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1. (a) 0 € Wsince 0, =0 for alln = 0,43 = 0,42+ 0, =0 for all n. If 2,y € W, a,b € F we have (ax + by)n+3 =

aTp43 + byn+3 = a(xn+2 + xn) + b(yn+2 + yn) = ATp42 + byn+2 + axy + byn = (a:v + by)n+2 + (ax + by)n which
implies ax 4+ by € W. Hence W is a subspace of V.

(b) 0 € W since 0(z) = 0 for all z implies 0(x) = 0(z?) = 0. If f,g € W, a,b € R we have (af + bg)(z) =
af(z) + bg(x) = af(2?) + bg(x?) which implies af + bg € W. Hence W is a subspace of V.

(c) Let f,g € V be defined by f(z) = x, g(x) =1 — 2. Then f,g € W since f(0) = g(1) = 0 but f + g ¢ W since
(f+9)(0)=(f+g)(1) =1. Hence W is not a subspace of V.

d) Since z2+z1x0+22 = (21+12/2)%+323 /4 we see that 22 +x1x9+23 = 0iff 21 = 29 = 0. Hence W = Span((0,0,1)),
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a subspace of V.

() 0 € W since 0! =0=—0. If X,Y € W, a,b € F we have (aX +bY)' =aX' +bY" = —aX —bY = —(aX +bY)
which implies aX 4+ bY € W. Hence W is a subspace of V.

2. x = (x1,%2,T3,24,T5,Tp) € Span((l, ,0,1,1,1),(1,0,1,1,1,0),(1,0,0,1,1,0),(1,1,1,1,1,1)) iff there are scalars
€1, Ce, €3, ¢4 such that x = ¢1(1,1,0,1,1,1) + ¢2(1,0,1,1,1,0) + ¢5(1,0,0,1,1,0) + ¢4(1,1,1,1,1,1). But this holds iff
the system of equations

c1t+cetc3tceg =1
cit+c+4=ux
Ccoy+cq4 =23
c1+cCo+c3+cyg=x4
c1+cCy+c3+cy =25

Cc1+ ¢4 =24
has a solution for ¢y, ¢o, c3, c4. Bringing this system to echelon form we get

c1+cC+c3+cyg=x1
Co+C3 =21+ T2

C3—|—C4:CC1—|—.’,E2—|—I3

0=x14+ x4
O:$1+.’E5
0:£B2+£L‘6

which shows that the system has a solution iff 1 + x4 = 0,21 + x5 = 0,22 + 6 = 0.



U ={(-2r—s+t,rs,t)|rs,teR} =Span((-2,1,0,0),(—1,0,1,0),(1,0,0,1))

Us ={(s,s,t,t) | s,t € R} = Span((1,1,0,0),(0,0,1,1))

Us = Span((1,1,1,1), (1,0,1,0), (1,1,0,0)) = {(x1,X2,X3,%X4) | X1 — X2 — X3 + x4 = 0}

U, = Span((1,1,0,1), (1,2,2,1)) = {(x1,X2,X3,%X4) | 2x1 — 2x2 +x3 = 0,x3 — x4 =0}
Uy + Us = Span((—2,1,0,0), (—1,0,1,0), (1,0,0,1), (1,1,0,0), (0,0, 1, 1))
Uy + Us = Span((=2,1,0,0), (—1,0,1,0), (1,0,0,1), (1,1,1,1), (1,0,1,0), (1, 1,0,0))
Uy + Uy = Span((=2,1,0,0), (—1,0,1,0), (1,0,0,1), (1,1,0,1), (1,2,2, 1))
Us + Us = Span((1,1,0,0), (0,0,1,1), (1,1,1,1), (1,0,1,0), (1, 1,0,0))
Us + Uy = Span((1,1,0,0), (0,0,1,1), (1,1,0,1), (1,2,2,1))
Us + Uy = Span((1,1,1,1),(1,0,1,0), (1,1,0,0), (1,1,0,1), (1,2,2,1))
Uy NUs = {(z1,22,23,24) | 21 + 222 + 23 — 24 = 0,21 — 22 = 0,23 — 24 = 0} = Span((0,0,1,1))
Ui NU;s = {(z1,22,23,24) | 1 + 222 + 3 — 24 = 0,21 — 2 — 23 + 4 = 0} = Span((1,-2,3,0),(—1,2,0,3))
UrNUy = {(z1,%2,73,74) | 71 + 229 + 73 — 74 = 0,277 — 225 + 73 = 0,71 — 74 = 0} = Span((2,1,—2,2))
Us NUs = {(z1,%2,253,24) | 21 — 22 = 0,23 — x4 = 0,21 — 20 — x5 + 24 = 0} = Us
Uy NUy = {(21,22,23,24) | 21 — 29 = 0,25 — x4 = 0,221 — 229 + 23 = 0,21 — x4 = 0} = Span((0,0,0,0))
UsNUy = {(z1,22,23,24) | 1 — 22 — 3 + 24 = 0,221 — 229 + 23 = 0,21 — x4 = 0} = Span((3,4,2, 3))

IfU CV then UUV =V, a subspace of W. Similarly, if V' C U then UUV = U, a subspace of W. Now suppose
that U UV is a subspace of W. If neither U C V nor V C U hold we can find u € U,u ¢ V and v € Vv ¢ U. But
then u + v ¢ U,V which contradicts the fact that U UV is a subspace of W.

T is linear since T'(a1 (u1,v1) + a2(uz,v2)) = T(ajur + agus, a1v1 + agus) = ajuy + asug + a1v1 + agus =

ay(ug +v1) + az(ug + v2) = a1 T (u1,v1) + a1 (uz,v2). The image of T is U + V so that T is onto if W =U 4+ V.
We have T'(u,v) = 0 iff u+v = 0 so that Ker(T) = {(w,—w) | w € UNV}. Hence T is one-to-one iff UNV = {0}.
Consequently T is an isomorphism iff U + V =W and U NV = {0}.



