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1. Introduction

We consider the Cauchy problem for the Euler equations with damping depending on the 
temporal and spatial variables{︄

vt − ux = 0, (x, t) ∈ R × R+,

ut + p(v)x = −α(x, t)u,

(v,u)(x,0) = (v0, u0)(x) → (v±, u±), as x → ±∞ (v± > 0),

(1.1)

which describes the one-dimensional compressible flow through porous media in Lagrangian 
coordinates, where u represents the flow velocity, v > 0 denotes the specific volume, and p(v) >

0 represents the pressure, with p′(v) < 0. The term −α(x, t)u represents the fractional external 
affection in the porous media flow, which is given by

α(x, t) = α1(x)

1 + t 
, with α1(x) → α1 as x → ±∞, (1.2)

where α1 > 2 is a positive state constant.
When α(x, t) = 0, the system (1.1) reduces to the standard compressible Euler equations, 

which have attracted considerable attention from a large number of analysts, triggering a great 
many crucial advancements [3--6,33,34]. It is well known that smooth solutions to (1.1) generally 
break down in finite time.

When α(x, t) = α1 > 0, in the constant damping case, the system (1.1) becomes the com
pressible Euler equations with damping. The damping effect usually stops the shock formation 
and guarantees the existence of the global solutions, once the initial data are smooth enough. 
In 1992, Hsiao-Liu [13] first showed that the solution of system (1.1) with the constant damp
ing globally exists and converges time-asymptotically to nonlinear diffusion waves (v̄, ū)( x

1+t
), 

the self-similar solutions to its corresponding nonlinear porous media equations, in the form of 
∥(v − v̄, u − ū)(t)∥L∞ = O(1)(t− 1

2 , t− 1
2 ). Such convergence rates of (v − v̄, u − ū) were im

proved by Nishihara [26] to ∥(v− v̄, u− ū)(t)∥L∞ = O)(1)(t− 3
4 , t− 5

4 ). Subsequently, Nishihara

Wang-Yang [28] further refined the result to ∥(v − v̄, u − ū)(t)∥L∞ = O(1)(t−1, t− 3
2 ) when the 

initial perturbations are in L1(R). However, as Mei [25] pointed out, the self-similar solutions 
are not the best asymptotic profiles because ́ ∞

−∞(u− ū− û) ≠ 0. By using twice anti-derivatives 
technique, Mei [25] recognized that the optimal asymptotic profiles are the specific solutions 
to the nonlinear porous media equation with selected initial conditions, and proved the better 
convergence rates: ∥(v − v̄, u − ū)(t)∥L∞ = O(1)(t− 3

2 log(2 + t), t−2 log(2 + t)). For the other 
interesting studies for the constant damping, we refer to [14,21--23,27,28,32,36--38,42,43].

When α(x, t) = α1
(1+t)λ

with λ ≠ 0, the system (1.1) reduces to the compressible Euler equa
tions with time-dependent damping. For λ > 0, the time-dependent damping becomes asymp
totically weak in time, the so-called under-damping case [15]. For λ < 0, the damping becomes 
asymptotically strong in time, the so-called over-damping case [16]. In the weak damping case 
(λ > 0), as showed in [10], the damping effect α(x, t) = α1

(1+t)λ
is getting weaker as λ is in

creasing. In particular, when λ = 1, it is the critical damping case, because the hyperbolic effect 
dominates for the damped Euler equations as λ > 1, and the solutions must blow up and the 
shocks usually form; while, the parabolic effect coming from damping dominates for the damped 
Euler equations as 0 < λ < 1, and the solutions globally exist in this case.

In the regular under-damping case (0 < λ < 1), Yin and his research group [11,12,29--31] 
first gave the criteria for the existence and non-existence of the solutions, see also the significant 
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developments in [7,15,34,35], in particular, see the optimal convergence rates to the constant 
states: ∥∂α(v − 1, u)(t)∥L2(Rn) = O(1)(t− 1+λ

2 ( n
2 +|α|), t− 1+λ

2 ( n
2 +|α|)− 1−λ

2 ) obtained by Ji-Mei in 
[15]. Regarding the convergence of the solutions to the corresponding diffusion waves, we refer 
to the interesting studies in [8,9,19,20].

In the critical under-damping case: α(x, t) = α1
1+t

, namely, λ = 1, by variable scaling ap
proach, Geng-Li-Mei [10] observed that, the parabolic mechanism and the hyperbolic mechanism 
both are important for the system, and cannot be ignored. The asymptotic profiles are not the 
ordinary diffusion waves (the self-similar solutions to the porous media equations), but the 
particular solutions with hyperbolic-parabolic structure (still denoted by (v̄, ū)(x, t)). Further
more, they [10] showed the convergence of the original solutions to the specified asymptotic 
profile (v̄, ū)(x, t) in the form of ∥(v − v̄, u − ū)(t)∥L∞ = O(1)t− 1

2 − α1
2 for 2 < α1 ≤ 4, and 

∥(v − v̄, u − ū)(t)∥L∞ = O(1)t− 3
2 for α1 > 4. Here, the convergence rates depend on the value 

of α1 in two intervals. α1 = 2 is the critical value above which the system admits global existence 
of solutions; otherwise, the damping effect α1

1+t
is too weak such that the system behaves like the 

pure Euler equations and the shock solutions must form [7,12,29,34].
For the over-damping case α(x, t) = α1

(1+t)λ
with −1 ≤ λ < 0, different from the common 

sense, the strong damping for the compressible Euler equations does not yield a better de
cay. In fact, as showed by Ji-Mei [16] for the over-damping case, the decay rates around the 
constant states are ∥(v − 1, u)(t)∥L2(Rn) = O(1)(t− 1+λ

4 n, t− 1+λ
4 n− 1−λ

2 )) for λ ∈ (−1,0), and 

∥(v − 1, u)(t)∥L2(Rn) = O(1)(| ln(1 + t)|− n
4 , t−1| ln(1 + t)|− n

4 − 1
2 ) for λ = −1, which are much 

weaker than the regular under-damping case with 0 < λ < 1. On the other hand, when the states 
(v±, u±) are different, the solutions are expected to converge to the corresponding diffusion 
waves time-asymptotically with algebraic rates for −1 < λ < 0 and the algebraic decay involv
ing log(1 + t) for λ = −1, see [17,18,39] for the details.

Regarding the damping effect involving the space only: α(x, t) = α1(x) → α1 > 0 as x →
±∞, Matsumura-Nishihara [24] first studied this case and proved the convergence of the so
lutions to the corresponding diffusion waves by the energy method in form of ∥(v − v̄, u −
ū)(t)∥L∞ = O(1)(t− 3

4 , t− 3
4 ).

When the damping effect is dependent on both the space x and the time t , recently we [1,2] 
first investigated how the spatiotemporal damping α(x, t) = α1(x) 

(1+t)λ
with 0 ≤ λ < 1 to affect the 

structure of the solutions, and showed that: when v+ = v−, then

∥(v − v̄, u − ū)(t)∥L∞ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

O(1)
(︂
(1 + t)−

3(λ+1)
4 , (1 + t)− λ+5

4 
)︂
, 0 ⩽ λ < 3

5 ,

O(1)
(︂

ln
1
2 (2+t)

(1+t)
6
5

,
ln

1
2 (2+t)

(1+t)
7
5

)︂
, λ = 3

5 ,

O(1)
(︂
(1 + t)

λ−3
2 , (1 + t)λ−2

)︂
, 3

5 < λ < 1,

whereas when v+ ≠ v−, then

∥(v − v̄, u − ū)(t)∥L∞ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

O(1)
(︂
(1 + t)− 3+3λ

8 , (1 + t)− 7−λ
8 

)︂
, 0 ≤ λ ≤ 1

3 ,

O(1)
(︂
(1 + t)− 5−3λ

8 , (1 + t)− 9−7λ
8 

)︂
, 1

3 < λ < 3
5 ,

O(1)
(︂
(1 + t)λ−1, (1 + t)− 3−3λ

2 
)︂
, 3

5 ≤ λ < 1.
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Subsequently to our previous studies [1,2], in this paper we are interested in the critical case 
of spatiotemporal damping α(x, t) = α1(x)

1+t given in (1.2). Here, as demonstrated in [10], the 
parabolic structure from the damping effect and the hyperbolic structure from the system itself 
both play the crucial roles for the system, and cannot be ignored, see (2.4) below for the ex
pected asymptotic profile by variable scaling technique. By the time-weighted energy method, in 
particular, by refining the decay estimates on the asymptotic profiles (v̄, ū)(x, t) which closely 
depends on the value of α1, we obtain the following new convergence of the original solutions to 
the corresponding profiles as:

Case 1: when v+ = v− =: v, u+ ≠ u−, and 
´∞
−∞[v0(x) − v]dx ≠ u+−u−

−α1+1 , then

• for 3 ≤ α1 < 4, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
α1
4 ,∑︂

i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

α1−1
2 .

• for 4 ≤ α1 < 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−1,∑︂
i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−

α1+2
4 ,

∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−
3
2 .

• for α1 ≥ 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−1,∑︂
i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−2,

∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−
3
2 .

Case 2: when v+ = v− =: v, u+ ≠ u−, but 
´∞
−∞[v0(x) − v]dx = u+−u−

−α1+1 , then

• for 20
9 ≤ α1 < 12

5 , it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
7α1

8 +1,∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

9α1
8 + 3

2 .

• for 12
5 ≤ α1 ≤ 4, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1) ln
1
2 (2 + t)(1 + t)

α1+2
4 ,

4 
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∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1) ln(2 + t)(1 + t)−

α1
2 .

• for 4 < α1 < 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−1− α1

4 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−2.

• for α1 ≥ 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

5
2 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
9
4 .

Case 3: when v+ = v− =: v, u+ = u− =: u, and 
´∞
−∞[v0(x) = v]dx = 0, then

• for 2 < α1 < 4, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
α1+2

4 ,∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

α1
2 .

• for 4 ≤ α1 < 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

α1
4 −1,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−2.

• for α1 ≥ 6, it holds

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

5
2 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
9
4 .

5 
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These convergence rates are dependent on the value of α1 in different intervals, and significantly 
improve and develop the previous studies [1,2,10,24]. However, due to the technical issue, there 
is still a gap for 2 < α1 ≤ 3. This would be our next goal.

The paper is organized as follows: In Section 2, for three cases, through analysis, we respec
tively select different asymptotic profiles and restate the problems. Meanwhile, we present the 
decay estimates of the asymptotic profiles, which plays the crucial roles in the subsequent proofs. 
For Sections 3, 4, and 5, we conduct decay estimates for the convergence of the original solutions 
to the corresponding asymptotic profiles in three cases, respectively. Before ending this section, 
let us introduce some notations.

Notations: Lp = Lp(R) denotes the usual Lebesgue space with the norm

∥f ∥p = ∥f ∥Lp =
⎛
⎝ˆ

R 

|f (x)|pdx

⎞
⎠

1/p

(1 ≤ p < ∞),

|f |∞ = ∥f ∥∞ = ∥f ∥L∞ = ess.sup
R 

|f (x)|.

The integral domain R is often abbreviated when it is clear. For any integer k ≥ 0, Hk = Hk(R)

denotes the usual k-th order Sobolev space with the norm

∥f ∥Hk =
⎛
⎝ k∑︂

j=0 
∥∂k

xf ∥2
2

⎞
⎠

1/2

.

When k = 0 and p = 2, we often use the notation ∥f ∥ = ∥f ∥0. For brevity, we write

∥f,g, . . .∥Hk×Hl×... = ∥f ∥Hk + ∥g∥Hl + . . . .

The set of k-times continuously differentiable functions in R with compact support is denoted by 
Ck

0(R). The space Ck([0, T ];X) consists of k-times differentiable functions from [0, T ] to the 
Hilbert space X. Additionally, by C or c, we denote a generic positive constant independent of 
the time t , whose value may change from line to line. For two quantities a and b, a ∼ b means 
1 
C

|b| ≤ |a| ≤ C|b| for a given constant C.

2. Selection of asymptotic profiles and their properties

In this section, we reformulate problem as a quasi-linear wave equation with damping, based 
on heuristic reasoning. For convenience, we denote α(x, t) by α, then we present the results for 
the reformulated problem, which in turn yield the main results for the original problem (1.1). 
Rewrite (1.1) as ⎧⎨

⎩
vt − ux = 0,

ut + p(v)x + αu = 0,

(v,u)(0, x) = (v0, u0)(x) → (v±, u±), x → ±∞,

(2.1)

under the condition (1.2). With the aim of searching for suitable asymptotic-state equations of 
(2.1), we carry out the following variable substitutions. For an arbitrarily ε, let

6 
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t → (1 + t̄ )/ε, x → x̄/ε, v → v̄, u → ū, α1 → ᾱ1

then, it follows from (2.1) that

v̄t̄ − ūx̄ = 0,

and

εūt̄ + εp(v̄)x̄ = − εᾱ1ū

(ε + 1 + t̄ )
. (2.2)

Neglecting the small term with ε, we get the asymptotic-state equations

{︄
v̄t̄ − ūx̄ = 0,

ūt̄ + p(v̄)x̄ = − ᾱ1
1+t̄

ū.
(2.3)

Therefore, by restricting ourselves to v+ = v− =: v, but u+ and u− may not be equal, we con
sider the following linear system of equations:

⎧⎪⎨
⎪⎩

v̄t − ūx = 0,

ūt + p′(v)v̄x = − α1
1+t

ū,

(v̄, ū)(x,0) = (v̄0, ū0)(x) → (v,u±) as x → ±∞.

(2.4)

This will be the expected asymptotic profile with particularly selected initial data (v̄0, ū0)(x) in 
their different cases.

Before we embark on our analysis, we assume

{︄
p ∈ C4(R+), with − p′(v) > 0 (v > 0),

α1 ∈ C2(R), α1 ≥ α1, α1 − α1 ∈ L2 ∩ L1 and α1x ∈ L2.
(2.5)

Case 1: v+ = v− =: v, u+ ≠ u−, and 
´∞
−∞[v0(x) − v]dx ≠ u+−u−

−α1+1 . In this case, we choose 
the initial data v̄0(x) as

v̄0(x) = v + κΦ0(x), (2.6)

where Φ0(x) is a given smooth function such that

Φ0(x) ∈ L1(R) and

+∞ˆ

−∞
Φ0(x)dx ≠ 0,

and will be elaborated on in more detail in the subsequent discussion. Then, the constant κ is 
defined as

κ :=
⎛
⎝ +∞ˆ

−∞
[v0(x) − v]dx

⎞
⎠/

+∞ˆ

−∞
Φ0(x)dx, (2.7)

7 
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so that

+∞ˆ

−∞
[v0(x) − v]dx − κ

+∞ˆ

−∞
Φ0(x)dx = 0.

Hence, the problem (2.4) can be reduced to

{︄
v̄t t + p′(v)v̄xx + α1

1+t
v̄t = 0,

(v̄, v̄t )(x,0) = (v̄0, ū
′
0)(x),

(2.8)

which is well studied by Wirth in [40,41]. With regard to the estimation of v̄, we will conduct a 
discussion subsequently, and ū(x, t) can be solved from the second equation of (2.4) as follows:

ū(x, t) = (1 + t)−α1 ū0(x) − (1 + t)−α1

tˆ

0 

(1 + s)α1p′(v)v̄x(x, s)ds. (2.9)

Consequently, we obtain the anticipated asymptotic profile (v̄, ū)(x, t) for Case 1.
Case 2: v+ = v− =: v, u+ ≠ u−, and ́ ∞

−∞[v0(x)−v]dx = u+−u−
−α1+1 . In this case, we can choose 

the initial data as {︄
v̄0(x) = v0(x),

ū0(x) = u− + (u+ − u−)
´ x

−∞ m1(y)dy,
(2.10)

where 
´∞
−∞ m1(x)dx = 1 and m1(x) ∈ C∞

0 (R), and the problem (2.4) can be reduced to

⎧⎪⎨
⎪⎩

v̄t − ūx = 0,

ūt + p′(v)v̄x = − α1
1+t

ū,

(v̄0, ū0)(x) = (v0, ū0)(x) → (v,u±), as x → ±∞.

(2.11)

Based on the analysis of equation (2.11), applying the anti-derivatives technique can yield bet
ter decay estimates for the equation. However, due to 

´∞
−∞ ū0dx ≠ 0, when we transform the 

equation, its initial value condition fails to be L2-bounded. Thus, to resolve this problem, we 
introduce the following modified equation:

⎧⎪⎨
⎪⎩

v̂t − ûx = 0,

ût = − α1
1+t

û,

(v̂0, û0)(x,0) → (0, u±), as x → ±∞,

(2.12)

where û0(x) = u− + (u+ − u−)
´ x

−∞ m2(y)dy, 
´∞
−∞ m2(x)dx = 1 and m2(x) ∈ C∞

0 (R). Hence, 
there exists an exact solution of (2.12) as follows:

{︄
û = (1 + t)−α1

(︁
u− + (u+ − u−)

´ x

−∞ m2(y)dy
)︁
,

v̂ = u+−u−
−α1+1 (1 + t)−α1+1m2(x),

(2.13)

8 
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which, together with (2.11), deduces

{︄(︁
v̄ − v − v̂

)︁
t
− (︁

ū − û
)︁
x

= 0,(︁
ū − û

)︁
t
+ p′(v)

(︁
v̄ − v − v̂

)︁
x

+ α1
1+t

(︁
ū − û

)︁ = −p′(v)v̂x .
(2.14)

Thus, we define ϕ = ´ x

−∞
(︁
v̄ − v − v̂

)︁
dy. Then, we have ϕt = ´ x

−∞
(︁
v̄ − v − v̂

)︁
t
dy = ū − û, 

which follows from the first equation in (2.14), and the second equation in (2.14) can be written 
as

ϕtt + p′(v)ϕxx + α1

1 + t
ϕt = −p′(v)v̂x . (2.15)

As a result, we obtain the following reformulated problem:

⎧⎪⎨
⎪⎩

ϕtt + p′(v)ϕxx + α1
1+t

ϕt = −p′(v)v̂x,

ϕ(0, x) = ϕ0(x) := ´ x

−∞(v0(y) − v − v̂(0, y))dy,

ϕt (0, x) = ϕ1(x) := ū0(x) − û(0, x).

(2.16)

Case 3: v+ = v− =: v, u+ = u− =: u and 
´∞
−∞[v0(x) − v]dx = 0. By considering above

mentioned conditions, we look for a better convergence to a certain asymptotic profile and expect

v̄(x, t) = v, (2.17)

which, together with (2.4), yields that

ūx = 0, ūt = − α1

1 + t
ū,

and

ū(x, t) = u(1 + t)−α1 .

Hence, we obtain the anticipated asymptotic profile

(v̄, ū)(x, t) = (︁
v,u(1 + t)−α1

)︁
, (2.18)

which has a better decay estimates compared with Case 1 in the subsequent discussions.

Theorem 2.1 (Property of asymptotic profiles (v̄, ū)(x, t) in Case 1). Suppose (Φ0, ū
′
0) ∈

H 3(R) × H 2(R). Then, the Cauchy problem (2.4) admits a unique global smooth solution 
v̄(x, t), which satisf ies, for α1 > 2

∑︂
0≤i+j≤μ

(1 + t)2(i+j)∥∂i
x∂

j
t (v̄ − v)(t)∥2 +

∑︂
μ<i+j≤3

(1 + t)min{α1,6}∥∂i
x∂

j
t (v̄ − v)(t)∥2

≤ C
(︂
∥Φ0∥2

3 + ∥u′
0∥2

2 + |u+|2 + |u−|2
)︂

, (2.19)

9 
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where μ := min{[α1
2 ],3}, and for 0 < α1 < 2,

(1 + t)α1−2∥(v̄ − v)(t)∥2 +
∑︂

1≤i+j≤3

(1 + t)α1∥∂i
x∂

j
t (v̄ − v)(t)∥2

≤ C
(︂
∥Φ0∥2

3 + ∥u′
0∥2

2 + |u+|2 + |u−|2
)︂

. (2.20)

For the sake of our subsequent proof, we denote

E0 := ∥Φ0∥H 3 + ∥u′
0∥H 2 + |u+| + |u−|.

Proof. Similar to the discussion in [10], we transform (2.8) into the following problem:

{︄
Wtt + p′(v)Wxx + α1

1+t
Wt = 0,

(W,Wt)(x,0) = (W0,W1)(x),
(2.21)

where W = v̄ − v and

(W0,W1)(x) = (κΦ0(x), ū′
0(x)).

When 0 < α1 < 2, by multiplying (2.21) by (1 + t)α1Wt and integrating it over R, we obtain

1

2

d

dt

ˆ
(1 + t)α1(W 2

t − p′(v)W 2
x )dx + α1

2 

ˆ
(1 + t)α1−1W 2

t dx

+ α1

2 

ˆ
(1 + t)α1−1p′(v)W 2

x dx = 0. (2.22)

Also multiplying (2.21) by (1 + t)α1−1W and integrating it over R give

d

dt

ˆ [︃
(1 + t)α1−1WWt + 1

2
(1 + t)α1−2W 2

]︃
dx −

ˆ
(1 + t)α1−1p′(v)W 2

x dx

−
ˆ (︃

(1 + t)α1−1W 2
t + α1 − 2

2 
(1 + t)α1−3W 2

)︃
dx = 0. (2.23)

Then, by calculating 2 
α1

· (2.22) + (2.23), one gets

d

dt

ˆ [︃
1 
α1

(1 + t)α1(W 2
t − p′(v)W 2

x ) + (1 + t)α1−1WWt + 1

2
(1 + t)α1−2W 2

]︃
dx

−
ˆ

α1 − 2

2 
(1 + t)α1−3W 2dx = 0. (2.24)

Applying Cauchy’s inequality, we can derive

ˆ
(1 + t)α1−1WWtdx ≤

ˆ
ε

2
(1 + t)α1W 2

t dx +
ˆ

1 
2ε

(1 + t)α1−2W 2dx,

10 
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where ε = α1+2
2α1

. Hence, by integrating (2.24) over [0, t] yields

2 − α1

4α1
(1 + t)α1∥Wt∥2 + c0(1 + t)α1∥Wx∥2 + 2 − α1

2(α1 + 2)
(1 + t)α1−2∥W∥2 ≤ CE2

0 . (2.25)

Next, differentiating (2.21) in t , we have

Wttt + p′(v)Wtxx + α1

1 + t
Wtt − α1

(1 + t)2 Wt = 0. (2.26)

By multiplying (2.26) by (1 + t)α1Wtt and integrating it over R, one obtains

1

2

d

dt

ˆ [︂
(1 + t)α1(W 2

t t − p′(v)W 2
tx) − α1(1 + t)α1−2W 2

t

]︂
dx

+ α1

2 

ˆ
(1 + t)α1−1(W 2

t t − p′(v)W 2
tx)dx

+ α1(α1 − 2)

2 

ˆ
(1 + t)α1−3W 2

t dx = 0. (2.27)

Then, by multiplying (2.26) by (1 + t)α1−1Wt and integrating it over R, we have

d

dt

ˆ [︃
(1 + t)α1−1WttWt + 1

2
(1 + t)α1−2W 2

t

]︃
dx −

ˆ
(1 + t)α1−1p′(v)W 2

txdx

−
ˆ (︃

(1 + t)α1−1W 2
t t + 3α1 − 2

2 
(1 + t)α1−3W 2

t

)︃
dx = 0. (2.28)

Hence, by calculating 2 
α1

· (2.27) + (2.28), integrating it over [0, t], applying Cauchy’s inequality 
and (2.25), one gets

(1 + t)α1∥Wtt∥2 + (1 + t)α1∥Wtx∥2 ≤ CE2
0, (2.29)

which, together with (2.21), yields

(1 + t)α1∥Wxx∥2 ≤ C(1 + t)α1

(︂
∥Wtt∥2 + (1 + t)−2∥Wt∥2

)︂
≤ CE2

0 . (2.30)

Furthermore, by a similar calculation to (2.26)--(2.30), we can get the higher order estimate as 
follows

∑︂
i+j=3

(1 + t)α1∥∂i
x∂

j
t W∥2 ≤ CE2

0 . (2.31)

When 2 < α1 < 4, we can obtain estimates for W and its derivatives from reference [10].
When [α1

2 ] = 2, we can get the estimates of W , as well as its first - and second - order deriva
tives, from reference [10]. However, for its third - order derivatives, we have a better estimates 
compared to the results in the reference [10]. Taking the derivative of (2.21) with respect to t
twice, we obtain

11 
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Wtttt + p′(v)Wttxx + α1

1 + t
Wttt − 2

α1

(1 + t)2 Wtt + 2
α1

(1 + t)3 Wt = 0. (2.32)

Multiply (2.32) by (1 + t)α1Wttt and integrate with respect to x, and we can obtain

1

2

d

dt

ˆ [︂
(1 + t)α1(W 2

t t t − p′(v)W 2
t tx) − 2α1(1 + t)α1−2W 2

t t

]︂
dx

+ d

dt

ˆ (︂
2α1(1 + t)α1−3WttWt − α1(α1 − 3)(1 + t)α1−4W 2

t

)︂
dx

+ α1

2 

ˆ
(1 + t)α1−1(W 2

t t t + p′(v)W 2
t tx)dx + α1(α1 − 4)

ˆ
(1 + t)α1−3W 2

t t dx

+ α1(α1 − 3)(α1 − 4)

ˆ
(1 + t)α1−5W 2

t dx = 0. (2.33)

Then, by multiplying (2.32) by (1 + t)α1−1Wtt and integrating with respect to x, we obtain

d

dt

ˆ [︃
(1 + t)α1−1WtttWtt + 1

2
(1 + t)α1−2W 2

t t + α1(1 + t)α1−4W 2
t

]︃
dx

−
ˆ (︃

(1 + t)α1−1
(︂
W 2

t t t + p′(v)W 2
t tx

)︂
+ 2 − 5α1

2 
(1 + t)α1−3W 2

t t

)︃
dx

−
ˆ

α1(α1 − 4)(1 + t)α1−5W 2
t dx = 0. (2.34)

Hence, by calculating 2 
α1

· (2.33) + (2.34) and integrating it over [0, t], one gets

(1 + t)α1∥Wttt∥2 + (1 + t)α1∥Wttx∥2 ≤ CE2
0 . (2.35)

By differentiating (2.21) in x, we have

Wttx + p′(v)Wxxx + α1

1 + t
Wtx = 0. (2.36)

From (2.26), (2.35) and (2.36), we can obtain

(1 + t)α1

(︂
∥Wtxx∥2 + ∥Wxxx∥2

)︂
≤ CE2

0 . (2.37)

Referring to our previous proof, we obtain the estimates for ϕ and its derivatives in the case of [︁α1
2 

]︁ ≥ 3, and thus omit the proof. □
Remark 2.1. If the initial values (Φ0, ū

′
0) have higher-order derivatives and these derivatives 

belong to L2(R), then by using the method in proof of Theorem 2.1, we can conduct a more 
detailed partition of α1 and obtain the corresponding decay estimates.

12 
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Corollary 2.1. Under the assumptions of Theorem 2.1, for 2 < α1 < 4, we have

∥(v̄ − v)(t)∥L∞ ≤ CE0(1 + t)−
1
2 ,

∥(v̄x, v̄t )(t)∥L∞ ≤ CE0(1 + t)−( 1
2 + α1

4 ),

∥(v̄xx, v̄tx)(t)∥L∞ ≤ CE0(1 + t)−
α1
2 ; (2.38)

for [α1
2 ] = 2, we have

∥(v̄ − v)(t)∥L∞ ≤ CE0(1 + t)−
1
2 ,

∥(v̄x, v̄t )(t)∥L∞ ≤ CE0(1 + t)−
3
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ ≤ CE0(1 + t)−1− α1
4 ; (2.39)

and for [α1
2 ] ≥ 3, we have

∥(v̄ − v)(t)∥L∞ ≤ CE0(1 + t)−
1
2 ,

∥(v̄x, v̄t )(t)∥L∞ ≤ CE0(1 + t)−
3
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ ≤ CE0(1 + t)−
5
2 . (2.40)

We define δ1 := |u+| + |u−| and I0 := ∥ϕ0∥H 4 + ∥ϕ1∥H 3 + δ1 ≪ 1.

Theorem 2.2 (Property of asymptotic profiles (v̄, ū)(x, t) in Case 2). Suppose ∥ϕ0∥2
H 4 +∥ϕ1∥2

H 3

and |u+| + |u−| are sufficiently small. Thus, the Cauchy problem (2.11) has a unique global 
smooth solution v̄(x, t), which fulfills the following: (i ≥ 0, j ≥ 0)

• for 2 < α1 < 8
3 , then

(1 + t)
3α1

2 −2∥(v̄ − v, ū)(t)∥2 +
∑︂

1≤i+j≤3

(1 + t)α1∥(∂i
x∂

j
t v̄, ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.41)

• for α1 = 8
3 , then

(1 + t)2

ln(2 + t)
∥(v̄ − v, ū)(t)∥2 +

∑︂
1≤i+j≤3

(1 + t)α1∥(∂i
x∂

j
t v̄, ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.42)

• for 8
3 < α1 < 4, then

(1 + t)2∥(v̄ − v, ū)(t)∥2 +
∑︂

1≤i+j≤3

(1 + t)α1∥(∂i
x∂

j
t v̄, ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.43)

13 
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• for [α1
2 ] = 2, then

∑︂
0≤i+j≤1

(1 + t)2(i+j+1)∥(∂i
x∂

j
t (v̄ − v), ∂i

x∂
j
t ū)(t)∥2

+
∑︂

2≤i+j≤3

(1 + t)α1∥(∂i
x∂

j
t v̄, ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.44)

• for [α1
2 ] = 3, then

∑︂
0≤i+j≤2

(1 + t)2(i+j+1)∥(∂i
x∂

j
t (v̄ − v), ∂i

x∂
j
t ū)(t)∥2

+
∑︂

i+j=3

(1 + t)α1∥(∂i
x∂

j
t v̄, ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.45)

• for [α1
2 ] ≥ 4, then

∑︂
0≤i+j≤3

(1 + t)2(i+j+1)∥(∂i
x∂

j
t (v̄ − v), ∂i

x∂
j
t ū)(t)∥2 ≤ CI 2

0 . (2.46)

For the sake of our subsequent proof, we present the following a priori assumption:

• when 2 < α1 < 4, then

N(T ) := sup 
0≤t≤T

{(1 + t)
α1
2 ∥ϕtx∥} ≤ δ,

• when 4 ≤ α1, then

N(T ) := sup 
0≤t≤T

{(1 + t)2∥ϕtx∥} ≤ δ,

for some δ ≪ 1 and 0 < T < ∞.

Proof. When 2 < α1 < 4, multiplying (2.16) by (1 + t)2ϕt and integrating it respect to x and t , 
we have

1

2

ˆ
(1 + t)2(ϕ2

t − p′(v)ϕ2
x)dx + (α1 − 1)

ẗ

0 

(1 + τ)ϕ2
t dxdτ

+
ẗ

0 

(1 + τ)p′(v)W 2
x dxdτ

≤ C
(︂
∥ϕ0∥2

H 3 + ∥ϕ1∥2
H 2

)︂
−

ẗ

0 

(1 + τ)2p′(v)v̂xϕtdxdτ. (2.47)

14 
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Then, multiplying (2.16) by (1 + t)ϕ and integrating it respect to x and t , we obtain

1

2

ˆ [︂
2(1 + t)ϕϕt + (α1 − 1)ϕ2

]︂
dx −

ẗ

0 

(1 + τ)p′(v)ϕ2
xdxdτ −

ẗ

0 

(1 + t)ϕ2
t dxdτ

≤ C
(︂
∥ϕ0∥2

H 3 + ∥ϕ1∥2
H 2

)︂
−

ẗ

0 

(1 + τ)p′(v)v̂xϕdxdτ. (2.48)

By calculating α1
2(α1−1)

· (2.47) + (2.48) and through a discussion similar to [10], we can derive 
that

α1 − 2 
8(α1 − 1)

ˆ
(1 + t)2ϕ2

t − α1

4(α1 − 1)

ˆ
(1 + t)2p′(v)ϕ2

xdx

+ (α1 − 1)(α1 − 2)

2(α1 + 2) 

ˆ
ϕ2dx + α1 − 2

2 

ẗ

0 

(1 + τ)ϕ2
t dxdτ

− α1 − 2 
2(α1 − 1)

ẗ

0 

(1 + τ)p′(v)ϕ2
xdxdτ

≤ −
ẗ

0 

(︃
α1

2(α1 − 1)
(1 + τ)2p′(v)v̂xϕt + (1 + τ)p′(v)v̂xϕ

)︃
dxdτ

+ C
(︂
∥ϕ0∥2

1 + ∥ϕ1∥2
)︂

. (2.49)

Using Cauchy’s inequality, we obtain

−
ẗ

0 

(1 + τ)p′(v)v̂xϕdxdτ =
ẗ

0 

(1 + τ)p′(v)v̂ϕxdxdτ

≤ δ1

ẗ

0 

(1 + τ)ϕ2
xdxdτ + C

δ1

ẗ

0 

(1 + τ)v̂2dxdτ

≤ δ1

ẗ

0 

(1 + τ)ϕ2
xdxdτ + CI0. (2.50)

Also, using Hölder’s inequality and the a priori assumption gives

−
ẗ

0 

(1 + τ)2p′(v)v̂xϕtdxdτ =
ẗ

0 

(1 + τ)2p′(v)v̂ϕtxdxdτ

15 
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≤ C

tˆ

0 

(1 + τ)2∥ϕtx∥∥v̂∥dτ ≤ Cδ1

tˆ

0 

(1 + τ)3− 3α1
2 dτ. (2.51)

Hence, from (2.49)--(2.51), for 4 − 3α1
2 > 0,

(1 + t)
3α1

2 −4∥ϕ∥2 + (1 + t)
3α1

2 −2
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂

+ (1 + t)
3α1

2 −4

tˆ

0 

(1 + τ)
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂
dτ

≤ CI 2
0 , (2.52)

for 4 − 3α1
2 = 0,

∥ϕ∥2 + (1 + t)2
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂
+

tˆ

0 

(1 + τ)
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂
dτ

≤ C ln(2 + t)I 2
0 , (2.53)

and for 4 − 3α1
2 > 0,

∥ϕ∥2 + (1 + t)2
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂
+

tˆ

0 

(1 + τ)
(︂
∥ϕt∥2 + ∥ϕx∥2

)︂
dτ ≤ CI 2

0 . (2.54)

Next, we compute the decay estimates for ϕxx , ϕtx and ϕtt . By computing 2 
α1

(1 + t)α1ϕtt ·
∂t (2.16) + (1 + t)α1−1ϕt · ∂t (2.16), integrating it respect to x and t and applying Cauchy’s in
equality, we obtain

(1 + t)α1

(︃
1 

2α1
∥ϕtt∥2 − p′(v)

α1
∥ϕtx∥2

)︃
− α1 + 1

2 
(1 + t)α1−2∥ϕt∥2

≤ −
ẗ

0 

(︃
2 
α1

(1 + τ)α1p′(v)v̂txϕtt + α1(1 + τ)α1−1p′(v)v̂txϕt

)︃
dxdτ

+ C
(︂
∥ϕ0∥2

3 + ∥ϕ1∥2
2

)︂
. (2.55)

From (2.51), (2.52) and (2.53), we have

−
ẗ

0 

2 
α1

(1 + τ)α1p′(v)v̂txϕtt dxdτ = −
ẗ

0 

d

dt

(︃
2 
α1

(1 + τ)α1p′(v)v̂txϕt

)︃
dxdτ
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+
ẗ

0 

(︃
2 
α1

(1 + τ)α1p′(v)v̂ttxϕt + 2(1 + τ)α1−1p′(v)v̂txϕt

)︃
dxdτ

≤ C

tˆ

0 

(︂
(1 + t)α1∥v̂t tx∥∥ϕt∥ + (1 + t)α1−1∥v̂tx∥∥ϕt∥

)︂
dτ

+ C
(︂
∥ϕ0∥2

3 + ∥ϕ1∥2
2 + (1 + t)α1 |∥v̂tx∥∥ϕt∥

)︂
≤ CI 2

0 . (2.56)

Similarly, we have

−
ẗ

0 

α1(1 + τ)α1−1p′(v)v̂txϕtdxdτ ≤ CI 2
0 . (2.57)

Hence, we have

(1 + t)α1

(︂
∥ϕtt∥2 + ∥ϕtx∥2

)︂
≤ CI 2

0 . (2.58)

Furthermore, from (2.16), we obtain

ϕxx = − 1 
p′(v)

(︃
p′(v)v̂x + ϕtt + α1

1 + t
ϕt

)︃
, (2.59)

or

∥ϕxx∥2 ≤ C
(︂
∥v̂x∥2 + ∥ϕtt∥2 + (1 + t)−2∥ϕt∥2

)︂
≤ CI 2

0 (1 + t)−α1 , (2.60)

which, when combined with (2.58), shows the decay estimates for ϕxx , ϕtx and ϕtt .
Similar to the previous discussion, we can also obtain:

(1 + t)α1∥∂i
x∂

j
t ϕ∥ ≤ CI 2

0 , i + j = 3,4.

When [α1
2 ] = 2, similar to the previous discussion, the estimates for ϕ, its first derivatives, 

and its second derivatives are as follows:

(1 + t)2(i+j)∥∂i
x∂

j
t ϕ∥ ≤ CI 2

0 , 0 ≤ i + j ≤ 2. (2.61)

In order to obtain the decay estimate for the third derivative of ϕ, we will carry out the fol
lowing steps. First, taking two derivatives of (2.16) with respect to t , we obtain

ϕtttt + p′(v)ϕttxx + α1

1 + t
ϕttt − 2

α1

(1 + t)2 ϕtt + 2
α1

(1 + t)3 ϕt = −p′(v)v̂ttx . (2.62)

Then, multiplying (2.62) by (1 + t)α1ϕttt and integrating with respect to x and t , one obtains

17 



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094 

1

2

ˆ [︂
(1 + t)α1(ϕ2

t t t − p′(v)ϕ2
t tx) − 2α1(1 + t)α1−2ϕ2

t t

]︂
dx

+
ˆ (︂

2α1(1 + t)α1−3ϕttϕt − α1(α1 − 3)(1 + t)α1−4ϕ2
t

)︂
dx

+ α1

2 

ẗ

0 

(1 + τ)α1−1(ϕ2
t t t − p′(v)ϕ2

t tx)dxdτ

+ α1(α1 − 4)

ẗ

0 

(1 + τ)α1−3ϕ2
t t dxdτ

+ α1(α1 − 3)(α1 − 4)

ẗ

0 

(1 + t)α1−5ϕ2
t dxdτ

≤ C
(︂
∥ϕ0∥2

3 + ∥ϕ1∥2
2

)︂
−

ẗ

0 

(1 + τ)α1p′(v)v̂ttxϕttt dxdτ

≤ C
(︂
∥ϕ0∥2

3 + ∥ϕ1∥2
2

)︂
−

tˆ

0 

d

dt

ˆ
(1 + τ)α1p′(v)v̂ttxϕtt dxdτ

+
ẗ

0 

(︂
(1 + τ)α1p′(v)v̂tt txϕtt + α1(1 + τ)α1−1p′(v)v̂ttxϕtt

)︂
dxdτ. (2.63)

Also, multiplying (2.62) by (1 + t)α1−1ϕtt and integrating with respect to x and t , one obtains

ˆ [︃
(1 + t)α1−1ϕtttϕtt + 1

2
(1 + t)α1−2ϕ2

t t + α1(1 + t)α1−4ϕ2
t

]︃
dx

−
ẗ

0 

(︃
(1 + τ)α1−1

(︂
ϕ2

t t t + p′(v)ϕ2
t tx

)︂
+ −5α1

2 
(1 + τ)α1−3ϕ2

t

)︃
dx

−
ẗ

0 

α1(α1 − 4)(1 + τ)α1−5ϕ2
t dxdτ

≤ C
(︂
∥ϕ0∥2

3 + ∥ϕ1∥2
2

)︂
−

ẗ

0 

(1 + τ)α1p′(v)v̂txϕtt dxdτ. (2.64)

By calculating 2 
α1

· (2.63) + (2.64) and through a discussion similar to the previous one, we can 
derive the following:
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(1 + t)α1

(︂
∥ϕttt∥2 + ∥ϕttx∥2

)︂
≤ CI 2

0 . (2.65)

Differentiate (2.16) in t :

ϕttt + p′(v)ϕtxx + α1

1 + t
ϕtt − α1

(1 + t)2 ϕt = −p′(v)v̂tt . (2.66)

Differentiate (2.16) in x:

ϕttx + p′(v)ϕxxx + α1

1 + t
ϕtx = −p′(v)v̂tx . (2.67)

Therefore, from (2.65)--(2.67), we obtain

(1 + t)α1

(︂
∥ϕtxx∥2 + ∥ϕxxx∥2

)︂
≤ CI 2

0 . (2.68)

By using a similar method, we can also obtain:

(1 + t)α1∥∂i
x∂

j
t ϕ∥2 ≤ CI 2

0 ,

for i + j = 4.
Referring to our previous proof, we can obtain the estimates for ϕ and its derivatives in the 

case of [α1
2 ] ≥ 3, and thus omit the proof.

Then, due to (2.13) and α1 > 2, we obtain∑︂
0≤i+j≤3

∥(∂i
x∂

j
t v̂, ∂i

x∂
j
t û)(t)∥2 ≤ CI 2

0 (1 + t)2α1−2 ≤ CI 2
0 (1 + t)α1 , (2.69)

which, along with the estimates of ϕ and its derivatives of various orders, gives (2.41)--(2.46). □
Remark 2.2. If the initial values (ϕ0, ϕ1) have higher-order derivatives and these derivatives 
belong to L2(R), then by using the method in proof of Theorem 2.2, we can conduct a more 
detailed partition of α1 and obtain the corresponding decay estimates.

Corollary 2.2. Under the assumptions of Theorem 2.2, for 2 < α1 < 8
3 , we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0(1 + t)
1
2 − 5α1

8 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ; (2.70)

for α1 = 8
3 , we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0 ln
1
4 (2 + t)(1 + t)−

1
2 − α1

4 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ; (2.71)
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for 8
3 < α1 < 4, we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0(1 + t)−
1
2 − α1

4 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ; (2.72)

for [α1
2 ] = 2, we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0(1 + t)−
3
2 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−1− α1
4 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
α1
2 ; (2.73)

for [α1
2 ] = 3, we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0(1 + t)−
3
2 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−
5
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
3
2 − α1

4 ; (2.74)

and for [α1
2 ] ≥ 4, we have

∥(v̄ − v)(t)∥L∞ + ∥ū(t)∥L∞ ≤ CI0(1 + t)−
3
2 ,

∥(v̄x, v̄t )(t)∥L∞ + ∥(ūx, ūt )(t)∥L∞ ≤ CI0(1 + t)−
5
2 ,

∥(v̄xx, v̄tx)(t)∥L∞ + ∥(ūtt , ūtx, ūxx)(t)∥L∞ ≤ CI0(1 + t)−
7
2 . (2.75)

3. Main results: convergence to asymptotic profiles

We are going to reformulate the problem (1.1) for Cases 1, 2, and 3, and present the corre
sponding main theorems for each.

Case 1: From (2.1) and (2.4)

⎧⎪⎨
⎪⎩

(v − v̄)t − (u − ū)x = 0,

(u − ū)t + (p(v) − p(v̄))x + α1
1+t

(u − ū)

= −α1−α1
1+t ū − (︁

p′(v̄) − p′(v)
)︁
v̄x,

(3.1)

where (v̄, ū)(x, t) is given by (2.8) and (2.9). We define

V (x, t) =
xˆ

−∞
(v − v̄) (y, t)dy,
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and from the first equation of (3.1), we have Vt(x, t) = (u − ū) (x, t). Since u − ū → 0 as x →
±∞ is expected, by integrating the first equation of (3.1) with respect to x and t , one gives

+∞ˆ

−∞
(v − v̄)(x, t)dx =

+∞ˆ

−∞
[v0(x) − v]dx − κ

+∞ˆ

−∞
Φ0(x)dx = 0.

Thus, we may expect V (·, t) ∈ H 1, and the second equation of (3.1) can be rewritten as

⎧⎪⎨
⎪⎩

Vtt + (p(v̄ + Vx) − p(v̄))x + α1
1+t

Vt = F1 + F2 =: F,

V (x,0) = V0(x),

Vt (x,0) = V1(x),

(3.2)

where

F1 : = −α1 − α1

1 + t 
ū, (3.3)

F2 : = − (︁
p′(v̄) − p′(v)

)︁
v̄x, (3.4)

V0(x) : =
xˆ

−∞
(v − v̄) (y,0)dy, (3.5)

V1(x) : = (u − ū) (x,0). (3.6)

The following is the main results of case 1.

Lemma 3.1 (Estimates of F ). For t ∈ R+, the solution v̄(x, t) of (2.8), and ū(x, t) defined by 
(2.9), it holds

• when 2 < α1 < 4, then

⎧⎪⎨
⎪⎩

|F1| ≤ CE0|α1 − α1|(1 + t)−
α1
4 − 1

2 , ∥F2(t)∥ ≤ CE0(1 + t)− 3
2 ,

|F1t | ≤ CE0|α1 − α1|(1 + t)−
α1
4 − 3

2 , ∥F2t (t)∥ ≤ CE0(1 + t)−
α1+1

2 ,

|F1t t | ≤ CE0|α1 − α1|(1 + t)−
α1
2 −1, ∥F2t t (t)∥ ≤ CE0(1 + t)−

α1+1
2 .

(3.7)

• when [α1
2 ] = 2, then

⎧⎪⎨
⎪⎩

|F1| ≤ CE0|α1 − α1|(1 + t)− 3
2 , ∥F2(t)∥ ≤ CE0(1 + t)− 3

2 ,

|F1t | ≤ CE0|α1 − α1|(1 + t)− 5
2 , ∥F2t (t)∥ ≤ CE0(1 + t)− 5

2 ,

|F1t t | ≤ CE0|α1 − α1|(1 + t)−
α1
4 −2, ∥F2t t (t)∥ ≤ CE0(1 + t)−

α1+1
2 .

(3.8)
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• when [α1
2 ] ≥ 3, then

⎧⎪⎨
⎪⎩

|F1| ≤ CE0|α1 − α1|(1 + t)− 3
2 , ∥F2(t)∥ ≤ CE0(1 + t)− 3

2 ,

|F1t | ≤ CE0|α1 − α1|(1 + t)− 5
2 , ∥F2t (t)∥ ≤ CE0(1 + t)− 5

2 ,

|F1t t | ≤ CE0|α1 − α1|(1 + t)− 7
2 , ∥F2t t (t)∥ ≤ CE0(1 + t)− 7

2 .

(3.9)

Proof. From (2.9), (3.3) and (3.4), we obtain

|F1| =
⃓⃓⃓
⃓−α1 − α1

1 + t 
ū

⃓⃓⃓
⃓ ≤ |α1 − α1|(1 + t)−1|ū|∞

≤ |α1 − α1|(1 + t)−1
(︃

|(1 + t)−α1 ū0(x)|

+ |(1 + t)−α1

tˆ

0 

(1 + s)α1p′(v)v̄x(x, s)ds|
)︃

≤ C|α1 − α1|
(︂
(1 + t)−α1−1|ū0(x)| + |v̄x |

)︂
, (3.10)

|F1t | =
⃓⃓⃓
⃓−α1 − α1

1 + t 
ūt + (α1 − α1)(1 + t)−2ū

⃓⃓⃓
⃓

≤ |α1 − α1|
(︂
(1 + t)−1|ūt |∞ + (1 + t)−2|ū|∞

)︂

≤ |α1 − α1|
(︃

(1 + t)−1|α1(1 + t)−α1−1ū0(x)|

+ |α1(1 + t)−α1−2

tˆ

0 

(1 + s)α1p′(v)v̄x(x, s)ds|

+ (1 + t)−1|p′(v)v̄x | + (1 + t)−2|ū|∞
)︃

, (3.11)

∥F2∥ = ∥ − (︁
p′(v̄) − p′(v)

)︁
v̄x∥ ≤ C∥|v̄ − v|v̄x∥

≤ C|v̄ − v|∞∥v̄x∥, (3.12)

and

∥F2t∥ = ∥ − (︁
p′(v̄) − p′(v)

)︁
v̄tx − p′′(v̄)v̄t v̄x∥

≤ C
(︁∥|v̄ − v|v̄tx∥ + ∥v̄t v̄x∥

)︁ ≤ C
(︁|v̄ − v|∞∥v̄tx∥ + |v̄t |∞∥v̄x∥

)︁
. (3.13)

Consequently, based on Theorem 2.1, Corollary 2.1 and (3.10)--(3.13), the estimations of |F1|, 
|F1t |, ∥F2(t)∥ and ∥F2t (t)∥ can be derived. The estimation of |F1t t | and ∥F2t t (t)∥ can be 
obtained through a discussion similar to the above, so we omit it. Therefore, the proof is com
plete. □
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Theorem 3.1 (Convergence to asymptotic profiles (v̄, ū)(x, t) in Case 1). Assume (2.5), i ≥ 0, 
and j ≥ 0. When ∥V0∥2

3 + ∥V1∥2
2 and ∥Φ0∥3 + ∥u′

0∥2 + |u+| + |u−| are sufficiently small, the 
Cauchy problem of (3.11) admits a unique global smooth solution (Vx,Vt ) satisfying

• for 2 < α1 < 3, then

(Vx,Vt ) ∈ C(0,∞;L2(R)),

and

(1 + t)∥ (Vx,Vt )∥2 ≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + ∥Φ0∥3 + ∥u′

0∥2 + |u+| + |u−|
)︂

. (3.14)

• for 3 ≤ α1 < 4, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)∥ (Vx,Vt )∥2 +
∑︂

2≤i+j≤3

(1 + t)α1−1∥∂i
x∂

j
t V ∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + ∥Φ0∥3 + ∥u′

0∥2 + |u+| + |u−|
)︂

. (3.15)

• for [α1
2 ] = 2, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)3∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)α1−1∥∂i
x∂

j
t V ∥2 + (1 + t)3∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + ∥Φ0∥3 + ∥u′

0∥2 + |u+| + |u−|
)︂

. (3.16)

• for [α1
2 ] ≥ 3, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and
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(1 + t)∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)3∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)5∥∂i
x∂

j
t V ∥2 + (1 + t)3∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + ∥Φ0∥3 + ∥u′

0∥2 + |u+| + |u−|
)︂

. (3.17)

Corollary 3.1. Let (v̄, ū) be the derived asymptotic profile in (2.8) and (2.9). Under the assump
tions of Theorem 3.1, one has

• for 3 ≤ α1 < 4, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
α1
4 ,∑︂

i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

α1−1
2 .

• for [α1
2 ] = 2, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−1,∑︂
i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

α1+2
4 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
3
2 .

• for [α1
2 ] ≥ 3, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−1,∑︂
i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−2,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
3
2 .

Case 2: From (2.1) and (2.4)

⎧⎪⎨
⎪⎩

(v − v̄)t − (u − ū)x = 0,

(u − ū)t + (p(v) − p(v̄))x + α1
1+t

(u − ū)

= −α1−α1
1+t ū − (︁

p′(v̄) − p′(v)
)︁
v̄x,

(3.18)

where (v̄, ū)(x, t) is given by (2.8) and (2.9). We define

V (x, t) =
xˆ

−∞
(v − v̄) (y, t)dy,
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and from the first equation of (3.1), we have Vt(x, t) = (u − ū) (x, t). Since u − ū → 0 as x →
±∞ is expected, by integrating the first equation of (3.1) with respect to x and t , one gives

+∞ˆ

−∞
(v − v̄)(x, t)dx =

+∞ˆ

−∞
[v0(x) − v̄0(x)]dx = 0.

Thus, we may expect V (·, t) ∈ H 1, and the second equation of (3.1) can be rewritten as

⎧⎪⎨
⎪⎩

Vtt + (p(v̄ + Vx) − p(v̄))x + α1
1+t

Vt = G1 + G2,

V (x,0) = V0(x),

Vt (x,0) = V1(x),

(3.19)

where

G1 : = −α1 − α1

1 + t 
ū, (3.20)

G2 : = − (︁
p′(v̄) − p′(v)

)︁
v̄x, (3.21)

V0(x) : =
xˆ

−∞
(v − v̄) (y,0)dy = 0, (3.22)

V1(x) : = (u − ū) (x,0) = 0. (3.23)

The following is the main results of case 2.

Lemma 3.2 (Estimates of G). For t ∈ R+, and the solution (v̄, ū) (x, t) of (2.11), it holds

• when 2 < α1 < 8
3 , then

⎧⎪⎪⎨
⎪⎪⎩

|G1| ≤ CI0|α1 − α1|(1 + t)−
5α1

8 − 1
2 , ∥G2(t)∥ ≤ CI0(1 + t)−

9α1
8 + 1

2 ,

|G1t | ≤ CI0|α1 − α1|(1 + t)−
α1
2 −1, ∥G2t (t)∥ ≤ CI0(1 + t)−

9α1
8 + 1

2 ,

|G1t t | ≤ CI0|α1 − α1|(1 + t)−
α1
2 −1, ∥G2t t (t)∥ ≤ CI0(1 + t)−

9α1
8 + 1

2 .

(3.24)

• when α1 = 8
3 , then

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

|G1| ≤ CI0|α1 − α1| ln
1
4 (2+t)

(1+t)
13
6 

, ∥G2(t)∥ ≤ CI0
ln

1
4 (2+t)

(1+t)
5
2

,

|G1t | ≤ CI0|α1 − α1|(1 + t)− 7
3 , ∥G2t (t)∥ ≤ CI0

ln
1
4 (2+t)

(1+t)
5
2

,

|G1t t | ≤ CI0|α1 − α1|(1 + t)− 7
3 , ∥G2t t (t)∥ ≤ CI0

ln
1
4 (2+t)

(1+t)
5
2

.

(3.25)
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• when 8
3 < α1 < 4, then

⎧⎪⎪⎨
⎪⎪⎩

|G1| ≤ CI0|α1 − α1|(1 + t)−
α1
4 − 3

2 , ∥G2(t)∥ ≤ CI0(1 + t)−
3α1

4 − 1
2 ,

|G1t | ≤ CI0|α1 − α1|(1 + t)−
α1
2 −1, ∥G2t (t)∥ ≤ CI0(1 + t)−

3α1
4 − 1

2 ,

|G1t t | ≤ CI0|α1 − α1|(1 + t)−
α1
2 −1, ∥G2t t (t)∥ ≤ CI0(1 + t)−

3α1
4 − 1

2 .

(3.26)

• when [α1
2 ] = 2, then

⎧⎪⎨
⎪⎩

|G1| ≤ CI0|α1 − α1|(1 + t)− 5
2 , ∥G2(t)∥ ≤ CI0(1 + t)− 7

2 ,

|G1t | ≤ CI0|α1 − α1|(1 + t)−
α1
4 −2, ∥G2t (t)∥ ≤ CI0(1 + t)−

α1
2 − 3

2 ,

|G1t t | ≤ CI0|α1 − α1|(1 + t)−
α1
2 −1, ∥G2t t (t)∥ ≤ CI0(1 + t)−

α1
2 − 3

2 .

(3.27)

• when [α1
2 ] = 3, then

⎧⎪⎨
⎪⎩

|G1| ≤ CI0|α1 − α1|(1 + t)− 5
2 , ∥G2(t)∥ ≤ CI0(1 + t)− 7

2 ,

|G1t | ≤ CI0|α1 − α1|(1 + t)− 7
2 , ∥G2t (t)∥ ≤ CI0(1 + t)− 9

2 ,

|G1t t | ≤ CI0|α1 − α1|(1 + t)−
α1
4 − 5

2 , ∥G2t t (t)∥ ≤ CI0(1 + t)−
α1
2 − 3

2 .

(3.28)

• when [α1
2 ] ≥ 4, then

⎧⎪⎨
⎪⎩

|G1| ≤ CI0|α1 − α1|(1 + t)− 5
2 , ∥G2(t)∥ ≤ CI0(1 + t)− 7

2 ,

|G1t | ≤ CI0|α1 − α1|(1 + t)− 7
2 , ∥G2t (t)∥ ≤ CI0(1 + t)− 9

2 ,

|G1t t | ≤ CI0|α1 − α1|(1 + t)−5, ∥G2t t (t)∥ ≤ CI0(1 + t)− 11
2 .

(3.29)

Using the method similar to that for proving Lemma 3.1, we can prove Lemma 3.2. Therefore, 
we omit the proof of Lemma 3.2.

Theorem 3.2 (Convergence to asymptotic profiles (v̄, ū)(x, t) in Case 2). Assume (2.5), i ≥ 0, 
and j ≥ 0. When ∥V0∥2

3 + ∥V1∥2
2 and I0 are sufficiently small, the Cauchy problem of (3.19)

admits a unique global smooth solution (Vx,Vt ) satisfying

• when 2 < α1 < 20
9 , then

(Vx,Vt ) ∈ C(0,∞;L2(R)),

and

(1 + t)
4α1

5 −1∥ (Vx,Vt )∥2 ≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
. (3.30)

• when 20
9 ≤ α1 < 12

5 , then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),
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and

(1 + t)
5α1

4 −1∥ (Vx,Vt )∥2 +
∑︂

2≤i+j≤3

(1 + t)
9α1

4 −3∥∂i
x∂

j
t V ∥2 ≤ C

(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
.

(3.31)

• when 12
5 ≤ α1 ≤ 4, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

2≤i+j≤3

(1 + t)α1

ln2(2 + t)
∥∂i

x∂
j
t V ∥2 ≤ C

(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
. (3.32)

• when 4 < α1 < 6, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)4∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)α1∥∂i
x∂

j
t V ∥2 + (1 + t)4∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
. (3.33)

• when [α1
2 ] ≥ 3, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)4∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)6∥∂i
x∂

j
t V ∥2 + (1 + t)5∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
. (3.34)

Corollary 3.2. Let (v̄, ū) be the derived asymptotic profile in (2.12). Under the assumptions of 
Theorem 3.2, one has
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• when 20
9 ≤ α1 < 12

5 , then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
7α1

8 +1,∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

9α1
8 + 3

2 .

• when 12
5 ≤ α1 ≤ 4, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1) ln
1
2 (2 + t)(1 + t)

α1+2
4 ,∑︂

i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1) ln(2 + t)(1 + t)−

α1
2 .

• when 4 < α1 < 6, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−1− α1

4 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−2.

• when [α1
2 ] ≥ 3, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

5
2 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
9
4 .

Remark 3.1. In fact, in the proof of Section 5, for 5 
12 < a1 ≤ 4, by modifying the prior assump

tion to:

N2(T2) := sup 
0≤t≤T2

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ +
∑︂

2≤i+j≤3

(1 + t)
α1
2 ∥∂i

x∂
j
t V ∥ ≤ δ

and through a similar discussion, we can actually obtain

∑︂
2≤i+j≤3

(1 + t)α1∥∂i
x∂

j
t V ∥2 ≤ C

(︂
∥V0∥2

3 + ∥V1∥2
2 + I0

)︂
,

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)
α1+2

4 

and
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∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

α1
2 .

Case 3: From (2.1), (2.4) and (2.18),

{︄
(v − v̄)t − (u − ū)x = 0,

(u − ū)t + p′(v)vx + α1
1+t

(u − ū) = −α1−α1
1+t ū.

(3.35)

We define

V (x, t) =
xˆ

−∞
(v − v̄) (y, t)dy =

xˆ

−∞

(︁
v(y, t) − v

)︁
dy,

and from the first equation of (3.35), we have Vt(x, t) = (u − ū) (x, t). Since u − ū → 0 as 
x → ±∞ is expected, by integrating the first equation of (3.35) with respect to x and t , one 
gives

+∞ˆ

−∞
(v − v̄)(x, t)dx =

+∞ˆ

−∞
[v0(x) − v]dx = 0.

Thus, we may expect V (·, t) ∈ H 1, and the second equation of (3.35) can be rewritten as

⎧⎪⎨
⎪⎩

Vtt + (︁
p(v + Vx) − p(v)

)︁
x

+ α1
1+t

Vt = J,

V (x,0) = V0(x),

Vt (x,0) = V1(x),

(3.36)

where

J : = −α1 − α1

1 + t 
ū, (3.37)

V0(x) : =
xˆ

−∞
(v(y,0) − v̄) dy, (3.38)

V1(x) : = (u − ū) (x,0). (3.39)

The following is the main results of Case 3.

Lemma 3.3 (Estimates of J ). For t ∈ R+, when (v̄, ū)(x, t) satisfies (2.18), the following holds

{︃ ∥J∥ ≤ C|u|(1 + t)−1−α1 , ∥Jx∥ ≤ C|u|(1 + t)−1−α1,

∥Jt∥ ≤ C|u|(1 + t)−2−α1 , ∥Jtt∥ ≤ C|u|(1 + t)−3−α1 .
(3.40)
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Theorem 3.3 (Convergence to asymptotic profiles (v̄, ū)(x, t) in Case 3). Assume (2.5), i ≥ 0, 
and j ≥ 0. When ∥V0∥2

3 + ∥V1∥2
2 and |u| are sufficiently small, the Cauchy problem of (3.36)

admits a unique global smooth solution (Vx,Vt ) satisfying

• for 2 < α1 < 4, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

2≤i+j≤3

(1 + t)α1∥∂i
x∂

j
t V ∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + |u|

)︂
. (3.41)

• for [α1
2 ] = 2, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)4∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)α1∥∂i
x∂

j
t V ∥2 + (1 + t)4∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + |u|

)︂
. (3.42)

• for [α1
2 ] ≥ 3, then

(Vx,Vt ) ∈ C(0,∞;H 2(R)),

and

(1 + t)2∥ (Vx,Vt )∥2 +
∑︂

i+j=2

(1 + t)4∥∂i
x∂

j
t V ∥2

+
∑︂

i+j=3,i≠3

(1 + t)6∥∂i
x∂

j
t V ∥2 + (1 + t)5∥Vxxx∥2

≤ C
(︂
∥V0∥2

3 + ∥V1∥2
2 + |u|

)︂
. (3.43)

Corollary 3.3. Let (v̄, ū) be the derived asymptotic profile in (2.18). Under the assumptions of 
Theorem 3.3, one has
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• for 2 < α1 < 4, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
α1+2

4 ,∑︂
i+j=1

∥∂i
x∂

j
t (v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−

α1
2 .

• for [α1
2 ] = 2, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

α1
4 −1,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−2.

• for [α1
2 ] ≥ 3, then

∥(v − v̄, u − ū)(t)∥L∞ = O(1)(1 + t)−
3
2 ,∑︂

i+j=1

∥∂i
x∂

j
t (u − ū)(t)∥L∞ + ∥ (v − v̄)t (t)∥L∞ = O(1)(1 + t)−

5
2 ,

∥ (v − v̄)x (t)∥L∞ = O(1)(1 + t)−
9
4 .

4. Decay estimates for Case 1

The main goal of this section is to obtain the decay rates of the solution of (3.2) and its 
derivatives, and thereby derive the decay estimate for the solution of the original problem. For 
some δ ≪ 1 and 0 < T1 < ∞, we are dedicated to estimating the solution of (3.2) under the 
following a priori assumptions:

• when 2 < α1 < 3,

N1(T1) := sup 
0≤t≤T1

{(1 + t)−
1
2 ∥V ∥ + (1 + t)

1
2 ∥(Vt ,Vx)∥} ≤ δ.

• when 3 ≤ α1 < 4,

N1(T1) := sup 
0≤t≤T1

{(1 + t)−
1
2 ∥V ∥ + (1 + t)

1
2 ∥(Vt ,Vx)∥ + (1 + t)

α1−1
2 ∥(Vtt , Vtx,Vtx)∥

+ (1 + t)
α1−1

2 ∥(Vttt , Vttx,Vtxx,Vxxx)∥} ≤ δ.

• when [α1
2 ] = 2,

N1(T1) := sup 
0≤t≤T1

{(1 + t)−
1
2 ∥V ∥ + (1 + t)

1
2 ∥(Vt ,Vx)∥ + (1 + t)

3
2 ∥(Vtt , Vtx,Vtx)∥
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+ (1 + t)
α1−1

2 ∥(Vttt , Vttx,Vtxx)∥ + (1 + t)
3
2 ∥Vxxx∥} ≤ δ.

• when [α1
2 ] ≥ 3,

N1(T1) := sup 
0≤t≤T1

{(1 + t)−
1
2 ∥V ∥ + (1 + t)

1
2 ∥(Vt ,Vx)∥ + (1 + t)

3
2 ∥(Vtt , Vtx,Vtx)∥

+ (1 + t)
5
2 ∥(Vttt , Vttx,Vtxx)∥ + (1 + t)

3
2 ∥Vxxx∥} ≤ δ.

Before we start our proof, we present the following definition:

E1 := ∥V0∥2
3 + ∥V1∥2

2 + E0.

Lemma 4.1. Under the assumptions of Theorem 3.1, it holds that

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CE1(1 + t). (4.1)

By multiplying equation (3.2) by (1 + t)2Vt , integrating it over R, and applying integration 
by parts, we obtain:

d

dt

ˆ
(1 + t)2 V 2

t

2 
dx +

ˆ
(1 + t)2 (p(v̄ + Vx) − p(v̄))x Vtdx

+
ˆ (︂

(1 + t)α1(x)V 2
t − (1 + t)V 2

t

)︂
dx

≤
ˆ

(1 + t)2VtFdx. (4.2)

Through further calculations, we can obtain

d

dt

ˆ ⎛
⎝(1 + t)2 V 2

t

2 
+

Vxˆ

0 

(1 + t)2 (p(v̄) − p(v̄ + s)) ds

⎞
⎠dx

+
ˆ

(1 + t) (α1(x) − 1)V 2
t dx −

ˆ
C(1 + t)2|v̄t |∞V 2

x dx

−
Vx¨

0 

2(1 + t) (p(v̄) − p(v̄ + s)) dsdx

≤
ˆ

(1 + t)2VtFdx, (4.3)

due to

32 



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094 

ˆ
(p(v̄ + Vx) − p(v̄))x (1 + t)2ϕtdx

=
ˆ

d

dt

Vxˆ

0 

(1 + t)2 (p(v̄) − p(v̄ + s)) dsdx

+
ˆ

(1 + t)2 (︁
p(v̄ + Vx) − p(v̄) − p′(v̄)Vx

)︁
v̄t

−
Vx¨

0 

2(1 + t) (p(v̄) − p(v̄ + s)) dsdx

≥
ˆ

d

dt

Vxˆ

0 

(1 + t)2 (p(v̄) − p(v̄ + s)) dsdx

−
ˆ

C(1 + t)2|v̄t |∞V 2
x dx

−
Vx¨

0 

2(1 + t) (p(v̄) − p(v̄ + s)) dsdx.

Additionally, multiplying (3.2) by (1 + t)V and integrating it over R, we obtain:

d

dt

ˆ (︃
(1 + t)VtV + α1(x)

V 2

2 
− 1

2
V 2

)︃
dx

+
ˆ

(1 + t) (p(v̄) − p(v̄ + Vx))Vxdx −
ˆ

(1 + t)V 2dx

≤
ˆ

(1 + t)V Fdx. (4.4)

Notice that

Vxˆ

0 

(p(v̄) − p(v̄ + s)) ds = p(v̄)Vx −
Vxˆ

0 

p(v̄ + s)ds

= p(v̄ + Vx)Vx − p′(v̄ + Vx)V
2
x −

Vxˆ

0 

p(v̄ + s)ds +
Vxˆ

0 

p(v̄ + s)ds

− p(v̄ + Vx)Vx + p′(v̄ + Vx)
V 2

x

2 
+ o(V 2

x )

= −p′(v̄ + Vx)
V 2

x

2 
+ o(V 2

x ),

and
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(p(v̄) − p(v̄ + Vx))Vx = −p′(v̄ + Vx)

2 
V 2

x + o(V 2
x ).

Hence, we see

Vx¨

0 

−2 (p(v̄) − p(v̄ + s)) dsdx ≥ α1 + 4

6 

ˆ
p′(v̄ + Vx)V

2
x dx, (4.5)

and
ˆ

(p(v̄) − p(v̄ + Vx))Vxdx ≥ α1 + 2

2α1

ˆ
−p′(v̄ + Vx)V

2
x dx. (4.6)

From (4.5), (4.6) and Corollary 2.1, by calculating k · (4.3) + (4.4), the following is obtained:

d

dt

ˆ
k

⎛
⎝(1 + t)2 V 2

t

2 
+

Vxˆ

0 

(1 + t)2 (p(v̄) − p(v̄ + s)) ds

⎞
⎠dx

+ d

dt

ˆ (︃
(1 + t)VtV + α1(x)

V 2

2 
− 1

2
V 2

)︃
dx

(︃
α1 + 2

2α1
− k

α1 + 4

6 

)︃ˆ
−p′(v̄ + Vx)(1 + t)V 2

x dx

−
ˆ

CE0(1 + t)V 2
x dx +

ˆ
(k (α1(x) − 1) − 1) (1 + t)V 2

t dx

≤
ˆ

k(1 + t)2VtFdx +
ˆ

(1 + t)V Fdx. (4.7)

Due to Cauchy’s inequality, we have

ˆ
(1 + t)VtV dx ≤ 1 

2ε

ˆ
(1 + t)2V 2

t dx + ε

2

ˆ
V 2dx. (4.8)

Therefore, we select ε and k that satisfy the following conditions

{︄
α1+2
2α1

− k
α1+4

6 > 0, k (α1(x) − 1) − 1 > k
(︁
α1 − 1

)︁ − 1 > 0, k > 0,

1
ε

< k, ε < α1 − 1 < α(x) − 1.

Additionally, the following specific choices for ε and k can be made:

k = 2 
α1

, ε = 3α1 − 2

4 
. (4.9)

Then, form (4.9), by integrating (4.7) with respect to t , we obtain
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ˆ (︃
α1 − 2 

α1(3α1 − 2)
(1 + t)2V 2

t + 1 
2α1

(1 + t)2V 2
x + α1 − 2

8 
V 2

)︃
dx

+
ẗ

0 

−α1 − 2

6α1
p′(v̄ + Vx)(1 + s)V 2

x dxds −
ẗ

0 

CE0(1 + t)V 2
x dxds

+
ẗ

0 

α1 − 2

α1
(1 + s)V 2

t dxds

≤ CE1 +
ẗ

0 

2 
α1

(1 + s)2VtFdxds +
ẗ

0 

(1 + s)V Fdxds. (4.10)

Next, let’s estimate the last two terms of (4.10). With Corollary 2.1, the a priori assumption, 
and Hölder’s inequality taken into consideration, we can get

ẗ

0 

(1 + s)V F1dxds ≤
ẗ

0 

|(1 + s)V F1|dxds

≤ CE0

ẗ

0 

|α1 − α1|(1 + s)−
α1
4 + 1

2 |V |dxds

≤ CE0

tˆ

0 

∥α1 − α1∥L1(1 + s)−
α1
4 + 1

2 |V |∞ds

≤ CE1(1 + t)−
α1
4 + 3

2 , (4.11)

ẗ

0 

(1 + s)V F2dxds ≤
tˆ

0 

(1 + s)∥V ∥∥F2∥ds

≤ CE1(1 + t), (4.12)

ẗ

0 

(1 + s)2VtF1dxds =
tˆ

0 

d

ds

ˆ
(1 + s)2V F1dxds

−
ẗ

0 

2(1 + s)V F1dxds −
ẗ

0 

(1 + s)2V F1t dxds

≤
ˆ

(1 + t)2V F1dx +
ẗ

0 

2(1 + s)|V ||F1|dxds
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+ CE1 +
ẗ

0 

(1 + s)2|V ||F1t |dxds

≤ CE0

tˆ

0 

∥α1 − α1∥L1(1 + s)−
α1
4 + 1

2 |V |∞ds + CE1

≤ CE1(1 + t)−
α1
4 + 3

2 , (4.13)

and

ẗ

0 

(1 + s)2VtF2dxds ≤
tˆ

0 

(1 + s)2∥Vt∥∥F2∥ds

≤ CE1(1 + t). (4.14)

Hence, from (4.10)--(4.14) and the smallness of E1, we obtain

ˆ (︂
(1 + t)2V 2

t + (1 + t)2V 2
x + V 2

)︂
dx

+
ẗ

0 

(1 + s)V 2
x dxds +

ẗ

0 

(1 + s)V 2
t dxds

≤ CE1(1 + t), (4.15)

which implies (4.1). This completes the proof of Lemma 4.1.
Next, we will estimate the decay estimates of ∥Vxx∥, ∥Vtx∥, and ∥Vtt∥.

Lemma 4.2. Under the assumptions of Theorem 3.1, for 0 < θ < 1, it holds that

• when 3 ≤ α1 < 4, then

(1 + t)α1−θ∥(Vxx,Vtx,Vtt )(t)∥2 +
tˆ

0 

(1 + s)α1−1−θ∥(Vxx,Vtx,Vtt )(s)∥2ds

≤ CE1(1 + t)1−θ . (4.16)

• when [α1
2 ] ≥ 2, then

(1 + t)4−θ∥(Vxx,Vtx,Vtt )(t)∥2 +
tˆ

0 

(1 + s)3−θ∥(Vxx,Vtx,Vtt )(s)∥2ds

≤ CE1(1 + t)1−θ . (4.17)
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Proof. Differentiate (3.2) in t ,

Vttt + (1 + t)−1α1(x)Vtt + (︁
p′(v̄ + Vx)Vtx + (︁

p′(v̄ + Vx) − p′(v̄)
)︁
v̄t

)︁
x

− (1 + t)−2α1(x)Vt = Ft . (4.18)

Multiplying (4.18) by (1 + t)βVtt , integrating over R, we obtain

d

dt

ˆ (︃
(1 + t)β

V 2
t t

2 
− 1

2
(1 + t)β−2α1(x)V 2

t

)︃
dx

+
ˆ (︂

− β

2 
(1 + t)β−1V 2

t t + (1 + t)β−1α1(x)V 2
t t

+ (β − 2)

2 
(1 + t)β−3α1(x)V 2

t − p′(v̄ + Vx)(1 + t)βVttxVtx

+ (︁
(p′(v̄ + Vx) − p′(v̄))v̄t

)︁
x
(1 + t)βVtt

)︂
dx

=
ˆ

(1 + t)βVttFtdx. (4.19)

Through further calculations, we obtain

d

dt

ˆ (︃
(1 + t)β

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)βV 2

tx − 1

2
(1 + t)β−2α1(x)V 2

t

)︃
dx

+
ˆ (︂

− β

2 
(1 + t)β−1V 2

t t + (1 + t)β−1α1(x)V 2
t t

+ p′(v̄ + Vx)

2 
(1 + t)β (Vtx + v̄t ) V 2

tx + β

2 
p′(v̄ + Vx)(1 + t)β−1V 2

tx

+ p′′(v̄ + Vx)(1 + t)β v̄tVxxVtx + (p′(v̄ + Vx) − p′(v̄))v̄tx(1 + t)βVtt

+ (︁
p′′(v̄ + Vx) − p′′(v̄)

)︁
v̄t v̄x(1 + t)βVtt + (β − 2)

2 
(1 + t)β−3α1(x)V 2

t

)︂
dx

=
ˆ

(1 + t)βVttFtdx. (4.20)

Next, multiplying (4.18) by (1 + t)β−1Vt , integrating it over R, we have

d

dt

ˆ (︃
(1 + t)β−1VttVt + (α1(x) − β + 1) (1 + t)β−2 V 2

t

2 

)︃
dx

−
ˆ (︂

(1 + t)β−1V 2
t t + α1(x)(1 + t)β−3V 2

t + (β − 2) (α1(x) − β + 1)

2 
(1 + t)β−3V 2

t

+ p′(v̄ + Vx)(1 + t)β−1V 2
tx + (︁

p′(v̄ + Vx) − p′(v̄)
)︁
v̄t (1 + t)β−1Vtx

)︂
dx

=
ˆ

(1 + t)β−1VtFtdx. (4.21)
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For 3 ≤ α1 < 4, applying the a priori assumption, Corollary 2.1 and Hölder’s inequality, we can 
derive

ˆ (︂p′(v̄ + Vx)

2 
(1 + t)β (Vtx + v̄t ) V 2

tx + (p′(v̄ + Vx) − p′(v̄))v̄tx(1 + t)βVtt

+ p′′(v̄ + Vx)(1 + t)β v̄tVxxVtx + (︁
p′′(v̄ + Vx) − p′′(v̄)

)︁
v̄t v̄x(1 + t)βVtt

− (︁
p′(v̄ + Vx) − p′(v̄)

)︁
v̄t (1 + t)β−1Vtx

)︂
dx

≤ C|Vtx + v̄t |∞∥Vtx∥2(1 + t)β + C|Vx |∞∥v̄tx∥∥Vtt∥(1 + t)β

+ C|v̄t |∞∥Vtx∥∥Vxx∥(1 + t)β + C|Vx |∞|v̄t |∞∥v̄x∥∥Vtt∥(1 + t)β

+ C|Vx |∞∥v̄t∥∥Vtt∥(1 + t)β−1

≤ C(δ + E0)(1 + t)β− α1−1
2 ∥Vtx∥2 + CE1(1 + t)β− 5α1

4 + 1
2

+ CE1(1 + t)β−α−1 + CE1(1 + t)β− 3α1
4 − 3

2 . (4.22)

By calculating (4.21) + k1 · (4.20), and applying (4.22) and Lemma 4.1, we obtain

d

dt

ˆ
k1

(︃
(1 + t)β

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)βV 2

tx − 1

2
(1 + t)β−2α1(x)V 2

t

)︃
dx

+ d

dt

ˆ (︃
(1 + t)β−1VttVt + (α1(x) − β + 1) (1 + t)β−2 V 2

t

2 

)︃
dx

+
ˆ (︂

k1

(︂
α1(x) − β

2 

)︂
− 1

)︂
(1 + t)β−1V 2

t t dx

−
ˆ (︂

1 − k1
β

2 

)︂
p′(v̄ + Vx)(1 + t)β−1V 2

txdx

≤ C

ˆ
(1 + t)β−3V 2

t dx + CE1(1 + t)β− 5α1
4 + 1

2

+
ˆ

k1(1 + t)βVttFtdx +
ˆ

(1 + t)β−1VtFtdx

+ C(δ + E0)(1 + t)β− α1−1
2 ∥Vtx∥2

≤ CE1

(︂
(1 + t)β−4 + (1 + t)β− 5α1

4 + 1
2

)︂
+
ˆ

k1(1 + t)βVttFtdx

+
ˆ

(1 + t)β−1VtFtdx + C(δ + E0)(1 + t)β− α1−1
2 ∥Vtx∥2. (4.23)

Subsequently, considering the a priori assumption, Lemma 3.1, and Hölder’s inequality, it follows 
that

ˆ
(1 + t)β−1VtF1t dxds ≤

ˆ
(1 + t)β−1|Vt ||F1t |dx

≤ CE0∥α1 − α1∥L1(1 + t)β− α1
4 − 5

2 |Vt |∞
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≤ CE0(1 + t)β− α1
2 − 5

2 , (4.24)
ˆ

(1 + t)β−1VtF2t dx ≤ (1 + t)β−1∥Vt∥∥F2t∥

≤ CE1(1 + t)β− α1
2 −2, (4.25)

ˆ
(1 + t)βVttF1t dxds ≤

ˆ
(1 + t)β |Vtt ||F1t |dx

≤ CE0(1 + t)β− α1
4 − 3

2 ∥α1 − α1∥∥Vtt∥
≤ CE0(1 + t)β− 3α1

4 −1 (4.26)

and
ˆ

(1 + t)βVttF2t dxds ≤ (1 + t)β |∥Vtt∥∥F2t∥

≤ CE1(1 + t)β−α1 . (4.27)

By using Cauchy’s inequality and Lemma 4.1, we have

ˆ
k1

(︃
(1 + t)β

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)βV 2

tx − 1

2
(1 + t)β−2α1(x)V 2

t

)︃
dx

+
ˆ (︃

(1 + t)β−1VttVt + (α1(x) − β + 1) (1 + t)β−2 V 2
t

2 

)︃
dx

−
ˆ (︃

α1(x) − β + 1 − 1 
2k1

− k1

2 
α1(x)

)︃
(1 + t)β−2 V 2

t

2 
dx

≥
ˆ (︃

(k1 − k1

2 
)(1 + t)β

V 2
t t

2 
− k1p

′(v̄ + Vx)

2 
(1 + t)βV 2

tx

)︃
dx

+
ˆ (︃

α1(x) − β + 1 − 1 
2k1

− k1

2 
α1(x)

)︃
(1 + t)β−2 V 2

t

2 
dx

−
ˆ (︃

α1(x) − β + 1 − 1 
2k1

− k1

2 
α1(x)

)︃
(1 + t)β−2 V 2

t

2 
dx

≥
ˆ (︃

(k1 − k1

2 
)(1 + t)β

V 2
t t

2 
− k1p

′(v̄ + Vx)

2 
(1 + t)βV 2

tx

)︃
dx. (4.28)

From (4.23)--(4.27), we have

d

dt

ˆ
k1

(︃
(1 + t)β

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)βV 2

tx − 1

2
(1 + t)β−2α1(x)V 2

t

)︃
dx

+ d

dt

ˆ (︃
(1 + t)β−1VttVt + (α1(x) − β + 1) (1 + t)β−2 V 2

t

2 

)︃
dx
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− d

dt

ˆ (︃
α1(x) − β + 1 − 1 

2k1
− k1

2 
α1(x)

)︃
(1 + t)β−2 V 2

t

2 
dx

+
ˆ (︂

k1

(︂
α1(x) − β

2 

)︂
− 1

)︂
(1 + t)β−1V 2

t t dx

−
ˆ (︂

1 − k1
β

2 

)︂
p′(v̄ + Vx)(1 + t)β−1V 2

txdx

≤ CE1

(︂
(1 + t)β−4 + (1 + t)β− 5α1

4 + 1
2 + (1 + t)β−α1 + 1

)︂

− d

dt

ˆ (︃
α1(x) − β + 1 − 1 

2k1
− k1

2 
α1(x)

)︃
(1 + t)β−2 V 2

t

2 
dx

+ C(δ + E0)(1 + t)β− α1−1
2 ∥Vtx∥2. (4.29)

Hence, choosing β = α1 − θ and k1 = 2 
α1

, integrating (4.29) with respect to t and applying 
α1−1

2 ≥ 1, one has

ˆ (︃
k1

4 
(1 + t)α1−θV 2

t t − k1p
′(v̄ + Vx)

2 
(1 + t)α1−θV 2

tx

)︃
dx

+ θ

ẗ

0 

(1 + s)α1−1−θV 2
t t dxds + θ

ẗ

0 

(1 + s)α1−1−θV 2
txdxds

≤ CE1(1 + t)1−θ + C(δ + E0)

tˆ

0 

(1 + s)1−θ− α1−1
2 (1 + s)α1−1∥Vtx∥2ds

≤ CE1(1 + t)1−θ + C(δ + E0)(1 + t)1−θ sup 
0≤t≤T

(1 + t)α1−1∥Vtx∥2, (4.30)

and
ˆ

−k1p
′(v̄ + Vx)

2 
(1 + t)α1−1V 2

txdx

≤ C(δ + E0) sup 
0≤t≤T

(1 + t)α1−1∥Vtx∥2 + CE1, (4.31)

for any 0 ≤ t ≤ T . From (4.31), using the smallness of δ and E1, we have

(1 + t)α1−1∥Vtx(t)∥2 ≤ CE1, (4.32)

for any 0 ≤ t ≤ T , which, together with (4.31), implies

(1 + t)α1−θ∥(Vtt , Vtx)(t)∥2 +
tˆ

0 

(1 + s)α1−1−θ∥(Vtt , Vtx)(s)∥2ds

≤ CE1(1 + t)1−θ . (4.33)
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Next, from (3.2), we have

Vtt + (p′(v̄ + Vx) − p′(v̄))v̄x + (1 + t)−1α1Vt − F = −p′(v̄ + Vx)Vxx, (4.34)

which shows that

∥Vxx∥2 ∼∥Vtt∥2 + (1 + t)−1+ α1
2 ∥Vx∥2 + (1 + t)−2∥Vt∥2

+ E0(1 + t)−
α1
2 −1 + E0(1 + t)−

3
2 . (4.35)

Combining (4.33) and (4.35), we can derive

(1 + t)α1−θ∥Vxx(t)∥2 + θ

tˆ

0 

(1 + s)α1−1−θ∥Vxx(s)∥2ds

≤ CE1(1 + t)1−θ , (4.36)

which, together with (4.33), gives (4.16).

For [α1
2 ] ≥ 2, choosing β = 4 − θ , multiplying (4.18) by 

(︂
1
2 (1 + t)4−θVtt + (1 + t)3−θVt

)︂
and using a proof method similar to the one mentioned above, we can obtain

(1 + t)4−θ∥(Vtx,Vtt )(t)∥2 + θ

tˆ

0 

(1 + s)3−θ∥(Vtx,Vtt )(s)∥2ds

≤ CE1(1 + t)1−θ . (4.37)

Similar to the proof of (4.36), from (4.34) and (4.37), we obtain

(1 + t)4−θ∥Vxx(t)∥2 + θ

tˆ

0 

(1 + s)3−θ∥Vxx(s)∥2ds

≤ CE1(1 + t)1−θ , (4.38)

which, together with (4.37), gives (4.17). This completes the proof of Lemma 4.2. □
Similar to the proof of Lemma 4.2, for the following lemma, we only present the framework 

of its proof.

Lemma 4.3. Under the assumptions of Theorem 3.1, for 0 < θ < 1, i ≥ 0 and j ≥ 0, it holds that

• when 3 ≤ α1 < 4, then

∑︂
i+j=3

(1 + t)α1−θ∥∂i
x∂

j
t V (t)∥2 + θ

tˆ

0 

∑︂
i+j=3

(1 + s)α1−1−θ∥∂i
x∂

j
t V (s)∥2ds
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≤ CE1(1 + t)1−θ . (4.39)

• when [α1
2 ] = 2, then

∑︂
i+j=3,i≠3

(1 + t)α1−θ∥∂i
x∂

j
t V (t)∥2 + θ

tˆ

0 

∑︂
i+j=3,i≠3

(1 + s)α1−1−θ∥∂i
x∂

j
t V (s)∥2ds

+ (1 + t)4−θ∥∂3
xV (t)∥2 + θ

tˆ

0 

(1 + s)3−θ∥∂3
xV (s)∥2ds ≤ CE1(1 + t)1−θ . (4.40)

• when [α1
2 ] ≥ 3, then

∑︂
i+j=3,i≠3

(1 + t)6−θ∥∂i
x∂

j
t V (t)∥2 + θ

tˆ

0 

∑︂
i+j=3,i≠3

(1 + s)5−θ∥∂i
x∂

j
t V (s)∥2ds

+ (1 + t)4−θ∥∂3
xV (t)∥2 + θ

tˆ

0 

(1 + s)3−θ∥∂3
xV (s)∥2ds ≤ CE1(1 + t)1−θ . (4.41)

Proof. Differentiate (3.2) in x,

Vttx + (1 + t)−1α1(x)Vtx + (︁
p′(v̄ + Vx)Vxx + (︁

p′(v̄ + Vx) − p′(v̄)
)︁
v̄x

)︁
x

+ (1 + t)−1α1x(x)Vt = Fx. (4.42)

It can be obtained from (4.18) and (4.42) that

∥Vtxx∥2 ∼ ∥Vttt∥2 + (1 + t)−2∥Vtt∥2 + (|v̄x |2∞ + |Vxx |2∞)∥Vtx∥2 + |v̄t |2∞∥Vxx∥2

+ (1 + t)−4∥Vt∥2 +
(︂
|v̄x |2∞|v̄t |2∞ + |v̄tx |2∞

)︂
∥Vx∥2 + ∥Ft∥2, (4.43)

and

∥Vxxx∥2 ∼ ∥Vttx∥2 + (1 + t)−2∥Vtx∥2 + (|v̄x |2∞ + |Vxx |2∞)∥Vxx∥2

+
(︂
|v̄x |4∞ + |v̄xx |2∞

)︂
∥Vx∥2 + (1 + t)−2|Vt |2∞ + ∥Fx∥2. (4.44)

First, let’s estimate the decay estimates of Vttt and Vttx . Differentiate (3.2) in t ,

Vtttt + (1 + t)−1α1(x)Vttt + (︁
p′(v̄ + Vx)Vtx + (︁

p′(v̄ + Vx) − p′(v̄)
)︁
v̄t

)︁
tx

− 2(1 + t)−2α1(x)Vtt + 2(1 + t)−3α1(x)Vt = Ftt . (4.45)

By calculating 
(︂
(1 + t)β2Vttt · (4.45) + k2(1 + t)β2−1Vtt · (4.45)

)︂
with β2 will be determined 

later, we have
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d

dt

ˆ (︃
(1 + t)β2

V 2
t t t

2 
− p′(v̄ + Vx)

2 
(1 + t)β2V 2

t tx + k2(1 + t)β2−1VtttVtt

+ k2α1(x)

2 
(1 + t)β2−2V 2

t t − (1 + t)β2−2α1(x)V 2
t t − k2(β2 − 1)

2 
(1 + t)β2−2V 2

t t

+ 2(1 + t)β2−3α1(x)VtVtt + k2(1 + t)β2−4α1(x)V 2
t

− (β2 − 3)(1 + t)β2−4α1(x)V 2
t

)︂
dx +

ˆ (︄(︂
(1 + t)β2−1α1(x)

− k2(1 + t)β2−1 − β2

2 
(1 + t)β2−1

)︂
V 2

t t t

+
(︃

− k2p
′(v̄ + Vx)(1 + t)β2−1 + p′′(v̄ + Vx)

2 
(v̄t + Vtx)(1 + t)β2

+ β2p
′(v̄ + Vx)

2 
(1 + t)β2−1

)︃
V 2

t tx +
(︂

− 2k2(1 + t)β2−3α1(x)

− k2
β2 − 2

2 
(1 + t)β2−3α1(x) − 2(1 + t)β2−3α1(x)

+ k2(β2 − 1)(β2 − 2)

2 
(1 + t)β2−3 + (β2 − 2)(1 + t)β2−3α1(x)

)︂
V 2

t t

+
(︂
−k2(β2 − 4)(1 + t)β2−5 + (β2 − 3)(β2 − 4)(1 + t)β2−5

)︂
α1(x)V 2

t

)︄
dx

− C(1 + t)β2A
1
2 ∥Vttt∥ − C(1 + t)β2−1B

1
2 ∥Vttx∥

≤
ˆ (︂

(1 + t)β2GttVttt + k2(1 + t)β2−1GttVtt

)︂
dx, (4.46)

where

A =
ˆ (︂

p′′′(v̄ + Vx)
2(v̄t + Vtx)

2(v̄x + Vxx)
2V 2

tx

+ p′′(v̄ + Vx)
2(v̄tx + Vtxx)

2V 2
tx + p′′(v̄ + Vx)

2(v̄t + Vtx)
2V 2

txx

+ p′′(v̄ + Vx)
2v̄2

t tV
2
xx + (︁

p′′(v̄ + Vx) − p′′(v̄)
)︁2

v̄2
x v̄

2
t t

+ (︁
p′(v̄ + Vx) − p′(v̄)

)︁2
v̄2
t tx + p′′′(v̄ + Vx)

2(v̄x + Vxx)
2v̄2

t V
2
tx

+ p′′(v̄ + Vx)
2v̄2

t V
2
txx + p′′(v̄ + Vx)

2v̄2
txV

2
tx

+ 4
(︁
p′′(v̄ + Vx) − p′′(v̄)

)︁2
v̄2
t v̄

2
tx + p′′′(v̄ + Vx)

2v̄4
t V

2
xx

+ (︁
p′′(v̄ + Vx) − p′′(v̄)

)︁2
v̄4
t v̄

2
x

)︂
dx, (4.47)

and

B =
ˆ (︂

p′′(v̄ + Vx)
2(v̄t + Vtx)

2V 2
tx + p′′(v̄ + Vx)

2v̄2
t V

2
tx
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+ (︁
p′(v̄ + Vx) − p′(v̄)

)︁2
v̄2
t t + (︁

p′′(v̄ + Vx) − p′′(v̄)
)︁2

v̄4
t

)︂
dx. (4.48)

Next, for 3 < α1 ≤ 4, we choose β2 = α1 − θ and k2 = α1
2 ; for [α1

2 ] = 2, we choose β2 = α1 − θ

and k2 = α1
2 ; for [α1

2 ] ≥ 3, we choose β2 = 6 − θ and k2 = 3. And by referring to the previous 
proof, we can obtain the decay estimates of ∥Vttt∥2 and ∥Vttx∥2. Then, from (4.30), (4.44), the 
estimates of ∥(Vttt , Vttx)∥2, Lemma 3.1, Lemma 4.1 and Lemma 4.2, we can obtain the estimates 
of ∥(Vtxx,Vxxx)∥2. This completes the proof of Lemma 4.3. □

From Lemma 4.1--Lemma 4.3, it simply follows that Theorem 3.1 is valid.

5. Decay estimates for Case 2

The primary objective of this section is to determine the decay rates of the solution of (3.18)
and its derivatives, and subsequently deduce the decay estimate for the solution of the original 
problem. For some δ ≪ 1 and 0 < T2 < ∞, we focus on estimating the solution of (3.18) based 
on the following a priori assumptions:

• when 2 < α1 < 20
9 , then

N2(T2) := sup 
0≤t≤T2

{(1 + t)
5α1

8 − 3
2 ∥V ∥ + (1 + t)

5α1
8 − 1

2 ∥(Vt ,Vx)∥} ≤ δ.

• when 20
9 ≤ α1 < 12

5 , then

N2(T2) := sup 
0≤t≤T2

{(1 + t)
5α1

8 − 3
2 ∥V ∥ + (1 + t)

5α1
8 − 1

2 ∥(Vt ,Vx)∥

+ (1 + t)
9α1

8 − 3
2 ∥(Vtt , Vtx,Vxx)∥ + (1 + t)

9α1
8 − 3

2 ∥(Vttt , Vttx,Vtxx,Vxxx)∥} ≤ δ.

• when 12
5 ≤ α1 ≤ 4, then

N2(T2) := sup 
0≤t≤T2

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)
α1
2 

ln(2 + t) 
∥(Vtt , Vtx,Vxx)∥

+ (1 + t)
α1
2 

ln(2 + t) 
∥(Vttt , Vttx,Vtxx,Vxxx)∥} ≤ δ.

• when 4 < α1 < 6, then

N2(T2) := sup 
0≤t≤T2

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)2∥(Vtt , Vtx,Vxx)∥

+ (1 + t)
α1
2 ∥(Vttt , Vttx,Vtxx)∥ + (1 + t)2∥Vxxx∥} ≤ δ.
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• when [α1
2 ] ≥ 3, then

N2(T2) := sup 
0≤t≤T2

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)2

ln(2 + t)
∥(Vtt , Vtx,Vxx)∥

+ (1 + t)3∥(Vttt , Vttx,Vtxx)∥ + (1 + t)
5
2 ∥Vxxx∥} ≤ δ.

Before we start our proof, we present the following definition:

I1 := ∥V0∥2
3 + ∥V1∥2

2 + I0.

Lemma 5.1. Under the assumptions of Theorem 3.2, it holds that

• for 2 < α1 < 12
5 , then

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CI1(1 + t)3− 5α1
4 . (5.1)

• for 12
5 ≤ α1, then

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CI1. (5.2)

Proof. Similar to the discussion in Lemma 4.1, multiplying (3.26) by 
(︂

2 
α1

(1+ t)2Vt + (1+ t)V
)︂

and integrating it respect to x and t , we obtain

ˆ (︃
α1 − 2 

α1(3α1 − 2)
(1 + t)2V 2

t + 1 
2α1

(1 + t)2V 2
x + α1 − 2

8 
V 2

)︃
dx

+
ẗ

0 

−α1 − 2

6α1
p′(v̄ + Vx)(1 + s)V 2

x dxds −
ẗ

0 

CI0(1 + t)V 2
x dxds

+
ẗ

0 

α1 − 2

α1
(1 + s)V 2

t dxds

≤
ẗ

0 

2 
α1

(1 + s)2VtGdxds +
ẗ

0 

(1 + s)V Gdxds. (5.3)
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Subsequently, we will proceed to estimate the final two terms of (5.3). By invoking Lemma 3.2, 
leveraging the a priori assumption, and applying Hölder’s inequality, one gets

• when 2 < α1 < 12
5 , then

ẗ

0 

(1 + s)V G1dxds ≤
ẗ

0 

|(1 + s)V G1|dxds

≤ CI0

ẗ

0 

|α1 − α1|(1 + s)−
5α1

8 + 1
2 |V |dxds

≤ CI0

tˆ

0 

∥α1 − α1∥L1(1 + s)−
5α1

8 + 1
2 |V |∞ds

≤ CI0(1 + t)−
5α1

4 +3 + CI0, (5.4)

ẗ

0 

(1 + s)V G2dxds ≤
tˆ

0 

(1 + s)∥V ∥∥G2∥ds

≤ CI0(1 + t)−
7α1

4 +4 + CI0, (5.5)

ẗ

0 

(1 + s)2VtG1dxds ≤
tˆ

0 

(1 + s)2∥Vt∥∥G1∥ds

≤ CI0

tˆ

0 

(1 + s)2− 5α1
8 − 1

2 − 5α1
8 + 1

2 ds

≤ CI0(1 + t)3− 5α1
4 + CI0, (5.6)

and

ẗ

0 

(1 + s)2VtG2dxds ≤
tˆ

0 

(1 + s)2∥Vt∥∥G2∥ds

≤ CI0(1 + t)−
7α1

4 +4 + CI0. (5.7)

• when 12
5 < α1, then

ẗ

0 

(1 + s)V G1dxds ≤
ẗ

0 

|(1 + s)V G1|dxds
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≤ CI0

ẗ

0 

|α1 − α1|(1 + s)−1|V |dxds

≤ CI0

tˆ

0 

∥α1 − α1∥L1(1 + s)−1|V |∞ds

≤ CI0, (5.8)

ẗ

0 

(1 + s)V G2dxds ≤
tˆ

0 

(1 + s)∥V ∥∥G2∥ds

≤ CI0, (5.9)

ẗ

0 

(1 + s)2VtG1dxds ≤
ẗ

0 

|(1 + s)2VtG1|dxds

≤ CI0

ẗ

0 

|α1 − α1||Vt |dxds

≤ CI0

tˆ

0 

∥α1 − α1∥L1 |Vt |∞ds

≤ CI0, (5.10)

and

ẗ

0 

(1 + s)2VtG2dxds ≤
tˆ

0 

(1 + s)2∥Vt∥∥G2∥ds

≤ CI0. (5.11)

Hence, from (5.3)--(5.7), we obtain

• for 2 < α1 < 12
5 , then

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CI1(1 + t)3− 5α1
4 . (5.12)
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• for 12
5 < α1, then

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CI1. (5.13)

When α1 = 12
5 , for a suitably small θ̄ > 0, multiply (3.26) by 

(︂
2 
α1

(1 + t)2+θ̄ Vt + (1 + t)1+θ̄ V
)︂

; 
through a discussion similar to the above proof, we can obtain

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds ≤ CI1.

This completes the proof of Lemma 5.1. □
Next, we will estimate the decay estimates of ∥Vxx∥, ∥Vtx∥, and ∥Vtt∥.

Lemma 5.2. Under the assumptions of Theorem 3.2, it holds that

• when 20
9 ≤ α1 < 12

5 , for 0 < θ <
−5α1

4 + 3, then

(1 + t)α1−θ∥(Vxx,Vtx,Vtt )(t)∥2 + θ

tˆ

0 

(1 + s)α1−1−θ∥(Vxx,Vtx,Vtt )(s)∥2ds

≤ CI1(1 + t)
−5α1

4 +3−θ . (5.14)

• when 12
5 ≤ α1 ≤ 4, then

(1 + t)α1∥(Vxx,Vtx,Vtt )(t)∥2 ≤ CI1 ln2(2 + t). (5.15)

• when 4 < α1, then

(1 + t)4∥(Vxx,Vtx,Vtt )(t)∥2 ≤ CI1. (5.16)

Proof. Following a similar approach to the discussion in Lemma 4.2, multiplying ∂t(3.26) by (︂
k3(1 + t)β3Vtt + (1 + t)β3−1Vt

)︂
and integrating it respect to x and t , we obtain

ˆ
k3

(︃
(1 + t)β3

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)βV 2

tx − 1

2
(1 + t)β3−2α1(x)V 2

t

)︃
dx

+
ˆ (︃

(1 + t)β3−1VttVt + (α1(x) − β3 + 1) (1 + t)β3−2 V 2
t

2 

)︃
dx
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+
ẗ

0 

(︂
k3

(︂
α1(x) − β3

2 

)︂
− 1

)︂
(1 + s)β3−1V 2

t t dxds

−
ẗ

0 

(︂
1 − k3β3

2 

)︂
p′(v̄ + Vx)(1 + s)β3−1V 2

txdxds

≤ C

tˆ

0 

|D|ds +
ẗ

0 

k3(1 + s)β3VttGtdxds +
ẗ

0 

(1 + s)β3−1VtGtdxds

+ C

ẗ

0 

(1 + s)β3−3V 2
t dxds + CI1, (5.17)

where

D =
ˆ (︂p′(v̄ + Vx)

2 
(1 + t)β3 (Vtx + v̄t ) V 2

tx + (p′(v̄ + Vx) − p′(v̄))v̄tx(1 + t)β3Vtt

+ p′′(v̄ + Vx)(1 + t)β v̄tVxxVtx + (︁
p′′(v̄ + Vx) − p′′(v̄)

)︁
v̄t v̄x(1 + t)β3Vtt

− (︁
p′(v̄ + Vx) − p′(v̄)

)︁
v̄t (1 + t)β3−1Vtx

)︂
dx

≤ C|Vtx + v̄t |∞∥Vtx∥2(1 + t)β3 + C|Vx |∞∥v̄tx∥∥Vtt∥(1 + t)β3

+ C|v̄t |∞∥Vtx∥∥Vxx∥(1 + t)β3 + C|Vx |∞|v̄t |∞∥v̄x∥∥Vtt∥(1 + t)β3

+ C|Vx |∞∥v̄t∥∥Vtt∥(1 + t)β3−1. (5.18)

Applying Hölder’s inequality, Lemma 3.2 and the a priori assumption, it holds that

• when 20
9 ≤ α1 < 12

5 , by choosing β3 = α1 − θ, k3 = 2 
α1

, then

|D| ≤ C (δ1 + I0) (1 + s)α1−1−θ∥Vtx∥2 + CI0(1 + t)−
3α1

2 + 5
2 −θ

+ CI0(1 + t)−
7α1

4 +3−θ + CI0(1 + t)−2α1+ 5
2 −θ + CI0(1 + t)−

3α1
2 + 3

2 −θ , (5.19)

and

ẗ

0 

2 
α1

(1 + s)α1−θVttGtdxds +
ẗ

0 

(1 + s)α1−1−θVtGtdxds

≤ C

tˆ

0 

(︂
(1 + s)α1−θ∥Vtt∥∥Gt∥ + (1 + s)α1−1−θ∥Vt∥∥Gt∥

)︂
ds

≤ CI1(1 + t)−
5α1

4 +2−θ . (5.20)
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• when 12
5 ≤ α1 ≤ 4, by choosing β3 = α1, k3 = 2 

α1
, then

|D| ≤ C (δ1 + I0) (1 + t)α1−1∥Vtx∥2 + CI0 ln(2 + t)(1 + t)−
11
10 + 1

4 (5.21)

and

ẗ

0 

2 
α1

(1 + s)α1VttGtdxds +
ẗ

0 

(1 + s)α1−1VtGtdxds

≤ C

tˆ

0 

(︂
(1 + s)α1∥Vtt∥∥Gt∥ + (1 + s)α1−1∥Vt∥∥Gt∥

)︂
ds

≤ CI1 ln2(2 + t). (5.22)

• when 4 < α1 < 6, by choosing β3 = 4, k3 = 1
2 , then

|D| ≤ C (δ1 + I0) (1 + t)3∥Vtx∥2 + CI0(1 + t)−
3
2 (5.23)

and

ẗ

0 

1

2
(1 + s)4VttGtdxds +

ẗ

0 

(1 + s)3VtGtdxds

≤ C

tˆ

0 

(︂
(1 + s)4∥Vtt∥∥Gt∥ + (1 + s)3∥Vt∥∥Gt∥

)︂
ds

≤ CI1. (5.24)

Hence, relying on (5.17)--(5.24), applying Cauchy’s inequality and making use of Lemma 5.1, 
and by using a discussion similar to that in Lemma 4.2, we obtain

• when 20
9 ≤ α1 < 12

5 , β3 = α1 − θ and k3 = 2 
α1

, then

(1 + t)α1−θ∥(Vtx,Vtt )(t)∥2 + θ

tˆ

0 

(1 + s)α1−1−θ∥(Vtx,Vtt )(s)∥2ds

≤ CI1(1 + t)−
5α1

4 +3−θ . (5.25)

• when 12
5 ≤ α1 ≤ 4, β3 = α1 and k3 = 2 

α1
, then

(1 + t)α1∥(Vtx,Vtt )(t)∥2 ≤ CI1 ln2(2 + t). (5.26)
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• when 4 < α1, β3 = 4 and k3 = 1
2 , then

(1 + t)4∥(Vtx,Vtt )(t)∥2 ≤ CI1. (5.27)

Referring to the proof of the estimates of Vxx in Lemma 4.2, we can also get the estimates of Vxx

in Lemma 5.2. This completes the proof of Lemma 5.2. □
Similar calculations to Lemma 4.3 yield the following Lemma, the proof of which is omitted.

Lemma 5.3. Let i ≥ 0 and j ≥ 0. Under the assumptions of Theorem 3.2, it holds that

• when 20
9 ≤ α1 < 12

5 , for 0 < θ <
−5α1

4 + 3, then

∑︂
i+j=3

(1 + t)α1∥∂i
x∂

j
t V (t)∥2 ≤ CI1(1 + t)−

5α1
4 +3−θ . (5.28)

• when 12
5 ≤ α1 < 4, then

∑︂
i+j=3

(1 + t)α1∥∂i
x∂

j
t V (t)∥2 ≤ CI1 ln2(2 + t). (5.29)

• when [α1
2 ] = 2, then

∑︂
i+j=3,i≠3

(1 + t)α1∥∂i
x∂

j
t V (t)∥2 + (1 + t)4∥∂3

xV (t)∥2 ≤ CI1. (5.30)

• when [α1
2 ] ≥ 3, then

∑︂
i+j=3,i≠3

(1 + t)6∥∂i
x∂

j
t V (t)∥2 + (1 + t)4∥∂3

xV (t)∥2 ≤ CI1. (5.31)

6. Decay estimates for Case 3

We now start to obtain the estimates of the solution of (3.36) and its derivative through cal
culations. After obtaining the estimates of the solution of (3.36) and its derivative, the proof of 
Theorem 3.3 holds naturally. For some δ ≪ 1 and 0 < T3 < ∞, we are dedicated to estimating 
the solution of (3.36) under the following a priori assumptions:

• when 2 < α1 < 4,

N3(T3) := sup 
0≤t≤T3

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)
α1
2 ∥(Vtt , Vtx,Vtx)∥

+ (1 + t)
α1
2 ∥(Vttt , Vttx,Vtxx,Vxxx)∥} ≤ δ.
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• when [α1
2 ] = 2,

N3(T3) := sup 
0≤t≤T3

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)2∥(Vtt , Vtx,Vtx)∥

+ (1 + t)
α1
2 ∥(Vttt , Vttx,Vtxx)∥ + (1 + t)2∥Vxxx∥} ≤ δ.

• when [α1
2 ] ≥ 3,

N3(T3) := sup 
0≤t≤T3

{∥V ∥ + (1 + t)∥(Vt ,Vx)∥ + (1 + t)2∥(Vtt , Vtx,Vtx)∥

+ (1 + t)3∥(Vttt , Vttx,Vtxx)∥ + (1 + t)
5
2 ∥Vxxx∥} ≤ δ.

Before we start the proof, we present the following definition:

K0 := ∥V0∥3 + ∥V1∥2 + |u|.

Lemma 6.1. Under the assumptions of Theorem 3.3, for α1 > 2, it holds that

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CK2
0 . (6.1)

Proof. Multiplying (3.36) by 
(︂

2 
α1

(1 + t)2Vt + (1 + t)V
)︂

, integrating it respect to x and t , and 
applying Hölder’s inequality, one gets

ˆ (︃
α1 − 2 

α1(3α1 − 2)
(1 + t)2V 2

t + 1 
2α1

(1 + t)2V 2
x + α1 − 2

8 
V 2

)︃
dx

+
ẗ

0 

−α1 − 2

6α1
p′(v + Vx)(1 + s)V 2

x dxds +
ẗ

0 

α1 − 2

α1
(1 + s)V 2

t dxds

≤
ẗ

0 

2 
α1

(1 + s)2VtJdxds +
ẗ

0 

(1 + s)V Jdxds + CK2
0

≤ C

tˆ

0 

(︂
(1 + s)2∥Vt∥∥J∥ + (1 + s)∥V ∥∥J∥

)︂
ds + CK2

0 . (6.2)

Then, applying Lemma 3.3 and the a priori assumption to (6.2), we obtain

52 



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 461 (2026) 114094 

∥V (t)∥2 + (1 + t)2∥(Vx,Vt )(t)∥2 +
tˆ

0 

(1 + s)∥(Vx,Vt )(s)∥2ds

≤ CK2
0 . (6.3)

The proof is complete. □
Lemma 6.2. Under the assumptions of Theorem 3.3, it holds that

• when 2 < α1 < 4, then

(1 + t)α1∥(Vxx,Vtx,Vtt )(t)∥2 ≤ CK2
0 . (6.4)

• when [α1
2 ] ≥ 2, then

(1 + t)4∥(Vxx,Vtx,Vtt )(t)∥2 ≤ CK2
0 . (6.5)

Proof. Multiplying ∂t (3.26) by 
(︂
k4(1 + t)β4Vtt + (1 + t)β4−1Vt

)︂
and integrating it respect to x

and t , we obtain

ˆ
k4

(︃
(1 + t)β4

V 2
t t

2 
− p′(v̄ + Vx)

2 
(1 + t)β4V 2

tx − 1

2
(1 + t)β4−2α1(x)V 2

t

)︃
dx

+
ˆ (︃

(1 + t)β4−1VttVt + (α1(x) − β4 + 1) (1 + t)β4−2 V 2
t

2 

)︃
dx

+
ẗ

0 

(︂
k4

(︂
α1(x) − β4

2 

)︂
− 1

)︂
(1 + s)β4−1V 2

t t dxds

−
ẗ

0 

(︂
1 − k4β4

2 

)︂
p′(v̄ + Vx)(1 + s)β4−1V 2

txdxds

≤
ẗ

0 

k4(1 + s)β4VttJtdxds +
ẗ

0 

(1 + s)β4−1VtJtdxds

+ C

ẗ

0 

(1 + s)β4−3V 2
t dxds + C

ẗ

0 

(1 + s)β4 |Vtx |V 2
txdxds. (6.6)

By applying Lemma 3.3, Lemma 6.1, the a priori assumption and Hölder’s inequality and using 
a discussion similar to that in Lemma 4.2, we obtain
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• for 2 < α1 < 4, by choosing β4 = α1, k4 = 2 
α1

then

ẗ

0 

2 
α1

(1 + s)α1VttGtdxds +
ẗ

0 

(1 + s)α1−1VtGtdxds

≤ C

tˆ

0 

(︂
(1 + s)α1∥Vtt∥∥Jt∥ + (1 + s)α1−1∥Vt∥∥Jt∥

)︂

≤ C

tˆ

0 

(︂
(1 + s)−

α1
2 −2 + (1 + s)−4

)︂

≤ CK2
0 , (6.7)

and

ẗ

0 

(1 + s)α1−3V 2
t dxds + C

ẗ

0 

(1 + t)α1 |Vtx |V 2
txdxds

≤ CK2
0 + Cδ

tˆ

0 

(1 + s)−
α1
2 (1 + s)α1∥Vtx∥2ds

≤ CK2
0 + Cδ sup 

0≤t≤T3

(1 + t)α1∥Vtx∥2. (6.8)

• for [α1
2 ] ≥ 2, by choosing β4 = 4, k4 = 1

2 then

ẗ

0 

1

2
(1 + s)4VttGtdxds +

ẗ

0 

(1 + s)3VtGtdxds

≤ C

tˆ

0 

(︂
(1 + s)4∥Vtt∥∥Jt∥ + (1 + s)3∥Vt∥∥Jt∥

)︂

≤ C

tˆ

0 

(1 + s)−α1ds ≤ CK2
0 , (6.9)

and

ẗ

0 

(1 + s)V 2
t dxds + C

ẗ

0 

(1 + t)4|Vtx |V 2
txdxds
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≤ CK2
0 + +Cδ

tˆ

0 

(1 + s)−2(1 + s)4∥Vtx∥2ds

≤ CK2
0 + Cδ sup 

0≤t≤T3

(1 + t)4∥Vtx∥2. (6.10)

Hence, by applying Cauchy’s inequality to (6.6), and then making use of (6.7)--(6.10) and the 
smallness of δ, one gets

• when 
[︁α1

2 
]︁ = 1, β4 = α1 and k4 = 2 

α1
, then

(1 + t)α1∥(Vtx,Vtt )(t)∥2 ≤ CK2
0 . (6.11)

• when 
[︁α1

2 
]︁ ≥ 2, β4 = 4 and k4 = 1

2 , then

(1 + t)4∥(Vtx,Vtt )(t)∥2 ≤ CK2
0 . (6.12)

In reference to the proof idea of the estimates of Vxx in Lemma 4.2, we can equally derive the 
estimates of Vxx in Lemma 6.2. Consequently, the proof of Lemma 6.2 is completed. □

Calculations similar to those in Lemma 4.3 lead to the following lemma. Therefore, its proof 
is omitted.

Lemma 6.3. Under the assumptions of Theorem 3.3, for i ≥ 0 and j ≥ 0, it holds that

• when 2 < α1 < 4, then

∑︂
i+j=3

(1 + t)α1∥∂i
x∂

j
t V (t)∥2 ≤ CK2

0 . (6.13)

• when [α1
2 ] = 2, then

∑︂
i+j=3,i≠3

(1 + t)α1∥∂i
x∂

j
t V (t)∥2 + (1 + t)4∥∂3

xV (t)∥2 ≤ CK2
0 . (6.14)

• when [α1
2 ] ≥ 3, then

∑︂
i+j=3,i≠3

(1 + t)6∥∂i
x∂

j
t V (t)∥2 + (1 + t)5∥∂3

xV (t)∥2 ≤ CK2
0 . (6.15)
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