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Assignment 1: due January 26, 2007

1. Let k be a commutative ring and let A be the free k-module with basis the subsets S of Jn = {1, 2, . . . , n}.
If S, T are disjoint subsets of Jn we let

λ(S, T ) = |{(s, t) | s ∈ S, t ∈ T, s > t}|, ε(S, T ) = (−1)λ(S,T ).

(a) Show that there is a unique structure of associative k-algebra on A such that for any subsets S, T of
{1, 2, . . . , n} we have

ST =

{
ε(S, T )(S ∪ T ) if S ∩ T = ∅,
0 if S ∩ T 6= ∅.

(b) Show that A and
∧

kn are isomorphic as k-algebras.

2. Let p ≥ 2 be a natural number and let S be the set of natural number sequences s = (i1, i2, . . . , ip) with
1 ≤ i1, i2, . . . , ip ≤ n. The symmetric group Sp acts on S via

σ(i1, · · · , ip) = (iσ−1(1), · · · , iσ−1(p)).

Let

S0 = {s ∈ S | s = (i1, i2, . . . , ip), ij = ik for some j 6= k},
S1 = S − S0,

S2 = {s = (i1, i2, . . . , ip) ∈ S1 with 1 ≤ i1 < i2 < · · · < ip},
S3 = {σs | s ∈ S2, σ ∈ Sp , σ 6= 1} = S1 − S2.

Let M be a free k-module with basis (e1, . . . , en) and for any s = (i1, i2, . . . , ip) ∈ S let es = ei1 ⊗ · · ·⊗ eip .
The family of elements es with s ∈ S is a k-basis for

⊗p
M . If s ∈ S1, σ ∈ Sp , let ns,σ = es − εσeσs,

where εσ is the sign of the permutation σ. Let fs = es if s ∈ S0 ∪ S2 and fs = nt,σ if s = σt with t ∈ S2,
σ ∈ Sp, σ 6= 1. Finally, let Ip be the submodule of

⊗p
M generated by the family of elements of the form

u1 ⊗ · · · ⊗ up with ui = uj for some i 6= j.

(a) Show that (fs)s∈S2∪S0∪S3 is a k-basis for
⊗p

M .

(b) Show that ns,σ ∈ Ip. (Hint: Show that ns,στ = ns,σ + εσnσs,στσ−1 .)

(c) Show that (fs)s∈S0∪S3 is a k-basis for Ip. (Hint: Show that nσs,τ = εσns,τσ − εσns,σ and use the fact
that Ip is generated by the set {es | s ∈ S0} ∪ {ns,τ | s ∈ S1, τ a transposition}.)

(d) Deduce that (fs)s∈S2 is a k-basis for
⊗p

M mod Ip.

3. Let M be a free k-module with basis e = (ei)1≤i≤n. Let f ∈ End(M) and let A = (aij) be the matrix of f
with respect to the basis e. If S = {i1 < i2 < · · · < ip}, T = {j1 < j2 < · · · < jp} are p-element subsets
of {1, 2, . . . , n} we let AS,T be the p× p submatrix (bk`), where bk` = aikj`

, and set aS,T = det(AS,T ). We
also let eS = ei1 ∧ ei2 ∧ · · · ∧ eip .

(a) Show that
∧p

f(eS) =
∑
|T |=p aS,T eT .

(b) Show that Tr(
∧p

f) =
∑
|S|=p aS,S .

(c) If λ ∈ k, show that det(λ− f) =
∑n

p=0 cpλ
n−p, where ci = (−1)pTr(

∧p
f).



4. Let M, N be finitely generated k-modules with M or N projective.

(a) Show that the canonical map of M∗⊗N∗ to (M ⊗N)∗ which sends φ⊗ φ to the linear form x⊗ y 7→
φ(x)ψ(y) is an isomorphism.

(b) Show that the canonical map of M∗⊗N into Homk(M, N), sending φ⊗y to the k-linear map x 7→ φ(x)y
is an isomorphism.

5. Let p, q be distinct primes, let K = Q(
√

p,
√

q) and let α =
√

p +
√

q.

(a) Show that [K : Q] = 4.

(b) Show that K = Q(α). What is the minimal polynomial of α over Q?

(c) Find all isomorphisms of K into C.

(d) Show that Q(
√

p),Q(
√

q),Q(
√

p q) are the only subfields of K which are of degree 2 over Q.

(e) If p, q, r are distinct primes, prove that [Q(
√

p,
√

q,
√

r) : Q] = 8.

6. Let p be a prime, let α = 4
√

p ∈ R be the positive fourth root of p and let K = Q(α).

(a) Show that [K : Q] = 4.

(b) Find all isomorphisms of K into C.

(c) Show that Q(
√

p) is the only subfield of K of degree 2 over Q.

(d) If q is a prime distinct from p, show that [Q( 4
√

p,
√

q) : Q] = 8.

7. Find the Galois groups of the splitting fields of the following polynomials over Q.

(a) (X2 − 2)(X2 − 3).

(b) (X2 − 2)(X2 − 3)(X2 − 5).

(c) X4 − 2.

(d) (X4 − 2)(X2 − 3).

(e) X5 − 2.


