McGill University
MATH 251: Algebra 2
Assignment 2 Solutions

1. Let S = {z € RN | 2,02 = 241 + 62, }. Then S = Ker(L? — L — 6) = Ker((L — 3)(L +2)) = Ker(L — 3) +
Ker(L+2) =span((1,—2,...,(=2)",...)) +span((1,3,...,3",...)) = span(u,v) where u = (1, -2,...,(-2)",...),
v=1(1,3,...,3"...) so that S = {au+bv | a,b € R}. If z € S then there are a,b € R with z,, = a(—2)" + b3™ for
n>0.Ifzg=2; =1, wehave a+b=1, —2a+ 3b =1 so that a = —1/5, b = 1/5. Hence z,, = (3" — (—-2)")/5.
Remark. Since z,, € Z, it follows that 3™ — (—2)" is divisible by 5 for all n. This also follows from the fact that
—2 is congruent to 3 mod 5.

2. We first note that f” = f' + 6f implies f(™ = f(»=1 — f(n=2) for all n > 2 so that f is infinitely differentiable.
Hence, if V is the vector space of infinitely differentiable real-valued functions on the the real line, S = {f €
RE|f" = f'+6f} = {f € V|f" = f'+6f}. If D is the differentiation operator on V then S = Ker(D? — D —6) =
Ker(D —3)(D+2) = Ker(D —3) + (D +2) = span(e3®) +span(e~2%) = span(e3*,e~2%) = {ae3® +be 2 | a,b € R}.
If f € S there are a,b € R with f(x) = ae3® + be=2% for all z. If f(0) = f/(0) =1, wehavea+b=1,3a —2b=1
so that a = 1/5, b = —1/5. Hence f(z) = (3% — e=2%)/5.

3. We use the fact that the left shift operator on S = Ker(L? — L — 6) corresponds to left multiplication on R?*!
by A = {2 ﬂ using the isomorphism ¢ : S — R2*! defined by ¢(z) = [io}. Since L(u) = —2u and L(v) = 3v
1
where u = (1,2,...,(=2)",...),v=(1,3,...,3",...), we have
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4. To find U NV, we have to find those vectors y;(1,1,1,0,1) + y2(0,1,1,1,0) + y3(1,1,1,1,1) of V that lie in U.
This is equivalent to the finding of x1, zs, 3, x4 such that

21(1,1,0,1,0) + 22(0,1,1,0,1) + 25(1,0,1,0,1) + 24(1,1,0,1,1) = y1(1,1,1,0,1) + y2(0,1,1,1,0) + y3(1,1,1,1,1).
This vector equation is equivalent to the system of equations

T1+23+Ta=Y1 +Y3

T1+ T2+ 24 =Yy1+yY2+Yys
To+ X3 =Y1+Y2+Ys3
1+ T =Y2 + Y3

T2+ T3+ Ta=Y1+Y3



Applying Gaussian elimination, we get the equivalent system

1+ T3+ 24 =Y1 + Y3

To + T3 = Y2

T3 =1Y1 + Y2
Ty =Y1t+y2+ys3
0=y +y3

which has a solution if and only if y; = y3. Hence

U N V = {yl(lv ]-7 ]-7 Oa 1) + y2(07 17 ]-7 170) + y1(17 ]-7 17 17 ]') ‘ Y1,Y2 S ]FZ}
= {y1(070707 130) + yQ(O, 13 17 170) | Y1,Y2 € F?}
= Span((oa 0707 170)v (07 1, 17 1a O))

To find a basis for
U +V =span((1,1,0,1,0),(0,1,1,0,1),(1,0,1,0,1), (1,1,0,1,1),(1,1,1,0,1), (0,1,1,1,0), (1,1,1,1,1))
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we find the dependence relations for the given generating set. We have
.131(17 1a Oa 1) 0)_’_'1:2(07 1a la 0) 1)+Jf3(17 Oa 1a 0) 1)"‘.134(17 17 Oa 1) 1)"‘.135(17 17 1a 0) 1)"‘.136(07 17 1a 17 0)+$7(1, 17 1’ 13 1) =0
if and only if (21, z2, x5, 24,25, Te, x7) is a solution of the system

r1+axs+a4+x5+27=0
T1+To+ T4 +25+26+27=0
To+x3+ x5 +26+27=0
T1+ x4+ 26 +27=0
Tot+axs+x4+x5+27=0

which, by Gaussian elimination is equivalent to the system

r1 = X7
To = X7

r3 = Xg + T7

T4 = T6

Irs = X7.

Since there is a solution with ¢ = 1,27 = 0 and one with x4 = 0,27 = 1, the first five vectors span U + V.
Moreover, these vectors are linearly independent since the only solution of the above system with g = 27 = 0 is
the zero solution.

. The vectors u; = (1,1,0,1),us = (0,1,1,1),u3 = (0,0,1,0),us = (0,0,0, 1) form a basis for R* since the equation
(21,2, 23,24) = a1uy + agus + aszus + aquy has the unique solution
a; = 21,02 = Tg — 1,03 = L1 — T2 + 3,04 = Tg4 — T2.
If T is the linear mapping with T'(u1) = T'(u2) = 0,T(us) = (1,1,0,1),T(us) = (0,1,1,1), we have
T(x1,22,23,24) = az(1,1,0,1) + a4(0,1,1,1) = (x1 — 22 + x3, 21 — 2@2 + T3 + T4, Ty — To, T1 — 2T2 + T3 + T4)

which has the required kernel and image.



