, uk) )
_ g(Diek'Uévek)_g(Diek'Uk’ei) (D2 k Uk k)+ (D2 k. k. k)
Taking the inner product of (3.24) with ek, we have
UT*D 1% = p*D 7, k) = —(F*, D (T*e") + (£ D 1%, &) + (FF, D, ().
Combining (3.25)—(3.27) with (3.21), we have
T = bR 4 ek — ek )
- ‘—‘(ekU;‘,ek)+ i(ekU’_‘,ei_f() + l(ekUjE,eE)— l(ekU’_‘,e';) + ‘ﬁ(Dﬁek Uk, &

_ 4a
3

- (f*pa*. k) - (7F, Dx(fkek))

(DZ k Uk )_ (D2 k Uk k)+ (D2 k Uk k)+(fk D (Hk k))

Taking the inner product of (3.16) with f k, we have
@ 7%, 7% = pa D27%, 75 + (D, (1), 75) = (D (Mub), 7% = (%, 75,
where
D (IT*U%), — D, (p*ub); = D (IT*e"), + D (F*U*), — D, (f*eb),.
Substituting (3.29)—(3.30) into (3.28), we can calculate
%[(Ilek“ 12 = 11 12) + allle 12 = 12 + QAP = 141 + LA+ -
= [—%(e"U;‘,e"‘H l(e"U.’?,e"<)] + [i(ekU’_‘,e'_f) - 1(e"U" o]+ [ (D2ek - UK, by
22k Uk D) + [~ 2k UR o) + L2k U b)) - (0, UP), 7

— (f*D 0%, &) + (Rk,ek>+ %, 7%

8
=) P

i=1

Next, we estimate each term of (3.31). With the help of Lemma 2.2, we have

4 AN ko
P = —g(ekU){:,ek)+ g(ekU;‘,ek)

4 A A 1 A A 5 X
< §||€k|| MU N - e+ §||8k|| MUl - Nl < gcollekllllekll,
P, = g(ekUi‘,eZ;) - %(ekUi‘,e;) = (ekUk %eif — =e. ) (ekUk,Dxek)

IA

_ . s ]
I U F N 1D < Seqle el
Py = (R, &) < |IRM||- 1€,
Py = (O /< 10"I- 171
Then we estimate P; as
4a A a Pk
P = ?(Diek~U§,ek)— S(Dzek~U§,ek)
= a(Die"(%Ug‘ - %Uj’c?), &) = a(D2ek - DU, eF)
da k k o k k
= ?(ef_ji,DxUk cefy— g(eﬁfd,DxUk - ek
= -2k @b, U%)->+ L (e @D, Uby)

k 7 I3 a k % I3
=__Z(e DU, e, =D, U] el?"' Z(e (DU, ey =DUL - 11)

IGIM IEIM

= 3 Zh Y (@D UL (€ + (D UE e
i€l

+ ‘;’h D (€)5[DUE (eh)s + (DUf)sek, ]
i€lyy
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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3 1k 1D UF N e + ek 1D, UF L lle )
- 3 X X oo %% X x~x lloo
. e o
+ S U UMl lled + 15111 DU o e 1)
Sa Sa
< Zeolle Ny - ekl + Zcoliek ek ;.
3 3
Then, we estimate P, as,
4 o -
P, = —?a(Dzek SUR (M) + %(Dﬁek U, (€9
da 4

=~ B G UF = 3@ VR D + Sy UF = (e UR €D

16 i By da i i i
“(m ez ) + “(U"(e")ﬁ,e’fn—“(U"(e’%;,eﬁ)—5(U"<e">ﬁ,e’;)
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(3.32)

k k k k
16a k(e,'))'c_(e,-_l))? e[ _efcl i ¢ i) e;—l)f i1 %
=——"h U; . h U; .
9 iezl}d h 162124 2h
k l_c k k
da 1))? 1+2 el 1+l (el l)x i B i—2
+5h > uf . ——h > Uk . 4h
i€lyy i€lyy
- oy U}((eff),?—(ej.zl);)((e,fk)2 + (ko)
i€y
5 X U s = (€ )s + ()0
IEIM
+ 25 Uk, — (e DRk, g+ (€ o)
i€l
~ 3¢ 2 U, s = (e Doely )i + (@)
IGIM
4
=a Z J;.
i=1
Then each term in the (3.32) is estimated step by step as follows
J = Z UF((e)s = (€ D)) + (@F o)
tEIM
= -2 Z UFI(9)x(eP)s + ()x(ek )z = (€8 e(eb)z = €k )z(ek )zl
IEIM
= -2 Z UFI()s(eF)z = (e stek s ]—— PR (CHNCIN R CISNEN
ze]M IGIM
= AF+ Ak,
where
Ak = _g ¥ Ui}(ef,‘)x(ef._‘)g+§ 3 UkEE ek s
ieIM i€ly
= -2 2 UK(e)z(eb)z +— > Uk )b
IEIM IGIM
= —h Y Whsehsehi
i€l
< Saollek bl < Seolletll 1Rl
and
Ak =2 Z UKk s +- PR CINNCOR
lelM IEIM
= Z UKl Dl + el - 2 Z URE):le s + (s
erM IEIM
=3 Z U )x(efs=(ehstefsl—3 &3 UHEE s — e s]
tEIM i€lyy
‘gz U, 2[(eH>A~<e"“> — ()= Y U 2[(e") G TGN |
i€lyy i€lyy
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+— Y wf-u 2)[(e, De(ef g = ()5

IEIM
-= Z<U" u' 2>[<ek>x<e IR CARp M s W
IEIM
4
— 9(Fk+1 _Fk Z §Uk 1[(el 1)x(ek+1) _(ek) (ek+1) ]
IE’M
2 §UFI(eF De(eb ™)z = (eh)z(ek sl
lElM
4 4 _ 4 _
< ST = F + 518U s lleglles™ 1+ 52 16,0 I llek el

4 47 4z _
< S = B+ Soallet e + S eollek e,

Ut 2[(e Dx(ef 5 = (€h)5(ef ;. So that

iely Vi

where Fl" =y

8 okl 11k 4 pk+l _ gk e+ 1 4t ki k-l
Ji1 < §c0||e i lle™ Iy +§(F1+ - F )+—C0||e i le +9_hco||€ lille™ 1l

Next, we consider the second term

J2 = Z Uk[(eH,])x _(ef_l)g][(e?()g +(e:}—l)5€]
tEIM
= 2 UFE stehs - € stehs)
i€l
D A N R ORI WO (NG CIRNCN
IE[M IEIM
= Af 4 AL,
where
Ak = EZI: UL, D(eb)g = @)@k ]
i€ly
= 5 Y vk s -5 X Ub e s
i€ly i€l
= —5h X Whtel, stebs
i€lyy
2 p 2 ,
< §Co||€§||||e§|| < Zeollek ek,
and
€im
-1 Z Uk[(ek) (g + (€9)5(e¥1)5 = (5 )3, = (e sk, ]
9 i€ly
=3 Z UFI(ef)s(efh = (ka1 Z UKk e(ef ™= (e)s(ek7);]
IE]M lElM
ek
= —(Z U, 1)@= (b e - 3 U 2[(ek Da(ed = (€D ez
zelM i€l
- Z 5Uk 1[(ek) (ek+l) _(e l)x(ek+l) 1
IEIM
-= Z 8 U s )s = (e)s(eb 5]
IEIM
= —(Fk Fk 1)_ * z]: 5Uk[(el 1)x(ek l)x_(ek)x(e )f(]
IG M
DL (CONCAR I CIRNCAR N
IEIM
< é(Fk Fy~ l)+—60|Ie ||||€‘A+l||+—colle Il

IA

1 _ -
§(F2k—F2k )+ %C()”e e, +%c0||e lille= My,
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k k=3 kel ok k=14 (k
—_ 2 — —_
where Fy = Z[E,M U; 2lef Dslel Dz = (7 Drle)z] Therefore,
2k ok 1 ok k-l k+1 k-1
Jr < §c0||e i lle® 1l + §(F -F7)+ —C0||e ey + _9 colleFll el

Next, for J;, we give the following estimation,

Z UKz = (e )gll(ek, g + (X ))s]
IEIM
=§ 3 UF(eb): = ek DRI, s + (€P)s + (eF s+ (eF 5]
i€l
=% > U}[(e{f);—(eff,l);][(ef?>g+(e§,l);]+é D UMb =k sk, Dk )i
i€l i€l
=A% + AL,

AE = = 3 UM(eh): - (F I, s + (e )sd

iEIM

= = Z UFI(eR)2eF, e+ (eb)zel )e=(ek ek, De=(ek Dser ,)s]

lElM

= 5 U s~ ek ]

i€l

1 _ _ _
+ 6 Z Uik[(e;{()i(e;(_z)y'c - (e:-c+l)g(e:-€_l)g]

i€ly

5 X URE (el e = (e elel )]
i€y

+3 3 U e = e eteh el

i€ly

D;.

.
™-

1

J

To calculate the result, we need to estimate each term of J;.

D, = Z U"(e")x<e,+1)x— PR CHN AN
EIM lE M
= =20 3 W] elehreteh, e
i€l
< 21UF )Lkt
-9 x Moo it % X

2k E
< §c0||e lille® ;-

Then, we have

Dy= =3 ¥ UReDel -5 X UE et e

i€l 9 i€l
= —h 3 WF Dalebster )z
i€lyy

| Kk
< §||U55||co||€5(””eg”
€0k k
< —|le el
9 lle® Il lle™ I

By a similar argument as A’z‘, we can estimate D; as

Dy=—¢ 2 UFI(eX g(ek )z — (€ )s(ek sl
tElM
= -z Z UE [(9)z(eF s = (€ )s(eb)s]
IEIM
1
< ﬁ(F;{H - F3k) + ——colle* I 1+ 11y + —=colle“ Il 1" 11

18h 18h
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R. Gao et al.
where F3k = Z[E,M l+12[(ek) (e* ) —(e Ds (¢¥");]. Next, we estimate D, as
D= ; UFI(e, Dslef s = (€ sefy 5]
16 M
1 _
=5 PR (G N G MR G N Cord R G N o N G N o
i€lyy
= —(Z U (G N M N W ) WV (N o N RN Co N |
AGIM i€lyy
== 2 u' 2l<e,+1) (G M G N W
IE[M
ZI‘, u' 2[<e SN o M D N o W
IE M
Z BN (AN Can M I N N
tEIM
Z §UFI(F De(ef s — (e, Dalel D]
1€1M
—<F"+1 = FH)+ ol I 1 I+ gemcolletlly ey
where Ff =¥, uf"f[(e )x(ef7 Dz — (¥, )5(e“");]. Thus, the final estimation of Af is
. ]
Aés;“lleklll||e"||1+—[<Fk+1—F">+<Fk+1—Fk>1+ colle [l lle! ||1+9_Co||€‘ Nille

Then, we estimate J, as

Iy = —= Z UFI(eE, s = (€5 s, g + (eF s
IEIM
= 2{, TGN IS CA Ny I R N IS A RN
:e M
- 736 EZ Uk[(ez+l) (ez+1) —(e f—l)f(ef—l)f]
i€ipp
— 2o 3 ORI DeCel s - (e stely )
lEIM
= A’7‘ + A,
where
Ab = = 7 R DeCel s - (€ stel s

zezM

__6.2

TLDIC/ARCONCOR

Z

UK (@)e(eF)s + == CANCON

i€l
G ki1 K
< EHU’? I llez el
€0 ik k
< —|le e s
18” [l le® 1l

and by a similar proof as D4, we have

D N (NG NN
IGtM
- -% 3, UGt )Rl el el = e el
i€l
= Z u 2[(k1) (€D = (ef, s(el sl
IGIM
-= Z u' 2[<e,+.) NG T CAD N o S|
IEIM
144; U el stel s = e stel
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DIV (G N P Cap NG N

i€l

144

k1 k k1
—(F H-FOY+ — —colle* Il "I} + ==

<5 7 =colle e

72h

where Fsk = ZiGIM U,. 2[(e Di (e ) —(e Di (e¥~1);]. So that, the estimation of J, is

i+l

o\ ki 1k 1 pk+ K k+1 k=1
J, < = F = FO)+ + .
4= 18”9 lelle™lly + 72( 5) 72hco||e 11" Iy 72hco||€ il Iy
Consequently, since ¢y7/h < 1 and a > 0, we have
da k k o k k
P, = ?(Diek-U",e’;)+ E(Die"-U",e’;)
u 1
= aZJ,-za(J1+J2—§J1+A’6‘+J4)
i=1
Sa ]
< SR 2l ek 2 e e+ 2 e e .
where
F"=ZF"+2F"+ Lprey Lpey 1 opk

9 92 93 974 365"
Now, we consider the rest terms of (3.31),

Py = —(D(f*UR), 75) = (f*U*, D, 5
_ opkpk b1 g
= U S -37D
= (Ut pp2 R S L

= 2GR = SR 7 - SRR FEUR, 7 + 302 FUR, T

(98]

B,.

.
™-

1

J

Next, we estimate each term of Ps.

B = 37U =2 Y UG, - 7R

i€l
1 ko 7k 7k+1 o 7k 7k—1 _ 7k 7k+l _ rk 7k—1
=z UrU i + fEFE! =S D
3 [_EZM +1 1
_1 2 Uk(f f‘lf:il 7 fk+1 Z Uk(fk lf, —
lElM lElM
+_ Z U (f H—] fik_lfiﬁ—l)_ 3 Z Uiij-l(fil:-lfik : f‘+1 fik)
zeIM el
_ Z Uk(fk k+1 fkfk+1 Z Uk T lf _ etk
lElM tEIM o I =
——Z(U Ve (FE K+ RS R
i€lyy
_ 1 2 U z(f fk+1 k+1 2 U 2(fk 17 _j;_k—lfjk )
tEIM " IGIM ’ -
_z Z 5,URI(f* fk+l 7 fk+l Z 5,UK(F* lf — e
zeIM lGIM
-= Z UP (e 1+ 7R 7
tEIM
< %(G’frl Gh +—||fk||||fk+1||+ ||fk||||fk N+ =2 CO A0
< %(Glfrl —Glf)+ 7 ||||fk+1||+ ||fk||||fk "

. 1 =
where G = ¥,c; U, *(f}7' K, = 717" FE ). Then we get the estimation of B, by following a similar procedure as B.

B, = (f"U" f")——— > ulkGh, - 7E)

IGIM
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= ZU(f TS+ PR = T = TE R

IEIM
= Z UR(FEFi) - T f,’jle)— > vk, - T
:eIM IEIM
Z UK(FF 7 +ﬁ-"‘1ﬁ"_2)—ﬁ > Uk, TS
teIM i€ly
— Uk(fk k+| fkfk+| Uk fk lflk fk ]f' )
’EZM 24 ’EZM 2 i+2
+— 3 WEDFEIS + T
lElM
_L _
-2y e -5 X UG, - A
ielM i€ly
_ Z 5Uk l(f fk+l 7! fllj:;l)__ Z 5Uk fk lfk fk 1f1+2)
reIM i€ly
+— 3 WE DS+ )
tElM
Akt ko FCO ) mky oy k=1 k-1
< 5,65 -G )+24h||f 117 ||+24h||f A=+ 2 LA
< 2—14(6’;“ G")+—|If"||||f"“||+ Ty

[ I
where G5 = ¥.c; U, *(F]7'fE, = FF7'7Y,). We can find that the argument of B; + By is similar to P,. Therefore, it is easy to
estimate B; + B, as

458

25 . ay Ak 7
B3+B4S_ﬂc()”fklllllfk”l+_||fk||1”fk+1”1 ﬂ

D21+ D6k - 6,

The deﬁmtlon of Gk is similar to the definition of F*, where we only need to change e into f;. fk. Moreover, we define G¥ =
ZG" +5 G’z‘ + BG%. Flnally, we get
Py = ~(D,(/*U"), /%)

1
< 3G1-GY+ 2 ||f"||||f"“||+ i
25¢y = = - - - Sk
+ =g AT + 7—2I|f"|I1 IIf"“ I + 7—2|If"||1 1741
At last, we estimate P as
Py = ~(/*D, 1%, &) = (F*D, 1%, &) - (DL 7* D 1%, &)

_ I - . 1 B
IFND T [l lle Il + ?C()”fk”] lle 1l + ?collekllllfklh

IA

A

N 7/ H . 1 B S
< coll 74 Nlek ] + ?C()”fkllllleklll + ?C()”ek””fklllv

where we use the estimate of P;. Substituting P, (1 < i < 8) into (3.31), and combining with Cauchy-Schwartz inequality, we
have

%(Ile’@’l 117~ lle* 1|| "t (Ilek“ll2 lle 113 "t (IIf"J"II2 717 It (IIf'chl =171

S¢p T
s7||e"||||e"||+ ek ek ] + 220 |"|| B4 2500y el
45a
+—||e"||1||ek+1||1 =5 llefInlle™ i+ (F"“—F")
ﬁ ¢
(G"“ G")+ I|f"||||f"“||+ Ilf"IIIIf" N+ == ||1||f"||1+—I|f"|I1|If"“I|

—lef"lll||f"*‘||1+c0||f"||||e ||+7co||fk||]||e ||.+?c0||e LA+ LR T 1+ Q4 7

€Oy xkn2 L 0y ks . €0 kna . €0 kw2 . %0 gi2 . dACY | Eio
S—le" 1"+ —lle"lI” + —lle"[I” + —lle"|I] + —Ile"|I] —IIe Il

Sacy 1 Sac, 25ac 25acy 1 45 45
+ Tllekll2 + —IIekII? + ?Ilekll2 + —llekll2 g lleflT + ||ek+l I3

144 144
By ko Wy ko 3 a2 FRHL|2 A2 4 k=12
+ gl + 144Ile I+ g /71 + ||f =+ ||f "+ Ilf ll
25ﬁc 7 454 45ﬁ 45ﬁ 45/3
°I|f"||2 I+ I IIkaI2 IIf"“II2 ||f"||2+ I 17T
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oy k2, 0 k2 P a2 3B k2, P aka B k2
+ DUFHR DI + R A+ 22D R D 4 20 ok

Lonky2 o Liokn2 o Lyoknz o Ly 7% g2
+ Z|IR¥I? + = + = + =
2|| I 2||€ [ 2||Q [ 2||f I

2c Scola+p)+3 S¢ 2c Scola+p) +3 _
(G =M P+ SR + (S + =)l P
4 200552 +300+30) +45a epe a(45+170c‘0)” o
144 72
L 2050 +300+30) +45a o T o 0+9 g2y 20020 g
0 ek + TR R S
B(50c) +45)  ii1in ﬂ(170c0+45) . ﬂ(50c0+45) .
I+ I+ = I
1
+ S - B+ 16 - GY + IR + S 104IP. (3.33)

From the definition of F/‘, we know that for 1 <i <5, we can get
T _ -
| Ffl < ZTIIeklhllek Uy =24l 1 e .
Therefore,
el ) < 2201 ey < 2 AlHIE + 2 Alle 12 (3.34)
=4 ! '8 178 r :
Similarly, we can estimate G¥ as
fIGkI <220 ||fk||||fk =220 751471,
76k <250 Ilf"IIIIf" U= 2407404

hIGE| < Iznf"nlnf"*lnl-

Thus,
7|G¥| < 2—’|G"|+i|(}’<|+rﬁ|0’<|
<= |If"||||f" 14 24 ||f"||1||f" g
< (IIf"||2+I|f" 1|| )+ == ” EALFRIR + 1A, (3.35)
Denote
_ k112 k=112 = =l k12 rk—1112
oy o el oLk it Gt TN Gl el L A il i
2 2 2 2
—taF* — tG. (3.36)
It is obvious that
[l GO Ol il GOl FASPPON: N il Vol s
2 Ty 2 2 2
712+ 11752 K2 4 1k 12 lle 112 + [lek=1)j2
+ﬁ(1—§i) 12 15Hks||e|| 2||€ I +a(1+45_;}‘) 12 1
FRNI2 4 || 7512 IA5N2 + 117% 12
+
+(1+2 A)—”f I 2”f I ﬂ(1+%/1)—‘ 5 L (3.37)

Submitting (3.34)—(3.37) into (3.33), we have
k2 0k 2 IR 12 +]1ek 1% 2 762 PRI
2L<||e [ el i L ISR i L ra PR GhH
T

a
2 2 2 2

K2 o2 o F - Fl2 ) 7l |12
1Nk 12+1e 2 ety +lle™ LI EEN P N (Vi (e 3 (Wi |
_2_<|| IZ+ e, et L IS +5 1 ' aF* G
T

2 2 2 2
k12 k—1112 = =
e 11 + [lek="|2 5 Neflly +lle™ I 3 A + AR
<ey | —m————— - ) ———— + (-
—03[ 2 + a( 1 ) 5 +( > ) >
k2 rk—1112 k+112 k12
N PA e Wi [le*+1]|% + |le*]1? 5 My + 1letlly
- hH)— - -2 ) —————
+5( 7 ) 2 +c3 ) + a( 7 ) 7
FRL|2 4 || 762 A2 4 11712
+(1_%A)|If I 2+ (WAl +ﬂ<1—fﬂ> 12 L 4 2r 4 ny
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<e;(H' + HY + L7 + h*Y.
Therefore, we can calculate
zi(H“‘ — HY < ¢,(H*' + H*) + ¢y (v + b2,
T

When 2¢,7 < 1/3, by using Gronwall inequality, we have

H*' < exp(6Tc,)(H' + %(# + ). (3.38)
When k = 1, we have the following estimation,
H' < %ne‘n2 —(1 + —)||e 7+ —(1 + —)Ilf I”+ ﬂ(l + —)Ilf Iy
< max{a, g} - (1 + Ez)ch(r + h*?. (3.39)

Substituting (3.39) into (3.38), we get
H**! < exp(6Tcy) - [max{a, f}(1 + %z)ch + %](r2 + 1% = e5 (22 + 2,
From (3.37), we know that
0P + alt = 201 + (1= SO 4 g0 - 2R < 65 4+ A4,

Consequently, we find that for any 1 <k < N,

2cs
€11 < 2es(e? + 1 L T < S (@ 4+ A

- 2c 2c5
k+1912 < 5 2+h42 Fk+1 +h42
WP < o @ T < g Y

Combining with (3.20), the proof is complete. []
4. Numerical experiment

This section shows several numerical examples to verify the conservation and error estimate. As in [49], we show the errors for
two variations by using L>—norm and semi-norm in temporal direction and spatial direction, respectively. We denote

4
1 Etgpgee (. Ol = max \/3 > (i h o)~ (h/2,00): = $h Y (ko) =i (/2,00

<
<N i€lyy i€lyy

2
— k _ ok
1Bty e, Dl = max \/h,-g‘ ik (h,0) = b (/2,0
M

2
It (. Dlly = max Z Wk (h,7) — w2 (h,7/2))’ - —h Y (ukh, o) = uh, 7))
i€l i€l
2
1 Bty (. 0l = max \/ > e h o) = /2| (CBY)
M

and | Epype(h Oy 1EBsime(h DNl 1 EBgpace(h Dl1s 1 EBgpace(h, 7|l have the similar definitions.
The spatial convergence orders of velocity u are defined for sufficiently small » and = as

| Eugpoee (2R, D 1 Eugpge. (2R, D
rate; = log, e L ratel = log, e (4.2)
”Euspgcg(h’ T)”l ”Euspace(h’ o)l
and the temporal convergence orders are
Euy,o(h,2 Euy;pe(h,2
ratei = log, NEugie (. 20111 rate? = log I Etyine (5, 201 4.3)

IEtgine Ol " 7 2 Bty (0
The convergence orders of magnitude g have the similar definitions. Next, the energy discrepancies D" and the mass discrepancies
M™" are defined as followed:

_ e - E)
o IE

" - 1°)
|1°]

n n _

>

Example 4.1 (Dark Break Problem [49]). We consider problems with periodic boundary conditions on the domain [-L, L]. The
dam-break initial conditions are given as follows,

ug(x) =0, po(x) =1+ tanh(x + a) — tanh(x — a),

where a represents the dam-breaking parameter. Numerical experiments are shown by using two sets of parameters.
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Table 1
Spatial convergence rates with = = 1/1000 of Case I.
h 1 Etgpge (ho DIy rate,, | Etgpaee (R, DNl rate; IEBspaceChs DI rate, NEBpaeeh, DIl rate;
1/5 1.9165e-03 * 4.8896e—04 * 7.8347e—-03 * 1.5088e-03 *
1/10 1.3456e—04 3.8321 3.2546e-05 3.9092 6.0786e—04 3.6881 1.0701e-04 3.8176
1/20 8.6373e-06 3.9616 2.0662e-06 3.9774 3.9807e-05 3.9326 6.8866e—06 3.9578
1/40 5.4325e-07 3.9909 1.2964e-07 3.9944 2.5140e—-06 3.9850 4.3341e-07 3.9900
Table 2
Temporal convergence rates with h =37/125 of Case I
T 1 Ettyie Ch, DIy rate!, I1Ettime . DI rate? 1 Epyime h, DIy rate; 1 EBrime (Rs DI rate?
1/8 5.2909e-03 * 5.3405e-03 * 7.8042e—-03 * 4.5872e—-03 *
1/16 1.3574e-03 1.9627 1.3708-03 1.9619 1.9843e-03 1.9756 1.1800e-03 1.9589
1/32 3.4232e-04 1.9874 3.4565e—04 1.9877 5.0109e-04 1.9855 2.9832e-04 1.9838
1/64 8.5861e—-05 1.9953 8.6680e—06 1.9955 1.2593e-04 1.9925 7.4940e—-05 1.9931
Table 3
Spatial convergence rates with = = 1/1000 of Case II.
h I Ettypee (Nl rate! | Ettgpaee (N rate NEpypoech DI, rate] NEpspace(h- DIl rate;
1/5 9.7735e—-04 * 2.2077e-04 * 5.1291e-04 * 1.3277e-04 *
1/10 7.0632e—-05 3.7905 1.5169e-05 3.8633 3.5324e-05 3.8600 8.9217e-06 3.8955
1/20 4.5827e-06 3.9461 9.7246e-07 3.9633 2.2661e—06 3.9624 5.6867e—07 3.9717
1/40 2.8911e-07 3.9865 6.1145e-08 3.9913 1.4264e-07 3.9898 3.5782e-08 3.9903
Table 4
Temporal convergence rates with A =1/100 of Case IIL
T 1Ettjpe (h, DI rate! 1 Ettyje (D) rate? 1 EBrime (R, DI rate; 1B jme (R, DI rate;
1/8 9.9558e—-05 * 4.7284e-05 * 1.3954e-05 * 5.0343e-06 *
1/16 2.4999e-05 1.9937 1.1876e-05 1.9933 3.4992e-06 1.9955 1.2635e-06 1.9944
1/32 6.2609e—06 1.9974 2.9742e-06 1.9975 8.7583e—07 1.9983 3.1631e-07 1.9980
1/64 1.5665e—-06 1.9988 7.4409e—-07 1.9989 2.1911e-07 1.9990 7.9137e-08 1.9989

Casel. a=1, =0, g=1, p, =0, a=4 on the periodic domain (x,7) € [-12z,12x] x (0, 1].
Case2. «a=03, f=1, g=1, py=1, a=0.2 on the periodic domain (x,7) € [-8,8] X (0, 1].

Convergence tests. We solve the problem with different parameters. When we choose the parameters in Case I, the errors of two
variables u and j are shown in Table 1 by refining spacial step size with a fixed temporal step-size = = 1/1000. The errors presented
in Table 2 are calculated by refining temporal step size with a fixed spacial step-size h = 3z/125. We can find that the present
scheme is second-order in time and fourth-order in space. In Table 3, the errors are calculated by refining spacial step size with a
fixed temporal step-size = = 1/1000, when we choose the parameters in Case II. Table 4 presents the errors by refining temporal
step size with a fixed spatial time-size 4 = 0.01. Table 3 and Table 4 show the same convergence rates in space and time.

Long time evolution. We observe the process of velocity u(x, ) and magnitude p(x, ) in a long-time period for both Case I and
Case II. For Case I, we set the solutions of step size h = z/20,7 = 0.02 as the numerical solutions and the solutions of step size
h = r /60,7 = 0.02 as the reference exact solutions. Then we display the profiles at six different points in time T" = {6, 12, 18,24, 36,48}
in Fig. 1 and Fig. 2, where u and p present good agreements. For Case II, we set the solutions of step size h = 1/10,7 = 0.01 as the
numerical solutions and the solutions of step size 4 = 1/40,7 = 0.01 as the reference exact solutions, the numerical results at time
points T = {1, 10,20,30,40,50} in Fig. 3 and Fig. 4 are all consistent with the reference solutions. The numerical solutions reach
the same phase and peak values as the reference solution, and show symmetry, even after a long period of time. The scheme can
achieve high resolutions and produce accurate results, even for large values of A.

Furthermore, Fig. 5 simulates the process of long-term two-component Euler-Poincaré equations in Case I. The result displays a
steepening behavior. The amplitude of the solution develops into zero right at the moment of overlap, as well as the slope becomes
vertical. Then, the peaks develop and depart again as time increases. These performances are consistent with the conclusion in [49].
For Case II, the same consequence can be observed in Fig. 6.

Conservations. We show the mass- and energy-conservation properties of the fully discrete schemes (2.19)-(2.24). In order to
better express the conservation of our present scheme, we also compare our scheme with other schemes. By using implicit Euler
method in time discretization and extrapolate method to deal with the nonlinear terms, a linearized scheme is given as following:

Linearized Euler method:

u;’+l _u;‘ Diu?Jrl - D>2€u7 n n+l 2 n  n+l ne =n+l
a + oW, u"") —ap(Du", u") + gpi o piT =0,

i

T
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(d) T=24 (e) T=36 (f) T=48

Fig. 1. The numerical solutions profiles of the velocity u(x,?) at different points in time in Case I for the step size h = z/20,7 = 0.02 as the numerical solutions
and h =z/60,7 =0.02 as the reference exact solutions.

(a) T=6 (b) T=12

(d) T=24 (e) T=36 (f) T=48

Fig. 2. The numerical solutions profiles of the magnitude p(x,?) at different points in time in Case I for the step size h = z/20,7 = 0.02 as the numerical solutions
and h = z/60,7 = 0.02 as the reference exact solutions.

—n+1 —n 2 =n+1 2 =n
gl — D2p"! — D2y .
: - —f— L + D, (p"u"h), =0,

P =T - pDYa. (4.4)

Then, another fully implicit numerical scheme is established by using Crank-Nicolson method. The fully-discrete method is written
as:

Crank-Nicolson method

utl D2y — D2yt 1 | ! | oL 4L
i i —a X0 X +(p(u"+5,u"+§)—aw(Diu"+§,u"+5)+gp:' szﬁ:l 2 :0’
T T
~n+1 =n 2 =n+1 2 =n
o = Dip!™ — Dip; 1ol
1 1 XUl X1 +Dx(pn+2un+2)i =0’
T
P =T - pDYa. (4.5)
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(d) T=30 (e) T=40 (f) T=50

Fig. 3. The numerical solutions profiles of the velocity u(x,t) at different points in time in Case II for the step size h =1/10,7 = 0.01 as the numerical solutions
and h =1/40,7 = 0.01 as the reference exact solutions.

(a) T=1 (b) T=10
(d) T=30 (e) T=40 (f) T=50

Fig. 4. The numerical solutions profiles of the magnitude p(x, ) at different points in time in Case II for the step size 4 = 1/10,7 = 0.01 as the numerical solutions
and h =1/40,7 = 0.01 as the reference exact solutions.

Furthermore, we compare the evolution of two conservation of different methods. They are denoted as “Linearized Euler", “Crank-
Nicolson", and our method (2.19)—(2.24) is denoted as “the present scheme" in Fig. 7 of Case I and Fig. 8 of Case II. By the analysis
of Theorem 2.5, it is easy to find that all methods mentioned above can conserve mass over a long time interval. However, the

linearized Euler method cannot preserve energy. Even though the fully implicit method exhibits good energy conservation, it cost
more time and storage space than our present schemes.

Example 4.2 (Solitary Wave Propagation [5]). We consider a solitary wave with the following initial data:

AYNVEPIN ey By ERE V8 (e
po(x)—1+losech< 40(x 70)>, ug(x) = 0 sech( 4O(x 70)),

where we take x € [0,200], g =9.81, g, =0, a =0.6,and g =0.2.
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Fig. 5. The simulated profiles of the velocity u(x,7) and the magnitude p(x,7) at two view angles in Case L.
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Fig. 6. The simulated profiles of the velocity u(x,7) and the magnitude p(x,r) at two view angles in Case IL.
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fo1° 10/t
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t t
(a) Evolution of D™. (b) Evolution of M™.

Fig. 7. Evolution of D" (left) and M" (right) for the different discrete schemes of Case I for r =1/10, h = x/40.
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Fig. 8. Evolutions of D" (left) and M" (right) for the different discrete schemes of Case II for = = 1/20, h = 1/20.

Table 5

Temporal convergence rates with 4 = 0.1 of Example 4.2.
T 1 Ettjpe (h, DI, rate] 1 Ettyje (DI rate? 1 E2yime (. DIy rate] 1E i (R, DI rate?
1/8 4.0008e—-03 * 5.7142e-03 * 1.5392e-03 * 2.0398e—03 *
1/16 1.0553e-03 1.9226 1.4864e-03 1.9427 4.0938e—04 1.9107 5.3393e—-04 1.9337
1/32 2.7084e—-04 1.9622 3.7560e—04 1.9846 1.0784e—-04 1.9246 1.3533e-04 1.9801
1/64 6.9863e—05 1.9549 9.4600e—-05 1.9893 2.7770e-05 1.9573 3.4919e-05 1.9544

Table 6

Special convergence rates with z = 1/1000 of Example 4.2.
h 1 Etgpgee (R, DIy rate,, | Ettgpgee (R, Dl rate, HE B paceChs D rate;, 1 EDspace(hs DI rate,
1/2 2.1518e-04 * 2.0572e-04 * 1.0618e-04 * 9.0810e—05 *
1/4 1.4026e-05 3.9463 1.3232e-05 3.9585 4.9855e—06 3.9260 5.8878e—-06 3.9470
1/8 8.8493e-07 3.9864 8.3295e-07 3.9897 4.4183e—-07 3.9828 3.7128e-07 3.9872
1/16 5.5439e-08 3.9966 5.2155e-08 3.9974 3.3565e—08 3.7184 2.3270e—-08 3.9960

Convergence tests. We calculate the errors and the convergence rates of the numerical solutions by (4.1)-(4.3). Since the
parameters are already given, errors of two variables u and j are shown in Table 5 by refining spacial step size with a fixed temporal
step-size = = 1/1000. The errors presented in Table 6 are calculated by refining temporal step size with a fixed spatial time step size
h =0.1. We can see the numerical scheme has the convergence order of 2 in time and 4 in space.

Long time evolution. Ignoring bottom, lateral boundary shear, and dissipation, the shape of a solitary wave cannot be changed
when traveling over a horizontal bottom. This immutability is depicted well in Fig. 9, where the changes in the aspect of velocity and
magnitude of the wave in the spatial region at t = {1, 15,25,35,45} are both shown. Since a # 0, the solitary wave is evolving towards
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Fig. 9. Time evolution of the magnitude p (left) and velocity u (right) of Example 4.2 for = = 1/20, h=1/2.

height
speed 11

(a) Velocity profile (b) Magnitude profile

Fig. 10. The simulated profiles of the velocity u(x,?) (left) and the magnitude p(x,) (right) in Example 4.2.

100 100 T T T
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(a) Evolution of D™ (b) Evolution of M™

Fig. 11. Evolutions of D" (left) and M" (right) for the different discrete schemes of Example 4.2 for r = 1/20, h=1/2.

a shock wave, both the wave magnitude decays and the solitary wave profile is getting destroyed. The evolution is consistence
with the conclusion in [5]. Furthermore, we simulate the long-term solitary wave propagation process and present the profiles in
Fig. 10.

Conservations. In order to examine whether our present scheme can preserve invariants, we compare our methods with other
discrete schemes (4.4)—(4.5). We plot the results in Fig. 11. These results further verify our theoretical results and show that our
numerical scheme has great advantages.
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5. Conclusion

In this paper, we have proposed a decoupled, linearly implicit scheme for the modified two-component Euler-Poincaré equation.
The scheme is proved to keep both the discrete mass and energy conserved. And it has second-order accuracy in the temporal
direction and fourth-order accuracy in the spatial direction. Furthermore, the error estimate of the fully-discrete scheme has been
given by rigorous analysis. Several numerical experiments are given to show that the numerical results are consistent with the
theoretical ones.
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