McGill University Math 370A: Algebra III Assignment 1: due Friday, September 25, 1998

1. Find the group of symmetries of the structure (A, s), where A = {1, 2, 3, 4} and s = {{1, 2}, {3, 4}} ∈ ℘^2(A). 2. Use the left regular representation to show that the following multiplication table defines a group structure on A = {a, b, c, d, e, f, g, h}. a b c d e f g h a a b c d e f g h b b c d a f g h e c c d a b g h e f d d a b c h e f g e e h g f a d c b f f e h g b a d c g g f e h c b a d h h g f e d c b a

Is this group isomorphic to the group in problem 1?

3. Show that the additive group of a field F is not isomorphic to the multiplicative group of non-zero elements of F .

4. If (G, ·) is a group in which every element x ∈ G satisfies x^2 = 1, show that that the group is commutative. Show, by means of an example, that this is not the case if instead we have x^3 = 1 for all x ∈ G.

5. Let (G, ·) be a finite monad with unit element. Show that the monad is a group if and only if its multiplication table has the following properties: (a) every row and every column contains every element of G, (b) for every pair of elements x ≠ 1, y ≠ 1 of G, let R be any rectangle in the body of the table having 1 as one of its vertices, x a vertex in the same row as 1, y a vertex in the same column as 1, the fourth vertex of the rectangle depends only on the pair (x, y) and not on the position of 1.

6. Show that Aut(C_2 × C_2) ∼= S_3 ∼= GL_2(F_2 ), where F_2 is the two element field.