McGill University
MATH 251: Algebra 2
Assignment 1: due Friday, January 16, 2004

1. Let V be a vector space over a field F', let V/ be a set and let f : V' — V'’ be a bijective
mapping. Prove that there is a unique vector space structure on V' over F' which makes f an
isomorphism of vector spaces.

2. Let F be a field and let Vi = F™"*" Vig = F"X™ Vo = F™X" Voo = F™*™ If p=m + n,
prove that
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as vector spaces over F' by giving an explicit isomorphism.

3. If V is a vector space, prove that it cannot be the union of two proper subspaces. Can a vector
space be the union of three proper subspaces?

4. Which of the following subsets S of the given vector space V are subspaces?

a) V=R S={(z,y) e V|22 +azy+y*> =0}

(a) (z,y)

(b) V=R%S={(z,y) €V |22+ 22y +y>=0};

() V=R2S={(x,y) € V|az?+ 2zy — 8y> = 0};

(d) V=RY S ={z=(x0,71,---,%n,...) €V | 22 = nzx, for n > 0};
() V=RE S={feV|fx+2)— f(x+1)=af(x) for all z € R}.

5. Let F be a field and let a1, as,...,a; € F. Show that
S={z¢€ FN | Tpik = Q1Tntk—1 + 2Tpik—2 + a3Tntk—3 + -+ + agzy, for n > 0}
is a subspace of FN and that the mapping T : S — F* defined by
T(z) = (xo,®1, ..., Tk—1)

is an isomorphism of vector spaces.



