§4. The syntax of first-order logic with dependent sorts as a fibration

Let L be a DSV;let K be the full subcategory of the kinds. Consider the category B=B,

which is the free finite-limit completion of K: i:K-—> B, and for any category S with finite

*
limits, i :Lex(B,S) —Fun (K, S) is an equivalence of categories ( Lex (B, S) is the

category of left exact functors B—>S , Fun(K, S) = s¥ the category of all functors K—> S,

*
1 1s defined as composition with 1 ).

It is well-known that for any (small) category XK, B can be given as (Fp (SetK) ) OF

( Fp (M) 1s the full subcategory of finitely presentable objects of M), with i:KCB the
functor i:K—> (Fp (SetK) ) °® induced by Yoneda. (The small-colimit completion of A is

(a°P) (a°P)

Y:A—> Set ; the finite-colimit completion of A is Y:A—>Fp (Set ) ;

©)

D
therefore, the finite limit completion of a%® is v:a°% - (Fp(Set (a7") )) P ).

Now, for any simple category K , Fp (SetK) is the category of finite functors K—> Set ; a
functor F:K-—> Set is finite if E1 (F)={ (K, a) : KeOb (K), ac FK} is a finite set.

Namely, each finite functor is finitely presentable, the finite functors are closed under finite

colimits in SetK , and every functor is the filtered colimit of the collection of its finite

subfunctors (the latter uses that K has finite fan-out); this suffices.

Thus, B can be taken to be the opposite of the category Fin (SetK) of finite functors
K— Set ; the canonical functor i:K— B is (induced by) Yoneda.

Let Con[K] be the category whose objects are the contexts (of variables over K ), and

whose arrows are the specializations. I claim that

Con[K] ~ Fin(SetK)

Let F:K—— Set be a finite functor. I define a mapping
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(K, a) — yf; _ ¢ EL(F) — >VAR

into the class VAR of variables as follows:

F B F
yK, a def <2’YK, a’ a)
where

F

_ F
Yk a = K% () (@) ) pex|®)

This is a legitimate definition by recursion on the level of K. vE  isa type; this requires

K, a
that
F F
K_((y ) ) = Y ,
K F K |K K F
P qp’( (gp)) (a) q€p| p,(p)(a)
which is true since (F(qgp)) (a) = (Fq) ( (Fp) (a)) . Hence, yf; 3 is a variable.
We let )’F 43f {yf; 5 (K, a)eEL (F) } . Itis immediate that )’F is a context. We have a
bijection

(K, a) Hyg _: EL(F) S0,

If h: F—— G is a natural transformation, we let s=s % )’F% J o be defined by

F . G . o : F e
s(yK, 2 =Yg hy(a) - s 1s a specialization: this requires that YK, 3 |s = YK, h(a)
which is the same as hK ((Fp) (a)) = (Gp) (hKa) (p:K%Kp) , which holds by the

naturality of h . It is immediate that we have a bijection
h+— Sy ¢ Nat (F, G) %Spec(‘)’p )’G)

. h k _ _
Also, if F——>G-—>H, then skh—skosh,and Sq =1
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Thus far, we have seen that we have the full and faithful functor

F ‘yF K
lh — Sy Fin(Set™) ——>Con[K] (D

G )’G

Now, given a context Z , define F:FZ:K% Set by FK= {zeZ: KZ:K} , and
Fp:FK— F_Kp by (Fp) (z) =X o ; F 1is a finite functor. Moreover, we have the map

b

F
Sz vy Z:Z%)’ ;
Z’

s is a specialization since

F F
Z: KZ(<XZ,p>pEK|K) ’ yKZ, z Kz{<pr, (Fp) (z) >peKZ|K ’
_ __F
and s(xz’p) _sz’ X p— pr’ (Fp) (z) , by the definition of F.

It is clear that s is a bijection, i.e., an isomorphism in Con[K] .
We have verified that (1) is an equivalence of categories, thus our claim.

It is easy to see that the image of (1) consists of those contexts Z for which
zeZ (KZ, a(z)) isa 1-1 function.

It is clear that although the categories Fin ( SetK) , Con[K] are large, they are essentially

small.

Thus, B, the free finite-limit completion of K, can be taken to be the opposite of the
category Con[K] of contexts with specializations as arrows. To describe the canonical
embedding i:K—> B under the latest construal of the completion B, let us define, for any
Ke K, the context

y 4

K
x asf (XpiPEK|K) )
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K({xX)

for which X = XK 43f o pEK|K)

is a sort, and a (X) :<p>peK|K‘ In the

definition of 4 e the only essential points are that K ( (xf;) is a sort, and that the

p€K|K)

mapping p}—%Xﬁ is 1-1. X_, is "the most general sort" of the kind K ; every other such sort

K
is of the form X K‘ s for some specialization s with domain 4 X" Further, let

* .
Yy aze TV x5t

I X K and, for the sake of definiteness, x K

which a(x g = 1lg Note that under the equivalence Fi—> )’F between finite functors and

where x is taken to be the specific variable for

*
contexts, X

x is the context that corresponds to the representable functor K(K, -) : K—Set .

When a context 4 is considered an object of B = (Con[K]) ©P it is written as [4] .
Arrows s:4&— ) of Con[K] correspond to arrows [s]:[J)] — [4] .

The canonical embedding i:XK > B (having the universal property of the finite limit

completion) has 1 (K) = [/l’;] .

The morphism p:K—> Kp is taken by i to the arrow

[sp] : [J’K] —> [/l’K ]

b
for the specialization
s > %/l’* : XKp}iXK (g:K_—K ) X }ixK 3)
p kK, K g @ e g K b’

Note that in the category B, the object [ %] is the same as 1 [K] for the " B-valued

K-structure 1:K—>B", that is, the limit of the composite K| (K- {K}) gK#B .

We single out four classes of arrows in Con [K] QOCQlcQZ CQ3 . QO consists of the
*
inclusion-arrows incl:4 P y 4 e where K ranges over the kinds. Ql consists of the

inclusion-arrows of the form incl:X—>AU{x} , where X is any (finite) context, and
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XU{x} is also a context (for this, it is necessary and sufficient that x¢¥ and Dep (x)cd ).
Q2 is the class of all 1-1 arrows 1:4— ) where card())=card(d)+1 . Finally, Q3 is
the class of all 1-1 arrows £— ).

Every time s:)—>X is a specialization, and t: JU{y} >AXU{x} extends s, with

t (y) =x, we have the pushout diagram

)

sl |t @)

O

Y— S ¥{x}
incl

in Con[K] . All arrows in Ql are pushouts of ones in QO . To see this, for a given

I%Iﬁ){x} , apply (4) to A’K%zl’; as )’%)’D{y} , and s:zl’K - X
X X X

iven b S(XKX) =X

g Y p XD’

It is clear that Q2 is the closure of Ql under isomorphisms (meaning that g:A— Be Q2 iff

thereis g’ :A’ —> B’ te with some commutative

A'— 5B ).
q

(4) shows that any arrow g:A—>B in Ql has a pushout along any a:A-—>A’ thatis again

in Ql . Thus, Q2 is closed under pushout, and in fact it is the closure of QO under pushout.

Q3 is the closure of Q2 under composition. Indeed, given any inclusion i:Z->), there is a
finite sequence A=A OCI 1C- .- Cﬂ’n_lcﬂ’n:)’ of contexts

such that card (/l’l.+l) =card (/l’l.) +1 ; enumerate -4 as (yi>rll such that the level of

Ky is non-increasing, and put & i:/l’u {0 ox1. This shows that every inclusion
1
i:4— ) is the composite of arrows in Ql ; since every 1-1 arrow is isomorphic to an

inclusion, the assertion follows.
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Without talking about syntax, [QO] ={I[gl: qEQO} may be described as the class of
arrows of the form g:iK— [K] , where KeK, 1:K—B=(Fin (SetK) )op is induced by

Yoneda, and [K] is the limit of the composite K| (K- { 1K} ) gK%B . [QZ] is the

closure of [QO] under pullback. [Q3 ] is the class of all epimorphisms; also, it is the

closure of [Q2] under composition.

For the purposes for logic without equality, we let the class Qi of arrows in B be either
[Qz] (={[ql: qEQ2 } or [Q3] ;. both [Q2 ] and [Q3] are closed under pullback, and
the second class is the closure of the first under composition. (According the remarks at the

end of the last section, the two possible choices are essentially equivalent).

Corresponding to logic with equality, we have g~ , which is obtained by adding to Q¢ all

isomorphic copies of arrows of the form [p] for p of the form p:XU{x, y} »>A0U{x}
such that x and y are distinct variables of the same type, their kind is a maximal one, and

p is defined so that pl4 is the identity and p (x)=p(y)=x . Categorically, if we put

A=[X], B=[AV{x}] ,and g:B—>A, g=[incl] , we have [p]=5=B%B><AB,the

diagonal.

If s:X0{x, y}—>Y,thenfor x'=s(x), y'=s(y) and X' =)-{x',y'}, X’ isa

context, since no variable z can have x’e€Dep(z) or y’eDep(z) , by the maximality

assumption on the kind of x and y; Y= 4"U{x’, v’} . We have a pushout

Yoix, vt — P 5 x0(x)

sl lt

I'Q{x',y'}TI'Q{X'}

with the evident p’ and ¢t . It follows that all pullbacks of the additional arrows in @~ are
again of the same form, thus g~ is closed under pullback. Also, all the additional arrows in
Q™ are pullbacks of the specific ones [ Pyl where K is a maximal kind,

pK:/l’KQ{XK, v} %IKC){XK} : here, A’KQ{XK} =/l’;{ defined above, efc.
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Suppose T= (L, X) is a theory; there are six possibilities for the logic: coherent,
intuitionistic, or classical, each with or without equality. We define a fibration

E
C=1[T] =C| , with a set Q:QC, of distinguished (quantifiable) arrows in B. B has been
B

given in the foregoing; we use g when we exclude equality, g~ otherwise, as .

A formula-in-a-context is an ordered pair (&, ¢) , written as [4: @] , such that 4 isa
context, and ¢ is a formula with Var (¢)cd . With a given 4, [4:¢] iscalled a

formula-over X .

E

To define C| , for [X]eB, the fiber C (4] is given as the set of equivalence classes
B

(A1 /~ P of formulas-over 4 under the equivalence relation

[4:0] My (Y:y] — quo:fu/ and Tky/:f(p

(the range of the formulas ¢, y, and the deducibility relation F is understood according to

the logic in question). In what follows, we will write [X:¢] for [4:¢]/ vy C[I] is

partially ordered by
[4: ] S/l’ A:y] & TFe=vy,;
y 4

by the rules (Taut) and (Cut) this is well-defined and it is a partial order. Finally, for
*

s:A—) in Con[K] ,thatis, [s]:[J]—I[4], [s] ([L:¢]) dsf [J:¢|s] .By

the rule (Subst) , [s] . :C’IH C’y is a map of posets.

Since (¢@|s) |t = ¢@|ts,and @|id = ¢, we have a (pseudo)functor IHC’X,

([ & [()]) b [s] ¥ ; thus, we have a fibration. The rules for connectives (not
counting the last two) make sure that each fiber has the necessary (propositional) structure,
where each operation is given by the corresponding syntactic operation on formulas; e.g.,
[4: 0] AL (A:y] = [X:orp] .

For [1]:[X{x}] ——>[X] (1i:X——H{x} the inclusion) in (9,1 and
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[4]

[/l’(){x}:qo]eC[IU{X}] , wehave 3, .. ([H{x}:0]) = [X:Txp] €C and

[1]
similarly for V in place of 3 . This follows from the rules (3) and (V). As we pointed out
in Section 2 , if Var (@)ctU{x} ,then Vx¢@, Ix¢@ are well-formed. Since every arrow g
in [Q3] is an isomorphic copy of a composite of arrows in [Ql] , the operation Elq , Or

Vq, will be well-defined, and can be expressed in terms of EIr , Or Vr , for re [Ql] .

In the case of logic with equality, we have, for
§: [A0(x)] Pl (a0, 11,

an additional arrow in @~ , . (t ) = [XU{x, v} :x=,y] , and more generally,
S Y g y

[H0{x}]
3 (51 ([H{x}:0]) = [X{x, v}: x=py A @1 . This is F. W. Lawvere's observation on
the definition of equality in hyperdoctrines [L2]. The claimed equality can be deduced by

using the rules of equality. We also have that

v[é] ([Ho{x}:0]) = [X{x, v}: x=y—¢] .

The fact that substitution is compatible with the logical operations gives that for any

specialization s: Y—>4, [s] i :C’IH C’y preserves the (propositional) structure, and that
the Beck-Chevalley conditions are fulfilled. We obtain a Av3-fibration, a Av— 3V-fibration
and a Av—3-fibration in the respective cases of coherent logic, intuitionistic logic and
classical logic; the presence of the rules (Av) , (A3) ensures this in the coherent case, and

that of (=) in the classical case.

The construction [T] has the universal property of the fibration of the appropriate kind that
is freely generated by T . In what follows, we describe this universal property in a somewhat
incomplete way, namely, for "target" fibrations of the form P(C) , rather than arbitrary

(suitably structured) fibrations.

For a relation ReRel (L) , we make a definition of the context & R analogously to & % in

@) 4p 43

formula, and o (X) =¢ p>p€ R|L R is the "most general" atomic formula using the relation

R - R : :
£ {xp. PER| L} such that R g5 RS <Xp> is a well-formed atomic

pER|L)
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R . Moreover, for peR| L, we let

s X X prHxR (q:K_—>K ), x, > xD

p Kp R q ap p g’ Kp p

Changing the meaning of the symbol ModD(C' ) , let us use the notation now in the variable
sense of either of Av3 (C,D) , Av—>3V(C,D) , av=3(C,D) as the context requires it,
according to which logic we are dealing with. In what follows, € is a category having enough
structure for the logic at hand: it is a coherent, a Heyting or a Boolean category in the three

respective cases.

We have a "forgetful" functor

() : Mod (1) %Modc(T) ®))

P(cC)

defined as follows. Given P= (P, Py) eMod? ([T]) , we define P :L—>C,

(C)
P_EModC(T) ,by P (K) = P, ( [IK]) ; for p:K%Kp, P (p)=Pl([sp]) (see (3))

(more briefly, P 'K=P, o1, for the canonical embedding i:K-—>B); for ReRel (L) ,

1

P (R) the domain of a monomorphism m representing the subobject P, ( (¥ R R]) of

Pl([/l’R]) ; and for p:R%Kp, P (p) =Pl([sp])°m-

For h:P—Q in Mod? ([T]) (thatis, h: Plte with properties), h = ho 1 ;itis

(C)
easy to see that h is an arrow P —>Q .

In the case of coherent logic, the functor (5) is full and faithful, and in the case of intuitionistic

and classical logics,

() : Mod;,s(g) ([T1) %Modéso(T) : (6)

with both categories restricted to have only isomorphisms as arrows (thus, they are groupoids),

is full and faithful. The faithfulness is obvious; the fullness requires an easy proof by induction
on the complexity of formulas.
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In fact, in the case of coherent logic, (5), and in the other two cases, (6), is an equivalence of

categories. Indeed, if M:L— C is a model of T, we define
M] : [T] — P(CO)

by [M] 1 ([4]) = M[X], [M]2 ([X:0]) = M[X:@] . The fact that M is a model ensures
that [M] is well-defined (on equivalence classes); the rules of the logic, built into the
definition of [T7] , ensure that [M] is a morphism of fibrations with the appropriate
preservation properties. Finally, we have 7 ¢ [M] ~ 'K = MK whose components are
canonical isomorphisms M ( [/l’;{] y=M(K) ,and 7 M is in fact an isomorphism

J Ve [M] =M.

The completeness theorem

THe & TI:Setg

for coherent logic with dependent sorts, with or without equality, is now an immediate

consequence of 3.(5). Indeed,

TH qo:fu/ — [4:0] <y [(A:y] in [T]
by the construction of [T] ;
— forall P: [T] >P(Set), P[X:¢p] < P[X:y]
by 3.55) ;
— forall MET, MF o=y
y 4

by the above description of the equivalence Mod C,( T) ~ Mod?( 0) ([rri1),
— Thgop @ :; W

by definition.

3.(6) gives a proof of the completeness theorem for intuitionistic logic. 3.(6) says that there is

a category K, namely Mod (T) , such that T has a conservative Heyting morphism into

set® ; changing here K into a small category, and then into a poset is an easy matter; see
[MR2], [M3].

56



As it is well-known, completeness for classical logic follows from that for coherent logic

directly.

In summary, it is worth emphasizing that the study of first-order logic with dependent sorts

E
without equality is the same as the study of "quantificational” fibrations (Cl, @) where the
B

base category is B= ( (SetK) ) P for a simple category K, with @ being the class of

fin
all epimorphisms in B . This is a remarkably simple algebraic description of the objects of our
interest, even though it is not one that is conjured up immediately by the idea of "first-order

logic with dependent sorts".
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