McGill University
Math 270A: Applied Linear Algebra
Solution Sheet for Assignment 1
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(a) If Ais p x g then A is ¢ x p so that A = —A only if p = ¢, i.e, A is square. If < A >;;= a;;, then < A” >,;=a;;
so that A = —A iff A is square and @;; = —ay; for all i, j. In particular, @;; = —a;;, which implies that the diagonal
entries of A must be purely imaginary.

(b) Since (A—AT)H = AH _(AHYH = AH _ A = —(A— A") we see that A — A is skew- hermitian. Since (A+ A")H =
AT (AFYH = A7 4 A = A+ A" we see that A + A is hermitian.

(c) Since A = (A+ AH)/2 + (A — AM)/2 we see that A is the sum of a hermitian matrix and a skew-hermitian matrix. If
A = B+C with B hermitian and C skew hermitian, we have A = B—C so that B = (A+A")/2 and C = (A—AH)/2.

. Since A™! and A+ B are invertible so is (A+B)A~! = I+ BA~!. Since B! is invertible so is B} (A+B)A~! = B~14+ 47!
and (A=! + B71)~! = A(A + B) !B using the fact that (ABC)~! = C~!B71A~L.
(a) If A,B aren xn and < A >;;= a;j, < B >;;=b;; then

n n n n

tI“(AB) = Z Z b = Zaijbji = Zbijaji = Z Z birag; = tI‘(BA)
i,J i,J

=1 k=1 =1 k=1

(b) tr(S7TAS = tr(ASS~! = tr(A)

. Welet bT' =[a b c] and row reduce [A | b] to echelon form.
4 -1 2 6 a -1 5 -1 -3 b 4 -1 2 6 a
-1 5 -1 -3 b|Ri—R |4 -1 2 6 ?:?iggl 0 19 -2 —6 a+4b
3 4 1 3 ¢ 3 4 1 3 3 3 Y10 19 -2 -6 c¢+3b
4 -1 2 6 a
R3 —R3— Ry |0 19 -2 —6 a-+4b Hence Az = b is solvable iff ¢ = a + b in which case

0 O 0 0 c—a-—>»

o = [(5a+b—9s—27t)/19 (a+4b+2s+6t)/19 s ¢| with s,¢ arbitrary.
2 4 2 4 1 0][2 4 2 4 o
(a) E J Ry — Ry — Ry [O _3] so that {_1 1] [2 J = [O _3] which gives
2 4] 1 0][2 47 [2 o][t 2]
2 1] " |1 1][0 -3] |2 -3][0 1
[—2 —4 2 -2 [—2 —4 2 -2
W |1 55 8 22:22‘:%;;? 0 3 6 —9|Ry— Ry—(2/3)Rs
-1 0 7 -11 3R jR g 10 2 6 —10| Ry— Ri—R
2 7 3 -3 LM o 3 5 =5
—2 -4 2 -2 [—2 —4 2 -2
0 3 6 -9 0 3 6 -9
0 0 9 4 R4—>R4+(1/2)R3 0 0 2 —4 so that
0 0 -1 4 0 0 0 2
10 o0 olft o ool 1 o00o0°0O0][-2 -4 2 -2 -2 -4 2 =2
01 0 offlo 1 owo0[|1/2 1001 5 5 -8 | [0 3 6 —9
00 1 o|flo —2/3 1 0f|-1/2 010/|-1 0 7 —-11 | |0 0 2 —4
0012 1o -1 o0 1| 1 00 1|2 7 3 -3 0 0 0 2
-2 -4 2 -2 1 0 0 0][-2 -4 2 -2 -2 0 0 O]t 2 -1 1
1 5 5 -8 | |-1/2 1 o of|l0o 3 6 -9/ |1 3 0 ofl0o1 2 -3
-1 0 7 —-11 | |1/2 2/3 1 0o||0 0 2 —4| |-1 2 2 o]0 0 1 =2
2 7 3 -3 -1 1 -=1/2 1[0 0 0 2 2 3 -1 2|0 0 0 1



1 2 —6 1 2 —6 1 0 0][1 2
€ |-3 4 71 22:§2f§§107—11 sothat |3 1 0| |-3 4
2 4 3|77 "lo o 15 -2 0 1| [2 4
(1 2 —6] 1 0 0]f1 2 -6
-3 4 7|=1]-310]]0 7 -11
-2 4 3] 1 0 1/]0 0 15
(a) [0 2}:[0 1} [2 4]:{0 2} [1 2]
2 4 1 0[]0 2 2 0/]0 1
2 6 -4 2 6 -4 2 6 -4
M) |4 —12 11 RRi}RjJ(“;g% 00 3| ReRs |05 —10
3 14 16T "o 5 —10 00 3
1 0 0 1 0 0] 2 6 —4] (2 6 —47
0 0 1 2 1 0 —4 —-12 11 | =110 5 -10 and hence
0 1 0] [-32 0 1] |3 14 -16] |0 0 3
[ 1 0 0] 1 0o 0] 2 6 —4] 2 6 —47
-3/2 1 0| |0 0 1||-4 —12 11 |=1]0 5 —10| which gives
2 0 1]|0o 1 0][3 14 -16] |00 3
(2 6 —4 1 00/ [1 o0o0][2 6 -4 1 00
—4 —12 11 |=10 0 1| |(3/2 1 0||0 5 —10|=1|0 0 1
3 14 -16 01 0/|-2 0 1/|0 0 3 01 0
340 meman 240 3;*
(C) Rg — R3 — (3/2)R1 RQ s Rg
3 7 2 4 R R, — (3R 0 1 2 7 0 0
5 6 1 -8 "o -4 1 -3 0 —4
2 4 0 -2 2 4 0 -2
Ry — R4 +4Rs 8(1)3_71 R3 «— Ry 8 (1) 3 275 which gives
0 0 9 25 00 0 —1
1 0 0 0]t 00 17t 0 0 O 1 00 0][2 4 o0
010 0[]lo1o0o0[l00 10| 2 100]|-4 —-820
000 1/]0 0 1 0[f0 1 0 Off-3/2 0 1 0|3 7 2
0 0 1 0[/[0 401000 1[-52001 |5 6 1
1 o 0o 1] 1 o0 0 O]t 0 0 0][2 4 0 -2 2 4
010 0/|-32 1000010 |-4 -80 3| |01
0 4 1 0/|-52 010000 1/|3 7 2 4| |0 0
000 1| 2 0010100 |5 6 1 -8 0 0
(2 4 0 =2 1 00 0][1 o0 o0 o0][2 4 0 -2
~4 -8 0 3| |00 o0 1[(32 1 0 o001 2 7| _
3 7 2 4| |o1 0 0||5/2 —4 1 0[]0 0 9 25|
5 6 1 -8 001 0/|-2 0 01|00 0 -1

—6 1 2 -6
71 =10 7 —11{ and
3 0 0 15
which gives
0 0| |1 3 =2
5 010 1 =2
0 310 0 1
0 -2
2 7
0 -1
1 -3
-2 2 4 0 -2
3 o1 2 7 .
41= 10 0 9 25 This yields
-8 0 0 0 -1
0 -2
2 7
9 95 and hence
0 -1
0 0 O 2 0 0 O 1
0 0 1 3 1 0 O 0
1 0 0 5 —4 9 0 0
01 0/|-4 0 0 -1]1]0

OO =N

8. If V, is the p x p Vandermonde determinant we have V,, = (x, —x1)(zp — x2) - - - (xp — xp—1)Vp—1 as can be seen by, starting
with the last column and going down, replace the column by x, times the previous column, expanding along the last row
and factoring out z; — x, from the i-th row of the resulting (p — 1) x (p — 1) determinant. The result then follows by

10.

induction.
x? Ty
360 1.2
1 2.3
1.96 3.36
4 5
5.76 5.76
If 7' = [y1s .

vz oy

4 6 2
529 1 23
5.76 14 24
6.25 2.0 2.5
5.76 24 24

—_ = = e e

=.000880z2 — .005440zy + .013120y2 + .0097120z — .0512960y + .05049600 = 0.

,yp) then yTy =47 + ..+ 92 =0iff y = 0. Hence Az =0 = 27ATAz =0 = (Az)T(42) =0 =
Az =0 = x =0 since A is p X ¢ and rank(A)= gq.

O = N O



