814 The Boole/Stone algebra of sets

14.1. L attices and Boolean algebras.

Given aset A, the subsets of A admit the following smple and familiar operations on them:
n (intersection), O (union) and - (complementation). If X, YOA, then XnY, XOY are
also subsets of A . With A fixed (and suppressed in the notation), we write - X=A- X for
any XOA; of course, - X A again. Intersection and union are binary operations on
P(A) ,- isaunary operationon P(A) :
n: A xPAA —— A ,
O: A xPA — AA ,
- A —— PA) .
Of course, intersection and union are defined for any number of arguments; using the binary
versions repeatedly, we can reproduce finite intersections and union, except the empty
intersection and the empty union. For the empty intersection, we take the set A itself; for the
empty union, the empty set.
What is the justification? For any family F 0 P(A) of subsets of A, we have
M\ F={xOA: foradl XOF,xOX}
and
\J F={xOA: forsome XOF, xOX} .
Note that the expression for [\ F isthe same as that in Section 3, page 35 except for the

clause " A" ; the expression for | / F has a similar difference to the earlier expression on
p. 30.
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For the union, there is no actual difference in meaning; the old and the new expressions give
the same set. For the intersection, the same is true except for the empty family 7 ; the old
expression gives V, a non-set; the new expression gives A itself. Of course, the union of the
empty family, according to the general formula, is the empty set. It goes without saying that

XnY= NA{X Y}, XOY= J{X Y} .

The composite object
(P”(A);n v, -, A0 (1)

is an example of what we call an algebra: a set (in thiscase P( A) ), caled the underlying set
of the algebra, with certain particular operations on it (in this case, the binary operations n ,
0, the unary operation -, and the O-ary operations A, O : O-ary operations are
distinguished elements of the underlying set). Any object of the form

(B; A, v,,1,0)

with B aset, A, v both BxB—B, -:B—B, and 1, 0 0B, isan algebrasmilar to
(2). Speaking in very general terms, we will seek, and at least partly find, properties of
algebras of the form (1) that distinguish them among all the algebras similar to them; the result
will be the notion of Boolean algebra.

For future reference, let's say that when we denote an algebra by a single letter, say B, | B |
denotes the underlying set of B . This, of course, conflicts with the notation for "cardinality”;
itisadvisable to use #A for the cardinality of the set A when the underlying set of an
algebra is also to be used.

Let usfirst look at the basic operations from another point of view, namely the context of the
poset (P(A), ) .Wehave, forany F 0O P(A) ,that

[\ F isthelargest subset Y of A forwhich YOX foral XOZF:
A\ FOX foral XOF, and
if YOX foral XOF,then YO N\ F;

and smilarly,
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\ J F istheleast subset Y of A forwhich XOY forall XOZF:
X0 \JF foral XOF,and
if XOY foral XOF,then \JFOY.

(verify this statement).

In general, in any poset (B, <) , and for any family F 0 B of elements of B, alower bound
of Fisany y[OB suchthat y <x for al xOF ; the greatest lower bound (g.l.b), or infimum
(inf) of F (if it exists!) is the maximum element of the set L of all lower bounds of F :

Yo OL suchthat y < Yo for al y OL . (Notethat the requirement is more than to say that
Yo be amaximal element of L !). Theg.l.b. of 7 isdenotedby /\ F; /\ F doesnot
necessarily exist (in an arbitrary poset ( B, <) ), but if it does, it is uniquely determined by
the definition. The notions of upper bound, least upper bound (I.u.b., supremum, sup), with the
notation \/ F, are defined similarly ("dually"). [In the context of ordinals and
well-orderings, we have already used |ub's extensively.]

Now, notice that what we said above about intersections and unions amounts to this that in the
poset (P(A), D), N\F, \/F existforal FOPA),andinfact \/ F= N\ F,
NF=\UF.

It is worth remarking that the definitions of inf (sup) can be put in the following form:

y < NF & y < x fordl xOF;

\/F <y = x <y foral xOF;
y ranges over al the elements of the poset.
Note also that /\ O isthe maximum element of the poset (if such exists); \/ O isthe
minimum element (if exists). We write 1 for the maximum element, O for the minimum
element (if they exist).
A poset (B, <) iscaledalatticeif /\ F, \/ F exist for dl finitesets OB . Thus, ina

lattice (B, <) , there always are a maximum element 1 , a minimum element O ; moreover,

forany x,y OB, xay = A{Xx,y}, xvy = \/{x,y} awaysexist. The
def def
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poset (P(A), ) isalattice; infact, it iswhat is called a complete lattice, meaning that
/ANF, \/F existforal FOB=P(A) .

Note the following laws that always hold in any lattice:
XAY=YAX , XVvYy=YyvXx (commutative laws)

(XxAy) aAz=xa(ynanz) , (xvy)vz=xv(yvz)
(associative laws)

XAX=X, XvXx=x (idempotent laws)
XA(XvYy) =x, xv(xay) =x (absorptionlaws)

XAal=x, xvli=1, xA0=0, xv0=x.

Exercises. (i) Verify that the above hold in any lattice.

(it) Assume an algebra ( B, A, v, 1, 0) satisfying the above laws. Show that there is a
unique partial ordering < on B that makes ( B, <) alattice in such away that the given
A, v, 1, 0 become the lattice operations.

(iii) Suppose that in aposet, /\ F existsfor all sets of elements of the poset. Show
that thenalso \/ F aways exists. Show that if, in this assertion, we restrict 7 to be afinite
set in both occurrences, then the resulting statement is not always true any more.

Exercises (i) and (ii) say that the concept of lattice can be given a purely "operational”
("agebraic") formulation.

The set-theoretic complement - X = A- X also can be given a "lattice”" description. The set
Y = - X isdistinguished among all the subsets of A by the following two properties:

YOX=Aad YnX=0,
(verify!). Inalattice, y isacomplementof x if y vx=1 and y Ax =0.Inagenera
lattice, the complement of an element may not exist, and it is also possible that there are two

different complements of the same element.
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A particular property of (P(A), ) asalatticeisthat it isdistributive. A lattice (B, <)
distributive if

(xvy) Az = (xnaz) v(yaAz)

foral x,y,z0OB.

Indeed, the distributive law is familiar for ( 2(A), ) (see Assignment 1).

Exercises. (iv) Show that in a distributive lattice, the dual of the distributive law, that is

(xAy) vz = (xvz) a(yvz)

holds too.
(v) Show that in a distributive lattice, every element has at most one complement.
(vi) Show that any linear ordering with a minimal and a maximal element is a
distributive lattice.

A Boolean algebra is a distributive lattice in which every element has a complement. Of
course, (P(A), ) isaBoolean algebra

One particular Boolean algebra, (P(1), ) , plays acentral role in our theory. This one has
two elements: O and 1 (right?) ; notethat P(1) = 2 . The binary Boolean operations are

tabulated as follows:

Al 0 1 v] 0 1
o] o o o| o 1
1| 0o 1 1| 1 1

In addition, we have -(1) =0, -(0) =1 .Wecal this algebra the two-element Boolean

algebra, and denote it by 2.

Let us point out that 2 isalso considered to be the algebra of truth values t =t r ue and
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f=fal se; t isidentifiedwith 1, f with O . Under thisidentification, the above
operations A, v and - become the logical operations of conjunction ("and"), digunction
("or"), and negation ("not").

With any poset B=( |Bl, <) , we have its opposite, B° . The underlying set of B® isthe

same, |Bl ,asof B ; theorderingin B° isthe opposite of that in B: x< oY & ysXx.
B~ def

It is clear that B° so defined is a poset too. Moreover, it is also clear that the inf of aset 7

in the sense of B isthe same as the sup of F inthesense of B, and vice versa. Thus, of
B isalattice, sois BC . Moreover, as exercise (iv) above shows, if B isadistributive lattice,
then B® is distributive too. Also, the definition of complement shows that the notions of

complement in B and B° are the same. Briefly put, the notion of "lattice”, "distributive
lattice", and "Boolean algebra" are each self-dual concepts: if a poset fallsin any of these
categories, so does its opposite.

14.2. Some algebraic ideas.

Note that the notion of Boolean algebra is defined in terms of the operations A, v, =, 1
and O by identities : the laws describing lattices, the distributive law, and the laws defining
the complement. In general, an identity, for any kind of algebra, is an equality of two terms

built up of the basic operations of the algebra, required to hold for all values of the variables
involved. In the definition of Boolean algebra, we have found some particular identities that
hold in the set-algebra ( 2(A), A, v, 7, 1, 0) ; have we found them all?

Asit is, this question is not very intelligent since, e.g., 1 A X = x isan identity not listed
above that obviously holds in the set-algebra, and in fact, in al lattices, as a consequence of

two of the axioms (why?). However, we may ask:

(*) isit the case that al identities that hold in the set-algebras are consequences of the
Boolean axioms, that is, are true in all Boolean algebras?
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Put this way, the question amounts to asking whether we have found, in the Boolean axioms, a
sufficient basis to deduce all identities formulated interms n, v, -, 1, O that aretrue
for sets; if the answer is "no", then there is another, still undiscovered, essentially new identity
concerning these set-operations.

We will give an affirmative answer to the question just asked, by deducing it from a more
abstract theorem to be stated soon.

Example. The so-called De-Morgan law: -~ (xay) = (=X) v(~y) holdsin set-algebras; in
fact, it holds, in all Boolean algebras (exercise (vii)).

A homomorphism of lattices L and M, in notation f: L-— M, isamapping
f: [LI— M between the underlying sets that preserves the lattice operations:

F(xay) =1(x)af(y) .

F(xvy) =f(x)vi(y) .

f(1) =1,

f(0) =0.

These equalities are required to hold for all x, y O [L| ; of course, on the left sides, A, v,
1, O refer to the lattice operations of L , on the right to those of M.

An embedding of lattices is a 1-1 homomorphism; an isomorphismis a bijective
homomorphism.
Exercises. (viii) A lattice homomorphism f between Boolean algebras is a Boolean

homomorphism in the sense that it also preserves complements. f (-x) =-f (x) .

(ix) Find a Boolean embedding of (P(2), <) into (P(3), <
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(x) Any lattice homomorphism preserves the partial ordering relation:
x<y = fx<fy.If L, Marelattices, and f isaposet isomorphism

fr(ILI,<) —(IM,<) (ie, f isabijection f: IL| = M ,and x <y <

fx<fy (x,yOILl) ), then f isalatticeisomorphism aswell. However, a
poset-homomorphism between lattices (map preserving the order) is not necessarily a lattice
homomorphism.

There are the following points to be made about homomorphisms and embeddings:

(1) given a (Boolean) homomorphism f: B-—>C, and a Boolean term t (X) built up
of variables and the symbols for the Boolean operations, then for any values B from B for

the variables X we have
F(tB(B)) =t <(1B) ;

that is, if we first evaluate t at B in B, then apply f , we obtain the same value as when

we first apply f to each of thevaluesin B, and then evaluate t in C at those arguments;

and

(2) if anidentity s(X) =t (X) holdsin C (for al valuesin |Cl ), and
f : B-———>C is an embedding, then the same identity also holdsin B.

(1) is a consequence of the definition of "homomorphism™; note that the "homomorphism"” is
defined in such a way that the assertion hold in case t isasmple term (hasjust one
operation mentioned in it); the general statement is proved by "induction”. (2) is a consequence

of (1) as follows. Suppose s(X) =t (X) holdsin C, and f: B—>C isan embedding. To
show that the same identity holdsin B, let B be arbitrary elements to evaluate the variables

X . Then

f(sB(B)) =s“(1B)
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and
f(tBB)) =t SfB) .

Sincewe have s<(fB) =t S(fB) by the assumption that the identity holdsin C, we get

that f(sB(B)) =f(tB(B)) . Since f is1-1, it followsthat s5(B) =t 5(B) as
desired.

Put briefly, (2) says that any identity that holds in an algebra holds in any other that can be
embedded into the given one.

Exercise. (xi) Suppose the lattice L can be embedded into a distributive lattice. Then L
itself is distributive.

Given afamily EI_i EiDI of posets, their Cartesian product, ]| Li , iIsthe poset L whose
i di
underlying setis [L| = x ILi\ , and for which
i dl

f<g e f(i)<g(i) foral i OI .

Here, f and g are arbitrary elementsof  x “‘i' (remember that the latter is the set of
i Ol
certain functions with domain | ); on the left side, < isthe ordering of T[] Li to be
i Ol
defined; on theright, < refersto the ordering given in (each) Li .

Exercise. (xii) Verify that [] Li isindeed a poset; if each Li isalattice, then so is
i Ol
[]L; ;ifeach L, isadistributive lattice, or a Boolean algebra, then sois [] L;
i Ol i Ol
the lattice (Boolean) operationson ] Li are defined pointwise: e.g.,

i Ol
(fArg)(i) =1(i) ~g(i) .

. In fact,
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(xiii) The projection mapping

rﬁ : iQILi%Lj

fl—>1f(j)

one for each j O , isalattice homomorphism.

(xiv) Turning to Cartesian products of sets, let us note the following "mapping
property" of Cartesian products. for any sets AI for i O1 ,andany further set B :

themaps f: B— x AI are in a one-to-one correspondence with families of the
i Ol
form [fi : B%Ai q O - Indeed, the correspondence, in one direction, associates with f
the family where fi =T of (with Y defined asin (xiii) ).

(xv) Now, if the AI and B are lattices (say), then the correspondence of (iii) gives a

one-to-one correspondence between homomorphisms f: B—— [] A and families of
i Ol
homomorphisms of the form [ i - B%Ai q K Put in another way, to give a

homomorphism f: B-—— [] AI is the same as to give a family of homomorphisms

i Ol
0i:B—A L -

! for the

When in the product ] AI al the algebras AI are the same, say A, we write A
i Ol
h

! Is a power (the 't

product [] A; A

I [l
algebra AI , 1A
IS used.

power) of A . Note that the underlying set of the

| ,isthesameas = |A

, Where in the latter the notation of Section 3, p.36

The reason why we talk about products of algebras is because the power-set algebras
(PA), O) areal, essentially, powers of 2, the two-element algebra, and this turns out to
be a useful way of looking at power-set algebras. Recall the bijection
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nan —2 A
X | char X. (1)

Now, P(A) and "2 are the respective underlying sets of the algebras ( P(A), 0) and
2A . We have that

the mapping in (1) is an isomorphism ( P2(A), 0) QZA.

Exercise (xvi): verify this important fact.

Combining the last fact with what we learned above about mappings into a product-algebra,
we obtain

for any lattice L , and any set A, the lattice homomorphisms f: L——( P(A), 0)
are in a one-to-one correspondence with families of homomorphisms of the form
f a L—2 DaD A

Moreover, in this correspondence,

f isan embedding (1-1) if and only if, for every pair ( x, y) of distinct elements
x #y of L,thereis a A such that fa(x) ¢fa(y) .

Exercise (xvii). Verify the last two displayed assertions.

Stone representation theorem for distributive lattices (and Boolean algebras).

Any distributive lattice (hence, any Boolean algebra) has an embedding into a
power-set algebra.

Equivalently, if L adistributive lattice, and x #y are arbitrary elementsof L , then
thereisa 2-valued homomorphism f:L-—2 suchthat f(x) #f(y) .
The proof of the Stone representation theorem is the subject of the next subsection.
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Exercise (xviii). Verify that the two version of the theorem are indeed equivalent. Note that the
distributivity condition on the lattice is necessary. Note that the question asked under (*) (at
the beginning of the present subsection 14.2) has, as a consequence of the Stone representation
theorem, an affirmative answer.

14.3. Primefilters and ultrafilters

We now set out to prove the Stone representation theorem. First, we investigate the notion of a
2-valued lattice homomorphism f: L-—2.Any such f isgivenbytheset F={x[L :

f (x) =1} ; namely, f isthen the characteristic functionof X, f =char F: |L|-—2.
The question is what properties F must have in order for char F to be alattice
homomorphism. We introduce some standard terminology.

Let L bealatticee FO IL| isafilteron L if (i)F 1L DF,(ii)F F isclosed upward: x
OF, x<y = y0OF (x,y0lLl) [asaconseguence, in (i)F’ it would have been enough
to require that F be non-empty], and (iii)Fif x and y both belong to F, then so does
xay (x,yOdiILl) .

Exercise (xix). Verify that FO L| isafilter iff char F isan order-preserving map
L-—2,andit also preserves A and 1 [for this, we say that f isa meet-semilattice

homomor phism].

A filter F on L isprimeif (iv)PF OL OF [equivalently, F# LI ;wesaythat F isa
proper filter] and (v)PF whenever xvy OF ,theneither x OF, or yOF (x,yd/L1) .

Exercises. (xx) The prime filterson alattice L are in a one-to-one correspondence with the
homomorphisms L-—2.

(xxi) Let F be afilter on the Boolean algebra B . Then F isaprimefilter on B iff
forany x 0 Bl , exactly oneof x, -x belongsto F.
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In the case of a Boolean algebra, we may say "ultrafilter” to mean "prime filter".

In view of the reformulation of the notion of 2-valued homomorphism as prime filter, and in
view of second form of the Stone representation theorem (at the end of the second section), we
now see that the Stone representation theorem is equivalent to the following statement:

For any distributive lattice L , and any pair of distinct elements xzy of [L| , there
isaprimefilter P of L for whichoneof x,y belongsto P, and the other of x,y does
not belongto P.

We are going to show a stronger statement, which is also more specific concerning which of
the two given elements can be made to belong, and which not to belong, to the prime filter.
The stronger version can then be used to obtain other interesting consequences. The main
feature of the stronger version is a certain symmetry with respect to "dualizing", that is, taking
the opposite of the lattice in question.

Consider alattice L . Anideal of L is, by definition, the same thing as afilter in LO .
Unraveling this, we obtain that an ideal isasubset | of [L| such that (i)I OLDI , (ii)I I
isclosed downward: x0OI , y<x = y0O (x,y0OILl) ,and (iii)I if both x and vy

belongto | ,thensodoes xvy (x,yO L) . A primeideal of L isaprime filter of LO,
that is, anideal | for which (iv)PI 1LDI , and (v)PI whenever x Ayl , then either x0I
or yll .

Prime Filter Existence Theorem (PFET). Given any filter FO and any ideal | o on the
distributive lattice L such that F0 and IO are digoint: FOnI 0° 0, thereisat least one
prime filter P on L which contains F0 as a subset and which is digoint from IO:

F

P, I AonP=10.

0 0

Before we turn to the proof of the PFET, let us see how the latest formulation of the Stone
representation theorem follows from it. Suppose x, yO IL| , and x#y . Then either x<y ,
or y£x (or both). Say, we have x<y . Now, consider the sets

Fo = T 43¢ {ubLl: uxx} ,and | 0~ Ly d5f {vOILl: vy} . Weimmediately see
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that Tx isafilter,and |y isanideal (exercise). Also, they are digoint: if we had

ud?x n Ly, then x<u and u<y, andthus x<y would be the case. The PFET gives a
prime filter P with ™x OP and [y n P=0. Then, since xO7x and yOly , we have
that xOP and y[OP asdesred.

The proof of the PFET is an application of Zorn's lemma. To emphasize the character of this
proof, we isolate a part of it as a separate statement.

Criterion for a primefilter. Let FO be afilter, | o ideal on the distributive lattice L .
Then any filter on L which is maximal among those filters that contain FO and digoint from
I 0 IS prime.

Proof of the PFET from the Criterion. Assuming the truth of the Criterion, we proceed as
expected. Consider the set 7 of all filterson L that contain F0 as a subset and are digoint
from | 0 partially ordered by inclusion, O . We apply Zorn's lemmato the poset (7, [) .
We claim that if C isany non-empty chainin F,then | /COZF . Indeed, itisclear that
condition (i)Ffor filters holds, because C is non-empty; (ii)F isalso clear. Tosee(iii)F ,If
x,y O \C, thenthereare F, FF OC with xOF , yOF ; since C isachain, either
FOF ,or F OF ; we conclude that both x and y belong eitherto F orto F' , hence,
sodoes xay (since F, F arefiltersl); but F, F areboth subsetsof | / C, thus xay
belongsto | / C aswasto be shown. Asto | 4n |\ J C, if all ; belongedto |/ C, then
it would belong to an FOC , contradicting FOF and the definition of F. The claimis
verified.

The condition of Zorn's lemma, namely that each chain have an upper bound is almost
verified: for each non-empty chain 7, |\ / F issuch an upper bound. For the empty chain,
take F0 0 F asan upper bound.

By Zorn's lemma, thereisamaximal element P of (7, 0) . By the Criterion, any such
maximal element, that is, any filter maximal among those filters that contain FO and digoint

from | 0 is prime. This completes the proof.

Proof of the Criterion. Let P be any filter maximal among those filters that contain FO
and digoint from | 0 . We verify the conditions (iv)PF and (v)PF for P.Since | 0 isan
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ideal, OLDI 0" Since IOnP: 0, it follows that OLDP; thisis(iv)PF.

To see (V)PF , assume xvy [P, and assume, contrary to what we want, that x 0 P and
y O P . We now construct afilter P[ x] containing PO{ x} asa subset; we put

P[x] ={ullL : u=sax forsome s 0P} .

Indeed, P[ x] isafilter: conditions(i)F and (ii)F are clear; and if u, v both belong to
P[ x] , thenthereare s, t 0P with

u=sax and vt AXx;
it follows that, for r = sat , we have
u=r aAx and v=r aAx,
and hence, u Av 2r A X (why?); thisshowsthat uav O P[ X] .

Since xOP, wehave PO P[ x] . By the maximality of P among those filters that contain
#

FO and are digoint from IO, and since clearly FODP[ x] (because FODP), it must be
that P[ x] isnot digoint from Io;thereis aul OmP[ x] . The definition of P[ x] gives
that thereis s O P such that

SAX £ a .
Doing the same with y aswith x , we get bl 0 and t OP such that

t Ay <b.
Let c =avb and r =sat . Then, of course,

rax <c ad r Ay £c,

(why?); also, cll 0 and r 0P, since Io iIsanideal and P isafilter. Now [and thisis the
one point where we use that L isdistributive!],
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ra(xvy) =(r Ax) v(ray) £ c
distributive | aw v means "sup"

Since we assumed that xvy O P, and P isafilter, it followsthat ¢ O P, in contradiction
to the fact that Pnl 0° 0 . This contradiction shows that, indeed, xvy 0O P implies that
either xOP, yOP, showingthat P isa prime filter.

This completes the proof of the PFET.

Exercise. (xxii) A principal filter is one of the form 7x (for the latter notation, see above).
Show that the principal ultrafiltersof (P(A), ) arein aone-to-one correspondence with
the elements of the set A.

(xxiii) The set | rat - {g: 0<g<1 and q isrationa} , with the standard ordering of
the rational (real) numbers is a distributive lattice. Give a description in familiar terms of the
non-principal filtersof (| rat’ <) .

(xxiv) What can we say about prime filters of a total ordering with 0 and 1 asadistributive
lattice?

(xxv) If U and V are prime filters (ultrafilters) in a Boolean algebra, then UV implies U
=V.

(xxvi)* Conversely, if in adistributive lattice L , we havethat PO Q impliesthat P=Q
whenever P, Q are primefilters, then L isaBoolean algebra

(xxvii) Apply the PFET to show the following. Let A be any non-empty set, and assume that
F isafamily of subsets of A with the property that the intersection of any finitely many sets

in F isnon-empty. Show that there is an ultrafilter of ( 2(A), ) which contains F .

(xxviii) The set A isfiniteif and only if al ultrafiltersof ( P2(A), ) are principal.
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