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Abstract

This paper is concerned with the Cauchy problem for 1D compressible Euler equations with spatiotem-
poral damping in the critical case. We prove the existence of the solutions and their new convergence to
the special diffusion waves by the technical time-weighted energy method, where the convergence rates
are dependent on the spatial state of the spatiotemporal damping as x — £o0o. These convergence results
significantly improve and develop the previous studies of Geng et al. (2020) [10] and Matsumura and Nishi-
hara (2024) [24].
© 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.

MSC: 35L72; 76S05; 35B40

Keywords: Compressible Euler equations; Spatiotemporal damping; Cauchy problem; Asymptotic behavior;
Convergence rates; Diffusion waves

* Corresponding author.
E-mail addresses: caiyang23 @mails.jlu.edu.cn (Y. Cai), liucc@jlu.edu.cn (C. Liu), ming.mei@mcgill.ca (M. Mei),
zejlawang @jxnu.edu.cn (Z. Wang).

https://doi.org/10.1016/j.jde.2026.114094
0022-0396/© 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar
technologies.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2026.114094&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2026.114094
http://www.elsevier.com/locate/jde
mailto:caiyang23@mails.jlu.edu.cn
mailto:liucc@jlu.edu.cn
mailto:ming.mei@mcgill.ca
mailto:zejiawang@jxnu.edu.cn
https://doi.org/10.1016/j.jde.2026.114094

Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094

1. Introduction

We consider the Cauchy problem for the Euler equations with damping depending on the
temporal and spatial variables

vy —uy =0, (x,1)eRxRy,
ur + p(v)y = —a(x, Hu, (L.
(v, u)(x,0) = (vg, ug)(x) — (v, u4), as x — oo (v+ > 0),

which describes the one-dimensional compressible flow through porous media in Lagrangian
coordinates, where u represents the flow velocity, v > 0 denotes the specific volume, and p(v) >
0 represents the pressure, with p’(v) < 0. The term —a (x, )u represents the fractional external
affection in the porous media flow, which is given by

ap(x)
1+1¢

where o; > 2 is a positive state constant.

When a(x,t) = 0, the system (1.1) reduces to the standard compressible Euler equations,
which have attracted considerable attention from a large number of analysts, triggering a great
many crucial advancements [3-6,33,34]. It is well known that smooth solutions to (1.1) generally
break down in finite time.

When a(x,?) = a; > 0, in the constant damping case, the system (1.1) becomes the com-
pressible Euler equations with damping. The damping effect usually stops the shock formation
and guarantees the existence of the global solutions, once the initial data are smooth enough.
In 1992, Hsiao-Liu [13] first showed that the solution of system (1.1) with the constant damp-
ing globally exists and converges time-asymptotically to nonlinear diffusion waves (v, ﬁ)(l%_t),
the self-similar solutions to its corresponding nonlinear porous media equations, in the form of

a(x,t) = , with oy (x) - a; asx — $o0, (1.2)

(v —v,u—u)@)||r~ = 0(1)(t’%,f%). Such convergence rates of (v — v, u — i) were im-
proved by Nishihara [26] to || (v — v, u — &) (£) || Lo = 0)(1)(t_3T , t_%). Subsequently, Nishihara-
Wang-Yang [28] further refined the result to ||(v — ¥, u — it) () || po = O(1)(t ™1, t_%) when the
initial perturbations are in L! (R). However, as Mei [25] pointed out, the self-similar solutions
are not the best asymptotic profiles because | fooo (u —u — 1) # 0. By using twice anti-derivatives
technique, Mei [25] recognized that the optimal asymptotic profiles are the specific solutions
to the nonlinear porous media equation with selected initial conditions, and proved the better
convergence rates: ||(v — v,u — u)(t)|| Lo = 0(1)(t’% log(2 +t), 1~ %1log(2 + t)). For the other
interesting studies for the constant damping, we refer to [14,21-23,27,28,32,36-38,42,43].

When a(x,t) = (1%-_1!)’\ with A #£ 0, the system (1.1) reduces to the compressible Euler equa-
tions with time-dependent damping. For A > 0, the time-dependent damping becomes asymp-
totically weak in time, the so-called under-damping case [15]. For A < 0, the damping becomes
asymptotically strong in time, the so-called over-damping case [16]. In the weak damping case
(A > 0), as showed in [10], the damping effect a(x,?) = (li—lm is getting weaker as A is in-
creasing. In particular, when A = 1, it is the critical damping case, because the hyperbolic effect
dominates for the damped Euler equations as A > 1, and the solutions must blow up and the
shocks usually form; while, the parabolic effect coming from damping dominates for the damped
Euler equations as 0 < A < 1, and the solutions globally exist in this case.

In the regular under-damping case (0 < A < 1), Yin and his research group [11,12,29-31]
first gave the criteria for the existence and non-existence of the solutions, see also the significant
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developments in [7,15,34,35], in particular, see the optimal convergence rates to the constant
states: [0%(v — 1,u) (1)l p2(gmy = O(1) (1™ —52G+eD=54) obtained by Ji-Mei in
[15]. Regarding the convergence of the solutions to the corresponding diffusion waves, we refer
to the interesting studies in [8,9,19,20].

In the critical under-damping case: o(x,t) = fl_+lz’ namely, A = 1, by variable scaling ap-
proach, Geng-Li-Mei [10] observed that, the parabolic mechanism and the hyperbolic mechanism
both are important for the system, and cannot be ignored. The asymptotic profiles are not the
ordinary diffusion waves (the self-similar solutions to the porous media equations), but the
particular solutions with hyperbolic-parabolic structure (still denoted by (v, u)(x, t)). Further-
more, they [10] showed the convergence of the original solutions to the specified asymptotic

profile (v, u)(x,t) in the form of (v —v,u —u)®)|Le = O(I)I’%’T for 2 <oy <4, and

(v —=v,u—u)t)|pe=01)t" 5 for a; > 4. Here, the convergence rates depend on the value
of ; in two intervals. o; = 2 is the critical value above which the system admits global existence
of solutions; otherwise, the damping effect - 18 too weak such that the system behaves like the
pure Euler equations and the shock solutlons must form [7,12,29,34].

For the over-damping case a(x,t) = a +1)A with —1 < A < 0, different from the common
sense, the strong damping for the compressible Euler equations does not yield a better de-
cay. In fact, as showed by Ji-Mei [16] for the over-damping case, the decay rates around the

constant states are [[(v — 1, u)(?)|l2(gn) = 0(1)(t__” t__”__)) for A € (—1,0), and

l(v—1, M)(t)“LZ(Rn) =O0()(|In(1 + t)|*’, i1 [In(1 4 1) "*7) for A = —1, which are much
weaker than the regular under-damping case with 0 < A < 1. On the other hand, when the states
(v+, u+) are different, the solutions are expected to converge to the corresponding diffusion
waves time-asymptotically with algebraic rates for —1 < A < 0 and the algebraic decay involv-
ing log(1 +¢) for A = —1, see [17,18,39] for the details.

Regarding the damping effect involving the space only: a(x,?) = aj(x) - a; >0 as x —
Fo00, Matsumura-Nishihara [24] first studied this case and proved the convergence of the so-
lutions to the corresponding diffusion waves by the energy method in form of ||(v — v, u —
D)% = 04,173,

When the damping effect is dependent on both the space x and the time ¢, recently we [1,2]
first investigated how the spatiotemporal damping o (x, 1) = 1 with 0 < A < 1 to affect the

(14+)*
structure of the solutions, and showed that: when vy = v_, then

0<1)((1+t aenTF) o<,

||(U —Du— I/_t)([)”LOC — 0(1)(1n2(2+6l) 1n2(2+l))’ A= %’
(1403 (1405

oW (1 +0"T, (1 +02), Poa<l,

whereas when v4 # v_, then

om(a+n=F a+n7F),  0=a=zi,
I =5.u—DOl~ =1 om(A+n~F a+0"F),  f<i<i,
om(a+ma+n~F),  dsa<l
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Subsequently to our previous studies [1 2] in this paper we are interested in the critical case
of spatiotemporal damping o(x, ) = D‘l‘ +); given in (1.2). Here, as demonstrated in [10], the
parabolic structure from the damping effect and the hyperbolic structure from the system itself
both play the crucial roles for the system, and cannot be ignored, see (2.4) below for the ex-
pected asymptotic profile by variable scaling technique. By the time-weighted energy method, in
particular, by refining the decay estimates on the asymptotic profiles (v, u)(x, t) which closely
depends on the value of @, we obtain the following new convergence of the original solutions to
the corresponding profiles as:

Case 1: when vy =v_ =:v, uq #u_,and [ [vo(x) — v]dx # '“;i] , then

e for 3 <a; <4,it holds
I =, u— D)D)l x=0MA+1)" 7,

Z ||3i8f(v—ﬁ,u—ﬁ)(z)||Loo=0(1)(1+I)_mTf'

itj=1
e for4 <, <6, it holds
(v =5, u —@)()lle = O(H(A+1)7",

S 1010/ = D)l + 1| v — )y Dlle = O+~
it+j=1

1 (v =), (O]l = O)(1+1)73.

e for @y > 6, it holds
(v =, u — i) (®)|lge = O()(1+1)7",
> 11818 =D (@Ol + [ (v = D)y (D1 = 0L+,

i+j=1
_ _3
[ (v—="2) @llLe =0MA+1)"2
Case 2: when v = v_ =:v, ug #u_, but [° [vo(x) — v]dx = ”_*g?j_] , then

o for % <a; < 15—2, it holds

=, u—)(®)] = = 0D +z>—’%‘+1

Z 1858/ (v — B, M—M)(t)lle—O(l)(l-H) a2,
i+j=1

e for 15—2 <a; <4,itholds

lv—v,u—w) @)L~ = 0(1)1n%(2+t)(1 —|—t)ng+2,
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> 1800/ (0 = Bou = DDl = O IN@+ (1 +1)7 7
i+j=1

e for4 <o <6, itholds

1w — B, u — D)) |1 = O +1)"2,

> 11858 = DO + Il (v = D), ()L = O(1)(1 +o %
i+j=1

I =0) Olze=0MA+1)"2

e for @y > 6, it holds

1w =B, u — D)D)~ = 01 +1)"2,

311810 4 — (@)l + | (0 = D), D)l = O(D)(A+1)73,
i+j=1

— _9
[ (v—=20) DL =01 +1)" 2.
Case 3: when vy =v_ =:v,uy =u_ =:u, and ffooo[vo(x) =v]dx =0, then

e for2 < oy <4, itholds

I =,u— DOl = 01+~ 5,

Z Ha’ifafj(v —bu— ) =01 +1)" 7.
i+j=1

e for4 <a; <6, it holds

I — 5.1 — D)D) = O (14173,

3 11028) e — D@l + | 0 = D), D]z~ = 0L+~
i+j=1

| (0 —0)y (O = 01 +1)"2

e for oy > 6, it holds

I = 5,1 — D)D)l = O +1)73,

3 088) w — i@l + 1| 0 = B), Dl = 01 +1)72,
i+j=1

1w =), )]l = 01 +1)73.
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These convergence rates are dependent on the value of o in different intervals, and significantly
improve and develop the previous studies [1,2,10,24]. However, due to the technical issue, there
is still a gap for 2 < oy < 3. This would be our next goal.

The paper is organized as follows: In Section 2, for three cases, through analysis, we respec-
tively select different asymptotic profiles and restate the problems. Meanwhile, we present the
decay estimates of the asymptotic profiles, which plays the crucial roles in the subsequent proofs.
For Sections 3, 4, and 5, we conduct decay estimates for the convergence of the original solutions
to the corresponding asymptotic profiles in three cases, respectively. Before ending this section,
let us introduce some notations.

Notations: L” = L”(R) denotes the usual Lebesgue space with the norm

1/p

Ifllp=1fller = /If(X)Ipdx (I'=p<o0),
R
| floo =l fllco =1l =eSS§uP|f(X)|~

The integral domain R is often abbreviated when it is clear. For any integer k > 0, H* = H*(R)
denotes the usual k-th order Sobolev space with the norm

. 1/2
L = | D05 £
j=0
When k =0 and p = 2, we often use the notation || f|| = || f||o. For brevity, we write

IS8 Maksmis.. = Ifllge +glgr + ...

The set of k-times continuously differentiable functions in R with compact support is denoted by
C’g (R). The space C k[0, T1; X) consists of k-times differentiable functions from [0, T'] to the
Hilbert space X. Additionally, by C or ¢, we denote a generic positive constant independent of
the time ¢, whose value may change from line to line. For two quantities @ and b, a ~ b means
é|b| < |a| < C|b| for a given constant C.

2. Selection of asymptotic profiles and their properties

In this section, we reformulate problem as a quasi-linear wave equation with damping, based
on heuristic reasoning. For convenience, we denote o (x, t) by «, then we present the results for
the reformulated problem, which in turn yield the main results for the original problem (1.1).
Rewrite (1.1) as

v, —u, =0,
u; + p()y +oau=0, 2.1

(v, u)(0, x) = (vo, o) (x) = (V&, ux), x — o0,

under the condition (1.2). With the aim of searching for suitable asymptotic-state equations of
(2.1), we carry out the following variable substitutions. For an arbitrarily ¢, let
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t—(+15/e, x—>Xx/e, v—=>1, u—i, o —a

then, it follows from (2.1) that

v; —uz =0,
and
i + £p (D) et 2.2)
eur+ep()s=———. .
f P\V)x G+1+1)

Neglecting the small term with ¢, we get the asymptotic-state equations

G0,

e i 23)

ui + p()i = 1Y
Therefore, by restricting ourselves to v = v_ =: v, but 4 and u_ may not be equal, we con-

sider the following linear system of equations:

l_)t - ﬁx - 0,
i+ p' iy = — 1, 24
(v, u)(x,0) = (vo, up)(x) — (v, ux) as x—> £oo.

This will be the expected asymptotic profile with particularly selected initial data (v, i) (x) in

their different cases.
Before we embark on our analysis, we assume

p € C*Ry), with— p'(v) >0 (v > 0),

2.5
a1€C2(R), alzgl,al—gleLzﬂLlandoqxeLz. @5)
Casel: vy =v_=:v, uy #u_, and [ [vo(x) — v]dx # % In this case, we choose
the initial data vg(x) as
vo(x) = v+ k Po(x), (2.6)
where @ (x) is a given smooth function such that
+00
®o(x) € L'(R) and / @ (x)dx #0,
—00

and will be elaborated on in more detail in the subsequent discussion. Then, the constant « is
defined as

+00 +00
K= / [vo(x) — vldx | / / Do (x)dx, 2.7

7
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so that
“+o00 “+o00
/ [vo(x) —v]ldx — / Do(x)dx =0.
—0o0 —0oQ

Hence, the problem (2.4) can be reduced to

2.8)

Ui+ P’ (W) xx + 1350 =0,
(B, ;) (x, 0) = (Do, i) (x),

which is well studied by Wirth in [40,41]. With regard to the estimation of v, we will conduct a
discussion subsequently, and i (x, ¢) can be solved from the second equation of (2.4) as follows:

1
u(x,t) =1 +1)"*io(x) — (1 +1)"% /(1 + )1 p'(v) Uy (x, 5)ds. (2.9)
0
Consequently, we obtain the anticipated asymptotic profile (v, i) (x, t) for Case 1.
Case 2: vy =v_ =:v,uq #u_,and [ _[vo(x)—v]dx = ”:;ﬁ . In this case, we can choose
the initial data as

?o(X) =vp(x), ) 2.10)
io(x) =u—+ (uy —u_) [2 mi(y)dy,
where ffooo mi(x)dx =1and m(x) € C(‘)’o (R), and the problem (2.4) can be reduced to
l_)[ - L_lx = O,
i+ p' Wy = — 15, @2.11)

(vo, o) (x) = (vo, o) (x) = (v, ux), as x— Fo0.

Based on the analysis of equation (2.11), applying the anti-derivatives technique can yield bet-
ter decay estimates for the equation. However, due to ffooo updx # 0, when we transform the

equation, its initial value condition fails to be L?-bounded. Thus, to resolve this problem, we
introduce the following modified equation:

i}[ —ﬁx :O,
A o A
Uy = —f—_ﬁtu, (2.12)

(Yo, i) (x,0) = (0, u+), as x — £oo,

where ig(x) =u_ + (uy —u_) [*__ ma(y)dy, [*° ma(x)dx =1 and m,(x) € C5°(R). Hence,
there exists an exact solution of (2.12) as follows:

=044 (u_ 4 (uy —u_) [2 ma(y)dy),
5=

S (0T imy (),

(2.13)

8



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094

which, together with (2.11), deduces

(ﬁ_y_ﬁ)z_(ﬁ_ﬁ)xz()’ (2.14)
(ﬁ—ﬁ)t—l-p’(y)(f)—y—ﬁ —i—%(ﬁ—ﬁ):—p’(y)ﬁx. '

Thus, we define ¢ = [* (2 —v — D) dy. Then, we have ¢, = [* (0 —v—10), dy =i — i,
which follows from the first equation in (2.14), and the second equation in (2.14) can be written
as

o

1+1t¢t = —p'(v)0,. (2.15)

b1+ P (W Pax +

As a result, we obtain the following reformulated problem:

b+ P Wex + 156 = —p' @)Dy,
$(0,x) = go(x) := [* (wo(y) —v—0(0, y))dy, (2.16)
(0, x) = 1 (x) := i (x) — (0, x).

Case3: vy =v_ =1v, uy =u_ =:u and ffooo[vo(x) — v]dx = 0. By considering above-
mentioned conditions, we look for a better convergence to a certain asymptotic profile and expect

B(x, 1) =, 2.17)

which, together with (2.4), yields that

and
u(x,r) =u(l +r)~%.
Hence, we obtain the anticipated asymptotic profile
@, ) (x, 1) = (v,u(l+1)7%), (2.18)
which has a better decay estimates compared with Case 1 in the subsequent discussions.
Theorem 2.1 (Property of asymptotic profiles (v,u)(x,t) in Case 1). Suppose (P, it;) €

H3(R) x H*R). Then, the Cauchy problem (2.4) admits a unique global smooth solution
v(x,1), which satisfies, for oy > 2

Yo A2 G- wO1P+ Y A+ 0™ a5) G — v)0))?
0<i+j<p pu<i+j<3

= € (101 + g3+l P+ Ju—12) (2.19)
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where _mln{[ 11,3}, and for 0 <a; <2,

A+ 2E— O+ Y, A +0% L8] 3 — o)

1<i+j<3

= € (IRl + I3 + e+ 2+ lu—1?) . (2.20)
For the sake of our subsequent proof, we denote

Eo:=||Qoll g3 + lugll g2 + |y | + Ju—|.

Proof. Similar to the discussion in [10], we transform (2.8) into the following problem:

2.21)

Wi + p' () Wax + 1 Wt 0,
(W, Wi)(x,0) = (Wo, Wl)(X),

where W =

<

1S3
[
=3
o

(Wo, Wi)(x) = (k Po(x), it (x)).

When 0 < o; < 2, by multiplying (2.21) by (1 4 )% W; and integrating it over R, we obtain
1d o) (2 / 2 o o —1ly2
37 A+ W, —p W)dx + > A+ Wodx
+5L / (1402~ p (0 W2dx =0. 2.22)
Also multiplying (2.21) by (1 + )%~ 'W and integrating it over R give
d o —1 1 o —2ys2 a—1 7 2
o (1+)= WW,+§(1+t)—1 Woldx — [ (14+H)% 7 p'(v)Widx
/((1+t)“1_1W2+_1 (1+ 023 w2 )dx:O. (2.23)

Then, by calculating % -(2.22) 4 (2.23), one gets

d 1
- [—(1 +0M(W2 = p @WH+ A +D4TWw, + 5(1 +z)“1—2W2]dx

_/——

Applying Cauchy’s inequality, we can derive

+ 0% 3W2dx = 0. (2.24)

1
/(1+t)%*‘wwtdx5/§(1+r)°—‘1 W}dx+/2—(1+t)%*zwzdx,
&

10
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where € = %1;2 Hence, by integrating (2.24) over [0, ¢] yields
(1 WP + o+ D2 Wi+ S (1 =2 WP < CER. (225
4o ' T2 +2) -
Next, differentiating (2.21) in ¢, we have
/ oy o _
Witr + p' (@) Wixx + Ty~ mwz =0. (2.26)
By multiplying (2.26) by (1 4 #)%1 Wy, and integrating it over R, one obtains
ld o 2 1 2 o =272
S [(1 FOU (W2 — P/ W2 —ay (1 + )2 W, ]dx
o
+ —71 /(1 + 0 YW — p (W2 )dx
-2
+ % / (1 + 0% 3W2dx = 0. (2.27)
Then, by multiplying (2.26) by (1 + £)%~!'W; and integrating it over R, we have
d a—1 1 o —2y72 a;—1 7/ 2
a1 1+0* thWt‘I‘E(l—i-f)* Woldx — | 1+ p(v)W/ dx
aj—lyp2 , % —2 a, =312
— (I+)*a™ W, + 5 (I+6)*"7"WS )dx =0. (2.28)

Hence, by calculating 0‘2—1 -(2.27) 4 (2.28), integrating it over [0, ¢], applying Cauchy’s inequality
and (2.25), one gets B

(L4 D% [ Wit |1> 4+ (1+ D% | Wi |* < CES, (2.29)
which, together with (2.21), yields
U+ D [Wer P = €A+ 02 (IWal2+ (L4072 WiI1?) < CES. (2.30)

Furthermore, by a similar calculation to (2.26)—(2.30), we can get the higher order estimate as
follows

>+ ats) wi? < CES. 2.31)
i+j=3

When 2 < a; < 4, we can obtain estimates for W and its derivatives from reference [10].

When [%‘] =2, we can get the estimates of W, as well as its first - and second - order deriva-
tives, from reference [10]. However, for its third - order derivatives, we have a better estimates
compared to the results in the reference [10]. Taking the derivative of (2.21) with respect to ¢
twice, we obtain

11
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Wisre + p'(©) Wirxx + AWm -2 =
- 141t (1+1)?

Wi +2 glt W, =0. (2.32)

Multiply (2.32) by (1 4 #)%1 Wy, and integrate with respect to x, and we can obtain

1d
2dt [(1 +o® (Wtztt - p/(g)Wtztx) —2a,(1 -|-t)£1*2W12[:| dx
2dt
d
+ E / (2&1(1 +t)g1—3W[tW[ _gl(gl — 3)(1 +t)gl_4W12) dx
‘|‘é (1 +T)91—1(W2 +p’(£)W2 Ydx +a (o —4) | (1 +t)gl_3W2dx
2 1tt 11x 1oy 2
+a (e —3)(e; —4) /(] +I)Q1*5Wt2dx —0. o)

Then, by multiplying (2.32) by (1 4 )%~ W,; and integrating with respect to x, we obtain

d 1
o [(1 + 0% Wy Wy + S0+ DU2W2 4o (14 r)%“W}} dx

2-5
—/((1 +nn! (Wf,, +p’(y)W,2tx> +— L +z)“1—3w,§> dx
- / a (@, —H A+ 04 Wrdx =0. (2.34)
Hence, by calculating az—l -(2.33) 4+ (2.34) and integrating it over [0, ¢], one gets

(L + D% Wi 1?4 A+ )% | Wiir |> < CER. (2.35)

By differentiating (2.21) in x, we have

o
Wiex + P/(y) Wixx + 1_—_:1‘th =0. (2.36)

From (2.26), (2.35) and (2.36), we can obtain
(0% (Wi + | Wae|?) = CE. (2.37)

Referring to our previous proof, we obtain the estimates for ¢ and its derivatives in the case of
[%-] = 3. and thus omit the proof. O

Remark 2.1. If the initial values (P, 126) have higher-order derivatives and these derivatives
belong to L2(R), then by using the method in proof of Theorem 2.1, we can conduct a more
detailed partition of ¢ and obtain the corresponding decay estimates.

12
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Corollary 2.1. Under the assumptions of Theorem 2.1, for 2 < o < 4, we have

1
(@ —v)(O)llL> < CEy(1 4172
l(Ux, v)(@)|lLe < CEp(1+ t)*(%Jr%Tl)’
”(Uxx» le)(f)”Loo <CEy(14+1t)~ *T. 238)

for [%] =2, we have

1B — 0)(O) | < CEo(1+1)72
(B, ) (0| e < CEo(1+1)"3,

@, D) (@) [ oo < CEo(141)7 177 ; (2.39)

and for [%] >3, we have

I = 0Ol < CEp(1+1)3
|G, 3Ol < CEo(1+1)72,
| @axs ) (D)l < CEo(1+1)73. (2.40)
We define 8y := [u4| 4 lu—| and Io := ligoll g4+ + lI1ll g3 + 61 K 1.
Theorem 2.2 (Property of asymptotic profiles (v, u)(x, t) in Case 2). Suppose ||¢0||%_14 +lé1 ||§{3
and uy| + |u_| are sufficiently small. Thus, the Cauchy problem (2.11) has a unique global

smooth solution v(x, t), which fulfills the following: (i >0, j >0)

8
o for2 <ay <3, then

3a L. L
A+ 22 -vDOP+ Y. A +02@L8/ 5.0/ 0> < CI3. 241
1<i+j<3

o fora; = %, then

(1+0? o
oy @ LDOP+ 3 a+oml@p s a0 sCc. 4
I<i+j<3
o for 8 <a, <4, then
A+ @ - v @O+ Y A+ 5, 000/ OIP <CI.  (243)
I<i+j<3

13
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o for[5]1=2, then

Y+ 02 @l (5 — v, 0Le] i) ()2
0<i+j<I

+ Y A +0@@ia v, 010 i) ()] < C13. (2.44)
2<i+j=<3

e for [%] =3, then

> A+ 02 @l (5 — ). 0le i) ()12

O<i+j<2
+ ) (0@ dia] 5, 8k8] i) n)|? < C . (2.45)
i+j=3
e for [%] >4, then
Y+ 02 @l (56— ). 0lef )| < C13. (2.46)
0<i+j<3

For the sake of our subsequent proof, we present the following a priori assumption:

e when 2 < <4, then

N(T):= sup {1 +8)7 [lgall} <6,

0<t<T

e when 4 <, then

N(T):= sup {(1+0)*¢ncll} <36,

0<t<T
forsomed K 1and 0 < T < o0.

Proof. When 2 < oy < 4, multiplying (2.16) by (1 + 1)2¢; and integrating it respect to x and ¢,
we have

t
; / (1+0%@? — p'WDdx + (@, — 1) // (1 + 1)¢2dxdr
0
t
+ // (1+0)p/ @ Widxdz
0

t
= C (9ol + 91132) // (1+7)°p' W deprdxdr. (247)
0

14
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Then, multiplying (2.16) by (1 + #)¢ and integrating it respect to x and ¢, we obtain

t t
%/[2(1+z)¢¢;+(g1 —1)¢2]dx—//(1+r)p’(g)¢§dxdr—/ (1+1)¢p2dxdr
0 0

t
< (Ioky +1011%) = [ @+ Dp@igard (2.48)
0

By calculating % -(2.47) + (2.48) and through a discussion similar to [10], we can derive
that -

=2 20 s
sy [0 g [ Wl

(_ —1)(051 2) 2 _1 // 2
+ == = TP /¢>d +=5— [| A+ 1)¢;dxdr

2
2(a1 5 //(1 +1)p' (W)pldxdt

<‘//(2( ( +10)%p (W) ox s + (1 +1’)p/(y)i}x¢> dxdt
o) —

+C (Igoll} + llen 1) (2.49)

Using Cauchy’s inequality, we obtain

t t
—//(l-l-f)P/(y)f)x(dedT:/ (1+7)p'(Wi¢dxdr
0 0

t t
C
<8 //(1 + )¢ dxdt + 5 //(1 +1)0%dxdr
1
0

<68 / (14 1)p2dxdt + Clp. (2.50)

Also, using Holder’s inequality and the a priori assumption gives

t t
- // (1 +1)2p ()b ddxdr = // (1412 (0 dprrdxde
0 0

15
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t t
2 . 334
=C [ A +1)uxlllvlide =Cé1 | (1 +7)" 2 dx. 2.51
0 0

Hence, from (2.49)—(2.51), for 4 — 30[?1 >0,

A+ 1912+ +07F 2 (Jor P + l6:1?)

t
+a+0 3 [0 (1007 +16.17) de
0

<CI3, (2.52)

3
for4 — =+ =0,

t
1612 + (147 (102 + 101?) + [ (10 (10012 + 16,1
0

<ChnQ+0Ig, (2.53)

andf0r4—3%1>0,

t
1912+ 1+ 002 (1112 + 11 +/<1 +0) (I +16:17) dr < CIF. @54)
0

Next, we compute the decay estimates for ¢y, ¢;x and ¢;. By computing %(1 + )% ¢y -

3,(2.16) + (1 + )&~ !¢, - 3,(2.16), integrating it respect to x and ¢ and applying Cauchy’s in-
equality, we obtain

1 ') a;+1 _
(1+0)% (2—||¢n||2— gl ) — A+ 0% 2 ¢
oy oy 2

t
2
= _// (a—(l + )% p (W0 + o (1 + T)al_lp/(y)ﬁtxcbr) dxdt
=1
0

+C (Igoll3 + llen3). 2.55)

From (2.51), (2.52) and (2.53), we have

t

t
- // 3(1 + )% p' (W) Vi prdxdr = — // i <£(1 + )% p/(y)ﬁtx(bt) dxdt
o dt a
0 0

16
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t
+ // ((xi(l + 0% p' Dy +2(1+ )% 7! /(U)le¢t> dxdt
=1
0

t

¢ [ (a4 0= 1oution+ A+ 08 ol ) dr

0

+C (Igol3 + llen 13 + (1 + 02 15,21 1) = €13 (2.56)

Similarly, we have

t
- //gl(l + )47 )by prdxdT < CIG. (2.57)
0
Hence, we have
A+ 0 (lgu I + I191l1?) = €13 (2.58)

Furthermore, from (2.16), we obtain

- (p’@ﬁx + b+ 1%“”) , (2.59)

1
'(v)

or

el = € (102 + Nl + (1 +072gu?) = CIFA +1)7%, (2.60)

which, when combined with (2.58), shows the decay estimates for ¢, ¢, and ¢y;.
Similar to the previous discussion, we can also obtain:

(A +0%19L8/ gl < CI3, i + j =3, 4.

When [%‘] = 2, similar to the previous discussion, the estimates for ¢, its first derivatives,
and its second derivatives are as follows:

(A +02 D pia) gl < CIZ, 0<i+j<2. 2.61)

In order to obtain the decay estimate for the third derivative of ¢, we will carry out the fol-
lowing steps. First, taking two derivatives of (2.16) with respect to ¢, we obtain

Qurr +p (U)¢ttxx + ¢ttt )2 ———— ¢ +

(1 + p Tt =P @i (2.62)

(1+z

Then, multiplying (2.62) by (1 + 7)%1 ¢ and integrating with respect to x and ¢, one obtains

17
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1 a2 / 2 =242
5 (1+0* (¢ttt — D (y)d)nx) - 2%1(1 + )% ¢n dx

(201 1+ 0% g1 — s (@, = 3)(1+ D% ~67) dx

_|_
—

Q

7//(1 + 047 ¢y, — p' @7, )dxdT

t
+a (e —4) //(1 + I)glfsqﬁftdxdr
0
t
+ay (@ — 3@ —4) // (1 + %5 2dxde
0
t
= (1ol +10115) =[] 1+ 0 ' @b duadnde
0

= (gl + 1113) / [+ 0s p hdudndr

0

# [ (@02 @t + 1+ 08 Y W) dxdr. 263

Also, multiplying (2.62) by (1 4+ 1)%1~1¢,, and integrating with respect to x and ¢, one obtains

1
/ |:(1 +t)gl_1¢ltt¢tt + 5(1 +l)g'_2¢zzz +a(1 +f)al_4¢12j| dx

t
-5
- ((1+r)%1(¢£,+p’<y>¢3,x)+ f%lﬂ)ﬁl%ﬁ) dx
0

t
- // a (e, —H( + 0% S pdxdr
0

1
= ¢ (190l + 19113 - / (14 0% p' @ Drxpredxdr. (2.64)
0

By calculating al -(2.63) 4 (2.64) and through a discussion similar to the previous one, we can
derive the following:

18



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094

(02 (gl + e l?) < CI. (2.65)
Differentiate (2.16) in ¢:
Bre P Wb + 1 0 ilm‘b’ =0 . (2.66)
Differentiate (2.16) in x:
Burx + P (V) rry + lg—;tm = —p' W (2.67)
Therefore, from (2.65)—(2.67), we obtain
0% (Ipoax |2+ Iprax|2) < C13. (2.68)

By using a similar method, we can also obtain:
(1+0218;9/ 91> < CI3,

fori 4 j=4.

Referring to our previous proof, we can obtain the estimates for ¢ and its derivatives in the
case of [Q—Z‘] > 3, and thus omit the proof.

Then, due to (2.13) and «; > 2, we obtain

3 1@ia] 0,018/ DI < CIR(+ 02172 < CI(1+ )%, (2.69)

0<i+j<3
which, along with the estimates of ¢ and its derivatives of various orders, gives (2.41)—(2.46). O
Remark 2.2. If the initial values (¢, ¢1) have higher-order derivatives and these derivatives

belong to L2(R), then by using the method in proof of Theorem 2.2, we can conduct a more
detailed partition of ¢o; and obtain the corresponding decay estimates.

Corollary 2.2. Under the assumptions of Theorem 2.2, for2 < a; < %, we have
— - 15
(V=)L + li(@)][Le < Clo(1+1)27 78",
_ - - _y
(U, V) @) oo + [ iy, ) (@) | oo < Clo(1 1) 2,
- _ - - - 4L
U, Vex) Ol Loe 4 1 Wers Upx, Uxx) (@)oo < Clo(L+1)" 25 (2.70)
fora, = %, we have
_ - 1 1
(=)@ llLe + la@)llze < Cloln* 2 +1)(1+1)"27 4,
- _ . 21
(U, V) @)l Loe + [y, ur) ()| oo < Clo(1+1)" 2,
- - Y
U, Vex) O oo 4 [ @grs Upxs Uxx) @)oo < Clo(1+1)" 25 (2.71)
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for % <oy <4, we have

a]

(=) (O)llze + @)l < Clo(1+1)727 4,

[SIE

R _ _a
[ (Vx, V) (D)oo + ([ (s ) (D[ Lo < CLo(1 +1) 7 2,
@

Wy Vi) @Ol Loe + N1 ry s thex) (O] Lo < Clo(1 +1)7 25 2.72)

for [o‘——z1 =2, we have

|0 = DOl + Na®lx < Clo(1+077,
@ 3Ol + 1| Gix i) Ol < Clo(1 4077,

(B D) Ol oo + | @rr s i) Ol e < Clo(1+1)7 2 2.73)

for [g—zl] =3, we have

15— 0)(O) |1 + @) | e < Clo(1+1)2,
1(Ber 5Ol Lo + Gl i) (Ol e < Clo(1+1)73,

]

_ _ - - - _3_4
s Vex) (O llLoe + 11 rr s tpxs ) (@) || oo < Clo(L41)727 4, (2.74)

and for [%] >4, we have

15— 0)(O) |1 + @) | e < Clo(1+1)72,
1 (Ber 5Ol Lo + Gl i) (O | e < Clo(1+1)73,
B Do) O | 20 + [ igeo figs i) (Ol oo < Clo(1 +1)72. (2.75)

3. Main results: convergence to asymptotic profiles

We are going to reformulate the problem (1.1) for Cases 1, 2, and 3, and present the corre-
sponding main theorems for each.
Case 1: From (2.1) and (2.4)

(—10), — (u—it), =0,
(=), + (p) — p(0), + 135 (u —it) 3.1
=-S5 a— (P@) - p' @) vy,

where (v, u)(x, t) is given by (2.8) and (2.9). We define

Vix,t)= / (v—v) (y,t)dy,

20
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and from the first equation of (3.1), we have V;(x,t) = (u —u) (x,?). Since u —u — 0 as x —

+00 is expected, by integrating the first equation of (3.1) with respect to x and ¢, one gives
+00

+00

+00
/ (v—0)(x,t)dx = /[vo(x) —vldx — « / dp(x)dx =0.

—00

Thus, we may expect V(-,t) € H 1 and the second equation of (3.1) can be rewritten as

Vi(x,0)=Vo(x),

Ve + (p0+Vy) = p)x + 15 Vi=Fi+ 2= F,
Vi(x,0) = Vi(x),

(3.2)
where
Fl=_d "%, (3.3)
= 1+1¢ " '
Fi=—(p'(0) — p' () vx, (34)
Vo(x) : = / (v =) (v, 0)dy. (3.5)
Vi(x)

c=(u—ii) (x,0).

The following is the main results of case 1.

(3.6)
(2.9), it holds

Lemma 3.1 (Estimates of F). For t € R, the solution v(x,t) of (2.8), and u(x,t) defined by
o when2 <oy <4, then

|Fi| < CEglay — o, |(1+10)" 7
| Fi:| < CEplap — oy (1 +1)~ %

1 3
T2, |2 = CEo(1+1)72,
1.3 _ o+l
2, [P <CEp(141)" "2
e
|Fi1¢] < CEploay — oy |(1+1)"2

NG )
L P2 ) < CEo(1+1)~
o when [%] =2, then

ar+1
2.

3 3
|Fi| < CEolay —a;[(1+6)72, |Fa(t)| < CEo(1+1)72,
5 5
|[Fi;] < CEploy —oy|(14+16)72, [P ()| <CEp(14+1)"2
21 ot
|Fire] < CEolay —ay|(1+16)7 4 72, [ Fay (1)|| < CEo(1+1)" 2

)

(3.8)
21
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o when [%] > 3, then

_3 _3

[Fi| < CEoloy — oy [(1+1)72, [|[F2(t)|| < CEo(1 +1)72

5
|F1;] < CEplay — ay|(1 +t)_77, | For ()| < CEo(1 +1)~
|Fiie] < CEplay —oy|(14+1)"2, |[For ()| < CEo(1 +1)7 2.

)
3
2

(3.9)

[N

Proof. From (2.9), (3.3) and (3.4), we obtain

o] — oy _
u
141t

<oy —a |1+ itloo

<lor—a (1407 <|(1 + 1) Hitg(x)]

t

+1(A 4+~ /(1 + ) p' () (x, S)dS|>

0

= Clat =y | (14077 ()| + 134 (3.10)

o] — oy

= it 4 (@ —a)(1+10)"2

|F1t|=‘_

< Jon =y (1407 g loo + (140l )

<o —gll((l + 07 Ny (14174 g (x)|
t
oy (1) a2 / (1 + )9 p' (s (x, 5)ds|
0

+(1+t)_1|p’(y)l7x|+(1+t)_zlﬁ|oo>, (3.11)
IRl =1 — (P @) — p'@) 0:l < Cll[D — ]|
= Clv — vloollvxlls (3.12)
and
[Pl =1l = (p' @) = p' @) Ux — p" ()0 0|
< C (117 = vl Uil + 19702 11) < € (10 = vloo Vil + 191 loo | 011 - (3.13)
Consequently, based on Theorem 2.1, Corollary 2.1 and (3.10)—(3.13), the estimations of | F1],
|Fitl, [F2(2)]| and ||Fo(¢)|| can be derived. The estimation of |Fi,| and || Fp,(¢)]| can be
obtained through a discussion similar to the above, so we omit it. Therefore, the proof is com-

plete. O
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Theorem 3.1 (Convergence to asymptotic profiles (v, u)(x,t) in Case 1). Assume (2.5), i >0,
and j > 0. When ||Vo||§ + ||Vi ||% and || ®oll3 + llugll2 + luy| + lu—| are sufficiently small, the
Cauchy problem of (3.11) admits a unique global smooth solution (Vy, V;) satisfying

o for2 <oy <3, then
(Vi Vi) € C(0, 00; LA(R)),
and
<1+t>||<vx,v,>||250(||Vo||%+||V1||%+||<I>o||3+||u5||z+|u+|+|u_|). (3.14)
o for3 <a; <4, then
(Vx, Vi) € C(0, 00; H*(R)),
and

A+DI Ve, VO IP+ Y A +o@lala) vi?
2<i+j<3

= € (IVoI3 + IV I3 + 1Dolls + lupllz + s | + a1 ). (3.15)
e for [%] =2, then
(Vi Vi) € C(0, 00: H*(R)),
and

+DI Ve, VO IP+ D (A +031950] VI
it+j=2

+ Y A+ VIZ 4 (403 Vi
i+j=3,i#3

< c(||vo||§+ IViII3 + 1 Doll3 + llugllz + lut] + |u_|). (3.16)
e for [%] > 3, then
(Vy, Vi) € C(0, 00; H*(R)),

and
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A+01 Ve VO I+ D (a+03 88/ v

i+j=2
+ > A8 VI 4 (1 + 07 Vi
i+j=3,i#3
= C (IVOI3 + V113 + 1 @olls + lpllz + | + 1) (3.17)

Corollary 3.1. Let (v, it) be the derived asymptotic profile in (2.8) and (2.9). Under the assump-
tions of Theorem 3.1, one has

o for3 <a; <4, then

I = 5.u— D@L~ = 01+~

L ap—1
Z 1858/ (v — ,u — D)D) | = O +1)7 T
i+j=1

o for [3]1=2, then

(v — B, u — i) ()|l e = O()(1+1)7",

S 1980, @ — DOl + 1l © = B), Ol = O+~
it+j=1

| = 0), Ol = 01 +1)"3,

e for [%] > 3, then

(v = ,u — i) (Ol = O +1)7",
D7 11858 = D@ + Il (v = D), ()1 = 01 +1) 72,
i+j=1

I =8), Oz = O +1)73.

Case 2: From (2.1) and (2.4)

(v—v), —(u—u), =0,

(u— i), + (p(v) — p(V)), + 135 (u — i) (3.18)
D b

L — (p'(0) — p'() B

where (v, u)(x, t) is given by (2.8) and (2.9). We define

X

Vix,t)= / (v—v) (y,t)dy,

—00
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and from the first equation of (3.1), we have V;(x,t) = (u —u) (x,?). Since u —u — 0 as x —
Fo00 is expected, by integrating the first equation of (3.1) with respect to x and ¢, one gives

+00

/ (v — B)(x, )dx = / [v0(x) — 50(0)]dx = 0.

—00

Thus, we may expect V(-,t) € H I and the second equation of (3.1) can be rewritten as

Vie + (p(0 + Vi) = p(0)x + 135 Ve = G1 + G,
Vi(x,0) = Vo(x),
Vi(x,0) = Vi(x),

where
Gl . —ail & _,
141¢
Gr:=—(p'(®) — p' ) vs,

Vo(x) : = / (v =) (y,0)dy =0,

Vix)i=w —u)(x,0)=
The following is the main results of case 2.

Lemma 3.2 (Estimates of G). For t € Ry, and the solution (v, u) (x,t) of (2.11), it holds
o when2 < < %, then
|G| <= Clolog — ey |(1 +t)__" G2l = Clo(1 —i—t)

|Gl = Clplay —ay (1 +t)___1 G2 (1) = Clo(1 +t)
=S _1 1
|G1iel = Cloloy — oy [(141) LG 0] < CIo(1+1)” 53,

+7
1

+

m‘IQ w|_\3

o when oy = %, then

1 1
In% (2 In% (2
1G1] < Clolay — o | ™D Gy ()| < C 1D

(141§ (1+r)2
|G| < Clplay —ay|(1 +1)73, G2 ()| < Cly 1“4(2+f)
(1+t)2
|G| = Clolo — oy [(1 +l)" G2 (I < Clo 1‘(‘;‘(2;“’)
+1)2

25
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e when % <oy <4, then

a 3a
1G1] < Clolay —a, |1+ 0~ 773, [Go()]| < Clo(1 + 1)~ 573,
5]

3a
1G] < Clolo —a |1+ 6"~ |Go ()]l < CIo(1 4 1)~ 5 72, (3.26)

3o
1G] < Clolay —ay |(1+ 8~ 271, |Gan ()| < Clo(1 + 1)~ 572,
o when [%1] =2, then
5 7
1G1| < Clola —a, |1+ 672, |Ga(0)]| < Clo(1+1)72,
@ 23 3
G| < Clolay —a, |14+~ 172, |Gy ()] < CIo(1 +1)~ 22 (3.27)

4]

: ;
(Gl = Clolar — | (140777 [Gan (0]l = Clo(1+0)7 3 73,

o when [%] =3, then

2 7
|G| < Cloloy — e[ (1 +t)—77, G20 < Clp(1 +t)—7,9
|G1/| < Clolay — ey [(1+1)72, |Gy (0)|| < CIo(1 +1)"2, (3.28)
4_3 23
(Gl < Clolent =& [(1+ 07572, 1Gau (]| < Clo(1 +1)~ 7 3.

o when [%] >4, then

5 7
1G1l = Clolen =y |1 4072, G20 < Cho(1+072,
|G| < Chlay —a [(1+16)72, |G ()] <Clo(14+1)72, (3.29)
11
|Gl < Clolay — ey |(1+1)73, [|Ga ()| < Clo(1+1)" 2.

Using the method similar to that for proving Lemma 3.1, we can prove Lemma 3.2. Therefore,
we omit the proof of Lemma 3.2.

Theorem 3.2 (Convergence to asymptotic profiles (v, u)(x,t) in Case 2). Assume (2.5), i >0,
and j > 0. When ||V0||§ + Vi ||% and 1y are sufficiently small, the Cauchy problem of (3.19)
admits a unique global smooth solution (Vy, V;) satisfying

o when2 <a; < %, then

(Vi, Vi) € C(0, 00; L*(R)),

and
IR} 2 2 2
A+05 e 12 =€ (VI3 + IViI3 + Jo) (3.30)
e when 29—0 <a; < %, then

(Vy, Vi) € C(0, 00; H*(R)),
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and

Say X300 q)
A+ SNV P+ Y A+ 50/ vIE < c (Vo3 + Vi3 + 4o ).
2<i4j<3
(3.31)

o when 15—2 <oy <4, then

(Vy, Vi) € C(0, 00; H*(R)),
and

I+

L+02 (Ve, V) II? AL
A+ Ve, VO IP+ Y ZaEn

2<itj<3

1820/ VIP = € (Il + IVill3 + 1o) . (3.32)

o when4 <o, <6, then

(V, Vi) € C(0, 00; H*(R)),

and
A+02 Ve VO IP+ D a+0*19ta] vi?
i+j=2

+ 3 AN VP + (1 4+ 0 Vi
i+j=3,i#3

<C (IIVo||§+ ||V1||%+Io). (3.33)
o when [%] > 3, then

(Vy, Vi) € C(0, 00; H*(R)),

and
A+02 Ve, VO IP+ D a+0*8ta) vi?
i+j=2

+ > 008 VI + (140 [Vies |2
i+j=3,i#3

= (IVol3+ Vi3 + ho) - (3.34)

Corollary 3.2. Let (v, u) be the derived asymptotic profile in (2.12). Under the assumptions of
Theorem 3.2, one has
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e when 29—0 <a; < %, then

I = 5,1 — DOl = O+~ 5+,

inj _ - 3
Z 1959/ (v —0,u —)(@)|lLo = O(1)(L +1)" 8 T2,
it+j=1

o when 15—2 <oy <4, then

1w —,u— @) (D)1 = O(1)InZ (2 +1)(1 +;)”T”,

Z 19297 (v — B, u — @) (1)l oo = O (1) In(2 + 1)(1 + H~7.
i+j=1

e when4 <o, <6, then

1w — B, u — D)) | = 01 +1)"2,

> 11818 = DOz + [ (v = D) ()L = O(1)(1 +0- -,
i+j=1

I (v —0)y (D) = 01 +1)"2

o when [%] >3, then

1w =B, u — D)D)l = O +1)"2,

37 118L0] (4 — (@)l + | (0 = D), D)l = O +1)73,
i+j=1

(v =)y ()l = O)(1 +1)7 5.

Remark 3.1. In fact, in the proof of Section 5, for 15—2 < a; <4, by modifying the prior assump-
tion to:

AR
Ny(Tp):= sup {IVI+A+DIVi Voll+ > (407 [0i] V] <8
0<1<T» 2<i+j<3

and through a similar discussion, we can actually obtain

> 0= viIE=c (IR +1ViI3+ 1),
2<i+j<3

1 —5.u— D@L~ = 01+ 5
and
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Z ||3)';8[j(v —v,u—1)(@®)| L = O(1)(1 +t)_g71.
i+j=I

Case 3: From (2.1), (2.4) and (2.18),

(v—lz)t—(u/—ﬁ)XZS, ] e (3.35)
(= i), + P vy + £ (u — if) = — 474,
We define

and from the first equation of (3.35), we have V;(x,t) = (u —u) (x,t). Since u — u — 0 as
x — %00 is expected, by integrating the first equation of (3.35) with respect to x and ¢, one
gives

+00 +00
/ (v—0)(x,t)dx = / [vo(x) —v]dx =0.

Thus, we may expect V(-,t) € H 1 and the second equation of (3.35) can be rewritten as

Vie + (P + Vo) — p), + 15 Ve = J,
Vi(x,0) = Vo(x), (3.36)
Vi(x,0) = Vi(x),

where
Jo=_ "%, (3.37)
T 1+1¢ “ '
Vo(x) : = / w(y,0) —v)dy, (3.38)
Vix):=u—i)(x,0). (3.39)

The following is the main results of Case 3.

Lemma 3.3 (Estimates of J ). For t € R, when (v, it)(x, t) satisfies (2.18), the following holds

{ 171 < Clul (1 + 071721, |14l < Clul(1 + 1)~ (3.40)

1] < Clul(1 4+ 672721, ]| < Clul(1 4 1)~ 74,
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Theorem 3.3 (Convergence to asymptotic profiles (v, u)(x,t) in Case 3). Assume (2.5), i >0,
and j > 0. When | Vo3 + |IV1113 and |u| are sufficiently small, the Cauchy problem of (3.36)
admits a unique global smooth solution (Vy, V;) satisfying

o for2 <oy <4, then
(Ve, Vi) € C(0, 00; H*(R)),
and

A+02 Ve VO IP+ Y A +0n@aia) vi?
2<i+j<3

< (IVol3+ V13 + 1ul) . (3.41)
o for [3]1=2, then
(Va, V) € C(0, 00; H*(R),
and

A+02 Ve VO IP+ D a+0*19t8) v
it+j=2

+ ) DS VI 4 (L4 0 Vs |
itj=3,i£3

= (IVI + Vi1 +1ul). (3.42)

o for[5]>3, then
(Vy, Vi) € C(0, 00; H*(R)),
and

A+ (Ve VO IP+ D A +n*ais/ vi?
i+j=2

+ > A0 VI + (L0 [ Viees |2
i j=3,i#3

= (IVol3 + V13 + ul). (3.43)

Corollary 3.3. Let (v, u) be the derived asymptotic profile in (2.18). Under the assumptions of
Theorem 3.3, one has
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o for2 <oy <4, then

I =,u— DOl = 01+~

Z ”a;icatj(v —v,u—i)@®)| e =01 +t)_g71'
i+j=1

o for[5]1=2, then

1w = B, u — @) (1) | e = O +1)"2,

3718507  — @) (1) e + | @ — B, (1)l = O(D(A+1)~ 47,
i+j=1

I (v —0)y (DL = OA)(1+1)"2.

o for [5]= 3, then

I 5.1 — @)Dl = O (14173,

3 118L0] 4 — (@)l + | (0 = ), D]z = 01 +1)73,
i+j=1

(= 8), Ol = O +1)74.

4. Decay estimates for Case 1

The main goal of this section is to obtain the decay rates of the solution of (3.2) and its
derivatives, and thereby derive the decay estimate for the solution of the original problem. For
some § < 1 and 0 < T1 < oo, we are dedicated to estimating the solution of (3.2) under the
following a priori assumptions:

e when2 <o <3,

1 1
Ni(T)) := sup {1+ 2|V + A +0D2[(V;, Vol} 6.
0<t<T

e when3 <o, <4,

_1 ! gt
Ni(Ty) == sup {(L+0)2[[VII+A+D2[(Ve, VOl + L +1) 27 |(Vir, Vi, Vil

0<t<T)

-1
+ A+ | Virs Viexs Vixx, Ve I} < 6.

e when [$]=2,

_1 1 3
Ni(Ty) == sup {(L+0)2[|[VII+A+D2[(Ve, VOl + L+ 52| (Vie, Vix, Vi)l

0<t<T
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a1 3
+F A+ N Vit View, Vo) Il + (02| Vi 1} < 6.

e when [5]>3,

1 1 3
Ni(Ty) = sup {A+D)72|VII+ A +D2[(Ve, VOl + A+ )2 (Vir, Vix, Vi)l
0<t<T

s 3
+ A+ D21 (Vite, Viex, Ve Il + (A + 02 | Vaxx I} < 6.

Before we start our proof, we present the following definition:
Ey:= | Voll3 + Vi3 + Eo.
Lemma 4.1. Under the assumptions of Theorem 3.1, it holds that
t
VI + 1+ D (Va, VOO I” + /(1 + ) (Ve, V() IPds
0

=CE(1+0). 4.1)

By multiplying equation (3.2) by (1 4 7)?V;, integrating it over R, and applying integration
by parts, we obtain:

d V7 20 s .
E/(wz) 7dx+/(1+r> (p(5+ Vi) — p()), Vidx
+ / (0 + 01 @V2 — 1 +0V?) dx
5/(1+t)2V,Fdx. 4.2)

Through further calculations, we can obtain
Vy
d , V2 y _
o (141 7—{- I+ (pv) — p(v+s))ds | dx
0
+ /(1 +1) (a1 (x) — 1) V2dx — /C(l +1)210; |00 V2dx
Vi
— //2(1 +1)(p(v) — p(v+s))dsdx
0

< /(1 +1)%V,Fdx, 4.3)

due to
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/ (p(+ Vi) — p(0)), (1 +1)*¢rdx
Vi
d o i}
:/E/(l +8)"(p() — p(v+s))dsdx
0
+ /(1 +0? (p(0+ Vi) — p(@) — p'(@0)V) 0y

Vy
_ // 2141) (p(®) — p(3 + 5)) dsdx
0

Vy
2/%/(1+t)2(p(ﬁ)—p(l7+S))dsdx
0
—/c<1+t)2|ﬁ,|ooV3dx

Vi
- //2<1 1) (p(3) — p(5+ ) dsdx.
0
Additionally, multiplying (3.2) by (1 4 ¢)V and integrating it over R, we obtain:
d / A4V, V +ai( )V2 1v2 d
dt a5 o
+ /(1 +1) (p(D) — p(B+ Vy)) Vidx — /(1 +0)V3dx

5/(1 + 1)V Fdx.

Notice that

Vy Vy
/(P(l_)) —p(+s))ds=p@)Vy — /P(f) +s5)ds
0 0
Vx VX
=p@+V)Vy = p'(+ V) V] — /P(l_) +s)ds + /P(l_) +s)ds
0 0

_ _ y2
—P@+VOVe+p' 0+ Vi) + o(V3)

/= sz 2
=—p (v+Vx)7 +o(V)),

and
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(p(0) = p(V+ Vi) Ve = 5 VZ+o(V2).

Hence, we see

// ~2(p(®) — p(3 +5)) dsdx > O—”T“ / '@+ Vo Vidsx, 4.5)

0
and

2
/(P(I_J) —p@+Vy)) Vidx > g;: /—p’(ﬁ + Vx)szdx. 4.6)
oy

From (4.5), (4.6) and Corollary 2.1, by calculating & - (4.3) 4 (4.4), the following is obtained:

—/ <1+r)2’ /<1+r>2<p(v) p(5+s))ds | dx

+d A+0V,V+ ()V2 1V2d
dr a5 T o

(gl+2_kg1+4

)/—p’(a+ Vo) (4 1)V2dx
20, 6

—/CEo(l+t)szdx+/(k(oz1(x)— ) —1)(1+0)V2dx
g/k(l+t)2V,Fdx+/(1+t)VFdx. 4.7
Due to Cauchy’s inequality, we have
/(1 F 0V, Vdx < %/(1 +0)2V2dx + g / V2dx. 4.8)

Therefore, we select € and k that satisfy the following conditions

0_621;2 ka1+4 >0, k(al(x)—l)—1>k( —1)—1>O, k>0,
§<k, e<a;—l<a(x) —1.
Additionally, the following specific choices for ¢ and k can be made:

2 2
2 o2 (4.9)
23] 4

Then, form (4.9), by integrating (4.7) with respect to ¢, we obtain
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4] 2, 1 2,2, %1 —2 o
—— (1 +0)V; 1+1)°V, ——V-)d
/<a1(3a1—2)(+) 0_[1(—1-) 4+ 3 > X

S

p '@+ Vo) (1 4 5)V2dxds — // CEo(141)V2dxds

t
+//g] — +S)V,2dxds
o
0
t
<CE; +//—(l+s) V,Fdxds+//(1+s)VFdxds. (4.10)

Next, let’s estimate the last two terms of (4.10). With Corollary 2.1, the a priori assumption,
and Holder’s inequality taken into consideration, we can get

t r
//(1+S)VF1dxds 5//|(1 + )V Fildxds
0 0

<CE0/ ot — | (14 5)" F 2|V |dxds

21
SCEO/HOH —ay (L + )7 T H2|V |eds
0
3

<CE\(14+1)~ 773, @.11)

t

t
//(1 )V Faduds < /(1 + IV Eallds
0 0

<CEi(1+1), (4.12)

t t
d
//(1+s)2V,F1dxds=/d—/(1+s)2VF1dxds
S
0 0

t t
—//2(1+S)VF1dxds—/ (1+$)*V Fidxds
0 0

t
5/(1+t)2VF1dx+//2(1+s)|V||F1|dxds
0
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t
+CE| + //(1 + )2V || Fi;ldxds
0

t
< CEo/IIOtl —ayllp1(1+5)" F 72|V |ds + CE
0

[SI[%]

<CE/(1+1)~7+3, (4.13)
and
t t
// (1 + 52V, Fadoxds < / (1 + )21 V; [l Fa s
0

0
<CEi(1+1). 4.14)

Hence, from (4.10)—(4.14) and the smallness of E, we obtain

/((1 F02V2 4 (1+10)2VE+ V2) dx

! t
+//(1 +s)Vx2dxds+//(1 +5)V2dxds
0 0

<CEi(1+1), (4.15)

which implies (4.1). This completes the proof of Lemma 4.1.
Next, we will estimate the decay estimates of || Vx|, | Vix|l, and || Vi||.

Lemma 4.2. Under the assumptions of Theorem 3.1, for 0 < 6 < 1, it holds that
o when3 <o <4, then
t
A+ 0% (Vax, Vix, Vid O + / (1499 (Vax, Vix, Vi) (9) 1% ds
0
<CE;(1+n'", (4.16)
o when [%] > 2, then
t
A+ D7 (Vix, Vi, Vid O + / (145 (Vax, Vixs Vi) (9)[1%ds
0

<CE/(1+n'". 4.17)
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Proof. Differentiate (3.2) in ¢,
Vi + (L+ D)7 a1 0 Vi + (P (@ + V) Vix + (P @ + Vi) — P/(0)) 1),

—(1+ 0201 (x)V, = F,. (4.18)

Multiplying (4.18) by (1 4+ 1)#V;,, integrating over R, we obtain

d V2o _
T ((1 +0f SF =S+ (x>V,2) dx
( B 1 B-1y2 4 (1 -1 2

+ _5( +t) Vn+( +t) Oll(X)Vtt

+ ng)(l +0P @V = p' @+ Vo + 0P Vi Vi

+ (P G+ Vo) = p/@)), (1+0F Vi )dx

= /(1 + 0PV, Fdx. (4.19)

Through further calculations, we obtain

d V: PO+ V) 1 _
E/((1+t)ﬁ§—%(Hmﬁvj—i(lﬂ)ﬁ Zal(x)Vf)dx

+/( PO nf V2 4 (14 0f ey () V2

2
"(v+V, _ _ _
+ %(1 + 0P (Ve 4+ 90) V2 + gp/(v + Vo +0f v

+ 0" @+ VA + P05, Ve Vie + (P (0 4 Vi) = p'(0) 0 (1 + )PV,
B-2)
2

= / A +0PVv, Fdx. (4.20)

+ (P (@ + Vi) = p" (@) b, 0: (1 + )PV, +

1+ t)ﬂ_3a1(x)Vt2>dx

Next, multiplying (4.18) by (1 +7)#~1V,, integrating it over R, we have

d B—1 p—2 Vt2
ar (I+1) VieVi+(@1(x) —B+1)(A+1) 23 dx

+(ﬂ—2)(061(x)—ﬂ+1)

5 (L+0f7v?

- / (A+0F V2 a1+ 2V
P @+ VOU+ 0TIV 4 (p/@ + Vo) = p'@) 5,1+ 0/ Vi Y

= /(1 +6)P7'V, Fdx. 4.21)
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For 3 < a; < 4, applying the a priori assumption, Corollary 2.1 and Holder’s inequality, we can
derive

/ (M(l + 0P (Ve + )V + (P04 Vi) — P/ (@) (1 + 0PV
+p" @+ V(L + 0P85, Vix Vix + (p7 @ + Vi) — p'' (@) 0,0 (1 + )PV,
— (PG4 Vo) = P @) 51+ DV )

< CVix + Uloo | Vi [P (1 + 8P + C| Vi oo | D1 [ Vie [ (1 + 1)

+ Clot ool Vix I Vex |1+ 0P + Cl Vi oo Bt loo B 1 Vi Il (1 + 1)?
+ ClViloo 10 1 Vi 1 (1 4 )P
< CG+E) (1 + 0P |V |2+ CE (1 40~ 5 43

3a
FCE(1+ 021 £ CE (1 +nf~ 73, (4.22)

By calculating (4.21) + k1 - (4.20), and applying (4.22) and Lemma 4.1, we obtain

d V2 pl(+Vy) 1 _
E/kl ((1+r>ﬂ§—pf*(1+r>ﬁ‘/§ — 51 +0” zal(x)V,z)dx

2
~|—%/((1+t)ﬂ—1VttVt+(Ot1(x)—,3+1)(1+t)ﬂ—zv7z>dx

+/(k1(°“(x) - §) - 1)(1 +0/~Vidx
(lkﬂ)/'V1 B-1y2 4
— —ki5 p+V)d+1) 2 dx
S5a
SC/(l“)’373V;2dx+c151(1+z)ﬂ*%‘+%
+/k1(1+t)ﬁV”Ftdx+/(1+t)ﬂ_1VtFtdx

_e—l
+COE+E)(1+0f "7 ||Vi 2

L3

5
<CE (40P~ 4 (4= +/k1(1 + PV Frdx
a;—1
+ /(1 + 0P W, Fdx +C68 + Eo)(1+0F "7 |V, |2 (4.23)

Subsequently, considering the a priori assumption, Lemma 3.1, and Holder’s inequality, it follows
that

/(1 + 0PV, Frydxds < /(1 + 0P|V Fyldx
/3_2_5
< CEollar — a1 (1 4+ 0P FF Vil
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< CEy(1+nf~3-3, (4.24)
A+ W, Fudx <1+ 1)1
1 Fadx < (1+ 0P Vil Fx |l
<CE(1+nf~372, (4.25)
/(1 0P Vi Frydoxds < /(1 + 0P Vil i ldx
< CE)(1+ 0/~ % 2o — oy [ Vel
< CEo(1 +n)f~ -1 (4.26)
and
/(1 + )P Vi Fydxds < (1+ 0P [[| Vi |11 Fae ||
<CE|(1+1nf. 4.27)

By using Cauchy’s inequality and Lemma 4.1, we have

Vi p+V 1
/kl ((1 +0)f 2t~ W(l +0/ Vi - 50 +t)ﬁ2a1(x)Vt2) dx

/((Hr)ﬁ W Vi 4 () — B+ 1) (1 + 1) 2‘2 )dx

2k 2

2 /(=
/((/q - —)(1 +oyp i V” - w;v")a +r)’3Vé> dx

/<ozl(x)—,8—i-l—i—k—oq(x))(l—i—t)’3 2 ’dx

1 k V2
+ / (al(x) BRI T Elal(x)) (1402 -dx

2k

2 I~
/((kl - —)(1 +1)f L V” - ]‘1”(”72“/)(1 +0)Pv, >dx (4.28)

/<a1(x)—ﬂ+1—i—k—al(x))(uz)ﬂ -2 ’dx

From (4.23)—(4.27), we have

d VE o P+ V) 1 _
E/kl ((l—i-t)ﬂ%—p%(l—l—t)ﬂVli—E(l—i—t)ﬂ 2a1(x)v,2>dx

2
+%/((1+t)ﬁ—1Van+(a1(x)—ﬂ+1)(1+t)ﬁ—zv7;> dx
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d 1k V2
—E/<a1(x)—/3+1—2—kl—?la1(x)> (1+t)ﬁ727’dx

o o= )
—/(1—klg)p’(wVx)(1+t)ﬁ*‘v,§dx

< CE (40P + (L +0f 7 F 4 (P2 1)
——/(al(x) ﬂ+1———k—a1(x)>(l+t)’3 -2 ’dx

4+ E)(1+0F 5 Vil (4.29)

Hence choosing 8 =«a; — 0 and k| = a—zl, integrating (4.29) with respect to ¢ and applying

o

2 >l one has

k kp 4+ V
/(Zl(lﬂ)‘)—‘l@vt%—ilp(”; X)(1+t)%ev,§> dx

t t
+9//(1 +s)21—1—9v3dxds+e/ (14997102 dxds

1-6 1-g—2L a,—1 2
<SCE(1+1t) "+ C@+Ep [(1+5) (L) | Vixll“ds

<CE(1+0)"" +C@E+E)(1+0"7 sup (1+0)% | V,el?, (4.30)
0<t<T
and

kip'(5+V
/_7”’ @+ ")(1+t)ﬁl—lv,§dx

2

<C@+ Ep) sup (1+0% | Viel* + CEy, (4.31)
0<t<T

forany 0 <t < T. From (4.31), using the smallness of § and E, we have
A+ 09 V(> < CE, 4.32)
for any 0 <t < T, which, together with (4.31), implies

(1 + 057 Vi, Vi) DI + / (1+ )27 (Viy, Vi) (5) 1P ds

<CE;(1+n'". (4.33)
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Next, from (3.2), we have

Vi + (P @4 Vi) = p' @)y + (L + 0" ayVy = F = —p' (0 + Vi) Vix, (4.34)
which shows that
144 _
IVex 12 ~ Vi lI> + (L + 07 T2 VelI2 + (L + 0 72Vl
FE (40" F 4 Eo(1 +0)72. (4.35)

Combining (4.33) and (4.35), we can derive

t
(1L+D9 Ve (> +6 / (1 + )47 Ve (9)[1%ds
0

<CE(1+0', (4.36)

which, together with (4.33), gives (4.16).
For [4] > 2, choosing # = 4 — 6, multiplying (4.18) by (%(1 00V, + (1 +1)30 vt)
and using a proof method similar to the one mentioned above, we can obtain

t
A+ DN Viw, Vid 1> + 6 / (1 + 5> (Vix, Vi) () 17ds
0
<CE;(1+0'. (4.37)

Similar to the proof of (4.36), from (4.34) and (4.37), we obtain

t
A+ Ve 1?40 / (145> Ve (9)II17ds
0

<CE{(1+n'", (4.38)
which, together with (4.37), gives (4.17). This completes the proof of Lemma 4.2. O

Similar to the proof of Lemma 4.2, for the following lemma, we only present the framework
of its proof.

Lemma 4.3. Under the assumptions of Theorem 3.1, for 0 <0 < 1,i >0 and j > 0, it holds that

o when3 <a; <4, then

~

> (1+t)ﬁ1—9||a;;a,f'va)||2+9/ > A+ ala] v(s) ) ds
i+j=3 o i+i=3
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<CE (1+0'°. (4.39)

o when [%] =2, then

Yoo 4ot volr+e [ > A+soa T 00le! vis)|Pds
i+j=3,i%£3 o i+i=3.i#3
t
+ +r)4—"||a§V(z)||2+9/(1 +5)3 083V (s)|Pds < CE\(1+0'70.  (4.40)
0

o when [%] >3, then

S a0 el violt+e [ Y A+ 8l8] Vs)lPds
i+j=3,i#3 o iti=3.i#3
t
+(1 +z)4—9||a§vg)||2+e/(1 +5)3 0103V (s)|Pds < CE\(1+0)'7%.  (4.41)
0

Proof. Differentiate (3.2) in x,

Ve + A+ 07 ag (0) Viy + (P'@+ V) Vix + (P + Vi) = p'(V)) ﬁx)x
+ 14+ a1 (X)V, = Fy. (4.42)

It can be obtained from (4.18) and (4.42) that
IVexx 12~ Vi 12 4 (L4021 Vie I 4 (020 + [V P Vir 12+ 151201 Ve I
+ A+ D7V + (18 ol + 1502 ) V2 + I, (4.43)
and
IVaxx 12 ~ [ Veex I 4+ (14 D72 Vi I + (5520 + [ Vix PO Vi 12
(180l + 1802 ) IVl 4+ (L4 02V + 1 Fl (4.44)
First, let’s estimate the decay estimates of V;;, and V. Differentiate (3.2) in ¢,

Vi + A+ D7 a1 ) Vi + (PG + Vo Vix + (P @ + Vo) — P'() 31),,,
=201+ )21 () Vi + 201+ D) a1 () Vi = Fy. (4.45)

By calculating ((1 + 0PV, - (4.45) + k(1 + )Py, (4.45)) with B, will be determined
later, we have
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d V32 "W+ V,
- 1+ t)ﬁzﬂ _ u(l + t)ﬁz V{%x +ho(1+ t)ﬁzfl Vit Vie
dt 2 2
koap(x k —1
TRt ;( ) (14 DP72V2 — (1 + P20 (1) V7 — 72(’322 L (14 nP22

+ 2(1 + P23 (0)V, Viy 4+ ko (1 + )2y (1) V?
— (B —3) (1 + 1) (x)v,z) dx +/ (((1 + 0P oy (x)

B2

—l(+0P7 =21+ nh Ve,

p"(0+ Vy)
2

+ <—l’€2p/(f}+Vx)(lth)’g21 + @ + Vi) (1 + )P

/ _+VX _ —
+%(1ﬂ)ﬂ2 ])Vﬁﬁr(_zkz(lﬂ)‘32 Sa1(x)

B2

2_ 21+ 05301 (x) — 21 + 0P 3 ()

n ka (B2 — 12)(/32 —2)

—k

A+0527 4+ (B = (1 + 0P e (1) V2
+ (~ka(B2 = D1+ 077 4 (B2 = 3)(B2 = H(1 + 1) al(X)Vf)dx

1 _ 1
—CA+DP2A2| Vi | — CA+ P27 B2 Vs |

< / (A+07G Vi + ka1 + 077Gy Vi) dx, (4.46)
where

A= / (P77 + VR + Vi) (0 + Vi) 2V2
+ P (04 V)2 W + Vi) VE + 0@ + VP (0 + Vi) V2,
- - - —\\2 -2 -
+p O+ VOPILVE + (P @+ Vi) — p (@) 1307,
_ —\\2 — _ _ _
+ (P @+ Vi) = p' (@) 0%, + " (0 + V)2 (0x + Vi) 207 V2
+ (@ + V)22 VE, 4 p" (B + V)R VA
F4(p" @+ V) — P @) 020 + P (5 + V)R VE
+ (@ + Vo) = ()" 552 ) dx, (447)
and
B= / (P @+ VO @1 + ViV + 9@+ VOPSRVE
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_ ~\\2 - - 1 =\\2 =
+ (P @+ V) = P @)+ (0 @+ Vo) — p" @) 5} )dx. (4.48)

Next, for 3 < oy <4, we choose fr =o — 0 and kp = %; for [%‘] =2, we choose fp =a; — 0
and kp = %; for [%‘] > 3, we choose > =6 — 60 and ky = 3. And by referring to the previous
proof, we can obtain the decay estimates of || Vi ||2 and || Vi ||2. Then, from (4.30), (4.44), the
estimates of || (Visr, Viex)||%, Lemma 3.1, Lemma 4.1 and Lemma 4.2, we can obtain the estimates
of |(Vixx, Vixx)||%. This completes the proof of Lemma 4.3. O

From Lemma 4.1-Lemma 4.3, it simply follows that Theorem 3.1 is valid.
5. Decay estimates for Case 2

The primary objective of this section is to determine the decay rates of the solution of (3.18)
and its derivatives, and subsequently deduce the decay estimate for the solution of the original
problem. For some § < 1 and 0 < 75 < oo, we focus on estimating the solution of (3.18) based
on the following a priori assumptions:

e when2 <o < %,then

R ] 1
Ny(T2) := sup {(1+0) 3 2V 4+ T +1)s 2|V, Vi)ll} < 6.

0=<t=<T»

e when 29—0 <o < %,then
Say; 3 Say 1
No(T2) := sup {(1+0)F 2|V +A+1)3 2||(V;, VIl
0<t<T,
a1 3 S 3
+ A+ 72 (Vig, Vi, Vi)l + A+ 08 72[|(Vitr, Ve, Vi, Vi)l < 6.

e when 15—2 <oy <4, then

o
(1+n7
No(Tp) := sup {[IVII+TA+DI(V;, Vol + 17||(sz, Vie, Vel
0<t<T, n(2+t)
g
14072
hl(2,—+t)||(vnt’ V[tx, Vtxx, V)CXX)”} S 8.

e when4 <o, <6, then

No(Tz) := sup {|IVI+ (1 + DIV, VOl + (1 + D[ (Vit, Vix, Vi)

0<t<T»
ay
+ (402 1Vt Vires Ver) 4+ (1402 Viax I} < 8.
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e when [%1] > 3, then

(1+1)?
No(Tr):= sup {[IVII+ A +DIV;, VOl + ——=l(Vir, Vix, Vi)l
0<t<T, In(2+1)

5
+ A+ Vit Vi, Vi) |+ (LD 2 [ Vi I} < 6.

Before we start our proof, we present the following definition:

L= IVoll3 + 1113 + o
Lemma 5.1. Under the assumptions of Theorem 3.2, it holds that

12
o for2 <ay <<, then

t
IV + (1 + 02 (Ve, V(@I +/(1 + )V, Vi) () I|*ds
0

3.2
<CL(1+1)°" 7, (5.1

e for 15—2 <y, then

t
IV 4+ A+ 02 (Ve, V(@) +/(1 + ) (Vy, Vo) (s)1%ds
0
<CI. 5.2)

Proof. Similar to the discussion in Lemma 4.1, multiplying (3.26) by (% (14+D2V,+ (1 +1) V)
and integrating it respect to x and 7, we obtain o

o —2 21,2 1 202, %1 =2 5
— A +DVF+—(A+0)V, = V°)d
/(glegl—z)(“ "t I HITVE T g

' t
o =2, 2 2
+ 6 P+ V) +s)Vidxds — Clo(1+1)V dxds
@y
0 0

t
)
+/@1 (1+5)V2dxds
0

o
t 2 t
5//—(1+s)2V,deds+//(l~|—s)Vdeds. (5.3)
o
0 0
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Subsequently, we will proceed to estimate the final two terms of (5.3). By invoking Lemma 3.2,
leveraging the a priori assumption, and applying Holder’s inequality, one gets

e when2 <o < 15—2,then

and

e when 15—2 < oy, then

0

t t
//(1 +5)VGidxds < //l(l +$5)VG|dxds
0

t
T
<Clp [[ lar —a;|(1 +s)" 3 72|V|dxds
0

t
T
<Cly [ et — eyl (1 +5)" 8 T3V |nds
0
_2 3
<Clp(1+1)" "+ + Cly, 5.4
t t
//(1 +5)VGadxds < /(1 +5)VIGallds
0 0
Ta
<Cly(1+1)# T4+ CI, (5.5)

t t
//(1+S)2VzG1dXdSS/(1+S)2||Vt||||G1||dS
0 0

Sap 1

t
Sa
5010/(1+s)2*7'*%* S Tds
0

5a
<Cly(1+1)3 7 +Cl, (5.6)

t t
//(1 )2V, Gadxds < /(1 + 92V lGalds
0

0

T
<Cl+n~ "+ 1 CI. (5.7)

t t
//(1 +$5)VGidxds < //l(l +$5)VGildxds
0

0
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t
< CIO//lal —a,|(1+9)71V|dxds
0

t
SCIO/HOH (14 )7 | V]oods
0

<Cly, (5.8)

t t
//(1 $)VGadueds < /(1 + )IVIIGlds
0 0

=Cl, (5.9

t t
//(l+s)2V,G1dxds§//|(1+s)2V,G1|dxds

0 0

t
<t [ lar — ailividrds
0

t
< Clo/ ller — a1 Viloods
0

<Cl, (5.10)

and

t t
//<1 )2V, Gaduxds < /(1 + 92 VilGalds
0

0

<Cly. (5.11)
Hence, from (5.3)—(5.7), we obtain
o for2 <o < 15—2,then
t

IVOI* + (1 + 02 (Ve, V(@O +/(1 + )V, Vi) () I|*ds
0

Sa
<ChL(+0)¥ 7. (5.12)
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e for ]5—2 < oy, then

t
IV + (1 + 02 (Ve, V(O +/(1 + )V, Vi) () II*ds
0

<CI. (5.13)

When o) = %, for a suitably small § > 0, multiply (3.26) by (%(1 + OO0V, + (1 +1)1+o V);
through a discussion similar to the above proof, we can obtain

t
IVOI* + (1 + 021 (Ve, VO@OI> + /(1 +)I(Va, V)(s)I?ds < C1L.
0

This completes the proof of Lemma 5.1. O
Next, we will estimate the decay estimates of || Vix|l, || Vixll, and || Vi||.

Lemma 5.2. Under the assumptions of Theorem 3.2, it holds that

20 12
° whengggl <?,f0r0<6<

Zg‘ + 3, then

t
(1 + 0% (Vax, Viw, Vi) D> + 6 / (1 4+ )47 (Ve Vi, Vi) (9) 117 ds
0

<CI(141) T30, (5.14)
o when 15—2 <oy <4, then
A+ D% (Viex, Vi, Vid @I < CLiIn*2 4 1). (5.15)
e when 4 < oy, then
(1 + O (Vex, Vix, Vid O < C1L. (5.16)

Proof. Following a similar approach to the discussion in Lemma 4.2, multiplying 9,(3.26) by
(k3(1 +0)BV, + (1411 V,) and integrating it respect to x and ¢, we obtain

V2 p+V 1 _
[ ((1 po e PO vz Za o zal(xmz) dx

2
+/<(1+1)ﬁ3_1Vth+(011(x)—,33+1)(1+,)ﬁ3—2v7t> .
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+ // (ks(al(x)—%) — 1)+ )57V 2dxds
0

k
// 3’33 P+ Vo + P2 dxds
t t t
§C/|D|ds+//k3(1+s)ﬁ3V,,G,dxds+//(l+s)’33_1V,thxds
0 0 0

t
+ C/ (14 )73V 2dxds + CI,, (5.17)

where

D= / (M(l F 0P (Ve +5) V2 + ('@ + Vi) — P @) (1 + )V,
+ 0" @+ VU + 0P, Vix Vi + (p" @ + Vi) — p'' (@) 0,0 (1 + )PV,
— (P @+ Vo) = P'®) 51+ 0PV, )dx

< CVix + Urlool| Vi [P (1 + 6 + CI Voo | [ Vi 1 (1 + )P

+ Clit ool Vax I Vi (14 8 + C Vel oo |0t oo I I Vi (1 + 1)
+ ClVeloo I Vi 11+ )P (5.18)

Applying Holder’s inequality, Lemma 3.2 and the a priori assumption, it holds that

20 12 . 2
e when T <3, by choosing B3 =« — 0, k3 = a then

ELT
IDI < C G+ Io) (1 + 907 O Vi |2 4+ Clo(1 4+ 1)~ 7 +37
I S 31 | 3
+Cl(1 41" 5B L Cly( +0)20F 30 L Clp(1 1)~ 77370 (5.19)

and

t
//—(1+s)“1 v, G, dxds+/ 1+ )41V, G,dxds

t

_c/((l+s)%—9||vn||||Gt|| + A+ U7 Vi Gl ) ds
0

Sa
<CL(1 415+, (5.20)
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12 : 2
e when T=<a =< 4, by choosing 83 = o, k3 = @ then

11,1

ID| < C (81 + 1) (1 + D)% Vi |2+ CloylnQ2 + 1) (1 + 1) 10" 1 (5.21)

and

t t
2 o a;—1
— (1 + 5%V Gidxds + (14+85)*" " V,Gidxds
o
0 0

t
sc/(<1+s>% IV lIG N+ L+ )2~ IV IG ) ds
0
<CLI’Q2 +1). (5.22)

e when4 < a; <6, by choosing 83 =4, k3 = % then

3
ID| < C (81 +Io) (1 + )| Vix |> + CIo(1 +1)72 (5.23)
and

t t
|
// SU+9*ViGrdxds + //(1 + )3V, G,dxds

0 0

t

sc/(<1+s)4||vn||||Gt||+<1+s>3||vt||||G,||)ds
0
<Ch. (5.24)

Hence, relying on (5.17)—(5.24), applying Cauchy’s inequality and making use of Lemma 5.1,
and by using a discussion similar to that in Lemma 4.2, we obtain

20 12 _ _2
° when3§a1<?,ﬂ3_g1—6andk3_a,then

t
L+ D2 Vi, Vid 1?46 / (1 + )G (Vi Vi) (5) 1 ds
0

S
<CIL(l 41~ 1+30, (5.25)
e when 15—2 <a1 <4, B3=0a;and k3 = é, then

(1 + D% (Vix, Vi) > < CL 0?2 +1). (5.26)
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e when4 <o, f3=4and k3 = % then

L+ (Vix, Vi) )1? < C14. (5.27)

Referring to the proof of the estimates of V,, in Lemma 4.2, we can also get the estimates of V,
in Lemma 5.2. This completes the proof of Lemma 5.2. O

Similar calculations to Lemma 4.3 yield the following Lemma, the proof of which is omitted.

Lemma 5.3. Let i > 0 and j > 0. Under the assumptions of Theorem 3.2, it holds that

e when 29—0 <a; < %,f0r0<6 < 74% + 3, then
- Sa
S aHnaaly/ vilR < Cr( 40T (5.28)
i+j=3
o when 15—2 <oy <4, then
Z (1 + 0% 0L/ V() < CLIn* 2 +1). (5.29)
i+j=3
o when [%] =2, then
Yo a0l voIR+ a+otIaivinl* <cn. (5.30)
i+j=3.i#3
o when [5]> 3, then
Yo a0tk vt + a+otiaivinl? . (5.31)
i+j=3,i#3

6. Decay estimates for Case 3

We now start to obtain the estimates of the solution of (3.36) and its derivative through cal-
culations. After obtaining the estimates of the solution of (3.36) and its derivative, the proof of
Theorem 3.3 holds naturally. For some § < 1 and 0 < T35 < 0o, we are dedicated to estimating
the solution of (3.36) under the following a priori assumptions:

e when2 <« <4,

a1
N3(T3) == sup {[[VII+A+DIVi, VOl + A+ 1) 2 [[(Vie, Vi, Vi)l

0<t<Tj

@)
+A+)2 [N Vitrs Viexs Vixx, Vax) I} < 6.
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e when [§]=2,
N3(T3) == sup {IVI+ A +DIVi, VOl + (L + D[ (Vir, Vix, Vi) |
0<t<T;

21
+ L+ 2 [ Vit Vi Vi) | 4+ (L4 D[ Vi I} < 8.

e when [$] >3,
N3(T3) 1=OSUP VI A+O0Ve, VOl + A+ O2(Vir, Vix, Vi)l
<i<T3

5
+ L+ 1 Virr, Vi, Vir) |+ (L+ D2 [ Viax 1} < 8.

Before we start the proof, we present the following definition:

Ko :=[Vollz + [Vill2 + [u].

Lemma 6.1. Under the assumptions of Theorem 3.3, for a; > 2, it holds that

IV + 1412 (Vy, m(z>||2+/(1 + ) (Ve, Vo) (s)[12ds
< CKj§. (6.1)

Proof. Multiplying (3.36) by (0[2—1(1 +02V, + (1 + t)V), integrating it respect to x and 7, and
applying Holder’s inequality, one gets

o —2 21,2 1 202 , % =2 5
— (1 +0)°V, — {0 +0)°V —V°)d
/(glegl—z)( O g TV T g

e

t t
2
5//—(1+s)2v,1dxds+//(1+s)Vdeds+CK3
o
0 0

p "+ Vo) (14 5)V2dxds +// (1 +5)V > dxds

t
¢ [ (42l 1+ A+ VI ds + G (6.2)
0

Then, applying Lemma 3.3 and the a priori assumption to (6.2), we obtain
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IVOI* + (1 + 02 (Ve, VO@OII? + /(1 + )1V, Vi) () |°dss

<CK}. (6.3)
The proof is complete. O
Lemma 6.2. Under the assumptions of Theorem 3.3, it holds that
e when2 <o, <4, then
(1 + D[ (Vex, Viw, Vi) D|1* < CKG. (6.4)
o when [%] > 2, then
(14D (Vaw, Vi, Vid O < CKG. 6.5)

Proof. Multiplying 9;(3.26) by (k4(1 F 0BV, + (1 +1)fi) V,) and integrating it respect to x

and 7, we obtain

V2 pu+V 1
[t ((1 gl POXT gz Ca +t)ﬁ42a1<x)vf2) dx

2
+/ <(1 + t)ﬂ471 VttVt + (Oll(x) — ,34 + 1) (1 + t)/g42V71) dx
t
(R
0

// k“ﬂ“ P+ V(L + )P V2 dxds

t t
5//k4(1+s)ﬂ4v,,1,dxds+//(1+s)ﬂ4*1V,J,dxds
0 0

t t
+C // (14 5)P73V2dxds + C / (14 5P|V |V2dxds. (6.6)
0

By applying Lemma 3.3, Lemma 6.1, the a priori assumption and Holder’s inequality and using
a discussion similar to that in Lemma 4.2, we obtain
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o for2 < oy <4, by choosing B4 =, ks = % then

t t
2
// 21+ 9%V, G dxds + //(1 + 94V, G, dxds
o
0 0

t

sc/((1+s)% Vel 4 (L + 95~ Vil 1)
0

t

< C/((l +9 7240 +s)*4)

0

< CK3, (6.7)

and

t t
//(1 + )13V 2dxds + C //(1 + )21V, |V2dxds
0

0
t
<CK2+C8 /(1 +9)7F (1 4+ Vi | 2ds
0

<CK§+C8 sup (1+0D% Vil (6.8)

0=<1<T3

o for [%] > 2, by choosing B4 =4, ka = % then

t t
1
// S0 +9)*ViGrdrds + //(1 +)3V,G,dxds
0

0

t

sc/((1+s>“nvnunhu+(1+s>3||v,||||ff||)
0
t

< C/(l +5)"%ds < CK3, (6.9)
0

and

0

t t
//(1 +5)V2dxds + C//(l + 0} Vi V2 dxds
0
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t
= CKG++C8 /(1 + 9721+ 9)* Vi | 2ds
0

<CK3+C8 sup (140 Viell®. (6.10)

0<t<T;

Hence, by applying Cauchy’s inequality to (6.6), and then making use of (6.7)—(6.10) and the
smallness of §, one gets

o when [$]=1,B4=0, and k4 = of—l,then

(1 + 0% | (Vix, Vi) )|* < CKZ. (6.11)
e when [$]>2, B4 =4 and k4 = %, then

(1 +D*(Vix, Vi) (0)]1* < CK3. (6.12)

In reference to the proof idea of the estimates of V,, in Lemma 4.2, we can equally derive the
estimates of Vy, in Lemma 6.2. Consequently, the proof of Lemma 6.2 is completed. O

Calculations similar to those in Lemma 4.3 lead to the following lemma. Therefore, its proof
is omitted.

Lemma 6.3. Under the assumptions of Theorem 3.3, for i > 0 and j > 0, it holds that

o when2 <oy <4, then

Y A+ o@ais] vinl? < CKG. (6.13)
i+j=3
o when [%] =2, then
ST a0 ald volR+ a+ 0193V ol* < CKE. (6.14)
i+j=3,i#3
o when [%] > 3, then
S A+t voIR+ A+ 07193V ()l* < CKE. (6.15)
i+j=3,i#3
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