McGill University
Math 571: Higher Algebra 2
Assignment 1: due January 26, 2007

1. Let k be a commutative ring and let A be the free k-module with basis the subsets S of J,, = {1,2,...,n}.
If S, T are disjoint subsets of J,, we let

AS,T) = |{(s,t) | s€S,teT, s>}, eS,T)=(—1) D,

(a) Show that there is a unique structure of associative k-algebra on A such that for any subsets S, T of
{1,2,...,n} we have
o {e(S,T)(S UT) ifSNT =0,
0 itSNT #0.

(b) Show that A and A k™ are isomorphic as k-algebras.

2. Let p > 2 be a natural number and let S be the set of natural number sequences s = (i1, 42, ..., i,) With
1 <iy,192,...,1, < n. The symmetric group S, acts on S via
U(il, e ,ip) = (’L'a—l(l)7 e ,'L.o.—l(p)).
Let

So={seS|s=(i1,i2,...,1p),1; = i) for some j # k},
S =8-5,

Sy = {s = (i1,42,...,%p) € Sy with 1 <4y <iy <--- < ip},
S3={0s|s€8, 0€8,, c#1} =85 -8,

Let M be a free k-module with basis (e1,...,e,) and for any s = (i1,142,...,4,) € Slet s = ¢;, @ @ e,
The family of elements e; with s € S is a k-basis for Q" M. If s € S1, 0 € Sp, let ng o = €5 — €x€os,
where €, is the sign of the permutation o. Let f; = e, if s € S U Sy and fs = ny» if s = ot with t € Sy,
o € Sp, 0 # 1. Finally, let I, be the submodule of Q" M generated by the family of elements of the form
Uy @ - - ® up with u; = u; for some i # j.

(a) Show that (fs)ses,us,uss is a k-basis for @ M.

(b) Show that ng, € I,. (Hint: Show that ng er = ng o + €Nps oro-1-)

(c) Show that (fs)ses,us, is a k-basis for I,,. (Hint: Show that nes ., = €,7s 70 — €5Ms,0 and use the fact
that I, is generated by the set {es | s € So} U{ns . | s € S1,T a transposition}.)

(d) Deduce that (fs)ses, is a k-basis for Q" M mod I,,.

3. Let M be a free k-module with basis e = (e;)1<i<n. Let f € End(M) and let A = (a;;) be the matrix of f
with respect to the basis e. If S = {i; <is < - <ip}, T = {j1 < j2 < --- < jp} are p-element subsets
of {1,2,...,n} we let Agr be the p x p submatrix (bye), where byy = a;, ;,, and set agr = det(Agr). We
also let eg = e, Ney, Ao Ney,.

(a) Show that A" f(es) = 37—, asrer-
(b) Show that Tr(A” f) = 3 /=) as.5-
(c) If A € k, show that det(A — f) = > _ ¢, A", where ¢; = (=1)PTr(A” f).



4. Let M, N be finitely generated k-modules with M or N projective.

(a) Show that the canonical map of M* ® N* to (M ® N)* which sends ¢ ® ¢ to the linear form z ® y —
@(x)1(y) is an isomorphism.

(b) Show that the canonical map of M*®N into Homy (M, N), sending ¢®y to the k-linear map x — ¢(z)y
is an isomorphism.

5. Let p, ¢ be distinct primes, let K = Q(,/p, /q) and let o = \/p + /4.
(a) Show that [K : Q] = 4.
(b) Show that K = Q(«). What is the minimal polynomial of « over Q7
(¢) Find all isomorphisms of K into C.
(d) Show that Q(,/p), Q(/9), Q(/Pq) are the only subfields of K which are of degree 2 over Q.
(e) If p,q,r are distinct primes, prove that [Q(,/p, /g, v7) : Q] = 8.

6. Let p be a prime, let @ = /p € R be the positive fourth root of p and let K = Q(«).

(a) Show that [K : Q] = 4.

(b) Find all isomorphisms of K into C.

(c) Show that Q(,/p) is the only subfield of K of degree 2 over Q.
(d) If ¢ is a prime distinct from p, show that [Q(¥/p, /q) : Q] = 8.

7. Find the Galois groups of the splitting fields of the following polynomials over Q.



