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EXISTENCE AND UNIQUENESS FOR A STATIONARY HYBRID
QUANTUM HYDRODYNAMICAL MODEL WITH GENERAL
PRESSURE FUNCTIONAL*
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Abstract. In this paper we generalize the results obtained in [F. Di Michele, M. Mei, B. Rubino,
and R. Sampalmieri, Int. J. Numer. Anal. Model., 13:898-925, 2016], where a hybrid model for
semiconductor devices has been presented. In particular we consider a more general pressure function,
which allows us to account also for the isotropic case. General Dirichlet boundary conditions are also
included. In this case we need a different and more restrictive subsonic condition which directly involves
the first derivative of the quantum function Q(z). The existence of solutions is obtained by regularizing
the problem and performing a suitable vanishing viscosity limit. Also the zero-charge-space limit is
discussed and our results are tested on a simple toy model.
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1. Introduction

In this paper the authors continue their research on hybrid quantum models for
semiconductor devices as introduced in [6,11,12], and [13]. When one talks of hybrid
approach we think of models having a part of the device described by using quantum
equations (such as Schrodinger, quantum drift-diffusion (QDD) or quantum hydrody-
namic (QHD)), and the other parts by classical models, for example hydrodynamical
(HD) or drift diffusion (DD) equations. The main problem of this approach is to intro-
duce proper transmission conditions that must be prescribed at the interface between
classical and quantum zones of the device. This choice is somehow arbitrary since it
cannot be based on experimental data.

The main advantage of our hybrid approach is that the solution of the hybrid
problem is obtained as [limit solution of a regularized sequence of problems. In this
way we avoid the introduction of artificial interface conditions between classical and
quantum regions.

Hybrid models for semiconductors have been of interest in the recent years since it
is well known that the nano size of the latest semiconductor devices requires to take
into account the quantum effect, and that this effect is localized in a small region of the
device. Moreover, this approach allows the reduction of the computational costs simpli-
fying the numerical simulation, without the massive use of parallel algorithms. One of
the seminal papers in which the hybrid coupling between quantum and classical systems
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was studied is the paper of Ben Abdallah [2], where a suitable set of transmission con-
ditions, linking classical Boltzmann equation and stationary Schrédinger equations, is
discussed. Subsequently, in [5], a one-dimensional stationary Schrodinger drift-diffusion
model, including collisions is analyzed. To link quantum zone and classical region, the
authors prescribe the continuity of current density at the interface. In [3] Ben Abdallah,
Méhats and Vauchelet introduced a hybrid drift-diffusion-Schrédinger-Poisson (DDSP)
model, while the optimal parallelization strategy of numerical solutions of this model is
performed in [22].

In [1,16] and [17] the DDSP model is applied to study the electron transport in
strongly confined structures, such as nanotubes; the continuity of the total current is
assumed at the interface between classical and quantum domains. In [8], the hydrody-
namic hybrid model is studied by prescribing the continuity of the charge density, while
a small jump of the current density is accepted and justified from the physical point
of view, by using scaling arguments. In [12] the authors define a generalized enthalpy
function, which also contains a quantum term. This new quantity is assumed to be
constant through the interfaces, allowing the information exchange between classical
and quantum problems.

This short survey shows that many different strategies can be adopted to establish a
physically reasonable set of interface conditions; usually the continuity of certain phys-
ical quantities is preserved at the expenses of others: the same concept of hybrid model
introduces an error at the interface, due to the arbitrariness of this choice. Our approach
proposes a hybrid model matching classical and quantum hydrodynamical equations,
derived in [11], by introducing a modified form of the Bohm potential (more precisely, in
comparison with the QHD equation, we introduce a new term in the quantum potential,
namely Q' /n;/+/n. This make our model basically different from the standard QHD
model). From the mathematical point of view, we notice that the performed localization
of the quantum effects introduces a degeneracy in the working equations that makes the
mathematical dealing more complex.

In the present paper the steady-state, one-dimensional, hybrid model, as derived
in the above cited papers, is considered while introducing a general pressure function
that allows to deal with the isotropic cases, while the isothermal case has been already
discussed in [11]. The working system reads as

2ne? (Q(x) (\/j%“ +Q'(z) (\/\Em)w - (p(n) + {j)m +nV, = i
NVyp =n—C(z),

(1.1)

here z € Q = [0, 1].

As usual, the current density .J is assumed to be a constant and the second equation
in (1.1) is the Poisson equation, describing the evolution of the self-consistent electrical
potential V. Moreover n is the charge density, 7 and A\ are strictly positive parameters
for the scaled relaxation time and the scaled Debye length, respectively. Finally ¢ is the
scaled Planck constant and will be considered sufficiently small in the sequel (¢ <« 1).
We introduce @ € C1(2), with 0 < Q(z) < 1 which is the so-called quantum effect
function.

The quantum function Q(x) satisfying Q(z) = 0 in some parts of [0, 1] and Q(z) > 0
in the other parts can be designed in many ways. One of the typical examples for Q(x)
is a regularized step function such that Q(x) > 0 around the endpoints = 0 and z = 1
(but it can also be equal to zero in the middle part of (0,1)). Namely, we take Q(x) as:
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Q(z) =0 for x € [x1,22], and Q(x) >0 for x € [0,z1) U (x2, 1], (1.2)

with 0 < 21 < x2 < 1 (a typical example is the one in the Figure 1.1).

QX)>0, Q=0

Fic. 1.1. Function Q(x).

This problem has been studied in [18] in the non-hybrid case, namely for the stan-
dard QHD model (quantum hydrodynamic model), corresponding to Q(x) = 1.

The doping profile is modelled by C(z) € L%*(Q), where C(z) > Cy > 0 for all
xz €.

The pressure function is assumed to be

TnY

where T is the scaled electron temperature. The value v = 1 corresponds to the isother-
mal case already discussed in [11], whereas for v > 1 we are in the isotropic case and
this is the case that will be considered in the present paper.

The stationary problem (1.1) is supplemented by the following boundary conditions

n(0) =ng, n(l) =nq, (1.4)

n,(0) = ng(1) =0, (1.5)

with ng and n; strictly positive. Concerning the potential V, we set

V() =Vo, V(1)=W, (1.6)
where
0) T - J?
_ — 92 (\/ﬁ)m( y—1 ~ 1.
Let us briefly discuss the boundary conditions (1.5) in the following:
REMARK 1.1. The boundary conditions (1.5) are the natural conditions for the

standard QHD as in [15]. This allows the problem to be well posed. To solve the hybrid
problem (1.1) we define a sequence of approximating problems obtained by regularizing
Q(x) as in (2.9). For each of these approximating problems we assume Q,(z) > 0, then
the same boundary conditions (1.5) are still necessary. When passing to the limit (see
Theorem 2.3), assuming (1.2), the limit hybrid solution inherits them (see the proof
on page 19). In the case of classic boundary (Q(z) > 0 for x € [x1,22] and Q(z) =
0 for x € [0,21) U (22,1]), we are not able to prove the convergence (wg); — wy in
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x =0 and = 1 (see Remark 2.5). Anyway, in Section 5, assuming (1.5), we perform
numerical simulations also in this last case, observing that, since @) is strictly positive
in a sub-interval of [0, 1], there the problem is of the fourth order and then the single
condition (1.4) is not enough to determine it.

Finally we remark that similar conditions have been used both for the classic HD
model [7,14,20] and for the QHD model [15,18,19]. Basically these conditions are
necessary to obtain a well-posed steady-state system (1.1).

Let us divide (1.1); by n and integrate with respect to x. Then, in view of (1.6),
we have

J? T J (1
- _9 2 (\/ﬁ)mz —9 2 (\/ﬁ)l‘ ~y—1 7/ -d 1.
V(zx) 5 Q(x)i\/ﬁ e“Q (I)i\/ﬁ + oz + P vt P s, (1.8)
and we further obtain, by using the boundary conditions (1.4) and (1.6), that
1) T J Tt
V=V = 22y o s 2 [ )

In this paper, we propose the constant J as a parameter and leave V(1) to be a
number automatically determined by (1.9).

Throughout the paper we consider the following boundary problem for the steady-
state H-QHD model (1.1)

2 (\/ﬁ)m "z (\/ﬁ)x _ an—l i — _ i
w (e @) - (i) — e

NV =n — CO(x), (1.10)
n(0) =no, n(l) =nq,

nz(0) =nz(1) =0, V(0) =V, J=Jo.

We just remark that in [11] a less general set of boundary conditions and pressure
functional have been used, namely v = 1 and ng = ny; = 1. The problem considered
in this paper is therefore more general, although the assumptions we need in order to
prove the existence of a regular solution are more strict. Many other papers, related to
hybrid model for semiconductor devices, are available in the literature. In particular,
see [1,2,5,8-10,16,21,22] and references therein.

In the last section, for the sake of completeness, we present some numerical simula-
tions obtained by means of the Fortran routine COLNEW, from the package SCILAB.

[4].

2. Main results

Starting from (1.10); differentiated with respect to x, in view of the Poisson equation
and observing that p/(n) = Tn?~!, we obtain the following fourth-order differential
equation for the electron density n

92 (Q(m) (‘/5%” +Q'(z) (\/\/Qw)m - ((T”H - ;];)T:f)

1
—&—ﬁ(n - C()) = EpcilE
ANV, =n — C(z),
n(0) = ng, n(l) =n1, n.(0) =n.(1) =0,
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It is well known that the flow is subsonic when

J
velocity of the flow := 171 < /p'(n). (2.2)
n
Dividing by n the square of (2.2), we get
/ J2 J2
P(n) —— >0, i.e. T'> —, for the n under consideration, (2.3)
n n nytl

w )
By using (2.2) or equivalently (2.3), we could obtain a lower bound for the charge
density

/ 2
which ensures the uniform ellipticity of the term (<p (n) — J > nz>

J? 5T
classical subsonic condition: n > <T> = Nk (2.4)

As it will be shown in the proofs in the sequel, in our case more strict subsonic-type
conditions are required, such as

TnO~ — ié > 2e2(Q' ()% (2.5)

We have to verify that there exists a ny, > 0 such that, for all n > n,, the inequality
(2.5) holds for all v > 1. Obviously the boundary terms need to satisfy (2.5) and

no,Np > Nyk. (26)
For the doping profile C(z), we require:

Cy:= Iren[g)r’ll] C(x) > n,. (2.7)

REMARK 2.1. We observe that when Q = 1 and @’ = 0, that is in the pure quantum
case, we recover (2.4), as expected.

As extensively discussed in [11] the fourth-order elliptic Equation (2.1) is locally
degenerate because Q(x) = 0 in the classical part of the domain. This increases the
difficulties in solving problem (2.1). Therefore we introduce a sequence of strictly pos-
itive functions Qq(x) > ¢ > 0, constructed such that Qq(z) — Q(z) when ¢ — 0, and
we prove that (ng, V;)(x) is the unique solution of the relative approximating problem.
The solution (n,V)(z) of the really hybrid problem is then obtained taking the hybrid
limit ¢ — 0 of (ng, V) (x).

Setting w = y/n, (2.1) reduces to

27 Q) 2 + @ (0)2) ~2 ((www - 5) “’w>

1 v 2J

e = Cl)=-75 (2.8)
A2V = w? — C(x),

w(0) =wo w(l) =w1, wy(0)=w,(1)=0,

V)=V, J=1o,
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where wy = /ng and wy = /ni.
We now introduce the modified QHD equations (H-Q,HD), obtained by replacing

Q(x) with Qq(z):

(et ral) (),
= C) = = lw)a, (29)

Here we assume Q,(0) = Qg (1) = 0.
The subsonic-type condition (2.5) becomes

_ J?
Tw20—Y — —> 2e2(Q())>. (2.10)
q
Now we look for a unique solution to (2.9).

THEOREM 2.1 (Existence of solutions for the modified H-Q,HD problem).  Assume
(2.6), (2.7) and (2.10), and that Q4(z) is a positive, smooth and bounded function,
defined on Q) such that

0<q< Q) <1, a=max(|Q)|x,|Q|e) <00 foral zeQ, (2.11)
and
s NG@E 1y o P
— < — ([ Tw*"" - — 2.12
S 0. <g(Tw w4)’ (2.12)
where
w=,/n and n:=min{ng,ni,Co}. (2.13)

Then the solution to (2.9) exists and (ng, Vy) € H*(2) x H?().
REMARK 2.2.  The term on the right-hand side in (2.12) must be positive, namely

1
J2\ T
w? > T . Such a condition is verified as a consequence of (2.10). Moreover we
observe that (2.12) implies (2.10), but we prefer to state both for clarity.
REMARK 2.3. Conditions (2.10) and (2.12) essentially mean that the quantity
(Qq())?

W is bounded and this prevents that real step functions can be assumed as quan-
q(T

tum functions, although a Heaviside function could be a reasonable choice to model,
from a mathematical point of view, the interfaces between the classical and the quantum
regions. Anyway we observe that, from a physical point of view, the doping process in
heterojunctions does not allow a sharp jump (in the mathematical meaning of the term)
and a transient region certainly exists even if it is not easy to evaluate its scale.

We assume that (2.12) holds also when ¢ — 0.
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THEOREM 2.2 (Uniqueness for the modified H-Q,HD problem). Assume (2.10),
(2.11) and (2.12). Then there exists J and € sufficiently small and v sufficiently close
to 1, such that the boundary value problem (2.9) admits a unique solution.

We introduce now the space:
W(Q)={w e H'(Q) : /Quz, € L*(Q), w(0) = wo, w(1) = wy, w,(0) = w, (1) = 0}.

As we mentioned before, when Q(z) = 0 in some part of the domain 2, the H-QHD
system (2.8) becomes regionally degenerate in the fourth-order ellipticity, then it cannot
possess smooth solutions. Therefore, we introduce the definition of its weak solution as
follows.

DEFINITION 2.1.  (w,V)(z) € W(Q) x L%(Q) is said to be a weak solution of (2.8), if
it holds that

)0 /01 (Q(CB) w;]z " Q’(m)%) Guadr + 2/01 ((TwQ(“/l) — 1{;) w;) ¢odx

1 1 1 J
+ /0 W — C))ods + /O ez =0, (2.14)

and

1 1 1
_ 5.2 Wy 5.2 1o\ Wx
/0 Vodr =— 2¢ /0 Q(x) ” ¢dr — 2¢ /0 Q (m)—w ¢dx

1 2 1
T
+/ J—4¢dx+—/ w?O Ve dx
0 2w v—1

0

+i/01(/01w21(8)ds)¢dx, (2.15)

for any ¢ € C§°(2).

REMARK 2.4. To our purpose it is enough to ask w € H' () N {y/Qu,, € L*(Q)}, in
order to obtain Theorem 2.3, as proved in Section 4.

We recall the approximation assumptions concerning the hybrid quantum effect
function 0 < Q(z) < 1: Let {Qq(z)} be a ¢-dependent sequence satisfying, for all
q € R+a

Qq—Q, Q,— Q uniformlyin Q, for ¢—0,
1QgllLe < K, uniformly in g,
2 Q,(=)]* 1

(-1 _ I
¥4 70 _ Y _
P < (Tu0 =),

for all z € Q, where n > n,.

(2.16)

Now we present the existence result for the solutions to the weak hybrid quantum
hydrodynamic Equation (2.14).

THEOREM 2.3 (Hybrid limits and existence of H-QHD solution).  Let {Qq(x)} be
an approzimation satisfying (2.16), and (wg, Vy)(x) be the solution to the system (2.9).
Let Q € CY(Q) be the quantum effect function limit of the sequence {Qq(x)}. Assume
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the subsonic conditions (2.6) and (2.7). Then there exists a pair of functions (w,V)(z)
such that the following convergence results can be established

Wy — W in HY(Q),
Wa 71 m Y, (2.17)
\/ quq,xac - \/wax m LQ(Q)a
Vo=V in L*(Q),

Moreover, when Q(x) satisfies (1.2), then the pair (w,V)(x) is the weak solution to the
H-QHD system (2.8).

REMARK 2.5. In the case of classic boundary, opposite to (1.2), when Q(z) satisfies:
Q(z) =0 for z € [0,21] U [z2,1], and Q(z) > 0 for [z, xs],

we cannot establish the results stated by Theorem 2.3, since the weak limit of w, as
g — 0 cannot be proved as the weak solution to the H-QHD system (2.8) due to some
technical difficulty in verifying the boundary conditions w,(0) = w,;(1) = 0. This
problem is also highlighted by the oscillations that appear at the extrema of €2, in the
case of classic boundary, as can be seen in the simulations (see Figures 6.2 and 6.1).
The origin of these oscillations is not clear and it should be further investigated in the
future, although they could also arise from the intrinsic instability of the problem under
consideration.

In Section 5 we discuss the zero-space-charge for both the regularized and fully
hybrid equations. Here we just mention, as the main result of the section, the result
concerning the zero-space-charge limits for the hybrid case, that is

THEOREM 2.4.  Assume (2.12) and let Q(z) € C?(Q) such that 0 < Q(x) < 1. Let
C(z) > n be a given function which verifies

If (wy, Vi) is the solution to the problem (2.8) then, for A — 0, one has

wy(z) = w:=+/C(z) in HY(Q)
wy () — w:=+/C(x) in C°N) (2.19)
Va(z) = V(z) in L*Q),

where

V()= -2 (Q(w) Vs Q' () %)

J [T ds
24 ol Z .
+202+'y—1 +7' o C(s)

(2.20)

3. Existence and uniqueness of H-Q,HD solution with a general pressure
functional

Following the same approach proposed in [11], we first construct an approximating
sequence of solutions (wy, V;) to the quantum hydrodynamic model H,QHD (2.9).
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Now the working space is:
W ={we H? : w(0) =wy, w(l) =wi, wy(0) = wy(1) = 0},

since Q4 > g > 0.

One of the main problems usually related to the solution of the quantum systems
is to prove that the charge density n is strictly positive. In order to overcome this
difficulty in [15] and in [18] the authors introduce a truncated problem in terms of a
new variable u = Inn. Here we adopt a different approach, namely, we first prove that
the solution is strictly positive then we get the a priori estimates.

LEMMA 3.1 (Strict positivity of the solution to (2.9)).  Assume that Q,(x) satisfies
(2.11) and (2.12) and that the subsonic conditions (2.10), (2.6), (2.7) hold. If w, €
H?(Q) is the solution to the problem (2.9), then

Wy > /N =w for all x € 3.1
q

where n = min{ng, n1, Co}.

Proof.  Let (wg — /)" := min(0,w, — \/n). Since wy(0) = /ng > /n and

wy(1) = /n1 > \/n, then one has (wq—/n) " |oq = 0, and (w,—/n)~ € HJ(Q)NH?(Q).

Now let us consider the weak formulation of the problem (2.9); by using the test
function (wq — /n)~, obtaining

/ 0, e = VA )i ((wg — ﬂ) )ze da;+2/01 (ng(v—l)_JQ)((wq\/ﬁ))?cdx

wi

+%/Qﬂ%ﬁ””%ﬁ”“m
0 Wq
= [ = (Vg — ) da

0

1 /1 - 1oy -

3 ) €@~ — v de = [ g = ) e

:ZL]_ +L2 +L3 (32)
One has

Lot Lo <= 55 [ (= vE Pl + VDo + 5 [ (C@) —n)lw, — v do
(3.3)

Notice that © can be written as a disjoint union of QF and isolated points, where
Ot = UiQ7;+, O = UiQii

Q" = {z € Q such that w, > y/n}, Q;~ = {z € Q such that w, < \/n},

then we can write

%:*4‘14Wrwﬁrhﬁ

2
qu

=X [t v M—EZ/,TW V) ) d.
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Clearly the first sum above is zero, therefore
J _
Ly—— ZJ:/Q g (0 = VD)

Consequently, we compute Lz on each interval ;7. Without loss of generality we just
consider a single interval Q;~ = (a;, b;), which is properly contained in the open interval
(0,1). Since we assume w, € H?(0, 1), then w, is a continuous function in [a;, b;]. This
implies that wg(a;) = wy(b;) = /0, and thus

bj
Ly = ,/ L(wq)z dr = J J =0. (3.4)

Tw? Twq(b;) B Twg(a;)

Now, in view of (2.10) and (2.11), we show that the first three terms of the left-hand side
of (3.2) can be seen as a strictly positive quadratic form which satisfies the following
inequality

! Wy — /1) )2 Wg — /M) )a((wg — /1)~
[ ap = N G = V)= )
AR n
Sy R S R 55)

provided B2 — 4.A40Cy < 0, where
Ao = 2e2Q,(z), By = 252Qf1(:13), Co=2 (ng('yfl) — i—z
and c¢; and ¢y are positive constants (Co > 0 by (2.10)).
Therefore the quadratic form above is strictly positive if

Wq

_ J?
B2 — 4A,Cy = 4e? [8(@;(@)2 —4Q,(z) <Tw2(7 n 4> } <0,
that is given by (2.12). Then, considering (3.3), in view of (3.4), we get

o [l ey [ VAR,
0 0

1 Wy Wq
+/ (g — /7)) (wq + /) da
<3 / (C(w) — n) (wy — v/B)" da, (3.6)

which implies (wq — /)~ = 0 for all z in [0, 1], namely, w, > /n > 0 for all = € [0, 1],
that is (3.1). O
REMARK 3.1. Now we can say that (2.12) holds for any w, > w.

LEMMA 3.2 (A priori estimates). Let w, € H?(Q2) be the solution to the problem (2.9).
Assume the subsonic conditions (2.10), (2.6) and (2.7), and that Qq(x) satisfies (2.11)
and (2.12). Then

llwg | Loy < war, (3.7)
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and
1 1
o [ wldete [ w)ld <K, (3.8)
0 0

where wy > /1, ¢; depends on q, and ¢y, K > 0 are g—independent constants.

Proof.  Let wp € C* be a strictly positive function such that wp > ,/n, which
verifies the boundary conditions of (2.9), and multiply (2.9); by (w, —wp) € (H?* N
HYH(Q). After integration on the whole domain, we have

2¢2 / Q—=dx +2/ (ng(y 1)_104) (u?) dz
0 q q

+2€2/ Q; wq)w(wq)ww de
0 Wq

1 1 2
:252/ Qq (WD)az(Wq)ax d$+2/ (ng(’y—l) _ ‘]4) (wg)a(WD)a da
0 Wq 0 Wq Wq
1
+2€2/ Q; (wq)l(wD)l.L dx
0 Wq
1 [t

(w2 — w})(wy — wp) dx

A2
1 [t ) Lrog
+F (C(z) — wp)(wg —wp) dz + ; T—wg m(wq—wp)dac
=L+ L+ I3+ 14+ Is + Ig. (3.9)

We start estimating the first three terms on the right-hand side, using the Young’s
inequality and recalling that 0 < @, <land 0 <e k1

1 2 1 2
Il +Ig +I3 §€2/ Qg (wq)zz d$+€2/ (wD)zm dx
0 0 w

Wq q

+ /1 T'U]2(771) _ iz (wq)i dl’
0 a wg Wq
1 2 2
_ J?\ (wp)
Tw?O— 2 ) 2Dz 4
+/0 < Y wf§ Wq !
1 2 1 2
_’_82/ (Q/q)z (wqw) dx+€2/ (WDgx) de
Wq 0

Wq

2 2
<E / Q zx dx +/ Tw2('y—1) o i (wq)z
0 ! wg /)  wg

2
w
-l-E/(Q/ )22 dy
0 7w,
. / (Twzw—l)_ I\ W), / ()2 0.
0 a w3 Wq 0 Wq
1 2 1 2 2
J
§E2/ Qq (wq)a:a: dx + (T,wg('y—l) - = +€2(qu)2> (wq):r dx
0 Wq 0 wq Wq
 wpal /1Tw2|7_1. BN 28 (3.10)
Voo Joo ! Voo '
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Simple calculations, in view of the Cauchy inequality, give the following estimate for I,
and I5

Lot 2 1 ' 212
I4+I5§—F/ (wq —wp) (wq+wD)d$+2)\2\/ﬁ/o (C(z) —wp)" dz
/\z\f/ —wD dx

< - ﬁ (wq wp)? (wq +wp —
0

1 1
+ W/o (C(z) — wh)? d. (3.11)

Concerning the term I, we have

ﬁ) da

2

1
Iy = 7/ L(wq —wp)g dx
0

Tw?
b
= — ) Tw2 (’I_Uq dl’+ WU}Dz dl’
J 1 1
§—|——f|+J”waHOO- (3.12)
T Wi wo ™
From (3.9) and the previous estimates, we finally obtain
/ Q,Wiker g 4 o2 / Q, Wl (W)ea
Wq
J2 2
_|_/ (qu(’Y—l) - - 52(Qg)z> (wq)w dx
0 wq U)q
1 /1
+ )\2/ (wy —wp)? (wq+wD— f) dx
0
<#/ (C(2) — wh)? da
22w ), D
lwpalle 21, lwpaellag 7 11 [wp, |
P Dalloo p Whaallee | v = 24 jiTDallec 3.13
R A R

where the fourth term on the left-hand side is strictly positive since wp,w, > (/0.
We close the proof showing that the first three terms of the left-hand side in (3.13)
form a strictly positive quadratic form. This will imply that

1 2 2 1 2 1 2
/ (Al (wq)wm + Bl (wq)m(wq)zw + Cl (wq)m> dl‘ Z Cl/ (wq)wx d.’II + 62/ (wq);ﬂ dI
0 0 0

Wq Wy Wy Wy wg |
3.14

where

J2
A =°Qq, B1 = 252@;, C= (ng(vl) - — 52(Q;)2)
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and ¢; and ¢y are positive constants. The quadratic form above is strictly positive when
B% —4A4,C; < 0, that is

12[Q @) - Quto) (1030 - L - 2@y
= 422Q, [52%:5))2(1 +Q,) - <Tw§(71) _ ii) } <0 (3.15)

that follows from (2.10) and (2.12). Now, to establish the uniform upper bound wj, for
wgq, we apply the Implicit Function Theorem. Combining (3.14) with (3.13), we get

1 2 1 2
e / (wq)x:v dr 4 o / (wq)z dx
o Wq 0o Wq

1 ! 212 T 2jy-1 2
<07 |, C@) —wb)e 4 Zuli .
1 J, 1 1
g2+ L2 - g sl
Vv T Wy  Wo ™m
::XO(’%U}D;wM;vamwlanT) =: K. (316)
. (wq)i - 2
From (3.16), since —=% = 4[(,/wq)s]*, we get
Wq
1
ca | [(Vig).)* dx < Ko (3.17)
0

and (3.17) easily implies ||\/Wq]loc < K1 4 \/wo, where Ky = Ko

2

As in [18], we can prove that the following equation in (v, v/war)

VWM
| gz Jo [C@) —whPdet Ly wps 3+ Ellwpee & + 215 — o5 T 2=
a e
+ Vo > Jw (3.18)
has a solution
(v, Vwnm)
1 lwD o ll o
_[; 537 Jo [C(x) — wh]2dz+ T lwpe |3t W aal2e + 215 — o HT T rtr== i
5 072 T 0
(3.19)

Therefore, by the Implicit Function Theorem, there exists a 79 > 0 such that for
|v — 1| < 70, the Equation (3.18) admits a solution (v, /was). This defines the bound
wps. Then (3.8) follows from (3.16), where ¢; and ¢y are positive constants, in view of
(3.14). 0

LEMMA 3.3.  Under the assumption of Lemma 3.2, the variable uy, defined as uqy =
2Inwg, verifies the following estimate

sl (ug)aall L2 () + call(ug)zll 2 @) < Ko, (3.20)
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where c3 and c4 are strictly positive constants.

Proof. First of all we observe that u, is bounded from below and from above:
2Iny/n =um Sug <uy =2Inwy.

Moreover, from the results listed in the previous lemma, it follows that

2
<K (3.21)

2 Wq
g, = 4] T2

2 22
2 Wy gy Wy 4
g, |2 < 8 (\ “aee]|"+ wag ) <K (3.22)
where K is a positive constant which does not depend on g. 0

In order to apply the standard theory, we write (2.9); in the new variable u, =
21Inwq

2 (@0 (o + 145 ) 4 Q) ) (P,
_ %(eum—n)m N 6"1720(”3) _ (ie—uq)x — 0. (3.23)

Equation (3.23) is coupled with the following conditions
ug(0) =Inng = ug, ue(l) =Inny =u1, (ug)z(0) = (uq)=(1) =0. (3.24)

Then the existence results for the H-Q,HD system read as follows:

THEOREM 3.1 (Existence of H-Q,HD solutions). Assume inequality (2.10), then there
exists at least one weak solution u, € H*(Q) to the boundary value problem (3.23)-(3.24).

Proof.  Here we just summarize the results of [15] and [18] and adapt them to our
problem. In fact, since Qq(x) > ¢ > 0, Equation (3.23) is basically a QHD model and
standard methods can be applied also in our case. We linearize Equation (3.23)

o —2v
e (Qu (o + 502) + Qulug)s) 0 (72um),
PV o (=1 A N
T(e Ug,)e + 2 ( ” ug+1 C) JT(e )z =0, (3.25)

where v € X = C%1(Q). The relative boundary conditions are
ug(0) = olnng =ouy, u(l) =clnng =our, (ug)z(0) = (ug)z(1)=0. (3.26)

Obviously the solution of Equation (3.25) satisfies (3.26) for a given o € [0, 1]. Let

1
a(“q’ ¢> :/0 (52 (QQ(uq)m + Q:;(uq>w) Gz + T(e(v_l)yuqa@)¢$) dx
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It is easy to check that a(ug, @) is a continuous and coercive bilinear form in H?(f2), for
¢ € H?(2) and for each u,. Moreover, the functional F, defined as

1
F(¢) :/0 (Qq?vﬁqﬁm +oJ?e M uhy — %(1 - C)¢) da

1
7/ (oje”gbz) dx
0 T

is linear and continuous in H?(Q) for ¢ € H?(Q). Therefore, for Lax Milgram Lemma
the boundary value problem (3.25)-(3.26) admits a unique solution u € H?(Q2). In this
way we define a continuous and compact fixed-point operator on X = H? such that

S: X x[0,1] =X, (v,0) = uq (3.27)

with S(v,0) = 0 for all v € X. Moreover, we can show that there is a constant ¢ > 0
that verifies

Jullx < e, (3.28)

for all (uq,0) € X x [0,1] satisfying S(uq,0) = uq.

Indeed, for ¢ = 1 the inequality (3.28) is a direct consequence of the a priori
estimates discussed in the previous lemma and in a similar way we obtain (3.28) for
0<o<l1.

Therefore we can apply the Leray-Schauder fixed-point theorem to get the existence
of a fixed point u,. 0

In the following theorem, using a standard approach, we prove the uniqueness of
subsonic solution to (2.9), assuming J and e small enough and ~ close to 1.

THEOREM 3.2 (Uniqueness of H-Q,HD solutions).  Under the assumptions (2.10),
(2.11) and (2.12) there exist J > 0 and & > 0 sufficiently small and v sufficiently close
to 1, such that the boundary value problem (3.23)-(3.24) admits unique solution.

Proof. Asusual, we will prove the theorem by contradiction, following basically the
approach proposed in [15] and [18]. Let ug, v, € H?(£2) be two solutions to (3.23)-(3.24).
Now we consider the difference of the equations satisfied by u, and v, respectively

£ (Qutn = v+ (Q (Y45 - ) b Q- v

J? T
_ 7(6_2%2 _ 6_2vq>zx _ (7 — 1) (euq(’y—l) _ e”q(’Y_l))mv
et gy —g 3.29
>\2 T T

coupled with the following boundary conditions

(ug —vg)(0) = (ug — vg)(1) =0, (ug = vg)2(0) = (uqg — vg)(1) = 0. (3.30)

We multiply (3.29) by (u, —vy) € H(2) N H%(Q) and integrate it by parts on the
whole domain

1 2 1
52/0 Qq()(uq — Uq)im dx + % /0 Qq()(ug + vg)z (ug — vg)z(ug — Vg)az d
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< /1 Q! (x)(ug — vg)? dm—l—T/l e (y, —v,)? dx

2 o q q q)x 0 q q)x

1
+ X/ ("t —e")(uq — vg) du

1
_ _T/ (40D _ =Dy (y = vg)a do
0

1 1
+ J? /0 e 2 (uy — vy)2 dx + J2/0 (e7% — e 2 ), (ug — vg)s da

- 1 /O (e —e ") (ug — vg), du. (3.31)

-
We observe that the term 5 fol (e —e")(uqy—vq) da is positive and, concerning the sec-

ond term on the left-hand side, thanks to the apriori estimates (3.21), and recalling that

(tg)z(0) = (v4)2(0) = 0, we can find a constant Ky such that [|(vg)z|lo, ||(tg)zllec < Ko,
then we can write

(g +vq)z < 2([(ug)allZe + ll(vg)a %) < 4K3,

obtaining
g2 ol
9 /O Qq()(ug + vg)z(ug — vg)z (g — Vg)za d

2 1 1
Si/ Qq(x)(uq _Uq)ia: d$+K2252/ (uq _Uq)i dx.
0 0

Meanwhile, we estimate from below some terms on the left-hand side, and use Poincaré
inequality on the right-hand side

32 [ 2 s [ 2
T [ Q@ =0t de =55 [ = v
a52 1

1
- (uqg — vq)i du +Te f207D / (uqg — Uq)i dx

2 0 0
1 1
<TG = DO )l [ (g =02 do+ P [y~ v da
1 0 J 1 0
+2J% ||(vq)zH2/O (ug — vg)3 dar + ;echp/O (ug — vg)7 da. (3.32)

Here ¢, is the Poincaré constant, o has been defined in (2.11) and K is the bound such

that ||vg]leo, [|Ugllee < K1. From the apriori estimates we can find a constant K3 such
that [[(vg)z|l2, I(tg)zll2 < K3. Then we get

3e?

1 2
o [ g e (T 0TI O 2R Ty - DD - N
0

J 1
— 2% Ky — ;echp) / (g —vq)2 dz < 0. (3.33)
0

This guarantees the uniqueness under the hypotheses of smallness of J, € and (y—1)
and concludes the proof. ]
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Proof. (Proof of Theorem 2.1.) Following [15] and using the regularity of the
function Q,(z), it is not difficult to show that there exists a solution u, € H*(Q) to
(3.23)-(3.24). Consequently, observing that w2, < n, = e“s < w?%,, the boundary value
problem (2.9) admits a unique solution w, € H*().

Finally, V,(z) € H*(Q), thanks to the Poisson equation. This concludes the proof.

a

Proof of Theorem 2.2. Theorem 3.2 immediately implies Theorem 2.2.

4. Hybrid limit

Finally, we consider the hybrid case represented by the system (2.8), corresponding
to 0 < Q(z) < 1. It means that the quantum effect function Q(x) is equal to zero in
the classical region and Q(x) > 0 in the quantum region.

Proof. (Proof of Theorem 2.3.) Let Q(z) € C'[0,1] and {Q,(z)} be a suitable
approximating sequence satisfying (2.16) and (w,, V;) be the solution to the approximat-
ing problem (2.9). Within this section, all the g—independent constants are indicated
by K or ¢. First of all we need to prove the following ¢—independent a priori estimates:

lwollme) < K, IvVQq(wq)aallL2(0) < K. (4.1)

Proceding as in the proof of Lemma 3.2, we obtain the following inequality

1 2 1
62/ Qq%dl‘—i—ng/ Q;de
0 wq 0

Wq

1 2 2
+/ (ng(’Y—l) _ ']74 _ 62(Q;)2) (wq).l, dx
0

Wq

1 L B
+ﬁ/0 (wq—wD)2 <wq—|—wD— \éﬁ) de < K. (4.2)

Then, following [11], we rearrange the first three terms of the left-hand side in (4.2),
obtaining

1 2 19,20y
1 w 2¢e
/ §€2Qqﬂ dx + / @ Wy, Wq,,, AT
0 w 0

q Wq
1 2 2
1 _ J 2\ W
w0 L 92¢0) ﬂ}d
+/O {2( wy wl 5 (Qy) 0. x

1 2 2
L 5 wy 1 oy—g J 2
- Tzx | 2 (p2v-3 }d
+/O {szqw +2<wq s wq |d

q

1
:;/ (Aqufm + Bawg, wy,,, + ngqi)dx
0
1 2 2
L o Wegy 1 23 J 2 ”
+/0 [55 Q=+ 3 (quv T w,?|dz < K. (4.3)
The first integral on the right-hand side is positive since B3 — 4.45Co < 0. Indeed, if

Ay = 3%Qq, By = 222Q), C2 = 5 (ng(vfl) - 1{)—; - 252(62’)3), one has

2
B3 — 445Cy =42 |2(Q) (x))? — qu(x) (ng(”’l) — % - 252(Q;(x))2> }

q
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Qq(z)

=%%ﬂ%uWu+2>—i%m(ﬂﬁ%”—£)}w (4.4)

by (2.12).
Also, the second term on the right-hand side of (4.3) is positive by (2.10), then we
have

1 2 2
1 2 Wezy 1 2v-3 J 2 7%
/0 |:§E QqTq + 5 (T’u)q’y — wfg wqw} dr S K, (45)
and from (2.10) we can find a positive constant ¢ g—independent, such that

J2

2(y—1 -

(qu(’y ) — w4> > Cy.

q

Then we obtain

1
d/KﬁEfﬁ@ﬁéK; (4.6)
0
and thus
[wgll Lo () < K. (4.7)

Using the uniform bounds for w, and the assumption 0 < Q,(z) < 1, we can rewrite
(4.5) as

2 gl 1
CE%/ Qq(@)wy, (z)dz + cfd/ wg’ (z) dr < K, (4.8)
0 0

which obviously implies (4.1), namely, w, is uniformly bounded in H*(Q) and /Q,w gz
is uniformly bounded in L?(Q2). Therefore, there exists a w(z) as the hybrid limit of
the sequence wy:

wy, —w in HY(Q),

and by (2.16), (4.9)
V quqa:x - \/awzz in LQ(Q)J

for ¢ — 0.

Since H(Q)) — C°(2), we further have

wy —w in C%Q), for ¢—0. (4.10)

Particularly, when Q(x) satisfies (1.2), namely, Q(z) > 0 for z € [0,21) U (z2, 1],
and Q(z) = 0 for x € [x1, z2], then there exists a small number 0 < §, < 1,

0 < 0, <min{x;,1 —xa},

such that

Qq(x), Qz) = 5Q(0), for x € [0,4.],

N
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and

Q(1), forz e[l —4d1].

N | =

Qq(7), Qz) =

Thus, (4.9) implies that

wy, —w in H?*([0,6,]) andin H*([1 - d.,1]).

This, along with the Sobolev embeddings
H?([0,6,]) = C*([0,4,]) and H?([1 — 64,1]) = CL([1 — 4, 1]), guarantees

wy —w in CH[0,0,] Ul —d,,1]), for g— 0.
Namely, we prove that the limit function w(x) satisfies the following boundary conditions
w(0) = wp, w(l) =wy, w,(0)=wg(1)=0.
Now we prove that w, with Q(z) satisfying (1.2), is the weak solution of (2.8), that

is w satisfies (2.14). Let us consider Equation (2.9). Multiplying (2.9) by ¢, where
¢ € C§°(Q) is any given test function, and integrating by parts, we have

' 1
252/0 (Qq(x)szw +Q;($)qu> ¢xzd$+2/0 (T’wz(’\/il)%gﬁxdm

Wq Wq Wq

1 2 1.9 1
J Wq wy- — C J
-2 —_— Z hpd 4~ %d —— | ¢pdx = 0. 4.11
/0 <wq4) wqd) x—’_/o A2 ¢ m—’_./o <qu2)¢ v=0 ( )

Recalling (4.1) and that wg > /n > 0 (the subsonic condition), in view of (2.16), the
weak form (4.11) converges in L?, for ¢ — 0, to the weak form of the limit problem.
Namely,

1 1
2¢? / (Q@) = + Q' (0)22) frada +2 / T D224
0 w w 0 w

1 2 1 2 1
J2\ w, -C J
*2/ <w> %%d“/ wTM“/ (rw?)‘“dzo' (412
0 0 0

Thus, we have proved that w is the weak solution of (2.8).
Now we consider the expression for the electric potential V;(x), obtained by inte-
grating (1.1) with respect to = and using (1.4):

2 Wy 2 Wq,, J? r 2(y—1
‘/q(l‘) = — 2¢ Qq(.’I})Tq — 2¢ Q:I(.T) wq + 2wq4 + ﬁwq (v )
J 1
+ 2 [ e (4.13)
T Jo Wq

By (2.16) and the uniform estimates (4.1) and (3.1), one has that ||V,| 72 < K. There-
fore, there exists V such that

V, =V in L*Q). (4.14)
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Now, we have to prove that the limit V' is the weak solution of the hybrid problem. To
this end, we multiply (4.13) by ¢ € C5°(£2) and integrate it in :

1
/V¢dx——26 / Qy(z q”¢dx—252/ Q;(a;)wqwdx
q

+/O /— 20 Vo da
+i/01(/ozwq()ds)¢dz (4.15)

Due to the uniform estimate in (4.1) and to the properties of {Q,}, for ¢ — 0, we have

1 1 1
/ V¢dx:—252/ Q(x)wmc(bdx—QEQ/ Q'(m)%¢dx
0 0 w 0 w
1 72 1
+/ J—¢dm+/ Luﬂ”’l)(gﬁdm
0 2w o 7—1

+i/01(/0zw2()ds)¢da: (4.16)

Thus, we prove V, — V in L? and the limit potential V' verifies the Poisson equation in
the weak sense. From (4.14) and ny = w2, we obtain (2.17). The proof of Theorem 2.3
is complete. 0

5. Zero-space-charge limit for the hybrid model

Before proving Theorem 2.4, for the sake of completeness, we briefly discuss, in the
spirit of [15], the limit (A — 0) for the Q,HD model (2.9).

THEOREM 5.1 (Zero-space-charge limits for the H-Q,HD problem). Let C(z) € C*(Q)
as in Theorem 2.4, and Q(x) € C*(Q) with 0 < ¢ < Qu(z) < 1, verifying (2.12). If
(wqx, Vg,n) is the solution to (2.9) then, for A — 0, one has

wy A (7) = wy = +/C(x) in HY(Q)
wy A (7) = wy = +/C(x) in C°Q) (5.1)
Voa(@) = Vy(z) in L*(Q),

where
\% Cxw 7 \% Cz
Vy(z) =— 2¢2 <Qq(x) e + Qg () Ve )
J? T o J [T ds
oz T Y- 107 T o C(s) 52

Proof. Before proving the theorem above we just remark that, in order to obtain
a set of A—independent estimates, we need to consider a special doping profile function.
As an example we can consider a straight line connecting the boundary values of the
charge density ng and n;. Under this assumption, proceeding as in Lemma 3.2, it
is not difficult to show that there exists a constant K , independent of A, such that
[(wga)lloo < K, [[(wgn)llgr < K and ||[Vyallz2 < K. The last inequality directly
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implies the last limit in (5.1). Moreover, multiplying equation (2.9)1, by the test function
(wgx —VC) € H2(Q) N HL(Q), after integration by part, we obtain

1 2 1 J2 2
262/ Qq (wqy)\)mz dl’+2/0 <TU)(217(1_1) o 4> (wq,)\)z dx

X (wg,) Wq, X
w w 1 !
+2€/Q%j’)d +F/0(wq)\ VC)2(wyn +V0O) dx
q,
1
—9¢2 / Q, Wades /5 gy 4 92 / Q;L}q’m VC,y dz
Wq,\ 0 Wq, X
_ J2 (w ,)\):r
+2/ (qu,f(7 1>—(w )4) ” VC, dx
0 A A
1 1
J J
o R et
q, q,
::Yi +}/2 “V‘YEJ, +Y4 +Y5. (53)

By Young’s inequality we get

Y1<E/Qq wxld—i—&‘/Qq wd:zd
q,\ q,\
<5/Q quAA““”d +/ \F”d
q,

where w = min{wg »}. Using the subsonic condition (2.12) one has

J2
0< M, < [ Tw, 201 — < M.
t= ( Y (wgr)*) — ?

for some positive constants M; and Ms and then

1 2
Yy S/ (qu7)\2(71) _ J 4) ( t dx +M2/ \/71 dr.
0 (wg,2) wq)\

Similarly, we can estimate

vz [igapteak g o [[VOE,,
0 0

Wq,A Wa,x
J, 1 1
Vo= -,
T W1 wWo
1 2 1 2 2 1 2
J [VC.] J [VC.]
Y5 < ——d ——dr < dx.
’ —/0 272 (wy 2)* x+/0 2 = a2y +/0 2
Substituting the above estimates on Y; (i = 1,---,5) into (5.3), we have
1 2
(wg,2)3s 2(y—1) J 20/ \2 (wq, );
dx +/ [T wy )T — —€ dx
/ 0 wn Wgq,A 0 (1g.3) (wg,n)* (@) Wgq,A

+ 2¢2 / Qq ACIRVACTEY T /1((wq,>\)—\/5)2((wq7,\)+\/5)da:§f(. (5.4)

Wq,\ )\2
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Introducing, as usual, a strictly positive quadratic form, we obtain

/A RV +/ B, Wa)e(WaNaz +/c W)z o < i, (5.5)
wq, wq,

Wq, X

)

where, in order to guarantee its strict positivity, we require

B2 — 4A3C3 < 0, (5.6)
with
A3 = €2Qq($),
Bs = 2°Q, (=),
s = [0 - L gy
3 — wq,)\ (wq)\)4 q

The inequality (5.6) can be easily verified from (2.10) and (2.12). Indeed we have
J2

(wgn)*

334&@%@%W%@W®@WMW”D ﬁ@mmﬁ

= 422 Q)1+ Qo) - Qulo) (Tl - =23 )]

(wq,0)
<0. (5.7)

Equation (5.4) clearly implies
1
/ (wg) — VO ((wg2) +VC) < XK.
0
This guarantees the existence of subsequence (wg ) (not relabeled) which converges to

C(z) asin (5.1); and (5.1)2. To complete the proof, we multiply (4.13) by ¢ € C5°(£2)
used as a test function

/01 Vg de = — 262 / Q, wq’ )“¢daz 962 / Q) wq’ )“qu

R T 1

z d 20V g d
+2A (g 0t 71A1%A odr

J

+T/01(/0m(w;)2ds)¢da:, (5.8)

which implies, for A — 0,
VCy
¢dx

1 1 \/5
\% dx:—2€2/ 2 b dx — 22 !
| vee o YT ? s
1 J2 T 1
-~ (v=1)
-‘r/o 202¢d$+7_1/00 ¢dx

+i/01(/oméds)¢dz (5.9)

then also (5.2) is verified. This concludes the proof. O
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Now we proceed with the proof of Theorem 2.4.
Proof. (Proof of Theorem 2.4.) We consider the smooth solution (wq x, Vga)(2)

(2.9) that verifies the following estimates
lwgllz < K, 1VQq(wgn)eellze < K, [[Vaullz: < K,

independently of ¢ and A. Moreover, as in (5.3), from the proof of Theorem 5.1, we

have

’U,)q)\
/ w,
q)\

w, )20 J? 2 /2%33
+A {T( ) (g € (Qq)} s d
+ 22 / Q Md JrF ((qu\),\/E)Q((wq,)\)#»\/a)dx§K7
Wq, A
(5.10)

that, in particular, implies

/1(wq,>\ — VO (wgr + VC)dr < NK.
0

Taking ¢ — 0, in (5.10), we get

g2 /1 Q%dm
0 w
1 5 )
wy )2 — J — / % x
+/0 {T( V)0t () £2(Q )2} ™ d
1 1
+252/0 Q/deJr;/o ((wy) = VO)2((wy) + VC) da

< K. (5.11)

The inequality (5.11) can be rewritten as

822/01("2(11;21%1 dx
. 1A1 [T(’LU)\)2(71) _ (5)\2)4 —62(Ql)2] (’L;’UA/\)i dx
4 /1 [.A4 [(w;);x]Q 1B, (wk)a;fi")\)x-t e, [(quz\x]Q} da

(5.12)

e ) _
437 | (03) = VOR () + VO dr < &

where
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One has
Bz — 4A4C4 < 0,
by (2.12), which is assumed to hold also in the limit ¢ — 0 (see Remark 3.1), indeed

B2 — 4A,Cy = 4e? (82(62/)2(1 - %) - %(T(wx)%‘“ - (Ui)4)> :

So that

/1 {A4 [(wk)ww}z + 84 (wk)a:(w)\)ww + 04 [(w)\)I]Q} dr > 0.
0 w) w) W

Finally from (5.12), we further have
2t . I J? 2
%/0 Q(wu);z\ul dx + /(; |:T(w>\)2(’Y—l) _ _62(Q/)2:| (w>\)‘l, dr

5 (w,\)4 wx

+ %/O ((wx) = VO ((wr) + VC) da < K, (5.13)

which implies, together with (3.1), that

1
sl < K and [ s = VO (un + V) di < V.
0

Then we obtain

wxy = VCin H' as A —= 0,
and

wy = VO in C% as A — 0.
In the same way, from (4.15) and (4.16), we can prove

Vi — Vin L3(Q) as A — 0.

This completes the proof. 0

REMARK 5.1.  We observe that (2.10) assures the necessary positiveness of the terms
Ci, 1 =0,...,4 in the previous proofs.

6. Numerical simulations

In this section we test numerically the model introduced in the first part of the
paper, in order to evaluate the effects of the nonlinear pressure function. We just recall
that, compared to quantum hydrodynamic model, the quantum hybrid model (1.1) is
characterized by a more general Bohm potential, which allows the localization of the
quantum effects in a given region of the device. As observed in the theoretical part, the
hybrid problem is degenerate because of the hybrid term Q(z). Through this section,
q is strictly positive, but we consider different values of ¢ to simulate the limit ¢ — O.
The problem, although not degenerate, is stiff, and this requires an accurate numerical
treatment, especially close to the boundary.
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(a) Case 1, ¢ = 0.001

(c) Case 1, ¢ = 0.0001

(e) Case 1, ¢ = 0.00001

(b) Case 2, ¢ = 0.001

(d) Case 2, ¢ = 0.0001

(f) Case 2, ¢ = 0.00001

Fic. 6.1. Behaviour of the charge density for a hybrid model having quantum region in the middle
part of the domain (Case 1) and in the external part (Case 2) assuming y1 = 2/5 and y2 = 3/5. Three
different values of the parameters v and q are considered.

Here we just perform some simple numerical tests using COLNEW (see [4]), a
SCILAB function for boundary value problems. This tool was not specifically developed
to solve the hybrid problem, but it has been widely used to simulate a simple device
using the QHD equation and the hybrid QHD equation (see for example [11,15]) and it

provides reasonably enough results.

Although in the theoretical part of paper we have proved the existence of a weak
solution to the hybrid problem, assuming the boundaries are quantum, in this numerical
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(a) Case 1, ¢ = 0.001

(c) Case 1, ¢ = 0.0001

(e) Case 1, ¢ = 0.00001

(b) Case 2, ¢ = 0.001

(f) Case 2, ¢ = 0.00001

F1G. 6.2. Behaviour of the charge density for a hybrid model having quantum region in the middle
part of the domain (Case 1) and in the external part (Case 2) assuming y1 = 1/3 and y2 = 2/3. Three
different values of the parameters v and q are considered.

section we also consider the classic boundary case.

We can observe that, assuming a smaller value of ¢, the oscillations detectable near
the extrema (see Figures 6.1, 6.2, Case 1), in the classic boundary case, seem to reflect
the technical difficulty in verifying the boundary conditions w,(0) = w,(1) = 0 for the

limit hybrid solution, (see Remark 2.5).

Currently, we can not say if the oscillations depend on the inadequacy of the code



F. DI MICHELE, M. MEI, B. RUBINO, AND R. SAMPALMIERI 2075

or on the lack of convergence of (wq); — w, in # = 0,1, when ¢ — 0.

We use, as a test device, a n*|n|nt transistor on the domain [0,1]. The doping
profile C(x) modelling our device is such that: C(z) = Cy,, 0 < Cp, < 1if z € [21, 23]
and C(z) = 1if z € [0,21) U (22,1], with 0 < 21 < 79 < 1. In order to simplify the
numerical approach, we need to regularize C(x). We choose z; = 1/3 and x5 = 2/3,
setting

C(z) =~ C(z) =1~ (0.5 — C,,/2)(tanh(100(z — 1/3)) + tanh(100(x — 2/3)))

where C,,, = 0.02.

Without loss of generality, we divide the device into a classical and a quantum part,
and we consider two cases as follows

Quantum Region Vz € [y1,y2]
Case 1 { Classical Region Va € [0,y1) andz € (yo,1], (6.1)
‘ Quantum Region Vz € [0,y1) andz € (yo,1],
Case 2 { Classical Region Vz € [y1, 2], (6.2)

where 1 < y; < y2 < x2. We only observe that we have not run simulations on Case 1
in previous papers, dealing with this line of research.
The approximating quantum functions {Qq(x)} are respectively

Case 1 Qq(z) = (q - ;) (tanh(h(z — y2)) — tanh(h(z — y1))) + ¢ (6.3)

and
1—gq
Case 2 Qq(z) = (2) (tanh(h(z — y2)) — tanh(h(z — y1))) + 1, (6.4)

where we fix h = 40, z € [0,1] and ¢ = min{Q,} = 0.001,0.0001, 0.00001, to simulate
the limit ¢ — 0.

scaled relaxation time | 0.125
scaled Debye length 0.1

scaled Plank constant | 0.01

scaled current density | 0.1
scaled temperature 1

Nl o >

TABLE 6.1. Values of the scaled parameters used in the simulations.

The boundary value problem we solve numerically is the following
2 uz / 2 —2u
e* | Qq | Usw + > + Qquz + (Je Uy,

T . e — C(x) J _
S et T (5) =0
u(0) =u(l) =0 uz(0) = ux(1) =0
where, as usual, © = Inn. The value of the physical parameters used in our tests are
shown in Table 6.1.
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] Case 1 L 7 | nmin | s \
q = 0.001

1 | 0.32067 | 0.056134
y1=1/3, y» = 2/3 | 1.1 | 0.30963 | 0.036519
1.2 [ 0.29814 | 0.017763
1 [ 0.32047 | 0.056234
y1 =2/5, ys = 3/5 | 1.1 | 0.30976 | 0.036551
1.2 [ 0.29849 | 0.017848

¢ = 0.0001

1 | 0.32059 | 0.055704
y1=1/3, y2 =2/3 | 1.1 | 0.30967 | 0.036105
1.2 [ 0.29843 | 0.017403
1 | 0.32078 | 0.055725
y1=2/5, 2 =3/5 | 1.1 | 0.31000 | 0.036159
1.2 | 0.29875 | 0.017473

¢ = 0.00001

1 | 0.32058 | 0.055662
y1=1/3,y2=2/3 | 1.1 | 0.30965 | 0.036059
1.2 | 0.29844 | 0.017363
1 | 0.32076 | 0.055680
y1 =2/5,y2=3/5| 1.1 | 0.30993 | 0.036105
1.2 | 0.29876 | 0.017432

TABLE 6.2. Case 1. Table of the minimum values of the charge density and of the parameter s
obtained for three different values of v and q. Please notice that ny,;n decreases as 7y increases.

F1G. 6.3. Quantum function (6.3) for different values of (y1,y2).

In the figures below we show the behaviour of the charge density for the approx-
imated quantum functions (6.3) and (6.4) at different values of the parameter v, that
is v = 1,1.1,1.2 (which allow to verify condition (2.12)) and for different values of g.
We just remark that (2.12) is not a numerical constraint, but comes out from the the-
oretical analysis of the problem. We have checked that, also for large values of ~y, the
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] Case 2 L 7 | i | s \
q = 0.001

1 0.31947 | 0.055900
y1 =1/3,y2=2/3 | 1.1 | 0.308415 | 0.036213
1.2 | 0.29676 | 0.017353
1 0.31917 | 0.055898
y1 =2/5,92=3/5| 1.1 | 0.30792 | 0.036160
1.2°] 0.29597 | 0.017216

¢ = 0.0001

1 | 0.31947 | 0.055559
y1=1/3,y2=2/3 | 1.1 | 0.30841 | 0.035872
1.2 [ 0.296752 | 0.017013
1 | 0.31917 | 0.055552
y1=2/5, 42 =3/5 | 1.1 | 0.30791 | 0.058143
1.2 | 0.29598 | 0.016870

¢ = 0.00001

1 | 0.31947 | 0.055525
y1=1/3,y2=2/3 | 1.1 | 0.30841 | 0.035838
1.2 | 0.29675 | 0.016973
1 | 0.31917 | 0.055495
y1 = 2/5, y2 = 3/5 | 1.1 | 0.30791 | 0.035757
1.2 [ 0.29598 | 0.016813

TABLE 6.3. Case 2. Table of the minimum values of the charge density and of the parameter s
obtained for three different values of v and q. Please notice that ny,;n decreases as 7y increases.

numerical results are still reasonable. Moreover, two different values of y; and yo have
been considered, namely (1/3,2/3) and (2/5,3/5).

A not negligible difference in the behaviour of the charge density between case (6.3)
and case (6.4) can be observed close to the boundaries. In particular large oscillations
of the solution at the boundaries can be observed in the Case 1. The amplitude of the
oscillations increases as g decreases and as -y increases. The origin of this phenomena
is not clear, it may be due to the intrinsic structure of the problem as well as due
to the incapability of the numerical code to carefully describe the stiff problem on
the boundaries. The problem of existence of solutions for the hybrid problem when
the boundaries behave classically remains, therefore, an open problem. No significant
differences in the behaviour of n throughout the domain can be observed. The position
of the interval (y1,y2) does not play any relevant role. Probably the two couple (y1,y2)
considered in this section are too close to each other to see remarkable differences. On
the other hand, for |y2 — y1| small enough and for the value of h we have fixed, the
quantum function is not able to reach the value 1 (see Figure 6.3) and then the hybrid
nature of our equation is lost. We observe that, for values of h big enough, the quantum
function reaches the value 1 also for smaller intervals |y — y1|, but condition (2.12) is
not necessarily verified.

In order to check that condition (2.12) can be verified, we introduce the parameter
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s as follows

Clearly, we expect s > 0.

The minimum values reached by n are shown in Tables 6.2 (Case 1)-6.3 (Case

2) together with the corresponding values of s assuming ¢ = 0.001, ¢ = 0.0001 and
q = 0.00001. We remark that the constraint n > n = C,, = 0.02 is verified in all cases
and the value of n decreases as y increases, in both cases.
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