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Abstract

This paper investigates the Cauchy problem for the p-system with spatiotemporal damping, modeling
one-dimensional compressible flow through porous media in Lagrangian coordinates. We focus on the
large-time asymptotic behavior of the system’s solutions when the state constants for the specific volume
are the same: v4 = v_, but the state constants for the velocity are different: u4 7% u_. We show the con-
vergence of the solutions to their diffusion waves with the different algebraic time decay rates according to
different exponent of time-damping: 0 <A < %, A= % and % < A < 1, respectively. Our analysis employs
an energy method to establish a series of a priori estimates, offering new insights and theoretical support for
understanding the long-time dynamics of compressible flows in porous media with spatially heterogeneous
damping.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction

We consider the Cauchy problem for the p-system with damping depending on the temporal
and spatial variables

vy —uy=0, (¢#,x) e Ry xR,
ur + p(v)y = —alt, x)u, (1.1)
(v, u)(0, x) = (vo, up) (x) = (v, ux), x — oo (v+ > 0),

which describes the one-dimensional compressible flow through porous media in Lagrangian
coordinates, where u = u(¢, x) represents the flow velocity at time ¢ and position x, v > 0 denotes
the specific volume, and p(v) > O represents the pressure, with p’(v) < 0. The term —a/(z, x)u
represents the fractional external affection in the porous media flow, which is given by

a(t,x) =a(x)1 +1)~*, witho(x) — a; asx — oo, and0 <A <1, (1.2)

where o is a positive constant.

Our focus is on the large-time behavior of the solution (v, u) to (1.1), which is expected to
approach the so-called diffusion wave (v, %) to the following porous media diffusion equation by
the Darcy’s law:

vy — Uy =0,

equivalently, { ﬁi _ (_ p(@)x) —0 (1.3)
=0

{ ﬁt - ’/_tx =0,
p(@)x = —a(t, )i, e

Let us draw the background of studies. For « (¢, x) = 0, the system (1.1) simplifies to the stan-
dard compressible Euler equations, which have garnered significant interest from many analysts,
leading to numerous important developments. It is well known that smooth solutions to (1.1)
generally break down in finite time.

For a(t,x) = oy > 0 with A = 0, the constant damping case, the system (1.1) becomes the
compressible Euler equations with damping, modeling compressible flow through porous me-
dia. A vast body of literature explores the global existence and long-term behavior of smooth
solutions to the compressible Euler equations with damping. Hsiao and Liu [8] were the first to
demonstrate that the solution of system (1.1) converges time-asymptotically to nonlinear diffu-
sion waves for « is a constant. The convergence rates of (v — v, u — i) were further improved
by the Nishihara [15] in L2-sense, and by Nishihara-Wang-Yang [16] in L!-sense, respectively.
However, the so-called self-similar solutions are not the best asymptotic profiles as pointed out
by Mei [14]. By using twice anti-derivatives technique, Mei [14] recognized that the best asymp-
totic profiles are the certain solutions to the nonlinear porous media equation with selected initial
data, and further showed the better convergence rates. For the other interesting studies, we refer
to [12,16,20,21].

For a(t, x) = a1 (x) — «; > 0 with A = 0, the spatial damping case, recently Matsumura and
Nishihara [13] showed the convergence of the solutions to the diffusion waves by the energy
method with new setting.
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For a(t,x) = (li—lm with A # 0, the system (1.1) reduces to the compressible Euler equations

with time-dependent damping, where the damping effect 1 l) —=L— is called under damping for A > 0
and over damping for A < 0. Pan [17] and Hou-Yin [6,7] first investigated the well-posedness
and convergence for the 1-D and n-D under damping, respectively. The optimal convergence
rates were showed by Ji-Mei [9] by Fourier analysis method recently. For the over damping case
with A < 0, Li-Li-Mei-Zhang [11] and Ji-Mei [10] first investigated the large-time behavior of
the solutions in 1-D and n-D cases respectively. For the other studies related to diffusion waves
in bounded / unbounded domains, we refer to the following significant works [3,4,9-11,19]. For
the blow-up results, we refer to [2,5,18].

In this series of studies, we consider the p-system with the spatiotemporal damping effect
—a(t, x)u. When the damping effect involves in both time ¢ and the space x, the structure of
system becomes more complicated and difficult, of course, it is more practical. Here, we first
consider the case

v+ =v_ (and u4 # u_ in general), (1.4)

and will leave the case

v+ # v_ (and u4 # u_ in general), (1.5)

in the second part [1]. We realize that, different from the previous studies for the case with time-
dependent damping _(ﬁ—lz)*” only and the case with space-dependent damping —a(x)u only,
there is a strong interaction by the space x and the time ¢ for the spatiotemporal damping case. To
overcome such a difficulty, some new techniques are developed for establishing energy estimates
based on different value of A with different setting up in this paper.

For the system (1.1), noting the damping effect (1.2), namely, a(z, x) = a1 (x)(1 + )™ —
o (1+ t)~* as x — o0, we expect the asymptotic profile of (1.1) as follows:

Vt - Ux == 07
PVi+a,(1+1)~*U =0,
Vi, £00) =v (=14 =v_),

with the explicit expression in the form of

2

5 e
V(t,x)=vs + - 0 e 4Jilﬂ(5)ds’
G [Lyuds)r
—u(1)8 R
U(t,x) — . /L(t ) 0X ; e 4f1 nds , (t,x) cR x R+,
2(4m)2 ([ p(s)ds)?

where wu(t) = ‘P W)l (1 4+ ). For details, we refer to (2.3)-(2.5) below. Our main target in this

paper is to show the convergence of the original solution (v, u)(¢, x) to the profile (V, U)(t, x)
as follows, based on different values of A:
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3(A+1)

o(1+n~"7" 0< A<,
I0 = V)t Mm@ = 022+ (1 +075, =3,
o1 +0'7, o<,
and
o)1 +1)~ %, 0<h<3,
I = U)@, ) =@ =1 0D In? Q@+ (1 +1)75, r=2,
o)1 +1)*2, % <A<l

The organization of this paper is as follows: In Section 2, we reformulate the problems for each
case of (1.4) as Cauchy problems for a second-order quasilinear wave equation with damping. In
this section, the reformulated theorem will be explicitly stated, allowing us to derive our goals
for (1.1) as corollaries in each case. Since the coefficient « also depends on time ¢, our proof
methods differ from those in [13]. For A = 0, we improve the decay estimate of (¢, ¢;) and
their higher-order derivatives compared to [13]. Additionally, for A = %, compared to the critical
case A = % in [3], we refine the proof method to achieve a sharper estimate. A standard energy
method will be applied in these proofs, which necessitates a series of a priori estimates. The case
for (1.4) will be demonstrated in Section 3.

Notations: For the function spaces, L? = LP(R) (1 < p < o0) denotes the usual Lebesgue

space with the norm

1/p

Ifllp =1 ller = /|f(x)|de (I'=p<o0),
R
| floo =l fllco = 1l =eSS;UP|f(X)|~

The integral domain R is often abbreviated when it is clear. For any integer k > 0, H* = H*(R)
denotes the usual kth order Sobolev space with the norm

f 12
1A e = | D195 £13
j=0
When k =0 and p = 2, we often use the notation || f|| = || f||o. For brevity, we write

Ifo & Maksmix.. = 1 e +Nglm + ...

The set of k-times continuously differentiable functions in R with compact support is denoted by
Clg (R). The space Ck([O, T1; X) consists of k-times differentiable functions from [0, T'] to the
Hilbert space X. Additionally, by C or ¢, we denote a generic positive constant independent of

4
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the time ¢, whose value may change from line to line. For two quantities a and b, a ~ b means
%|b| < |a| < C|b| for a given constant C.

2. Reformulation of the problem and main results

In this section, we reformulate problem as a quasi-linear wave equation with damping, based
on heuristic reasoning. For convenience, we denote « (¢, x) by «, then present the results for the
reformulated problem, which in turn yield the main results for the original problem (1.1). Rewrite
(1.1) as

vy —uy =0,
ur+ p)x +ou=0, 2.1)
(v, u)(0, x) = (vo, up)(x) = (V, ux), X = £00,

under the condition (1.2). According to Darcy’s law, the asymptotic profile (v, #1) is expected to
be given by (1.3), as discussed in previous studies. However, when « depends on x, we encounter
difficulties in directly constructing (v, i) using

,—)t_(ﬂ) —0 and a=_20 22)
o x o

In this paper, to circumvent this difficulty, we will introduce a simpler profile for (1.4), as in [13].
Here, we are going to discuss the simpler case (1.4). Given that both (1.2) and (1.4) are
assumed, we adopt an asymptotic profile (V, U) defined by

V, — U, =0,
PVeta,(1+07"U =0, 2.3)
V(it,to0o)=v (=vy=v_),

or

Vi —uVex =0,
’ A
V(t, +00) =v, p(r):= ZQIUED7 2.4)

23]
U Ip'@I(1+0)* vV
o X

lu’VX7

so that, the solutions to the above equations can be expressed explicitly as:

2
8 S -
Vit, x)=v+ + - 0 e 4[L1 uGs)ds ’
@ [T} n(s)ds)>
—udox

2(4m)2 ([, uls)ds)?

2.5)

X

U, x) = e “Lis0ds (4 x) e R x RY,

where
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14+A
/ (s)ds = @I+
a (14 1)

and §p represents a constant that will be determined later. Then, (2.4) can be reformulated as

V[ - Ux = O, (2 6)
U+ p(V)x+aU=U + (@ —a)A+ 1)U + (p(V) — (@) V)y. ‘

It is noted that (V,U) — (v, 0) as x — *o0.

Next, in order to impose the condition u(0, x) = up(x) while ensuring u(x) — u4+ as x —
400, we introduce a correction function (9, it). Meanwhile, according to the second equation of
(2.1), we expect that

1—x_
A-+1)
u(t,x) ~e 4 1=x ui, as x — Fo00.

Consequently, we determine the correction function (v, 0) such that it satisfies

{)l‘ —I/Alx =0,

(+nl=*_g

0, a)(t, x) > <0,e_gl =% ui> , x —> to0.

Thus we construct v, i by

(14+n1=* 1

w—+ Wy —u_) / mo(y)dy)

i(t,x)=e "
1-x
. el lMo(x) 2.8)
9 N
0t x) = — /e*‘”( S5 Mo(xds |
0x
o0
o
where mq € C(C)’O(R) with / mo(y)dy = 1. Hence, (2.7) holds with
—0Q
00 [e'e) 0 -
/ 50, x)dx = / / ~ S Ao ()ds | dx = Sy — ), (2.9)
—00 —00 o0

0
_ <+>1 |
where S= | e ds.
o0



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 436 (2025) 113347

Combining (2.1), (2.6), and (2.7), we have
(w=V—=0);—w—-U-—n),=0,
(u—U—i)+(p) = p(V)y +a —U—ir) (2.10)
=—{Ui + (@1 —a)+ 07U + (p(V) = p'@V)y}.

It is anticipated that u — U — &t — 0 as x — £00. Therefore, we have

/(v—V—ﬁ)(t,x)dx:/(vo(x)—V(O,x)—ﬁ(O,x))dx
:/{(vo(x)—y)—(V(O,x)—y)}dx+S(u+—u_) (2.11)

o0

= /(UO(X) —v)dx — 80 + Sy —u_),

and we can choose &y by

o= / (vo(x) —v)dx + S(uy —u_). (2.12)

o
Therefore, we have / (v—V —0)(t,x)dx =0 for any ¢ > 0. Consequently, when we define ¢

—0o0

by
d(t,x) = /(U—V—f))(t,y)dy, (2.13)

which holds that ¢, =v — V — 0 and ¢, = u — U — i1, we may heuristically expect ¢ (, ) € H'.
Furthermore, the second equation of (2.10) can be written as

b1+ (p(V+0+¢x) — p(V))x +agy
=—{Ui+ (@ —a)A+ DU+ (p(V) = p'@V)i}, (2.14)

which can be derived into the following reformulated problem:

G+ (p(V+0+¢) — p(V+0), +ag; =F,
(0, x) = do(x), (2.15)
61 (0, x) =1 (x),
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where

F:=F+F+ F3+ Fy, (2.16)
Fi:=-U, 2.17)
F = —(ozl(x)—gl)(l—kt)_kU, (2.18)
F3:=—(p(V)—p' V)i, (2.19)
Fi:=—(p(V+0)—p(V))x, (2.20)
$o(x) 1= /(vo(y) = V(0, y) — (0, y))dy, (2.21)
¢1(x) :=ug(x) — U0, x) —u(0, x). (2.22)

Before we begin our next job, which is to demonstrate the existence and asymptotic behavior of
the unique global-in-time solution ¢ to (2.15), we assume

peC*Ry), with — p/'(v) > 4co > 0 (v > 0), (co: constant)
a; € C2(R), witha) —a; € L?, [x|"%(a) —a;) € L?, (2.23)
(14 |xDlecix] € L2, |aixx] € L2, and &) > o9 > O (et : constant),

and

X
vw—veL' NnH?, /(vo —v)(y)dy e L> and ug —uy € L>*(Ry), uox € H', (2.24)

—00

which show that (¢g, ¢1) € H> x HZ.
Before presenting our main results, we define

81 :=llvo—ullpr + lug | + lu—|.
The following are the main results.

Lemma 2.1 (Decay estimates of F). For t € Ry and §1 = |[vo — vl ;1 + |u+| + |u—|, it holds

195V — )l < C8o(1 + p~(2(1=7)+5)a+n
13/ (V =)l < Co(1 + t)f(%(l’%)“)*(%(lf% ))\’

1 1 k

9%V — wl, = Cao(1 + 1y (1=7)+EH)=(83(1=3))2
A A _ Gl -
18501, + 13/l < Cllus ] + e P < Carem ™,

(2.25)

and
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IF®))? < C83(1+1 2(1 +t)—7;*
[Fe(®)? < C83(1 41731+ 4 052(1 +1
I F,(0)]I> < C83(1 +t)—— +C82(1 +;>——
IF(DI? < CRA+0)~ 5 +C82(1+1)" T

(2.26)

where 0 < c1 < ap, k and | are non-negative integers.
Proof. Due to (2.5), we can derive that

15V — )l < Coo(1 4+~ (75)8)an
13/ (V =)l < Coo(1+1) (20-5)+)-(3 (‘")) (2.27)

158V — )l < Coo(1 4+~ (0 ‘ﬁ)%*’)—(%%(l—%))&

From (2.8), we have

sl A_1
ﬁ=_ / T My(ds
©.¢]
<|(ugy —u_)mo(x)| / —a (l+)1 -1 s
o0
/ 1 -i-s)l_)L —1 ()l =%
+ lay Mo (x)| /_(ﬁe*“'Tds
o0
t
<Cl(uy —u_ymo(x)| / p—(—en S ] i
[o¢]
f 1-x N
we*(al 61)“+”7de o i1

+ Clai Mo(x)] /—

o0

1—A
S P EON
<C (|uy —u_ymo(x)| +la; Mo(x)|) e 72",
therefore, we can derive that
k~ I ERIGERE) ERIGEP P
I9cvllp + 10, 0llp < Cus|+ lu—)e" =" < Cée” T . (2.28)

Because of the first equation of (2.15) and (2.27), we obtain

=
IF O < U = 1O V) 1> < C8A+0)7 7,
(1+2)
2

||F3<r>||2s/|p’<V)—p’<g>|2|Vx|2dxsC||Vx||§o||V—y||25ca3(1+r

9
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1Fa(t)]? < Co%e T3

For F;, from (2.5), (2.23) and (2.27), we have

B0 < c/m PV P
sc/m] o PIValdx - [ Vil

Solat — e Plxl  — e
<c [ DTN o S0 g [ Velloo

|1y (s)ds|
sy [ 11 _1||| y
3(1+)\) ” X”OO
<C50(1+t) |||0l1—0l1| 112 121 Velloo
<CRU+n"1"

Therefore, we have proved || F(1)]|> < C87(1 +1¢ 2(1+ N~z
Next, we shall now establish the estimates for the higher-order derivatives of the function F.
From (2.23), (2.27) and (2.28), one has

_ 9t
IF1c (O = Ui I = () Vir e II* < CFA +1)7 2,
PP < C / (an Ve + oy — PV )dx

<CUx™" VellZollx - a2 + 1 Var 2o ller — oy 1%)
<C8A 4+ (x| + llar — a1
< Ca(z)(l +[)73(1+X),

| Fx (0> < / (P (VIVE+ (P (V) — p' () Vir) dx
C (IVlZ Vel + 1V = vl 1 Via?)

<A +n"7

2 2 — Ll
[Fax (OII" = Coje T2,

and

10
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IE I = 10 17 = 1@ Vi) l? < Coo(1+0)7 7,
I Fa (D11 = Cliter — ) Vix 1> < CllCorr — ) (1 + 1) Vi ||
<CRA+DTF 2 (@ —w)P <CRA -+,
IF3 01> = 11(p' (V) = p' @) Vi + p" (VIVa Vi 2
=C(IV = el Vi P+ 1V Vi)

9+5A

<CA+n" 7,

1 Fa (D)) < Co2e™ T
Hence, we obtained || Fy (¢)||> < C83(1 4 1) 3U+%) 4 c82(1 + N~ and | F,()|? < C83(1+
t)*gJr25A + C(S%(l + t)’”%. The estimation of || Fy,(r)||* follows a similar process as described

above and is therefore omitted. O

Theorem 2.1 (The case of 0 < A < %). Assume (2.23) and (2.24). When 81 = ||lvo —v|| ;1 + |u+| +
lu—_| and ||¢o|l g3 + @1 || g2 are sufficiently small, then there exists a unique time-global solution
satisfying

¢ € Ck((0,00), HHFR)), k=0,1,2,3, (2.29)
and
¢ € C*((0,00), H*¥(R)), k=0,1,2, (2.30)
furthermore, we have
2
S A0 R aEg 2+ (14077 1831, )12

k=0
t

2 2
+ ) A+ 0Tk, |12 +/ D+l s, I
k=0 0 j=1

2 t
. : 1 5(144)
+2_ A+ T3, I | ds + / (14577 1836 (s, )1 %ds
j=0 0

<Cllgol%s + D111, + 81). (2.31)
Theorem 2.2 (The case of% < X < 1). Assume (2.23) and (2.24). When §1 = ||lvo — vl .1 + lu+|+
lu—_| and ||¢ol|l g3 + @11l g2 are sufficiently small, then there exists a unique time-global solution
satisfying

¢ € CK(0,00), HH*R)), k=0,1,2,3, (2.32)

11
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and
¢r € CK((0,00), H*F(R)), k=0,1,2, (2.33)

furthermore, we have

2
3_5%
DA+ kg (e, )12 + (L + DI, )1
k=0
2 1 !

+ 3 A+ F ok 1, )2 + T /(1 +9) 193¢ (s, )17 ds

= +)
<CllgollZs + 16113,2 + 81). (2.34)

and for any ¢ € (% — 37)‘, L), we have

2 2
D (14 TFRGDE R G 5, )P+ D (A + )T ] g (5,17 | ds
o LJj=0 j=0

_3
< Clgollz;s + g1l + 8D+ )22, (2.35)

Theorem 2.3 (The case of A = %). Assume (2.23) and (2.24). When &1 = |[vo—v| p1 4 |u4 |+ |u—|
and ||¢oll g3 + @11l g2 are sufficiently small, then there exists a unique time-global solution

satisfying
¢ € C*((0,00), HH¥R)), k=0,1,2,3, (2.36)
and
¢ € CK((0,00), H*(R)), k=0,1,2, (2.37)

furthermore, we have

2
S+ 05k akp @, P + L+ 183 . )|
k=0
t

2 2
+ 3+ 0323k, ~>||2+/ > A +95 g (s,

k=0 o Li=!
2 1 t
8 i
+_Z<1 +9)5 0 e (5, )17 | ds + 1—+;/“ +9)M 03¢ (s, )P ds
J:O 0
< Clgoll3s + 11132 + 80 In2 +1). (2.38)

12
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Notice that ¢y =v —V — ¥, ¢, =u — U — i1, we immediately obtain the following conver-
gence rates.

Corollary 2.1. Under the assumptions of Theorem 2.1, system (2.1) possesses a uniquely global
solution (v, u)(t, x) satisfying

405", 0< <3,
W=V lem < {CInt @+ +075,  a=3, (2.39)
C+n'7, San<l,
and
Cl+n~"%, 0<h<?,
= U)M@ < { Cln @+ 01 +075, r=3, (2.40)
C(l+n)*2, Iaa<l

Remark 2.1. Based on the decay estimates of F, to match the decay rates of the linear parts for
the energy estimates, we realize that % is determined as the turning point of the decay rates of F'
for the nonlinear parts, see (3.18) and (3.41) below. Therefore, in our work, A = % is the critical
case. When considering the critical case, it is often inevitable that some decay estimates will be
lost compared with the expected results. Just as in the critical case where A = 1 discussed by
Cui-Yin-Zhang-Zhu [3], the obtained decay estimate is reduced by (1 + ¢)# compared with the
expected results (where $ is an arbitrary number greater than 0). In order to reduce such a loss
of estimates, we have employed a new estimation method in our critical case A = % Eventually,

. 1 . L
our decay estimate only loses In2 (2 4 ) compared with the expected results, which is better than
the loss in the exponential form, also better than the previous studies.

Remark 2.2. When ¢ is a constant, conducting energy estimates is relatively straightforward.
However, when o« depends on the spatial variable x, difficulties will arise from the decay energy
estimates. In particular, the estimates of F' are less than the ideal one compared to the constant
case, which may cause our results to fall far short of expectations. To address these potential
issues and ensure the success of our energy estimates and subsequent proofs, we impose specific
conditions on «;. Considering that our subsequent proofs require favorable decay estimates for
F and its derivatives, the solutions of equation (1.1) are expected to possess a certain degree of
smoothness. Therefore, in the description of «1 in Hypothesis (2.23), we emphasize that o has
a certain degree of smoothness, and the product of «; by the weight function related to x still
belongs to the function space L2(R).

3. Decay estimates to reformulated problem

The main goal of this section is to obtain the decay rates of the solution (¢, ¢;). We devote
ourselves to the estimates of the solution (¢, ¢;) (¢, x) under the a priori assumption

13
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Ni(T1) := sup {l|¢, bl g3xp> + (L4 Dllguxll + (1 + D)l @raxll} < 6,

0<t<T)

for some § < 1 and 0 < T < oco. Then we will prove theorem in a series of several steps. To do
that, we rewrite (2.15) as

¢+ (P(V +¢2) — p(V))x + oy =F, 3.1)
where V =V + 9 and
F=—{U+(—a)d+D) U+ (V)= p V) +(p(V+0) —p(V)h. (3.2
We can derive that
81 =llvo —vllpr + [u4] + [u—| > min{1, &},
where § is defined as in (2.12), then we define that
lo == |l¢0, P11l 35 g2 + 31-

Lemma 3.1. Under the assumptions of Theorem 2.1, when § + §1 < 1, it holds that:

° F0r0§k<%, then

t
||¢||2+(1+z>1+*<||¢t||2+||¢x||2)+//(<1+s>¢3+<1+s)k¢§)dxds
0
<CI. (3.3)
° For%<k<1, then

354 2 5-3) 2 5-3h 2
A+ 2 lol"+ A +1) 2 llgull”+ (L +1) 2 g I” < Clo, (3.4)

and

t
// ((1 F ) T2 4 (14 5)502 + (1 +s)€*H¢2) dxds
0

310 _,

<Clo(l+073 2% forany <A (3.5)

Proof. Let ¢ > 0 be a number which will be determined later. Multiplying (3.1) by (1 + )¢
and integrating the resulting equality with respect to x over R, we obtain

14
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d 2
E/(“ +0 ¢+ (1 +r>Ha1(x)% -2a +t>€‘¢2) dx
+ [asn (p(V>—p(V+¢x))¢xdx+/<—<1+t)8¢,2

(=D
2

n k%g(l + 0 o (0 + & 1+ r)62¢2)dx

< /(1 +1)°pFdx. (3.6)

Next, multiplying (3.1) by (1 4 )T ¢, and integrating it over R, we have

% / (1+ r)ﬁ“%’zdx + / (P(7 490 = p(N) (1 +0"gdx
+/ <(1 +0)fa; (x)p? — ’\%(1 +r)8+A—1¢,2> dx
< / (14105 ¢, Fdx. (3.7)
The second term can be estimated as
[ (0060 = p0) 1407,

= [ ()= p7 +0) (140 s
a7 . .
Z/E/(lw)”A (p(V)—p(V+S)> dsdx
0
+ [0 (p7 460 = p(D) = /(D) Vids

Ox
—//(s+x)(1+z)8“—1 (p(V)—p(VJrs))dsdx
0
d ¢X
Z/E/(l-f-l)s—” (p(\?)—p(\?+s)) dsdx
0

b
—//(g+x)(1+t)8“—‘ (p(\?)—p(\7+s))dsdx
0

—/C(|Vt|oo T 0rloo) (1 + 1S g2dx.

15
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Notice that

bx bx
[ (p0)=p7 +9)) ds = pDrs = [ p(7+53as

0 0
éx ¢x

= (V4 by — p'(V + 601 — / p(V +5)ds + / oV + )ds
0 0

2
o (V4 dge + PV +¢x>¢’7x +o(¢2)

2

=—p'(V+ b0+ o(¢d),

we can easily derive

bx
/ —p'(V + ¢o)dldx > / / (P(D) = p(V +9)) dsdx
0

> / —}Lp’w + ¢ )pldx. (3.8)

Hence, (3.7) can be derived as

2 Ox
%/ ((1 +t)8+)~¢7’ + /(1 0t <p(\7) —p(V +s)> ds) dx
0

+ / ((1+r)8a1(x>¢?—%(1“)8**—1 (¢3—2p/<0+¢x)¢5))dx
= [ 0l + lil )82
< / (1 + 1) ¢, Fdx. (3.9)

Choosing k = %, by calculating k - (3.6) 4 (3.9) and applying Cauchy’s inequality, we obtain

) P
% ((1 +z)£“% +/(1 + 0 (p(V) = p(V + 5))ds
0
P e—h P* ¢ e—1,2
+k(AQ+0°¢p+ 1 +1) al(x)7—5(1+t) > ) dx

+/ <((x1(x) —k(1+0)°— Azi(l +t)8+’\_1)¢,2dx

16
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+ [ (S0 DT 400+ G4 1+ 0 4 4

= CA+D™ (Voo +1ir1o0) ) 62dx

ele—1)
2

+ / k (A%Sa 0y () + (1 +z>f—2) $2dx

5/((1 + 0 F + k(1 +1)°¢F)dx

3 £ 1 e 1 k
:/ ST+ — (1 +DIF 467140739 (1 +0F3F | dx
8; 52
= /51 ((1 +0f¢7 + (1 +t)*9¢>2> dx

1
+/5_ ((1 + 0P+ k21 +t)2€+9) F?dx, (3.10)
1

for some constant 8 > 0 which will be determined below.
To obtain the estimates of (¢, ¢;) over finite time intervals, we define the functional as fol-
lows:

Ox
141" . .
£ty =" s ||¢,||2+//(1+t))‘ (p(V)—p(V—i—s))dsdx
0
k(141)~* 1
+k/¢¢,dx+fna1<x>z¢>n2.
By Cauchy’s inequality, we obtain
1 _i PN
k/¢¢,dx=/2zk(1+t) 3¢ (1+1)2 -dx
22

1
<50 +OMle I + K1+ gl

Due to 0 < 4k = a9 < ¢ (x), (3.8) and the above inequality, we can derive

E@) > e lI* + co(1 + O e IZ + K21+ ) 1911

(1+0)*
4
By taking ¢ = 0 together with & = 1 + A in (3.10), and using Lemma 2.1, we have

%s(rw / ((al(x)—kwf—kp/(V+¢x>¢§+%(Htrk‘l&) dx

=3+Ai

A
5/(51+5(1+z)H) tzdx+/81(1+t)_)‘_1¢2dx+C81(1+I)T

17
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/(C(1+z) f A+ lp’(v+¢x))¢§dx. (3.11)

Using Gronwall’s inequality to (3.11) on [0, ¢], we obtain

/ (+ 0207 + A+ 097 + (1 +074¢?) dx

t
+//(¢3+¢§+(1+s)***1¢2)dxds
0
< CH(EO) + Ip) < CD) . (3.12)

According to Lemma 2.1, we have C (1 + )T (|V; |00 + |D1]00) < C(1 + z)8+%, Let T > 1
such that

(a1(x) —k =8 (1+T)° — %(1 + T)‘E'H‘_1 >k(1+T)8,

RA+Ty =20+ >80 +1) 7,

—k(1+T)8P/(V+¢x)+(k+£)(l+T)8+A_1p’(V+¢x)
2=3

—C8(1+ )2 = keo(1+T)°,

(3.13)

for A <1 and ¢ < 1. Hence, by setting A <1, ¢ <1 and ¢t > T > 1 in (3.10), and applying
Lemma 2.1 along with (3.13) (where k = %), we obtain

) Px
%/ a +z)€“%’ +/(1 + 05 (p(V) — p(V +5))ds
0
¢2
+k ((1 + g+ (1 1)~ Aou(x)— - —<1 +t)8—1¢2>) dx
+/ <k(l + 1) + keo(1 + )92 + A%8(1 + z)”lal(x)¢2> dx

§/<C(1+t)£_2¢2+81(1+t)_0¢2)dx+C81 ((l-l—t) S+%te

+(1+1 *%*%4’8 +(1 +t)*%+%+28+9 +(1+1¢ *%*%+28+9) ) (314)
Casel.0 <A\ < %
In this case, it is straightforward to see that 1 < min B 5A ; + 2} Therefore, we can
let t > T > 1 and take ¢ = A in (3.14). Then, there exists a constant 6 such that 1 < 6 <
min {% — 5—* § +5 } from which we obtain

Px

2
% (1+r)”%+/(1+t)2*(p(\7)—p(‘7+s))ds+k((1+t)l¢,¢
0

18
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2
Y
+ al(x)% -5+ r)“¢>2)> dx + / (k(l + %2 + keo(1 + t)%)%) dx
< /c ((1 0220 (0% + (1 + t)‘9¢>2> dx + C8 ((1 F)THE L (1473

+ A +0TEE (14 TETEH), (3.15)

Due to k = 2 and (3.13), we define that

éx
1 2\ R R
6] :=%H¢;II2+//(1 + 0% (p(V) = p(V +5) ) dsdx
0
1 A
k(407 [ @odxt Slanwiol? - a0 o)
1+0* k.
z%n@n%m(l + 0% ge |2+ R21G12 = (A +0 gl
1+0n* k?
z%nqxnz +eo(l+ 0% lgel? + = - 9.

Hence, from (3.15), we can derive

%51 (1) + / (kU + 007 + keo(1 + %92 ) dx =€ (A +0* 2+ (1 +070) &(0)
+C1 (4073 EH0 4 (14737540, (3.16)

Using the Gronwall’s inequality to (3.16) on [T, ¢] and combining with (3.12), we have

t
51<t>+//(<1+s>*¢?+<1+s>*¢§)dxdssc<c<T>lo+al>sCIO. (3.17)
0

Furthermore, by setting ¢ =1 and t > T > 1 in (3.9), and applying (3.13) along with
Lemma 2.1, we obtain

Jon

d 2 R R

%/ (1+r)1“"’7’+/(1+r)1“ (p<V>—p<v+s))ds dx
0

+ / (k(l +0¢>+ A+ 1A +0)*p'(V + <z>x)¢>§) dx

—/C(Sl(l+t)%l¢fdx+/31(1+t)¢zzdx

19



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 436 (2025) 113347
Ox
d 1+A ¢t2 1+A % %
== [ la+0™ 4 [a+0™ (p(V) = p(V +5)) ds | dx
0

A+1 .
+ (0o -0 - 2520 (02 - 200 +0062) ) an
—/c51(1+z)%¢§dx+/51(1+t)¢?dx

5/(1+t)1+x¢thx§/<81(1+t)¢,2+8l(l+t)l+2xF2>dx
1

S5A—
2

2 5 =23
5/81(1+t)¢tdx+81<(1+t) +A+072 )

Then, by integrating the above inequality over [0, #] and using (3.17), we obtain the improved
decay rates for the functions ¢; and ¢, as follows:

t

L+ 0" (el + a1 + / / (1 + $)¢2dxds < Cl, (3.18)

0

which, together with (3.17), deduces (3.3).
Case2. % <Ai<l1

In this case, due to <A, wecantaker > T > 1, @ <g<Aiand =1 —¢e+ 1.
Therefore, from (3.14), we obtain

3(1=2)
2

e
2
%/ (1 +t)€+*%’ +/(1 + )5 (p(V) = p(V +5))ds
0

& e—A ¢2 € e—1,2
+k((l+t) ¢id+ 1+ (0T = S+ ) dx
e .2 e (M€ e—r—1 2

+/<k(l+t) ®2 + keo(1 +1)°¢% + (T —51)(1+z) a1 () >dx
< /C(l £ g+ Oy (140 HF g itie

FA+nTEr +z)—%—3%+8)
5/C(1+t)8*2a1(x)¢2dx+ca1(1+t)*%+37”8. (3.19)

Here, based on k = % and (3.13), we define

(1 + t)s—i-)»

& (1) = TII(I%II2 +k((1 + el +

(141052

: ||a1(x)%¢||2)

20
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e(1+1)5!

2
> I#ll

P
+//(1 + 0 (p(V) = p(V + 5))dsdx —
0

A+ e+a 2, .2 e=ny o2 _ € e—1y 4112
> Il + o1+ D" eI + K20 +0 917 = S+ ]
(1 1)t k2 _
> &l + ol + D" Mgl + = A+ 0 gl

Therefore, we can derive from (3.19) that

d A —
60+ / (k(l + %97 +keo(1 +0°9F + (“5— —81) (1 + t)a‘H¢2> dx
<CA+1*26(1) +C8 (1 +1)" 3+ 7+, (3.20)

Using the Gronwall’s inequality to (3.20) on [7', t] and combining with (3.12), we obtain

t
sz(r)+//((1+s)€¢,2+(1+s)8¢§+(1+s)H—1¢2) dxds
0

< C8 (L +0 3T L C(T) Iy < Clp(1 + 1) 3+, (3.21)
Furthermore, let # > T >> 1, and substitute ¢ with € + 1 — A in (3.9). By integrating over [0, #]

and applying (3.13) together with (3.21), we obtain an improved decay rates for the functions ¢,
and ¢, as follows:

t
I+ 0" Ul + el + / / (1+ ) p2dxds
0

<Cly(1+1)~3t5+e (3.22)
which, together with (3.21), deduces (3.4). This completes the proof of Lemma 3.1. O

In the subsequent lemma, we will deduce the decay rates for the higher-order derivatives of
the global solution ¢ (z, x).

Lemma 3.2. Under the assumptions of Theorem 2.1, when § 4+ 81 < 1, it holds that:

° F0r0§A<%, then

L+ 02BN + A+ U 12 + lldex 1) + (1 + )22 ([ |12

t
+ / / (A +9°0% + 497700 + (149262, ) dxds
0
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= Clp. (3.23)

° For%<k<l,then

A+ NG+ A+ x|+ A+ 7T gl + (L4677 I |12
<Cly,

//((1 +S)3+8—)L¢t2t +(1 +s)2+£¢t2x +(1 +S)1+S+A¢/%X)dxds
0

5C10(1+t)_%+3%+8, for any 3(1 2 <o <.
(3.24)
Proof. Differentiate (3.1) in ¢,
bt + (1 +07 1@ + (P D + 600+ (/7 + 90— p' (D) V)
— 21+ 07 ()¢ = Fr. (3.25)

Multiplying (3.25) by (1 + 1)*1**¢,,, integrating over R, and applying Cauchy’s inequality, we
obtain

d £1 ¢2 A £1—
E/((H’) H%_E(H” lal(x)¢;2>dx

+/<_ - ;A(l + 0 + (L4 0% e (0

Aler —1 %
+ %(1 + 0721 (097 = 'V + 81+ 07 b

+ (07 +80 =P/ IDV) 1+, )dx

:/(1 +t)81+)‘¢,,F,dx

1
5/5_(1+t)81+2*Ft2dx+/51(1+t)8‘¢f,dx- (3.26)
1

Then, we have

((1 ot ¢’n B P’V +¢0)

S+ HEI g2

dt

- —(1 +r)€1—1a1(x)¢f)dx +/((1 + 1)y (x) g2

SR gl MO D 002 (06 )

sc/(al(wm* G+ DA+ @l dx
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+/ca1 ((1 FoTHEg2 4 +t)—3+“€1¢§x) dx

—11451 —9—-1

+C81<(1+t) T (14172

+€1) +/51(1 + 1)1l dx, (3.27)
because of

/_P/(V + o)+ f)61+k¢ttx¢txdx

[ (W0 460 =P TOV) (40 gudn

d /p V460 (4 porvig? g

T dr 2
+ / M(VI + ) (L + D12 dx
+/ (&1 —i—)»)Pz(V +¢x)(1 4yl g2 gy

+ / (PP +60 = PN Vo4 "V + 0 Voo
+ (P + 00— 9" (N) Vil ) g (1 + 071 +dx

>_1/p’<9+¢x)
- dt 2

/ P’V +¢r)
2

(14 1)517¢2 dx

+ (Vi + i) (1 + 1)1 92 dx

+/<<sl + )P (V + )

5 (L 0)s 12 — 8511 +0%162

c X n g
— 5 (0 (V202 + 020262+ V262, ) )dx, (3.28)

and |y |go < C|l¢sx | ll@zxxl, as well as the a priori assumption and Lemma 2.1.
Next, multiplying (3.25) by (1 + )¢ ¢, integrating it over R, and applying Cauchy’s inequal-
ity, we have

d 2
E/ <(1 + 1) e + (1 +t)8'7ka1(x)% - %1(1 +t)8'1¢12> dx

e1(e1—1)
2

(1+0)5172¢?

A
—/((1+t)51¢>3,+812+ (I+0" e (07 —

+ (P74 00+ (P 60 = 0/ (D) V) A+ )
=/(1 + 1)1 ¢, Frdx < C%/(l + 0217 F2dx + 8 /(1 + 1)1 p2dx. (3.29)
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Then, applying Lemma 2.1, one gets

¢}

d
7 / ((1 + ) dupr + (1 +t)€‘7A0t1(X)7 - %1(1 +t)€‘1¢12) dx

- / (A+079% + p'(V + 000 + 0797,

£1+ A e1(er — 1)
2

2
5/51(1 +t)€1¢,2xdx+/(C81(l + )3 Mg L s +r)63¢3)dx

+ A+05 74y (x)p? —

(140717297 ) dx

—114+A =951

+C8 (1 +1) "2 FEIE L C§ (1 41)" 2 T2E1781, (3.30)

By calculating (3.27)+k - (3.30), we obtain

d 51+A¢_121_p/(‘7+¢x) eith 2 M e1—1 2
P ((H—f) > T I+, 2(1+t) a1 (x)g;

#
2

&1

k(107 Gudy + 1+ a0 S = S0+ r)“‘dﬁ)) dx

+ A -
(1 + t)81+)n l¢t2[

+/<(1+r)81 (o1 (x) —k — 81) 92 — 5

A =3+r
—k(P'(V + 90 +81) (140797 — Ca1(1+ 7776,

—CE+ D1+ 192 4 W(l + )71 20y (x)p?
+ X oA (e1—1 -
—k(slz (14051~ 1a](x)—%(l+t) 2)¢?>dx

< / (Cora+n73 162 1+ Co1(1+0 T2 4+ Coi 1+ 0197 dx

—11+5x =9—1 —11+2

+ Cé ((1+t) 2 +81+(1+t) 5 +8|+(1+t) A +2e1 —&]

+(1 7T, (3.31)

By Cauchy’s inequality, it is easy to see that (k =

2 187,
/ (“ I t>““¢,i) "

2
+/k<(1+l)sl¢tt¢t+(1+f)€]AO!I@)%) dx

2 1Y
z/((1+t)““%—4” WD) (14 iy,
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R (@ - k) ¢,2)dx

(1+0)5*
> llpull’ + co(1 + 07+ g |
+ KA+ )1 (3.32)

Therefore, to obtain the estimates of (¢, ¢;) over finite time intervals, we apply (3.12) to (3.31)
and use Lemma 2.1 along with the a priori assumption, one has

d
&0+ / ((1 + 0 (a1 (x) —k — 81) ¢
—k (P/(‘A/ + ¢x) +81> (1I+ t)gld’tzx)dx

5/C<(51(1+t)8'+3z“ +(5+1)(1+z)61+x71)¢tzx

g1+ A B k(e + A L

+ ‘2 (1+41)51+ 1¢3,+%<l+r>51 M=oy (x)¢?
key(e1 — 1 Aler —1

- %(1 e %(1 + 051 20 (x) 2

+C81(1+ D197 + C81 (1 +1) 3+ cb%)dx

kep + ).
81; (1 + 1)1~ ¢2dx

d
+/cal(1 +t)*3“+€1¢>§xdx+a/

—11+51 —9—-1

+ 5y ((l+t) I I

+(1 4T

<Cl+07'&Go)+Ccw)ly+ %/C(l +0f17 g2, (3.33)

where (k = %)

2 1 Y7
&(1) :=/((1 +t)51+’\% — @(1 +t)sl+x¢[2x

2
+ k((l + )% P + (1 + r)“‘Aal(x)%’))dx

e1+A
- 1+0

> Ipee 1?4+ co(1 4+ 0T dyu I + K21+ 1) Iy |12

Using the Gronwall’s inequality on [0, ] to (3.33), we obtain
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t
53(t)+//((1+s)g‘¢,2,+(l+s)€1¢,2x) dxds
0

= C0)(E(0) + C(1)o) = C(D)p.

Next, from (3.1), we have

b+ 'V +¢0) — p V)V +ad — F=—p'(V+ d)rr,

which shows that

Idwx I ~Nrel? + 1+ D722 e lI> + (1 + )2 eI

=5=5x1

“10
+61(1+1)"2 +61(1+1) 2

Combining (3.34) and (3.36), we can derive

x> < C(0) 0.

Let Ty >> 1 such that

and

A+

281 (1+ To)* ™1 > k(1 + Tp)®,

(o1 (x) —k = Cé1) (1 + Tp)*! —

k(P (V + ) + 8D+ To)* — C8 (1 + T T2 — C6 + (1 + Tp)S1 !

> keo(1+ 1),

Journal of Differential Equations 436 (2025) 113347

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

fork=2% A <1ande <3.Lett>Ty> 1in(3.31) and use (3.36) together with (3.37), we

=2
obtain (k = %0)

2

2 131,
%/((I—FI)S'H‘%—p(V+¢X)(]+t)8]+k¢tzx—%(1+t)€']oel(x)qb

2

2
+k (“ DT s + (407 a0 - 82—1(1 “)8'1@2)) a

+/(k(l+t)81¢;21+k6'0(1+t)81¢t2x+ 3

2 2

—k <<81 A ey = ST D g t)‘“) ¢3)dx

< / (C(Sl(l b0 TITREGE L O8 (14 1) 32 4 C8y (1 4 1) ¢3) dx
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—11451 —9—1

+C81 (40T f (TR 4 (14T 20

Y41 ’955”281—61) . (3.39)

Casel.0<A < %
In this case, we can take t > Tp > 1,61 =2 + X and 8'1 = 1. Then, by integrating (3.39) over
[0, ¢] and using (3.18), we obtain

/ ((1 + 07292 L (1402 + (1 + t)2¢,2) dx

t
+//((1+s)2+)‘¢,2t+(1 +s)2“¢,2x) dxds
0

2 1724,
S/C<(1+1)2+2k%_w(1+f)2+2A¢,2x—%(1+l)l+)‘011(x)¢12

¢ 2+

+k ((1 + 0> bude + (D% (07 = =0+ t)”*d)?)) dx

t
+//((1+s)2“¢,2t+(1+s)2“¢>,2x) dxds
0

t
5//(&31(1+s)*1¢§+(c31+1)(1+s)¢,2)dxds
0

—=3+54

+C81((1—|—t) 3 +(1+t)#)+0105c10. (3.40)

Furthermore, setting ¢; = 3 and assuming ¢ > Tp >> 1 in (3.27), and integrating it over [0, ].
Then by applying (3.36), (3.37) and (3.40), we obtain an improved decay rates for the functions
as follows:

t
/((1 + 03+ (14D gL ) dx +//((1 +5)°0% + (1 +9)¢7) dxds
0

t
5/C(l~|—t)2¢,2dx+//C((1+s)2“¢>,2x+(1—i—s)_ld:%—i—(l—i-s)_’\qﬁf)dxds
0

—=3+51

+C8 (1 +0TF 41 +077 )+ Cly = Ch, (3.41)

Then, from the previous results and (3.36), we can derive the estimates of ¢, as follows:
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(1412724 |12 < Cl,
t

/ / (1 +)+2¢2 dxdi < Cl, (3.42)

0

which, together with (3.40) and (3.41), gives (3.23).

Case 2. % <A<l
In this case, we can take t > Top > 1, 61 =2 + ¢ and 8’1 =& + 1 — A. Then, by integrating
(3.39) over [0, #] and using (3.22), we obtain

/((1 + t)2+)u+€¢t2[ + (1 + t)2+)»+8¢t2x + (1 + t)2+8—)\¢[2) dx

t
+//((1+s)2+8¢,2,+(l+s)2+€¢,2x> dxds
0

2 /(Y7
< / c <(1 + r>2+*+€% - wa b2 %(1 + 1) (1)

2 9
+k ((1 + 02 + (1 + t)2+8_)\011(x)¢7’ - ers 1+ t)‘”qbf)) dx

t
+//((1+s)2+8¢t2t+(1+s)2+8¢,2x) dxds
0

t
g//(cal(l+s)*]+€**¢,%+(csl+1)(1+s)‘+€**¢3)dxds
0
1O+ 4l

—=3+3% 4e

<Cly(1+1t)"2

(3.43)

Furthermore, taking &1 = ¢ + 3 — A and assuming ¢ > T > 1, we integrate (3.27) over [0, ¢]
and apply (3.36), (3.37), and (3.42) to achieve an enhanced decay rates for the functions as
follows:

/ ((1 F03TER2 4+ (1 + t)3+€¢fx) dx

t
+//((1 +5) gl + (1 +t)‘+8‘*¢,2)dxds
0

t
5//C((1+s)2+8¢,2x+(1+s)_1+‘9_)‘¢)%+(1+s)8_2)‘¢t2>dxds
0
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+/C(1+t)2+H 2dx +C81(1+1) "7 % 1.Cl

3+3)\ +€

<Cly(1+1) (3.44)

Then, from the previous results and (3.36), we can derive the estimates of ¢, as follows:

(1 +0)7 puxl? < Clo,

//(1 +5) P92 dxdr < Clo(1 Foy e
0

(3.45)

which, when combined with (3.43) and (3.44), leads to (3.24). This completes the proof of
Lemma 3.2. O

Similar calculations to Lemma 3.2 yield the following Lemma, the proof of which is omitted.
Lemma 3.3. Under the assumptions of Theorem 2.1, when § 4+ 81 < 1, it holds that:

° ForO§A<%, then

A 08102+ (07 (Il + I 12) + (1402 a2

t
+ (1407 gl + / / (%08 + 1+ 97,
0

t
1
+(1 4977 ) dxds + 1= / / (1 +5)"7" 2 dxds
0

=Cl. (3.46)

° For%<)\<1,then

A+0 T gl + 1+ 0¥ s 12+ (1 + r)— [l rxx|I?

FA+07T (x| + e 12) + 1—+z / / (1+ )97, dxds

< Cly, (3.47)
t

//((1 +S)5+87)\.¢t2n +(1 +S)4+8¢[2[x +(1 +S)3+S+)»¢l2tx> d.xds

2(1 2)

5C10(1+t)*%+37k+5, for any <& <A
Recalling Lemmas 3.1-3.3, we establish the decay estimates (2.31), (2.34), and (2.35).
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The proof of Theorem 2.3 shares similarities with previous discussions; thus, we present only
the essential steps in the argument. Before beginning our proof, we introduce a new a priori
assumption, differing from the previous one

2
_ 8
N3(Ty):= sup In"'Q2+0) 1> A+ 95, )
0<t<T k=0

2
FA D3PI+ Y A+ 2 kg1, P <82 (3.48)
k=0

for some § < 1 and 0 < 71 < oo. For the case A = %, to obtain the corresponding estimates
for (¢, ¢;) and their higher-order derivatives, our approach will differ somewhat from that in

Section 3, focusing primarily on the estimates of ¢ itself and its first derivatives.

Lemma 3.4. Under the assumptions of Theorem 2.1, if § + 81 < 1, it holds that

t
1612+ 0+ 03P + 0l + [ [ (149007 + 14 5)162) dxds
0

<ClnQ2+1t)lp. (3.49)
Proof. To facilitate our subsequent proof, we define
4
Fi=Y F=—{@-a)A+07"U+(pV) = p'@V)s+ (p(V +0) — p(V))} .
i=2

From the proof of Lemma 2.1 on the estimate of || F||?, we obtain

5(142)
2

4
IFIP<CY IFIP<Csi(i+0"" 2. (3.50)
i=2

As in the proof of Lemma 3.1, we can also obtain (3.6)-(3.14). From (3.12), we can obtain the
estimates of (¢, ¢;) over finite time intervals. Nextlet # > 7 > 1 and take A = ¢ = % in (3.10),
by applying Holder’s inequality and Cauchy’s inequality, and using Lemma 2.1 along with (3.13),
we can derive

d s 7 “ 6 o~ .
- (1+t>57+/<1+r)s(p<V>—p(V+s>>ds
0
2
+k ((1 +r)%¢t¢+a1(x>"’7 -~ %(1 +t)—%¢2))dx
+/(k(l+t)%¢,2+kc0(l+t)%¢f)dx
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6 3 ER
5/((1+t)s¢,F+k(1+r)s¢F)dx—/51(1+t)s¢,dx
+ / C+1) ban (1)
_17 2 1 9.2
§/C(1+t) oy (1) dx+C8—/(1+t)5F dx
1

+ [ K0} (854 1011F) dx

11

_1 2 _1 1
5/c<1+r) a1 ()¢ dx+C81((1+t) S (141 s)

R , 3 5 3
+/C(1+t)§¢x (u@V),dx +C1 +1)5 </¢2dx> </F2dx>

_1 ) _1 _u
§/C(1+t) Sa1 (x)¢h dx+C61<(1+t) S+ (141 s)

+/al(1+r>%¢$dx+/§(1+r)%(<u<t>V>t)2dx

s 3 3 3
+C(1+t)3(/¢2dx> (/dex> . (3.51)

Due to Lemma 2.1, we can derive

/(1 +03((u®V), ) dx < /C ((1 +07 5V +z)?vt2) dx < C82(1+17".

Hence, by integrating (3.51) over [0, ¢], based on (3.48) and (3.50), we can obtain
b«
o 97 6 5 5
(141)3 > + [ A+8)5(p(V)—p(V +5))ds
0
3 > 3 2.5
+k (1+t)5¢z¢+a1(X)7—E(1+t) S¢7) )dx
t
+//((1+s)%¢,2+(1+s)%¢§)dxds
0
t
5//C(1+s)_%ot1(x)¢2dxds+C81(l—l—s)_% + Cly

0
t t
3.9 C 3 2
+//81(1+s)5¢xdx+//a(l+s)5 ((,u(t)V)t) dx.
0 0

31



Y. Cai, C. Liu, M. Mei et al. Journal of Differential Equations 436 (2025) 113347

t
5//C(1+s)*§a1(x)¢2dxds+C1n(2+z)10. (3.52)
0

t
In order to estimate //C(l + s)_%(xl(x)qﬁzdxds, we let t > T > 1, by taking A = % and
0

e = % in (3.10), we obtain

Ox

d 1 §? 4~ -

1 (1+t)57+/(1+t)5(p(V)—p(V+s))ds
0

1 29?1 _4 5
+k ((1+t)5¢z¢+011(x)(1+f) 57—1—0(14‘0 S¢ ))dx
1 2 1
—F/((Ot(x)—/’<—51)(1+t)g —g(l—i-t)_g)d’,zdx

N 1 4 A 1
+/(—kp’(V+¢x)(1+t)5+§p/(V+¢x)(1+t)_5

4 A~

+/it (al(x)(lth)‘% —i(1+t)_%)¢2dx

s\ 732 10

5/51(1+1)*§¢2dx+/8£((1+z)§+(1+r)%)F2dx.
1

Then integrating it over [0, #] and using Lemma 2.1 along with (3.13) to it, we have

s g7 7 EPRpr 5
/ (1+t)57+/(1+t)5(p(V)—p(V+s))ds
0
1 29?1 _4 5
+k((l+t)5¢,¢+oz1(x)(l+t) 5?—1—0(14—[) 5¢ ))dx
t
1 9 1 9 k2 )
+//<k(l+s)5¢t+kco(1+s)5¢x+?(1+s) 5¢)dxds
0
t
5//%((1+s)%+(l+s)g>F2dxds
0

t
+//31(1+s)—%¢2dxds+C10
0
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t
5c10+//51(1+s)*%¢2dxds, (3.53)
0

t
which implies that / / 1+ s)_%qﬁzdxds < Cly. Therefore, returning to (3.52), we obtain
0

t
40818 + 0818, P+ 101 + [ [ (45367 + (1 +9393) avds
0

<Cln2+1)lp. (3.54)

Furthermore, for ¢ =1 and t > T > 1, if we integrate (3.9) over [0, ¢] and use Lemma 2.1,
(3.13) and (3.54), we can get the better decay rates of the functions ¢; and ¢, as follows:

2 ¢X
/ (1+t)§%’+/(1+r)§<p(\7)—p(\7+s))ds dx
0

t
+ / /(1 + 5)p2dxds

0

t t
5//C(1+s)%(¢,2+¢§)dxds+//C(1+s)%F2dxds
0 0

t
5//C(1+s)%(¢,2+¢§)dx+c1n(2+t)al
0

<CInQ2+1)Iy, (3.55)

or
t
A+ 03 Uel® + I1: 1) + / / (1 + $)d2dxds < Cln + 1) o, (3.56)
0

which, when combined with (3.55), gives (3.49). This completes the proof of Lemma 3.4. O

Lemma 3.5. Under the assumptions of Theorem 2.1, if §+81<1 it holds that.

A+ 0202+ A+ (el + el + A+ 05 [ |12

t
[ [(a4926 + 4986 + 149862, dxas
0
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<ClnQ+01. (3.57)

Proof. Due to [y |oo < Cllgrell2 [ praxll? < C8(1+1)"10 In2(2+1) < C8(1+1)~" and (3.48),
referring to (3.25), (3.26) and (3.28), we can derive

2 727,
%/((1+t)81+)‘%—4p (V;¢X)(l+t)81“¢t2x

A
=S amel)dx+ [ (a+0a s

g1+ A Aler—1)

2
5/C(81(1—H)81+# +(5+1)(1+r)61“*‘)¢,2xdx

(1 +t)£1+)»—1¢t2t +

(140712 ()67 ) dx

+/csl ((1 g 4 +z)—3“+81¢§x) dx

—11451

+C8 ((1+t) T (1 41)

—9—1
2

+£1) +/51(1 + )12 dx. (3.58)

As in the proof of Lemma 3.2, we can also obtain (3.29)-(3.39). From (3.34), we can obtain the
estimates of (¢, ¢;) over finite time intervals. Next set 7 > Tp > 1 and let A = %, g1 = %3 and
8’1 = 11n (3.39), by integrating it over [0, ¢] and using (3.56), we obtain

/((1+r)ls—"’¢,2,+(1+t)'5‘6¢?x+(1+f>2¢3)dx

t
+//((1+s)ls*3¢?,+(1+s)?¢,2x)dxds
0

1 2 / % 1
< /c ((1 +r>?% - @(1 +n¥e2 - %(1 +0 Y (062

3 2
+k ((1 +l)%¢tt¢t +(1 +t)2a1(X)%’ - i—g(l +t)%¢12))dx

t
+//((1+s)?¢,2t+(1+s)'s—3¢fx)dxds
0

t
5//(051(1+s)—1¢§+(cal+1)(1+s>¢,2)dxds
0

+C8In2+1)+Cly < ClnQ + 1) Io. (3.59)

Furthermore, for ¢; =3 and r > Tp > 1, if we integrate (3.27) over [0, ] and use (3.37) along
with (3.56), we can get the better decay rates of the functions ¢, and ¢, as follows:
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18

2
/((1 +r>f% PV g +0)

2
13 i

3
R —1—0(1+t)2a1(x)¢,2>dx

t

+ / /(1 +5)3a1 (x)p2dxds

0

/ L) 2
< / / C(1+)% @2 + $2)dxds
0

t
+//cal ((1+s)*1¢§+(1+s)%¢§x)dxds
0

< C811n(2+t)+C10—|—/81(1 + 03¢ dx. (3.60)

16 11

Due to (3.48), we have [|¢ux |2 < 82In(2 +1)(1 +1)~5 < C82(1 +1)~5 . Therefore, combining
(3.55) and (3.60), we can derive

t

A+05 (1wl + e l®) + / / (1+9)°¢2dxds < ClnQ2 +1)lo. (3.61)
0

Then, from the previous results and (3.36), we can derive the estimates of ¢, as follows:

6
A+05 lguell? < ClyIn@2 + 1),
t

//(1 + S)%¢fxdxdt <Clyln(2 +1), (3.62)

0

which, by combining with (3.59) and (3.61), results in (3.57). This completes the proof of
Lemma 3.5. O

The next theorem is analogous to the discussion in Lemma 3.5, hence, we omit its proof.

Lemma 3.6. Under the assumptions of Theorem 2.1, if +81 <1 it holds that.

A+0M gl + (A +0F (Il + 19ual?) + (1 +0F el

t
+<1+r>4||¢xxx||2+//(<1+s)5¢£,+(1+s>?¢5x
0

t
42 1 442
F(1+s5)3 ¢M) dxds + = [ [ (1490, dxds
0
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<ClnQ2+1)lp. (3.63)
Invoking Lemmas 3.4-3.6, we derive the decay estimates (2.38).
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