811 Regular cardinals

In what follows, kK, A, u, v, p awaysdenote cardinals.

A cardinal k issaidto beregular if k isinfinite, and the union of fewer than K sets, each
of whose cardinality islessthan k , isof cardinality lessthan « . In symbols. k isregular if
K isinfinite, and

forany set | with || | <k and any family DAI QDI of sets such that IAi | < K
foral i O1 ,wehave | \ /A |<K.
i Ol
(Among finite cardinals, only 0,1 and 2 satisfy the displayed condition; it is not worth
including these among the cardinals that we want to call "regular”.)

To see two examples, we know that DO isregular: thisisjust to say that the union of finitely
many finite setsis finite. We have also seen that Dl is regular: the meaning of thisis that the
union of countably many countable sets is countable.

For future use, let us note the ssimple fact that

the ordinal-least-upper-bound of any set of cardinalsis a cardinal; for any set | , and
cardinals )‘i for i dl , lub )‘i isa cardinal.
i dl
Indeed, if a=l ub )‘i , and B<a, thenfor some i Ol , B<)\i .If wehad B~a, then by
i dl
B<)\i <a, and Cantor-Bernstein, we would have Bw)\i , contradicting the facts that /\i IS
a cardina and B</\i . Thus, if B<a,then Bra ,which meansthat a isacardina.

The condition of regularity can be stated in the following equivalent manner: the infinite
cardina «k isregular iff

Q) for each set | with cardinality lessthan k , and for each family Eb{i QDI

of ordinals a; , each lessthan k , we havethat | ub a; <K.
i Ol
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Indeed, assuming that k isregular, and assumingthat || | <k and a; <K foral i0 ,

wehavethat | a; <o, <k,thus [luba; [=1 1/ a; | <k;but, forany cardina K,
il i Ul
and any ordinal a, | o | <k impliesthat a < k (why?); thus, | ub a; <K follows.
1 Ol

Conversely, assume that (1) holds, and show that k isregular. In particular, K isalimit

ordinal. Let |1 <k and IAi <k foreach i .Let )\i =\Ai | ; )\i is an ordinal less than

K . Hence, by (1), A d5f | ub )‘i < K . Aswe noted above, A isacardinal. Let
i al
u=max( A, [11) ; since A, [I| arebothcardinalslessthan Kk, u isacardina <k .But

then |l | <y and A I:)\i <SA<u . Hence, if p isinfinite, we have

A s \i%IAiISuDJ:u<K;

i Ul
810
and if p isfinite, then UAi is finite, and so again
i Ol
AT < k.

iUl

Thisshowsthat K isregular.

In fact, we can formulate regularity in terms of ordinals, without (overtly) referring to
cardinals. Let ussay of alimit ordinal o that it isregular if it satisfies

(') foranyordina B lessthan &, and for each family [ul DI<B of ordinals
a, , each lessthan 0, we have that | ub a, < 0.

1<

Note that if k isan infinite cardinal, then it isalimit ordinal, and if it satisfies (1), then it
satisfies (1'), since <k impliesthat [Pl <k . Conversely, | claim that if the limit ordinal o
satisfies (1), then it isaregular cardinal. o isinfinite. Assume (1') for sucha & . Let (<o.
If wehad B ~ 0, then we would have an indexing Ebrl DI<B of all ordinalslessthan o,

and so, alsousing that o islimit, | ub a, =l sub a, = é, contradicting (1'). This shows
< ' i< !

that & isacardina. But now looking at formulation (1), if we have an arbitrary set 1 with
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11<d, wecanindex | by anordina [(<¢d, and transform any instance of (1) into one of

(1)

We have shown that an equivalent definition of "regular cardina” is given by the condition
(1), together with the condition that & isalimit ordinal.

We have a large class of regular cardinals. Let us write k" for the least cardinal greater than
K .If k=nlw, then K =n+1 , and if K:Da, then K+:Da+1 . A successor cardinal is
one of the form k" . The fact is that all infinite successor cardinals are regular. The reason is

mmﬁ\ll<ﬂ'mdlﬁ|<K+mriDl,mmlﬁISK,deISK,mw

K<K.

I JA s

Y IA <11 I xKk< KK
i Ol i 01 A

1
§10

On the other hand, eg. O, =1ub Dn is not regular (we say singular for not regular).

W h<w
Namely, now |w|:w=D0<Dw,andforeach ndow, |Dn\:Dn<Dw, but

| n\D//a)Dn I =1 le = Dw; thus, the family D]]n Eth IS a counter-example to the regularity
condition for [ W

We have now seen that the cardinals DO and Da+1 are regular. We just saw that for a=w,
Dw issingular. Are there limit cardinals, that is, cardinals of the form D5 for alimit ordinal
O that are regular? One sees that if so, then we must have [ 6:5 . the reason is that the set

{0 _:a<d} iscofinalin O5: lubO_ =0 (why?); therefore, if d<a were the case, we
a o a<d 9 o
would have a contradiction to formulation (1') of the regularity of [ 5 However, if we take

the smallest & for which [ 5:5 , k=0 5 turns out to be singular; thus, the above does not
have a converse! Consider the following sequence:

( n<w)

defined recursively. We have Ko<Kq since O<DO . By an easy induction, we show that

Kn<Kn+1 for all n<w. Let usdefine A = Ingan . | claim that D)\ = A . Wehave
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D)\ =lubO_ =lubl since A=l ub k_ (exercise: show that if aBsaB, for

a<h 9 n<w fn n<w
B<B <y, and y=lub B. ,then luba, =lubay);,but 0 =k , and so
ol ! iol B p<y P Kp N+l
0, =1ubk = A . However, A=0, isnotregular: wehave A =1sub k_ and w<A.
A n<w n+1 A n<w N

It turns out that, using the usual axioms of set-theory, one cannot prove that there are regular
limit cardinals. A regular limit cardinal is called a weakly inaccessible cardinal. A strongly
inaccessible, or ssimply inaccessible, cardinal k has, by definition, the additional property that

for all A<k, we aso have that 2)\<K. It is easy to see that limit cardinals with this latter

property are exactly the ones of the form beth 5 for alimit ordinal o ; these latter are called
strong limit cardinals. Thus, an inaccessible cardinal is the same as a regular strong limit
cardinal. In section 13, we will take a look at inaccessible cardinals -- despite the fact that we
cannot prove their existence with the axioms so far listed. In fact, the existence of inaccessible
cardinals will be seen as a reasonable new axiom of set theory.

There is an important calculation of the cardinality of a particular kind of set involving
regularity. We consider the following situation. We have ( B, 7) where

(i) B isa set
and

(i) F isafamily F= [fi QDI of partial operationson B, that is, each fi isa

J. J.
function with domain contained in B ' ,don(fi) 0B ' for a particular "arity" Ji (an

arbitrary set, given for each i 0l ; usualy, ‘]i is a natural number) and range(fi ) UB.
As areminder,

B‘]z{f: f isafunction, dom(f)=J ,range(f)0B} .)

We are going to write f: DA-—B tomeanthat f: dom(f) —B and don(f) OA.

J.
Thus, the partial ‘Ji -ary operation fi may be displayed as fi B! ——>B.
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Examples. (A) The notion of group is a very important one in mathematics. A group is a set

B together with a binary operation [ BzﬂB , aunary operation ()~ l: B—B,anda

O-ary operation e [J B, where these data are required to satisfy the identities

1 1

(xy) =xQyZ), ex=xlk=x, x "[X=xx ~=e.Thisfitsour setup

above, with | =3, J,=2, f

0 0
that a O-ary operation f:AoeA is basically the same as a distinguished element of A

-1
=0, lel, flz() ,JZ:O, f2:e (note

AO:{ 0} =1, andto give afunction f: {0} —>A isthe same asto give the element

e=f (0) OA). In this case, all operations are total, that is, don(fo) = 82 , €tc.

A similar example is provided by each of a number of other kinds of algebraic structure:
lattice, Boolean algebra (these we will see in some detail later), ring, field, etc. (In fact, in the
case of afield, divison is a genuinely partial operation.)

(B) The notion of limit in analysis can be considered as a partial operation. If X O RY isan

. e . =5 _ . =5 _ .
infinite ( w-type) sequence of reals, X = D(n E}Kw,then limx = Inlignooxn may not exist,
but if it does, it is uniquely determined. Let | im [ RY —R bethe partial operation
whose domain is the set of those sequences of which the limit exists, and whose value, at such
a sequence, is the limit of that sequence. In this case, the arity of | i m isthe infinite ordinal
w.

Li m can also be defined on (R®) @ Thatis, if P 0 (RY) @, ie,if P isasequence

P=0 i< Of functions f :R-—R from the reals to the reals, then | i mF isthe

function f: R-—R for which f(x) =1im fn(x) 1i mP isdefined iff the limit
n—o

[im fn(x) existsfor all x OR ("pointwise limit").
n—oo

Below, we will consider the systems (R, i m , ([R[R, lim asexamplesof (B, ) of the
general situation; in both cases, | =1 ={0} and fO =lim.
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Let usreturn to a general "system” (B, 7) asabove. Relativeto (B, 7) , aclosed set is any
subset X of B for which

J.
XOX ' adon(f;) —— f(X) OX

J.
whenever i 01 , X OB ' . Forinstance, if (B. ) isagroup, then a closed set iswhat is

usually called a subgroup of the given group: a subset of the (underlying set of the) group

whichisclosed under 0O, ()~ 1 and contains e . In the "limit" examples, closed sets are
what are usually called closed: closed under limits (in the function-space example, thisis only
one possible kind of closedness; there are also other "topologies' on that space).

It is clear that the intersection of any family of closed setsis closed (exer cise; the empty
intersection is taken to be B itself). Therefore, for any subset A of B, we may take the
intersection of all closed sets containing A, and call it the closure, or F-closure of A

notation: A, or A(f) )

In the example of type (A) (groups, Boolean algebras, ...), A is called the subalgebra
generated by A ; in the examples under (B), it iscalled the closure of the set A.

What we want to do is calculate the cardinality of A, in terms of some cardinalities given
with the situation. Let us denote:

A = rrax(Do,II N,
def

U = rrax(DO,IAI)
def

(thatis, A= 11 | unless | isfinite, inwhichcase A = DO ; Similarly for u),
and

Kk = theleast infinite regular cardina for which
def
K>|Ji | forevery i OI .
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We use the notation

VK d5f | ub{ VP: p< kK, panycadna}

We have, with these notations, the estimate formulated in the next
Theorem. With (B, ) any system of partial operations, we have, for the cardinality | A |
of the closure A of asubset A of B, that

A< max(A, ) <K )

with Kk, A and u asdetermined above.

Of course, we dways havethat u< | A| (why?); the two estimates determine | A | quite
sharply (see a'so more on this below).

Before we turn to the proof of (2), we note three properties of the operation vk Oneis

v < vK (for k22), (3)

which is obvious; the other is

k < VK (for v22): (4)

the third is

(v P = vSK (K infiniteregular, p<k, v=2).(5)
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For (4), notethat p < 2P < WP < K for every p<kK;but K istheleast cardina > al
T
Cantor's

p<KkK;itfollowsthat k < VK

(5) isdightly more involved. We claim that
Pvhf = POV <kt

here, we have made a distinction between exponentiation "of sets' and that of "cardinals’; P

means the set of al functions p—-o0; v isacardina (in particular, an ordinal), the result of
cardinal exponentiation applied to the cardinal-arguments v and u . In this display, on the

left side, we have the set of all p-type sequences of ordinals < VoK ; on the right, we have a
union of setsof p-type sequences.

The clam is clearly the same as to say that for any EbrED&pr( v<K) , thereis u<«k

such that [ d p(v“) . But, for each é<p, a0 vuf for some <k, since VK
£-e<p ’ O R

is the union of the sets v“,u<K.Since K isregular, p <K and each uE<K,Wehave

that | ub “E < K (see the second definition of regularity). With =1 ub “E’ U isa
E<p E<p

u
cardinal, v ¢ < vH foral &<p,andthus ag 0 vM foral &< p.We havethat

P yH
E“EDE<pD (v™) aswe wanted.

On the basis of the last claim, we have

(VP =PV = PO ekt
< Z(vu)p: ZV“EDSK[V<K = K
U<K H<K 0 0
pLp=mex(u, p) <k (4)

as required for (5) .

To prove (2), we give aformulafor the set A itself first. Define, by recursion on the ordinal
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a < K , the sets Aa as follows:

AOIA

Ay = UAB if o<k isalimit ordinal; and
pa
oL S Ji
ABJrl = ABD{fi(a) pi 01, dabdon(f,) nAB }.

Clearly, AB 0 Aa 0B whenever B< a < k.We clam that

A= \UA . 6
agKa (6)

For one thing, the right-hand-side is contained in the left-hand-side: by inductionon a <k,
we show that Aa O A . Theinduction-stepsfor a =0 and a limit are obvious. For

a = B+1 , note that since A [ A (induction hypothesis), and since A isclosed, f; (&) OA

J.
whenever i Ol and @ O donq f i ) nAB ' thus, by the definition of AB

as desired.

A oA

+1° T B+L

Secondly, we need to show that the union | / A
a<k

containing A, and the union contains A, it will follow that A0 | J A
o<k

o isclosed; since A isthe least closed set

q° which is the other

containment we need.

To show that the unionisclosed, let i Ol , and

J.

- | ;

a=[a O(\JA) ' ndon(f.) ;wewantthat f.(a) O | JA_.Since
quJi a<k & | I a<k @

. / i . < . i .
aJ OA, thereis orJ K such that aJ DAa_ . We now have the family Ebrj qD‘]i of

ordinals lessthan k . By the definition of k, we have that | Ji < K ;aso, kK isregular.
Therefore, by the second version of the definition of "regular”,

B = Iub{a-:jDJi} < K
def J
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(second use of regularity of k!).

Then, of course, a. OA, foral j 0J. ,since A, OA,. Thus,
J B | aj B
J
a’mdon(fi) nAg ', and by the definition of Agi1 - fi(é') OAg,, andasa

consequence, f (a) 0\ Ay -
a<k

Having the formula (6), it is easy to etimate | A | . By induction on a < k , we show that

| Aa | <max(y, A) <K By (3), thisistruefor a = 0. If the assertion holds for all
B<a<k,and a isalimitordinal, then

<K _ <K
A, SB;(J{ ABI sﬁgamax(u, A) T =1lal Orax(u, A)

< kax(u A) <K = max(k, max(g A) <K = max(g A) =K.
§Io (jl)

J.
Finally, for a=p+1,theset U = {f, (a):iOn, a’udon(fi)nAB 'Y has cardinality
def

< 0 gmax(A, i < aqmax(a, p <K P

. T T
ind. hyp Pyar IJi |

Atimex(A, 1) <K = max(A, max(A, @) <% = max(, p) =K.

%
) (3

%
5

( )

K

Since Ay =Ag0 U, | Ay | <max(A, 4 K4 max(A, p) K= max(A, p) =K asdesired.

Our induction is complete.

Finaly,
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Y AAS | S WBpx (A, 1) =K =

a<kK a<kK
nax(K,nax(A,u)<K

as wanted for (2). This completes the proof of the Theorem.

K

If, in particular, A < p and u isof the form n , then

<K:(V<K) <K:sup(v<K)p = sup v<K:v<K:u. Thus, we

max( A, p) ~K=p

P<K T P<K
. (5)
obtain:
if Al=vK forsome v>2, and I I<IAl ,then |[Al=A].
<DO n

Note that for al infinite v, v =sup Vv =supv=v.Thus if K= DO , then for all
n<w n<w

infinite A,wehavethat | Al =1A |<K , and we conclude that

if k=10 A isinfinite,and 1 1< /Al ,then |[AI=1A].

0 1

Let us turn to the examples above. In the example of type (A), we have that k = DO , because
al operations are finitary, that is, the arities Ji are finite cardinals. Also, )\:DO . Thus, if

(B, F) isaninfinite group (say), and A U B isany infinite subset of B, then A, the
subgroup generated by A, is of the same cardinality as A.If |B|=v,thenforany u<v,
we may choose asubset A0 B suchthat | Al = u (why?); we thus obtain that

an infinite group has subgroups in each infinite cardinality less than or equal the
cardinality of the group.

Of course, the same conclusion holds for Boolean algebras, etc.

O
In the examples under (B), we have K = Dl . Now, vK=vy 0 . Also, now
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A = max( DO' 1) = DO . With (R, lin) ,wegetatrivial concluson, namely that
0 O, O 0 O

Arsmax(Dg 1A) 9<(2 9 %=20 (rivid since ADR, and 'R =2 ©). But,
. R .. L R Oo - Oo
with (R™, | i n) we obtain, smilarly, that AOR™, Al <2 imply that | A| <2
0
R _.2 9

aswell, which is"non-trivial" now since |R™ | =2

see later ...)

(for the cardinalitiesrelated to R,

Here is another example. Let us fix a positive integer n . The class (in fact, set) B of Borel

subsets of R" isthe least subset X of PR™) which contains all open sets, and which is
closed under countable union and complementation:

whenever A OX forall il0w, then \ /A OX;
iUl
AOX — R™-ADX

0
(Borel sets are important in measure theory). We have that | Bl =2

O
setsis 2 0 . (It immediately follows that there are non-Borel sets; why?) This result comes

out of the above general theorem in the following way. Let A be the set of all open subsets of

0 : the number of Borel

R". Let B=R", I ={0, 1} ; JO:w; lel; fo: BY »B Is the operation of countable

union: fo( DAI EiDo) :i\Dlei ; flz BB is complementation: fl(A) =B-A. Thenit

isclear that B isnothingbut A, B=A, theclosure of A in the given system of
operations.

0 0
Clearly, )\:DO. We know that |A| =2 o; thus, p=2 O. K:D1, the least regular
cardinal above |[J 0! :DO . Therefore,
0, <O U5 O 0 0 0
Bismax(0y. 2 %) 1=(29) 0=20"0=270

The most obvious feature of the theorem is that in the estimate for the cardinality of the
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closure A, the cardinality of the set B does not play any role. And indeed, B can be of any
size, in fact, even a proper class. The version of the theorem when B is a (possibly proper)

class, rather than just a set, is almost the same as the original; the definition of the class B‘]

remains the same; now, each f i is possibly a proper class; the only change is that now we
cannot talk about the collection of the operations f i (i 0O0) inthe same sense as before;
but we take aclass 7 whose elements are of theform (i,a) for i Ol , with I aset, and

J
stipulate that fi d5f {a: (i,a)dF} isaFunction whose domain isa subclassof B

The proof of the theorem remains esssentially the same.

Finally, we refine the distinction between regular and singular cardinals by introducing the
cofinality of acardinal k ; asit will turn out, a cardinal is regular if and only if its cofinality
isitself.

We formulate the basic notion in terms of ordinals. For every ordinal o , we have that

a=1sub B; a istheleast strict upper bound of all ordinals lessthan a . It may happen
B<a
that o can be written in the form

a = | sub BE (7)
é<y

for a system of ordinals Bf indexed by an ordinal y smaller than a ; the least ordinal y
for which there is a representation of the form (1) of a iscaled the cofinality of a, anditis
denoted cf (a) ; wehavejust seenthat cf (a) <a .

When a=(+1 isasuccessor ordinal, then we can take y=1 and BO:B; this shows that
cf (a)=1; thecofinality of all successor ordinalsis 1 .

Let us note that if (7) holds, then we can change the f3 g to some B’E such that the sequence
EB’f DE<y is (not necessarily strictly) increasing: é<¢&’ <y implies that B’ESB’E, ; and (7)
still holds, with some y' <y

a = | sub B’f' (8)
é<y

To this end, we define B’E:I ub BZ for all é<y.Itisclear that the B’E are increasing, and
(<&
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also that B’Esa for al é<y. If infact B’E<a for al &<y, then

azlsubﬁfslsubﬁ’fsa
é<y é<y

and so (8) holds with y' =y . If, on the other hand, thereis é<y such that B’fza, then we
let v betheleast such ¢ ; then B’€<a for each é<y , andthus

a= lub stlsub B’fsa,
é<y é<y

and (8) again holds. Note that if, in addition to the above, y=cf (a) , then y' is
necessarily equal to y, since y <y and (8) would contradict the "least-ness' of y . Thus, if
y=cf (a) , the we have arepresentation (7) of a in which the Bf are increasing.

The characterization (1') of regular cardinals shows that

9 for alimit ordinal o, cf (a)=a impliesthat o isacardinal, infact a
regular cardinal.

In fact, more generally,
(10) for alimtordinal a, cf(a) isawaysa regular cardinal.
This follows from the identity
cf(cf(a))=cf(a) (12)
that we prove as follows. Let y=cf (a) and do=cf (y) . We have equalities

azlsub(Bf) and y =1 sub( VZ)
é<y (<o
and as we said, we may assume that BESBE’ whenever é<&’ <y . But then

a=Ilsub(B, ) :
7<d Yt
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indeed, clearly, a isastrict upper bound of all the By ( {<d);andif a’ <a, thenthere
is é<y suchthat o SBE (why?); and then thereis {<d such that ESVZ’ thus BESBVZ’
andso o sBy -- which showsthat a isatheleast strict upper bound of all the By

( {<9d) . But then, by the definition of y=cf (a) , itfollowsthat y<d; thatis, (9) holds.

Now, (10) follows from (11) and (9).

Exercise: Let y=cf (a) . Then there exists arepresentation of o inthe form of (7) in
which the BE are strictly increasing: Bf<Bf’ whenever é<¢&’ <y.

We have defined the cofinality of any ordinal, and in particular, of any cardinal; and we saw
that it is always a regular cardinal. For instance, if a isacountable limit ordinal, then

cf (a)=w; thisisbecause cf (a)<a, and cf (a) isaninfinite cardinal, and thereis only
one such, namely w=[ 0" What we have thus seen is that every countable limit ordinal o

can be written in the form a =Isub ap, and we may also assume that the ap here are
n<w
strictly increasing.

For an ordina a with |af :Dl, the possibilitiesfor cf (a) arethree: it canbe 1 (when
a isasuccessor), it can be DO, and it can be Dl. Obvioudy, cf(w1+1) =1,
cf(w1+w) :DO and cf(w1+w1) :Dl (we may write Wy for Dl when "we use it as an
ordina"; similarly for Wy ).

Exercise: show that if a isalimit ordinal, then cf(Da) =cf(a) .
Thus, we have cf (0O,)=cf(w)=0,, cf (0  )=cf(w,)=0,,and
w) 0 Wy 1 1

cf (O )=cf (0O, )=0,.
le wl 1
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