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INSTRUCTIONS

Answer all seven questions. Each question is worth 10 points. Please
give a detailed explanation for each answer.
Non-programmable calculators are permitted.
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This exam comprises the cover and two pages of questions.
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Problem 1. (10 points) Consider power series
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a) [2 pts] Find the radius of the convergence of the power series.

b Find the interval of convergence of the power series.
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) [2 pts]

c¢) [2 pts] Find the second derivative of the power series.
) ]

d) [4 pts] Find the sum of the original power series.

Problem 2. (10 points) Consider the circular helix
r(t) = 3costi+ 3sintj + 4tk.

a) [3 pts] Parametrize r in terms of the arc length r(s) measured from the point
(1,0,0) in the direction of increasing t;

b) [3 pts] Find the curvature x(t) and the torsion 7(¢) at a general point of the
curve;

¢) [4 pts] Find the Frenet frame T(t), B(t), N(t) at a general point of the curve.

Problem 3. (10 points) If u = f(x,y) where z = e cos(3t) and y = e* sin(3t),
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and compute ¢(s,t) and h(s,t).
Problem 4. (10 points) The function f is defined by
f(z,y,2) = ey + 2 cos(y) + 22>
The point P = (1,0,2) lies on the surface S defined by the equation f(z,y, z) = 6.
a) [4 pts] Find the gradient of f at the point P, and write the equation of the
tangent plane to the surface S at P.
b) [2 pts] Find the distance from the origin (0,0,0) to the tangent plane at P.

b) [4 pts] Determine the directional derivative D, f of the function f in the direc-
tion of the vector u = (4/5,0,3/5), and find the maximal rate of increase of f
at P.
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Problem 5. (10 points) Let
f(z,y,2) = 2* + 32z — 4y* — 22y + 62°

and

g(x,y,2) = 2> + 9y — 222
The surface S; is defined by the equation f(x,y,z) = 20 and the the surface Sy
is defined by the equation g(z,y,z) = 1. The point P = (0, 1,2) belongs to both

surfaces. Let 7 be the curve of intersection of surfaces S; and S;. Determine the
equation of the tangent line to the curve v at the point P.

Problem 6. (10 points) Find all the critical points of the function f(z,y) = zye™¥
and determine whether they are local minima, local maxima, or saddle points.

Problem 7. (10 points) Let z,y,u, v be related by

et 4+ 2uv — 1 =0, ye' 7 — Y _or—o.
14w

Compute partial derivatives (Ou/0x), (0u/dy), (0v/0x), (0v/dy) at the point where
r=1y=2and u=v=0.



