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Abstract

This paper is concerned with the zero-relaxation limits for periodic smooth solutions
of the non-isentropic Euler-Maxwell system in a three-dimensional torus prescribing
the well/ill-prepared initial data. The non-isentropic Euler-Maxwell system can be
reduced to a quasi-linear symmetric hyperbolic system of one order. By observing a
special structure of the non-isentropic Euler-Maxwell system, we are able to decou-
ple the system and develop a technique to achieve the a priori H* estimates, which
guarantees the limit for the non-isentropic Euler—Maxwell system as the relaxation
time T — 0. We realize that the convergence rate of the temperature is the same as
the other unknowns in the L°°(0, T7; H*), but the convergence rate of the tempera-
ture is slower than the velocity in LZ(O, Ty; H®). The zero-relaxation limit presented
here is the transport equation coupled with the drift—diffusion system. However, the
limit of the isentropic Euler—Maxwell system is the classical drift—diffusion system.

Communicated by Paul Newton.

B Yue-Hong Feng
fyh@bjut.edu.cn

Xin Li
1ixin91600@ 163.com

Ming Mei
ming.mei @mcgill.ca

Shu Wang

wangshu @bjut.edu.cn

College of Mathematics, Faculty of Science, Beijing University of Technology, Beijing 100022,
China

College of Sciences, Beijing Information Science and Technology University, Beijing 100192,
China

Department of Mathematics, Champlain College Saint-Lambert, Saint-Lambert, QC J4P 3P2,
Canada

4 Department of Mathematics and Statistics, McGill University, Montreal, QC H3A 2K6, Canada

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00332-023-09934-w&domain=pdf

71 Page2of28 Journal of Nonlinear Science (2023) 33:71

This shows the essential difference between the isentropic and non-isentropic Euler—
Maxwell systems.
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1 Introduction and Main Results
1.1 Preliminary

On a three-dimensional torus T3 = R/ 2n)3, the following nonlinear system, called
the non-isentropic Euler—Maxwell system,

orp + div(pv) = 0,

3 (pv) +div(pv ® v) + Vp = —p(E + yv x B) — £,
B,S—i—div(é'v—i-pv):—va—plrﬁ—rg, (L.1)
yﬂa,E —V x B =ypv, MdivE = b — 0,

yoB+VxE=0, divB=0, (t,x) € [0, 400) x T3,

models the dynamics of electrons and ions under the influence of their self-consistent
electromagnetic field (Besse et al. 2004; Brenier et al. 2003; Chen 1984; Kawashima
1984; Markowich et al. 1990; Rishbeth and Garriott 1969; Ueda et al. 2012; Villani
2009). The unknowns are the density p > 0, the velocity v € R3, the absolute

3 2
temperature 6 > 0, the internal energy e = EK B0, the total energy £ = p <v7 + e),

2
the pressure function p = 3 pe, the electric field E € R?, and the magnetic field

1 1
B € R3. The constants A > 0, Kz > 0, — = ¢ = (eop0)~ 2, &9 and uq are the
14

scaled Debye length, Boltzmann constant, speed of light, vacuum permittivity and
permeability, respectively. Moreover, T € (0, 1) and b = b(x) > 0 stand for the
relaxation time and positively charged background ions, respectively. Throughout this
paper, we set A = Kp = y = 1 for simplicity, because these parameters are not
essential for the zero-relaxation limits. Thus, p > 0 and 8 > 0, system (1.1) is
reduced to

0:p +div(pv) =0,
Btv+(v~V)v+%V(,09)=—(E+vxB)—%,

30 +v- VO + 20divo = —|v|* — 70, (1.2)
E -V xB=pv, divE =b—p,

%B+VxE=0, divB=0, (t,x)€[0,400) x T3,
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subject to the initial condition
(p,v,0,E,B)|,—o = (0§, v5. 605, EG, BS), xeT°, (1.3)
satisfying the compatibility condition
divE; =b—pf, divBf =0, xeT. (1.4)

Euler—-Maxwell equations have been one of important typical systems in fluid
dynamics, and also extensively studied. In 2000, by using the fractional Godunov
scheme as well as the compensated compactness argument, Chen et al. (2000) proved
global existence of weak solutions to the initial-boundary value problem in one space
dimension for arbitrarily large initial data in L'. Then, Jerome (2003) provided a local
smooth solution theory for the Cauchy problem over R* by adapting the classical
semigroup-resolvent approach of Kato (1975), and Peng and Wang (2008) established
convergence of the compressible Euler—-Maxwell system to the incompressible Euler
system for well-prepared smooth initial data. Late then, Wu (2016) investigated the
initial layer and relaxation limit of non-isentropic compressible Euler equations. See
also the other significant contributions in different cases, for example, the asymptotic
limits on small physical parameters (Li et al. 2021; Wasiolek 2016; Yang and Wang
2011; Yang and Hu 2019), the existence of global smooth irrotational flow (Germain
and Masmoudi 2014; Deng et al. 2017; Guo et al. 2016), the asymptotic behavior of
global solutions near a constant equilibrium state (Peng et al. 2011; Duan 2011; Ueda
etal. 2012; Xu 2011; Feng et al. 2021, 2014), the large time-decay rates of small non-
constant steady-state solutions (Liu and Zhu 2013; Wang and Xu 2016), the stability
of large non-constant equilibrium solutions (Peng 2015) and the instability of WKB
solution (Dumas et al. 2001).

The zero-relaxation limits for the Euler—Poisson system have been extensively
studied recently (Ali and Jiingel 2003; Jiingel and Peng 1999; Junca and Rascle 2000;
Lattanzio 2000; Li et al. 2021; Luo et al. 2019; Marcati and Natalini 1995; Yong
2004). In this paper, inspired by Hajjej and Peng (2012) for the initial layer problem
to the isentropic Euler—-Maxwell system, we consider the zero-relaxation limit of the
non-isentropic Euler—Maxwell system (1.1). The usual time scaling for studying the
limit 7 — 01is t, = t¢. Since t = 0 is equivalent to #, = 0, this change of scaling
does not affect the initial condition (1.3). Rewriting still z, by ¢, system (1.2) becomes

orp + %div(pv) =0,

dv+1@ - Vv+ 130 = _LE+vxB) -3,

%0+ 1v- Vo + £odive = —1v|* — 0, (1.5)
WE—1VxB=1pv, divE=0b-p,

B+ VxE=0, divB=0, (t,x) € [0,+00) x T°.

The local existence of (1.5) is shown in Kato (1975), Majda (1984).

Proposition 1.1 (Local existence Kato 1975; Majda 1984) Let s > 3 be an integer.
Suppose (pg, vy, 65, Ej, By) € HY (T3) with PG> 05 = 2k for some given constant
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k > 0, independent of T. Then, there exists T > 0 such that problem (1.3)-(1.5) has
a unique smooth local solution which satisfies p*, 0" > k in [0, Tf] x T3 and

(p",v", 0%, E", BY) e C'([0, T7 | H*(T*) n ([0, T7 | : HY (T%)).

Remark 1.1 Note that the time scaling ¢, = t¢ can reveal the large time behavior of
solutions. Obviously, t = terl = O™ for fixed ¢, > 0. Then for a fixed time
T, > 0, a local-in-time convergence for system (1.5) on the interval [0, 7] means
the convergence for system (1.2) on a larger interval [0, T,z ~']. On the other hand,
as T — 0, a convergence error O(t™) with m > 0 implies a rate O(tr =) of the large
time behaviors.

.. 1 .
Notations For two quantities a and b, a ~ b means ca < b < —a for a generic
c

constant 0 < ¢ < 1. For an integer s > 0, we denote by H*, L? and L the usual
Sobolev spaces H*(T3), L?(T3)) and L>(T3)), and by || - |l || - | and || - ||z the
corresponding norms, respectively. We use (-, -) to denote the inner product over the
Hilbert space L?ie.,

(f.g) = /TS fg)dx, Yf = f(x), g=gk) el

In addition, for a multi-index, o« = (@1, a2, @3) € N3, we denote

9% = 071052957 = 99102202}, with |o| = ) + a2 + a3.

X1 Tx2 T3

For @« = (a1, a2, @3) and B = (B1, B2, B3) € N3, B =< a stands for B; < a; for
j=1,2,3,and B < « stands for 8 < @ and 8 # «.

Lemma 1.1 (Moser-type calculus inequalities Klainerman and Majda 1981; Majda
1984) Let s > 3 be an integer. Suppose u € H*, Vu € L™, v € H~' nL>®
and f is a smooth function. Then for all multi-index « with 1 < |a| < s, one has
3% (uv) —ud®v € L? and

18% (uv) — ud®v|| < C(IVull oo | D' ol 4+ | D1Nuvll 1),
18 F )| < €1+ luall )~ llull s,

where the constant C may depend on ||u||p~ and s, and

1D ull = Y (0%l

lor]=s"

Lemma 1.2 (Peng and Wang 2007) Let s > 0 be an integer. Suppose f € H® and
g € H*. Then, problem,

VxB=f, divB=g, divf=0, 2M¢(g) =0, (1.6)
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has a unique solution B € H**" in the class M(B) = 0, where
M(B) = / Bdx.
T3

1.2 Main Results

In the following, we state the main results of this paper.

Theorem 1.1 (For well-prepared initial data) Let s > 3 be an integer and (1.4) holds.
Assume (pj,vj, 0, E;, Bj) € H”lforj > 0 in the sense of

(pr, Ve, Or, Eq, B)(0,%) = Yt (pj, Tvj,7°0;, Ej, TB))(x),
Jj=0

x € T3, (1.7)

with po, 8y > const. > 0in T3, and satisfy the compatibility conditions (2.11)—(2.12)
and (2.19)—(2.22) for j > 1. Suppose m > 0 to be any fixed integers and

m
(05 v6- 05+ EG. B§) — Y 1 (pj. Tvj, 720, Ej. TB))| < Cir*" D, (1.8)
j=0 K

where C1 > 0 is a constant independent of T. Then, there exist T > 0 and a constant
C> > 0, independent of T, such that as t — 0, we have Tf > T\ and the solution
(p%, v, 0%, ET, BTY) to the periodic problem (1.3)—(1.5) satisfies

(™. v", 67, E*, BY) (t) — (o}, v, 07", EX', B') (1), < Cor®™ ™D, vt € [0, Th].

Moreover,

[v* = G T o

m 2(m—+1)
— U ||L2(0,T1;Hf(1r3)) = y = Cor .

0,7;H*

Theorem 1.2 (For ill-prepared initial data) Suppose s > 3 to be a fixed integer and
(po, vo, 6o, Eo, Bo) € H ! with pg, 69 > const. > 0 in T3. Assume that

| (o5, 5. 6. EG. B) = (po, Tvo, 7600, Eo. tBo)| = Ci?, (19)
N

where C1 > 0 is a constant independent of t. Then there exists a constant Co > 0,
independent of t, such that as t — 0, we have TIT > T, and the solution
(p%, v, 0%, ET, BTY) to the periodic problem (1.3)—(1.5) satisfies

(o, v7. 0% B7 BY) () = (0%, veg, 60,10, B, 0BY | < 0or?, e g0, i),
S
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Furthermore,

v~ UT*IHLZ(O,THHS(PHG)) = Cor’ (07 = 6w L2(0. 733 HA (19) = G,

where v; 1 and 0r 1 are defined by (3.18).

1.3 Features and Difficulties

As we see later, the proof of Theorems 1.1 and 1.2 for the non-isentropic Euler—
Maxwell system contains all the difficulties appeared in the isentropic Euler—Maxwell
system. Besides, it also includes the other troubles caused by the absolute temperature
6. For the well-prepared initial data, we improve Hajjej-Peng’s asymptotic expansion
in Hajjej and Peng (2012) by adding the temperature expansion of the following form:

m
(o v or ET B! =Y 1t (p) tv/ 1?0 EI tB)), m=0. (1.10)
j=0

With the help of this expansion, we overcome the difficulty generated from the energy
equation which contains the absolute temperature variable 6 and prove the convergence
of the solution (p¢, v, 6, E;, By) of the non-isentropic Euler—Maxwell system (1.5)
to (2!, v, 0, E, BI") with the order O(z2m+DY) when the initial data are well-
prepared, and the 1n1tial error has the same order. In order to prove it, we have to
treat the order of the remainder for B. Indeed, there is a loss of one order for RT "
comparison with those for variables p, v, 8 and E. This can be overcome by 1ntroduc—
ing a correction term into E7' so that the new remainder Rg’m = 0 without changing
the order of the other remainders (see Sect.2 for details). On the other hand, for the
ill-prepared initial data, the results in Theorem 1.1 are not valid because the approxi-
mate solution does not satisfy the initial conditions (2.11)—(2.12) and (2.19)—(2.22). In
Sect. 3, we construct initial layer corrections with exponential decay to zero and prove
the convergence of the first order asymptotic expansion. The analysis shows that there
are no first-order initial layers on unknowns p, 6, E and B. Then, we have to consider
the second-order initial layer corrections to obtain the desired order of remainders.
Now, let us discuss the vital difference between the isentropic and the non-isentropic
Euler—-Maxwell system. Firstly, the structure of the non-isentropic Euler—Maxwell
system is much more complex than that of the isentropic Euler-Maxwell system.
During the process of asymptotic expansion, in order to decouple the non-isentropic

system (1.5), we find the term —V (p0) has a special structure which can be expanded
0

as follows:

o
Zrz(’“) i (E 0PN g0 4 el + (Pk,9k>
P° |,00|2 0<k<j—1

Jj=1

90
+ 172 (EV,OO + ve°> )
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Then, by using this expansion, we can overcome the difficulties caused by the complex
structure of the non-isentropic Euler—Maxwell system. Secondly, the matrix form of
the non-isentropic Euler—Maxwell system (see (4.9)) for Vf is very different from that
of the isentropic Euler-Maxwell system. During the estimates for V|, we choose a
new symmetrizer

0" 307
Ab (07, 67) = Diag <;, 1,1, 20%) ,

which implies that

Af (07, 07) Al (p7, v, 07) = vf Af (07, 07) + Qf (p7.07), i=1,2,3

is symmetric, where

0 6% 0
Ol (p™,0")=|0%¢; 0 ple |, i=1,2.3.
0 pte 0

Here, QI.I (p", 67) is not yet a constant matrix (which is a constant matrix for the isen-
tropic Euler-Maxwell system). Therefore, we have to deal with the difficulty caused by
this property (see details in Sect. 4). The limit equations of the non-isentropic Euler—
Maxwell system are the transport equation coupled with the drift—diffusion system (see
Proposition 2.1). However, the limit system of the isentropic Euler—Maxwell system
is the classical drift—diffusion system (see Hajjej and Peng (2012)).

The paper is organized as follows. In Sect.2, we derive asymptotic expansions
of solutions and state the convergence result to problem (1.3)—(1.5) for the well-
prepared initial data. In Sect.3, we study the asymptotic expansions in the case of
ill-prepared initial data by constructing initial layer corrections which exponentially
decay to zero. In the last section, we give the rigorous justification of the both two
asymptotic expansions and prove Theorems 1.1 and 1.2.

2 Problem (1.3)-(1.5) with Well-Prepared Initial Data
2.1 Asymptotic Expansions

In the following, for well-prepared initial data, we investigate the zero-relaxation limit
T — 0 of problem (1.3)—(1.5). Based on the discussion on the asymptotic expansion,
we make the ansatz (1.7) for initial data and the following ansatz for the approximate
solution

(101'7 Uz, 0‘[7 ET7 Bf)(ta x) = Z sz(pja ija Tzej’ Ejv 'L'Bj)(t, x)5
j=0

(1, x) € [0, +00) x T3, .1
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where (pj, v}, 0;, Ej, B}) ;>0 are given smooth data with pg, 6y > const. > 0 in T3,
The motivation of this expansion is the following consideration. If we replace v by
Tv, @ by 720 and B by T B, then system (1.5) becomes

0 p +div(pv) =0,
2(8,1)+(v V)yv+ =—E—1t*vx B—v,
80 +v-Vo+ §9dwv =—1lv]* -0,
#E—-V xB=pv, divE=>b—p,
?B+V x E=0, divB=0, (t,x) € [0, +00) x T3,

V(pe)

in which the only small parameter is 72.

For the term —V (p#0) in the second equation of system (1.5), we introduce a new
P

expansion

V) = 3 Oivnl o (G T2 ) wat s vol 4 i ()i )
o0 0 }po|2 0<k<j—1

izl

0
2 (i—OVpO—i—VQO), (t,x) € [0, +00) x T3, 2.2

where f-"_l for j > 11is a function depending only on (o, u)o<k<j—1-

Next, we determine the profiles (,oj, vl 07, EJ, Bj) forall j > 0.Plugging expres-
sions (2.1) and (2.2) into system (1.5) and identifying the coefficients in powers of t,
we find that (p/, v/, 07, E/, B/) > satisfies

30" + div(p®v") =0,

EV+0 =0,

8,6° + 0 - V69 + 26%dive® = — L[> — 6", (2.3)
V x EY =0, leEO—b 00,

V x BY=9,E% — p%° divB® =0, (r,x) € [0, 4+00) x T3,

and for j > 1,

. J )
dpl + 3 div(pFvi k) =0,
k=0
. Jj—1 . i— .
dvi 1 +k20(uk V)i ml=k 4 ( SVpi~l 4 ("’ : ‘)lofg’|z'> Vol + veH)
=—fi=2 ((,Ok’ 9k)05k§j—2) kX%)” x BITI=k — i,
) J . J . . )
307 + Y vk . veiTk 4 % 3 okdivel —F = —% Z vkpi=k — g7,
k=0 k=0 " k=0

(2.4)

@ Springer



Journal of Nonlinear Science (2023) 33:71 Page9of28 71

VxEl=-8B/7", divE/ = —p/,

. o : . 2.
V x Bl =8,EI =Y pkvi=k  divB/ =0, (,x) € [0, +00) x T3, 25
k=0

In (2.3), equation V x E® = 0 implies the existence of a potential x° such that
E0=_—vV XO. Then, (vo, XO) satisfies a drift—diffusion system

3 p° +div(p’V x%) =0,
0 5 N (2.6)
—Ax"=b—p’, (t,x)€[0,+00) x T,
with the initial condition
p° (0, x) = po, x €T 2.7

By the similar procedure in Hajjej and Peng (2012), Markowich et al. (1990), we
obtain the existence of smooth solutions to problem (2.6)—(2.7), at least locally in
time. The solution XO is unique in the class Em(xo) = 0. Then, (v°, E®) are given by

W =vy E%=_vy" (2.8)

Moreover, (2.8) together with the third equation of (2.3) imply that 8° solves a
linear transport equation

2A%° 1 2
a,9°+vxo-ve°+(TX+1>9°+5(vxo‘ —0, (1,x) €0, +00)xT>, (2.9)

with the initial condition
0°0,x) =6y, xeT. (2.10)

It admits a unique global smooth solution (see Jiingel (2009)).

Due to the fact that (,00, v, 99, EO) is achieved, B? solves the linear system of
curl-div equations of type (1.6) in the class M(B%) = 0.

It follows from the last equation in (2.3) and (2.8)—(2.9) that the first-order com-
patibility conditions are

vo=—Eo = Vo, 36°(0,x)+ vV + (%divvo + 1) 6o + %|v0|2 =0,
By = B0, x), 2.11)
where x satisfies
—Axo=b—py, xe€T? and M(x9) = 0. (2.12)
For_j > 1, we can get the profiles (,oj, v, 607, EJ, Bj) by induction in j. Suppose
that (o/, v/, 67, E/, B/)o<k<—1 have already been obtained in steps above. Equations

for BJ: are of curl-div type (1.6) and admit a unique smooth solution B/ in the class
IM(B’/) = 0. In addition, it follows from divB’/ = 0 that there exists a vector w’/
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such that B/ = —V x o/. Hence, equation V x E/ = —9,B/~1in (2.5) turns into
V x (E/ — 8,0/~ = 0, which implies that there exists a potential function x/ such
that

El = 3,0/ —Vx/, (t,x) €0, +00) x T°. (2.13)

In view of (2.4), we have

) . 90 ) ej—l gopj—l . )
b=yl — | Zovpi-! _ Vol £ vgi~1) _ fi2 ( k,Qk)
v X <p0 Iz +( 0 o’ P+ f o 0k=j2

j—1 j—1
- (a,ufl + 80’7 + Z @k vyl IR 4 ka X lek) . (2.14)
k=0 k=0

Then, in the class, 901( Xj ) =0, (,oj , Xj ) satisfies the following linearized system:

. . . 0,j—1 . . .
ot p) — div (QOV,of*l + (91’1 _ O zé ) V,oo + pOVQJ*I — pOVXf> + div (p/vo)
— i ((wk, Wk o, wk 9,9, Wk, a,%wk) , ) + div (poalwffl) ,
0<k<j-1

Ax) = pl + 0 (divwf—l) . (t.x) € [0, +00) x T3,

(2.15)
with the initial condition

0! (0,x) = pj(x), xeT°, (2.16)

where h/ is a given smooth function and wk = (,ok, vk, 0k, o%). Linear problem
(2.15)=(2.16) admits a unique global smooth solution (p/, x/). Then, (v/, E/) follows
by (2.13)—(2.14). On the other hand, the existence of v/ together with the third equation
of (2.3) indicates that #/ solves the following linear transport equation:

j j j
. . 2 . 1 . .
8,67+ vk veik 4 3 > divel ok = -3 > kit — gl (2.17)
k=0 k=0 k=0
with the initial condition
67 (0, x) =6;(x), xeT°. (2.18)

It admits a unique global smooth solution 6.
Therefore, for j > 1, we obtain the high-order compatibility conditions

0o 0771 Gopj_i i
v =Vy;— (*Vp‘fl-i-(f— : Voo+ Vo1 ) — f/7= ((ox. 6k) —
J J 20 J o0 |p0|2 J ( 0<k=<j 2)

j—1 j—1
- (atvf“ ©,%) + 3,00, x) + > (- VIvj ik + Y w x Bjoix |, x €T,
k=0 k=0

(2.19)
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Jj Jj J
) 2 . 1 3
9;07 (0, x) + kg_o Vg - V@_/‘_k + g kg_o dlvvj_kek = —g kE_O VkVj—k — 9_/‘, x e T°. (220)

Ej =&’ 71 (0,x) = Vyx;, Bj=B/(0,x), xeT, (2.21)

where x; satisfies
Ax;=pj+0 (divwf*‘) 0.x), xeT® and M (x;)=0. (2.22)

Summarizing what mentioned in the above, we get the existence of an approximate
solution as follows.

Proposition 2.1 Let integer s > 3. Suppose (pj,v;,0;, E;j, Bj) € H‘Y“forj > 0,
with pg, 6y > const. > 0 in T3, and satisfy the compatibility conditions (2.11)—
(2.12) and (2.19)—(2.22) for j > 1. Then, there is a unique asymptotic expansion up
to any order of the form (2.1), i.e., there are T1 > 0 and a unique smooth solution
(pf, v/, 07, E, Bj)jzo in the time interval [0, T1] for problems (2.6)—(2.10) and
(2.13)—(2.18) for j > 1. Furthermore, it holds p°, 6% > const. > 0 in [0, T{] x T>
and

(!, v/, 07, E7, BY)y e ([0, T1]; H) N C([0, T1]; H*TY), Vj=>o.

In particular, the formal zero-relaxation limit T — 0 of the non-isentropic Euler—
Maxwell system (1.5) is the transport equation (2.9) coupled with the drift—diffusion
system (2.6) and (2.8).

2.2 Convergence

Let m > 0 be an integer and denote

m
(o vl o7 EY B =Yt (pf wv/ 1707 BT tBY), (1.x) € [0, +00)xT?,
j=0
(2.23)
as an approximate solution of order m, where (,oj Jvl, 0/, EJ, BJ )0o<j<m are con-
structed in the section above. It follows from the construction of the approximate
solution that

divE™ =b — p™, divB" =0, (t,x) € [0, +-00) x T°. (2.24)
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Let us define the remainders Ry™, R}, Ry™, R;™ and Rg’m by

07 + 1div(ppvy) = Ry,

Do ¢ (o V) v T = (B o x B — S R

0,07 + Lo . vor + Zopdivoy = — L[|’ — 6 + RE™,

HEM — Lv x B = Lpmum + R,

BM + 1V x EM = Rp"™, (t,x) € [0, +00) x T3.

(2.25)

Obviously, the convergence rate depends on the order of the remainders with respect to
7. Due to the fact that the last equation in the non-isentropic Euler—Maxwell equations
is the same as that in the isentropic Euler—-Maxwell equations (see Hajjej and Peng
(2012)), for sufficiently smooth profiles (o/, v/, 8/, E/, B/) j>q, itfollows from (1.5),
(2.1), (2.5) and (2.23) that

R‘lfg,m — _T2m+lv X Em+1 _ Z _L,Zj—lv X Ej _ Z T2j+18[Bj
j>m+2 j=m+1

=B — Yt @B +V x BT
j=m+1
=2ty ™. (2.26)

Similarly, we also get
R = O (20 0) | R = 0 (2005 REH = 0 (20D,

RT™ =0 (ﬂ’”“) . (2.27)

In (2.26)—(2.27), there is a loss of one order for the remainders R and ﬁlg’m.
For R['™, this loss will be recovered in the error estimate of convergence due to the
dissipation term for v. However, the situation is different for I?g*m since the equation for
B is not dissipative. Inspired by Hajjej and Peng (2012), we remedy this by introducing
a correction term into £ so that

m
EP = BV 4 2Dl =N g2 gl g 20D prt] (2.28)
Jj=0

where E”*! is defined by
Vx EMl = —9,B™, divE"T =0, M (E;"“) = 0. (2.29)
Then, we obtain that the new remainder R;"™ of B satisfies
RL™ 2 9,B" + %v x E" =0, (2.30)
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and we also get
divE? =b—p, divB!' =0. (2.31)

The orders of the remainders R}, R}, R;™ and R;™ are not changed due to the

fact that the correction term is of order O (tz(””‘l)). Furthermore, the correction term
does not affect assumption (1.8). We conclude the above discussion with the following
result.

Proposition 2.2 Let the assumptions of Proposition 2.1 hold. For all integers m > 0
and s > 3, the remainders RY™, R)™, Ry, RZ™ and RG™ satisfy (2.30) and

sup ||(RE™, Rg™, RE™) (¢, )| < Cut®™ D, sup |RY™(t, )| < Cut®™ T,
0<t<T 0<t<T)
(2.32)

where Cy,, > 0 is a constant independent of t.

3 Problem (1.3)-(1.5) with lll-Prepared Initial Data

In this section, we study the asymptotic expansions in the case of ill-prepared initial
data by constructing initial layer corrections which exponentially decay to zero.

3.1 Initial Layer

In Theorem 1.1, we introduce compatibility conditions on the initial data, namely the
initial profiles (vj L0/ E/, BJ )(0, -) are determined through the resolution of the prob-
lems (2.3)~(2.5) for (p/, v/, 67, E/, B/). Therefore, we cannot show (v, 68, E§, Bf)
explicitly. The phenomenon of initial layers must appear as long as these conditions
are not satisfied. In the following, we investigate problem (1.3)—(1.5) with ill-prepared
initial data. Similarly as that for the isentropic Euler—Maxwell equations considered in
Hajjej and Peng (2012), we also look for the simplest possible form of an asymptotic
expansion with initial layer corrections such that its remainders are at least of order
O(t) for variable u.

Assume that the initial data of an approximate solution (o, v, 07, E¢, B;) has an
asymptotic expansion of the form

(pr Ve O, Ex, Be) limo = (po, 7v0, 760, Eo, Bo) + 0 (v2) . (B.D)

where the given function (pg, vo, 6o, Eo, Bo) is smooth. Regarding the expansion for
the well-prepared initial data, we give an asymptotic expansion including initial layer
corrections as

(IOT7 UT’ 01’3 E'L’y BT) (t’ -x)
= (,00, 00, 726°, EV + rzEC], ‘KBO) (t,x) + (,0?, tv(l), r29?, E(,), IB?) (z,x)

+72 (pf v} 226} ELTB]) (2. x) + 0 (7). (3.2)
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t
where z = — € R, and E Ll is the correction term defined by (2.29) with m = 0.
T

Remark 3.1 It should be pointed out that the expansion (3.2) is enough to give the
remainders at least of order O(r) for variable u, which is the case of well-prepared
initial data for m = 0.

It is easy to see that (0°,0°,69 EY, BY) always satisfies system (2.3). The rest is
to determine the initial layer profiles (,09, v(I), 0?, E(I), B?) and (p}, v}, 91], E} B}).
Plugging (3.2) into system (1.5) and using (2.3), we have

300 =0, 9.00=0, 8,EY=0, 9.BY+VxE)=0, (3.3)

and
3.0) + 09 =0. (3.4)

It follows from (3.3) that there are no first-order initial layers for variables p, 6, E
and B. Therefore, up to a constant for variable B, we may take

p°(0, x) = po(x), 6°(0, x) = bp(x), E°(0,x) = Eo(x), B0, x)= Bo(x).

Furthermore, by (3.1) and (3.2), we obtain a
1900, x) = vo(x) — v°(0, x), (3.6)

where v°(0, x) is given by (2.11)—(2.12). And then, by (3.4), we get
Wz, x) = 020, x)e % = (vo(x) — 90, x)) et (.7

In a similar way, we find that the second-order initial layer functions satisfy

vl =0, 6/ =0, (3.8)
0.0} (2. 3) + div (00, 000z, 1)) =0, (3.9)
0.E}(z, %) = p°(0, v (z, %), (3.10)
and
3.B}(z,x) +V x E}(z,x) =0. (3.11)

Suppose (p1, E1, B) to be smooth functions such that

E1(x) = —p°(0, x) (vo(x) — 290, x)) , (.12)

and
p1 =divEy, divB; =0. (3.13)
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We also set
(o} E1. B} ) 0.5) = (o1, Ev. BD) (0),
Then together with (3.7) and (3.9)—(3.12), we easily obtain

pl(z, x) = p1(x) — div (,00(0, X) <vo(x) — 90, x))) (1-¢7).  (3.14)

Elz. x) = —p%0, x) (vo(x) — 00, x)) et (3.15)
and
Bl(z.x) = Bi(x) + V x (,00(0, X) (vo(x) — 00, x))) (1-¢7). (.16
Finally, it follows from (3.13) that
0=divE] + pj, divB] =0. (3.17)

Therefore, the initial layer functions (,0(1), v?, 9?, E?, B?) and (,011, v}, 011, E} ) B}) are
constructed by (3.3), (3.7)—(3.8) and (3.14)—(3.16). These functions are bounded with
respect to z.

3.2 Convergence

In view of the previous asymptotic expansions, we introduce

prr(t,x) = p%t, x) +t2p) (1/7%, x),
vep(t,x) =7 (V0(t, x) + 0] (t/72%, 1)),
0-1(t,x) = 120°(t, x), (3.18)
Er (t,x) = E%t,x) + % (EX(t, x) + E}(t/7%, %)),
B (t,x) =1 (B%t,x) + 2B} (t/7°, x)).
It follows that

(pr.1,V7,1,07.1, Ex 1, Bz, 1)(0, x)
= (po, TV, 7260, Eo, TBo) + t%(p1,0,0, E; + EL(0, x), T B)). (3.19)

On the other hand, by (2.3), (2.31) and (3.17), we obtain
divE;; =b—pry, divB;; =0. (3.20)
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The remainders R;’I , R, R;’I , REI and RE’I are defined by

3 pe.s + Ldiv(pr,ve,) = RY,

V T 9'[ T
dve + L (ves - V)veg + %—(”p;’l D — LB, 4 vep X Bey) — =L+ R,
. 2 N
ater,l + %Ur,l : ver,l + %er,ldlvvr,l = _%|Ur,1| - er,l + Rg s
A
atEr,I - %V X Br = %pT,IUT,I + R;; ,
O Bey+ 1V x Er; =Ry
(3.21)

With the help of (2.3), (2.29), (3.3)~(3.4) and (3.8)=(3.11), we get
R;’I = div ((,oo(t, x) — p(0, x)) v?(z, x)) + t2div (p} W+ v?))
= 12zdiv <8,p0(k, x)v(,)(z, x)) + t2div (,o} (vO + v?))
= —2z¢ iy (div (p%o) (A, x) (vo — 00, x))) + 72div (p}(uo + v?))

().

where A € [0, t] C [0, T1], and we have also used the fact that the function z > ze™*
is bounded for z > 0. And similarly, we have
1
g _ 0, .0 0 0,.0 0 0 1 3.0 1
Ry = - <Bzv1 + v,) + (UI -V) (r(v + vl)) +v” .V (rv,) +T1E; +1°vj x B}

0., .2.1).240 0.240
40 0, 3pl 1V(('O+T'01)19>_V<’019>
vy x (1B + 1B +r

,00—}-1'2,011 oY

=0 (1),
R;’] = rzv? vl + %rzeodivvo + %tz (’v?’z + 2v0v(1)> =0 <t2> ,
R;:’[ = (po(t, x) — ,00(0, x)) v(}(z, x) + 2 (,0} (vo + v(I)) + 0; EC1 —V x B})
= tzzat,oo(k, x)v(}(z, x) + 2 (,oll(v0 + v?) + BtEé —V x Bll)
— 2ze 4div (povo) (A, x) (vo —%0, x)) + 72 (p}(vo + v?) + B,EC1 —Vx B})

=0(r2),

and

The above discussions about the remainders yield the following error estimates.
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Proposition 3.1 Let integer s > 3. For given smooth data, the remainders RT ! , R} I
Ry r 21 and RB satisfy

sup ” (R;’I, Rg‘[, Rgl) (t, )H <Ct%,  sup

0<t<T 0<t<T

Ry 0| = e R =0,
(3.22)

4 Proof of Theorems 1.1 and 1.2

In this section, we give the rigorous justification of the both two asymptotic expansions
and prove Theorems 1.1 and 1.2. To this end, we establish a more general convergence
theorem which implies the convergence of the both expansions.

4.1 General Convergence Theorem

In the following, we justify rigorously the asymptotic expansions of solutions
(p™, V", 0%, ET, BY) to the periodic problem (1.3)—(1.5) developed in Sects. 2-3.
We establish a more usual convergence result which yields both Theorems 1.1 and
1.2. As a result, we acquire the existence of exact solutions (p*, v¥, 0%, ET, B) in a
time interval independent of 7. In order to justify the asymptotic expansions (2.1) and
(3.18), we should establish the uniform estimates of solutions to (1.5) with respect to
T.

Assume that (p%, v", 0%, ET, B") is the exact solution to (1.5) with initial data
(p5-v5. 0 Eg» B) and (o, ve, 0r, E, By) is an approximate periodic solution
defined on [0, 7], with

(Pr Ve O, Ee, Be) € €' (10, Ti1s B! (@) n € (10, 71 B (T)).
The remainders of the approximate solution are defined by

RT =9 : Pz + div(l‘;rvr)
RT — a Vr + (vr- V)Ur + V(p:67) + E. +Ur><B + Vg

Tpr 72’

9 — 810‘[ V- VO V@r + 29,leUr + |Ur + 9‘[7 (41)
RL. = 8,E. — V><Br PrUr’
RE — 0,5, +2E T

B — YiPt T

We assume that

divE; =b — p;, divB; =0. “4.2)
sup [[(pr, 0r, Ec, Br) (1, )lly < C1, sup v (z, )], < Cit, (4.3)
0=<t<T 0<t<Ti
(o5 — £r(0. ), v5 — v (0, ), 65 — 6:(0. ), E§ — E-(0, ), B — B-(0,9)], < C;t" ™!
“4.4)
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sup | (RS, R§. RE) (1. )] < Cie"*, 0<s:1<pT |Ri@t. )| < Cit", Rp =0, 4.5)
=I=1]

0<t<T

where r > 0 and C| > 0 are constants independent of 7.

Theorem 4.1 Let s > 3 be an integer and r > 0. Under the above assumptions, there
exists a constant Co > 0, independent of T, such that as t — 0 we have Tf > Ty and
the solution (p*, v®, 0%, EY, BY) of the periodic problem (1.3)—(1.5) satisfies

|(p% v, 07, E", BY) (t) = (pr, vr.0r, Ex, B) (0)||, < Cor’ ™', Vi €10, T11.
(4.6)
Moreover,
Crr" 1. 4.7)

Jo 2, o

f - HLZ(O,TI;HS) = f =0 HLZ(O,TI;HS) =

4.2 Proof of the Main Result

It follows from Proposition 1.1 that the exact solution (p*, v*,07%, ET, B") is defined in
atime interval [0, T ] with T > 0. Since p*, 8% € C([0, T ], H*) and H® — C(T3)
is continuous, we have p*, 0% € C([0, T}] x T3). From (4.3)—(4.4) and assumption
Py, 05 = 2« > 0, we obtain that there is 77 € (0, 7}] and a constant C; > 0,
independent of 7, such that

K <pT(t,x),07(t,x) <Cy, V(t,x) €[0,T{] x T°.

Similarly, the function # +— |(p"(¢, ), v*(¢,-), 0% (¢, -), E*(¢t, ), BY(t, )| is
continuous in C[0, Ty ]. From (4.3), the sequence (||(0* (0, -), v* (0, -), 87 (0, -), E*
(0, ), B¥(0, -))||S)T>0 is bounded. Then, there is 7y € (0, T, ] and a constant, still
denoted by C, such that

(o7 (t. ), v (1, ), 07 (1, ), E*(t,), B*(t, )|, < Cs, V1€ (0, T§1.
Set T® = min{Ty, T3} > 0 and introduce the perturbation variable as follows:

(C5. 77, 0", F*,G") = (p" — pr,v" — 0" — 0, E* — E; B — By),
(t,x) €0, T7] x T>. (4.8)

Obviously, (¢7, 77, ®F, FT, G7) satisfies the following system

W+ 1 VT H pTdiveT) = L (T -V - ¢Tdive, — 7T - Vp,) — RY,

b7+ L (07 T+ Lver 4 ver) = =L (07 Vv + (5 - £) Vo) - L
—L(FT+ (#" +v) x GT+ 77 x B;) — R,

O + 20TdivyT + Lot . ver = Lyt . v,
—£0O%dive, — §77 Qu; +¥7) — OT — R},

WFT— IV X G =1V + o+ p¥T) = Ry, divFT = —¢7,

#GT+IVX FT =0, divG" =0, (1,x) €[0,7T7] x T3,

(4.9)
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with the initial condition

(¢ 77, 0%, F',G") li=o
= (p§ — pe(0, ), v§ — v (0, ), 6 — 6:(0, ), E§ — E-(0, ), B§ — B-(0,), x¢eT>

(4.10)
Let us define
é-'f
T T
o= () v (8) v- ()
(oM 11
el‘il‘[ ,01:8; 0 R
0
Alg(pr’vz’er)z ;6[ vilz e L i=1,2,3, Rf:(RE)’
T
0 gGTE;: 'Uf R9
¢tdivu, + ¥ - Vo 0
9* 0, T
_ YT Vv +|——-—]|V _ v
Hi (Vi) =—| ¢ S (p’ pr> e = = |
§®’divv, — YT .V, C

fV‘E.V{‘L’
Hy(V)=|-F —(¥"4+v) xG —¥" x B; |,
0

0

Hy (V) =— 0 :

%”f/f (2vf + 'VI)

where (e, e2, e3) is the canonical basis of R3, vir denotes the ith component of v* € R3
and I3 is the 3 x 3 unit matrix. Then, we rewrite system (4.9) for V} in the matrix
form as

3
1 1
o Vi +— D AT WL 0D V] = = (M1 (Vi) + 13 (V[)) +Ha (Vi) +Ha (V) =R
i=1
4.11)
It is symmetrizable hyperbolic with symmetrizer

91’
— 0 0
ol
Af (07 07) =] 0 oI5 30r ,
o o 2
207
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which is a positive definite matrix when 0 < ¥ < p* = ¢+ p;,0" = QT 46, < C..
Moreover,

AL (0707 0%) = A (07, 0%) AL (07, 07.0%) = oF A (07.07) + @ (57,7
i=1,2,3 (4.12)

is symmetric, where the matrix QI-I (p", 07) is defined by

0 6% 0
of (pT.07)=| 0% 0 piei |, i=123.
0 ptel 0

It is easy to know that the existence and uniqueness of smooth solutions to sys-
tem (1.5) with (1.3)—(1.4) is equivalent to that of (4.9)—(4.10). Therefore, to prove
Theorem 4.1, we should obtain uniform estimates of V® with respect to 7. In the
sequence, we denote by C > 0 various constants independent of 7 and for o € N3,
(Vi Vi) = 0%V}, V[, etc. The main estimates are included in the following
two lemmas for V/ and V/,, respectively.

We first consider the estimate for V,. Since the Maxwell equations in the non-
isentropic Euler—-Maxwell equations are the same as that in the isentropic Euler—
Maxwell equations, we can obtain the estimate for V;, by following the similar way
as that in Hajjej and Peng (2012). Here, we only list the results without details for
simplicity.

Lemma 4.1 (Hajjej and Peng 2012) Under the assumptions of Theorem 4.1, for all
t€(0,T"], ast — 0, we have

! 1
[viiol; < /0 <2—Tz 7 ®l;+clviel;+c ||VT(€)||f> d& + CT20HD,
4.13)
Next, let us establish the estimate for VIT.

Lemma 4.2 Under the assumptions of Theorem 4.1, forallt € (0, T*], ast — 0, we
have

rr1
ol + [ (Frek+lorel) e
t
< Cfo (V@[3 + v @l;) de + cz2o+D. (4.14)

Proof For a € N3 with || < s, applying 8 to (4.11), we have

3
1
alvltoz + T ZAE('OT’ v",0%)0; Vlta
i=1

1
== (0%H1 (V) 4+ 9*H3 (V])) + 0%Ha (V) 4+ 0“Ha (V]) — 0°RT
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3
1
+ - > (AF (o™ 0™, 07 V], — 0 (AT (7. 07, 01 V[)) . (4.15)

i=1
By multiplying (4.15) by .A(I) (p", 67) and taking the inner product of the resulting
equations with 2V} in L?, we get
d
" <A{)(pf, oTIVL,. v,fa> - 2<A{)(,of, 07)%H, (V7). v,fa>
2
=7 <A([)(/’T’ 0%) (0°Ha (Vi) + 0°H3 (V/)) Vlta> + 2<A([)(Prv 073 Ha (V/), Vlta>

2
+ (T Vi) (divAL (o7, 07 09IV, VE) = 2{Af 07 090" R, V). (4.16)

where
3
==Y A§(p".07) (8% (AT (o7 v 0T); V] ) — AT (pT, 07, 01)9%0; V)
i=1
and
1 en . -
divAL(p™ v, 0%) = 0, Af(p". 0T) + = Y 0 Al (pT. v".07). (4.17)
T
i=1

We estimate every term on both side of (4.16). A straightforward computation
yields

207

(n %l o) ) .

Next, due to the fact that matrix .A(I) (p", 6%) is positive definite, we have

T T
—(Aé(p’, 0%)0"Ha (Vf), Vé} = <p—2”7 V> + <3p ) ®;>

(A(I)(pr’er)vfa’ Vlroz> z C_IH Vlra ”2 (419)
Furthermore, in view of the expression of H; (V}), we get

(Af o7, 67073, (V7). Vi)
3

2 . (o .
=3 <9r I <7/t - VO — §®rd1vv,>> — <F{J, 9 (g‘fdlvvr + YT V,o,)>

OT+0, 06O
e (o (S )0
< ( ) $t+ pr Pt
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Then by (4.3) and Lemma 1.1, we have
%(A{)(pf, 073 Hy (V] Vi)
C
== (I L7l + st 2 + 2 17713 + 2 o [F + a+ o o] |7],)

=sIrl+cl (4.20)

where and in the sequence, ¢ denotes a small constant independent of T and C, > 0
denotes a constant depending only on ¢.

On the other hand, for the terms containing H3 and H4, by an integration by parts,
we obtain

2
= (Agom. 07207 (vF) . Vi)
2 9.[ o T 2 T T o T T T T
=;<Ea (V7 .V, §a> S (P 0 (FT+ (PT + ) x G+ V7 x By))

< S 1P+ Calla® (7 + 0 40 x 67497 x B P+ G e

= SPaP+c (v +1vely). @421)

and

2|(Afeor, 0707 4 (Vi) V)

’< (VT (2vr +“//f)),®;>
@+l )7 ilerl,
5§||"//J|| +Cs(||V’||f+||vf||f). (4.22)

Next, we consider the estimate for the term containing 7 . By the definition of
Al(p™,v7,07) and Al (p", 67), it follows

(A{)(pf, 07) (3% (A (p", v, 09 Vi) — Al (p™, v",07)3%; V}) V,a> ZJ,,

where

9'[
T = <; (0% (7 + ve) 057) — (77 + ve), 90N g;>,

T = (% (0 (€ + pr) o) = (€ + o) ). 55).

e +06 Of+6
Jis = <p’ (a“ (gr ++ ’az-cfe,-) ~ ++ fa‘*a,-;’e,-) “V>
P P
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Tia = o7 (07 (/" +v0),077) = (/" 4 v2),0077). 7).

T
s = {7 @ (07 +00) 8™ -el) = (67 +0) 0% -¢]) . O )

and

T
T = {5 (0 (7 +0,007) = (" + 01)373,07) . 7).
It follows from (4.3) and Lemma 1.1 that
Tl 1 Tial +1Ti6l < (e + 1LY IV = 210 1P Cor (VS + V7))
and

ool #1031+ 1) = (14 7+ [0 [) (e, + o) 17,
& 112 2 4
< PP+ cer (IVEIE+ 1veL)-

Then, in view of the expression of 7, we have
VR s S P (VR v @
Noticing the expression of A(’) (p*, 0%), we easily get
—2(A{)(pf, 673" RT, Vfa> = —2<;¢;, a“R;> —2(p" ¥}, 3*R]) -3 <Z;@);, a"‘R;>.
In view of (4.5), we obtain
—2(Af (o7, 090" R, Vi) < C VT[T + % |77 + Cr® . (424
In the end, fori = 1, 2, 3, it follows from (4.12) and (4.17) that
divAL(pT, v",07)

1 1
= 9,r Ap(p",0") (E),,ot + ;V,or . v’) + ;A{) (pr, 6”) divv”®

3
1 1
T T T T T T 1
+89fA0(p,9)(3z9 + Ve ~v> ;E (Q p*.0%) )

divu®

== (4§ (o7, 67) = P70, A (07, 67)) + - Za,» (! (o7.07))
i=1

1 2
+ 0gr A5 (07, 07) (§|“//r +o [P — (O +6,) — 3—9fdivvf>
T

@ Springer



71 Page240f28 Journal of Nonlinear Science (2023) 33:71

divv”

2
=— (Aé(pf,e’)—pfaprAa(p’,ew—gefaerA(ﬁ(pf,e’))

3
1 1
+9pr AG (0", 67) (5!%1 +uT? - (O +9,>) +-D 0 (Q,-’ (o7 9’)) :
i=1
(4.25)

Inview of Kk < p" =C" 4 p;,0" = OF +0; < Cy,v" =¥ 7 + vy and vy = O(7),
we get

divv® 2
— (Aé (p%,60%) — pT e A5 (07, 67) — gefaerAs(p’,ew) N
divov® 1
so) ) =c(1+1171).
T Lo T h

and

1
o i 00) (317 + 0 =@ 00)) | = (147,
LOO

On the other hand, by noticing the expression of QiI (%, 6%), we obtain

L5 o (ot 7.07) Vi Vi

i=1

= %(W%’, Sa)+ - (4; (vor) +@L(Vo")', “V) + %("y;vpf, o7

< Sl 0+ for]) + Sl et 1+ 7l
= S+ (il +1vele).
Then, (4.25) together with the three estimates above yield
(divAL (o™, 07, 0TIV, Vi)
<c(1+—uwu PR IVER + S+ e (1 + 17 )
< S e (I + vl (426)

Thus, by combining (4.16), (4.18), (4.20)—(4.24) and (4.26), we get, for all &« € N3
with |x| <'s,

d 1
SRR A Rl CY A R T
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e 2 2 4 2(r+1

=5 |77, + Ce (|| VIS + | v,f||s) + Cor?U . (4.27)
Integrating (4.27) over (0, t) and taking summation over |¢| < s, choosing ¢ > 0
small enough such that the term containing % || v ||2 can be bounded by the left-
hand side. Therefore, (4.14) follows by combining the resulting inequality of (4.27),
(4.4) and (4.19). We have finished the proof of Lemma 4.2. O

Proof of Theorems 1.1, 1.2 and 4.1 Once Theorem 4.1 has been proved, we easily find
that Theorems 1.1 and 1.2 follow. In fact, r = 2m + 1 with m > 0 in Theorem 1.1
and m = 1 in Theorem 1.2, since
=0 (12) ,
N

uniformly with respect to 7. Thus, the rest is to prove Theorem 4.1.
Let T — 0 be small enough. It follows from Lemmas 4.1-4.2 that

| (0eut 60t Ecrs Ber) 0 = (0, 726°, E©, 2B°) (0

! 1
ol s [ (sh 1ok ool
t
sc [ (VOF+ O+ e @
Set
t
s =c [ (V@ +[v©) s+,

Then from (4.28), we have

! 1
[veo|? < ), fo <ﬁ ||U’<§)|!§+||®’<5)Hf>dssE(r), Vi € (0, T7],

(4.29)
and

g0 = (V- ol+v-ol!) sc(E0+8m) wih 20 =Cc0,
And then we get
B(r) < CT20TDeCt < 020D CT -y € (0, TT).
Hence, the inequality above together with (4.29) yields
[vim, < 3@ < co*,

! 2
| et as
0

IA

IA

@ Springer



71 Page 26 of 28 Journal of Nonlinear Science (2023) 33:71

t
/0 U7 )| de < 20%E@0) < €220+, Vi e (0,71,

In particular, we obtain that V¥ isbounded in L*°(0, T7; H®),sois (p*, v", 0%, ET,
B7). By the standard argument on the time extension of smooth solutions, we get
T§ > T, which implies that T* = Tj. The proof of Theorem 4.1 is completed. O
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