McGill University
Math 247B: Linear Algebra
Solution Sheet for Assignment 1
1. (a) R(LAUB)=R(A)UR(B) sincey € R(AUB) <= (Jz € AUB) (z,y) € R <=
(FxreA) (x,y) R or (3x€B) (z,y) € R < y<€ R(A) or y€ R(B) < y <€ R(A)UR(B).
(b) R(AN B) # R(A) N R(B) in general since in the case R = {(1,1),(2,1)}, A = {1}, B = {2} we have
R(AN B) = R(®) =0 while R(A) N R(B) = {1} n{1} = {1}.
(c) If R is a function we have R™} (AN B) = R7Y(A)NR~Y(B) since y € R"'(ANB) —
(B3r € ANB) (z,y) e R = (Fr € A) (v,y) e 7! and (32’ € B) (2/,y) e B! <
y€ R7Y(A) and y € R7Y(B) < y € R !(A)UR(B). Note that (z,y), (2/,y) € R~! implies that
(y,z), (y,2') € R and hence that 2 = 2’ since R is a function.

2. (a) Since F[/a] contains F we only have to show that F[\/a] is closed under addition, multiplication and
division by non-zero elements. This follows from (a + by/a) + (o’ + ¥'v/a = (a + d') + (b + V) Va,
(0 + by/@) = (~a) + (—b)y/@, (o + by/@)(d + b'\/a@ = (aa’ + ba) + (ab + @b)y/a, 1/a + bya =
a/(a® + b*a) + (=b/(a® + b*)a)y/a. Note that a + by/a =0 = b = 0 since \/a ¢ F and hence that
a=0. Since a + by/a=d' +by/a < (a—ad')+ (b—1b)/a =0 we see that every element of F[/a can
be uniquely written in the form a = by/a with a,b € F.

(b) Since u = a + bvV2 + ¢v/3 + dvV6 = (a = by2 + (c + dv2v/3 we have F = (Q[v2])[v3]. Note that
V3 ¢ Q[v2]. Since V3 = a + bv/2 with a,b € Q implies that 3 = a® 4+ 2b® + aby/2 and hence that a or
b= 0 in which case either 3 = 2b? or 3 = a?, both of which are impossible. Hence F is a field by (a) and
u=0 < a+b/2=c+dV2=0 < a=b=c=d=0. Also
1/u = (a+bv2) — (c+dvV2)V3)((a+bv2)* + 3(c + dv2)?)~!

= (a4 bV2 — V3 — dV6)(a® + 20% + 3¢* + 3d?) + (2ab + 6¢d)V2) !

= (a+bv2 — V3 — dvV6)((a® + 2b% + 3¢ + 3d?) — (2ab + 6¢d)V2)((a? + 20% + 3¢ + 3d?)? + 2(2ab + 6¢d)?) L.
3. Mutiplying the third equation by 1/2 and then interchanging the first and third equations, we get

T — To + 3+ 204 — 45 =0
2x1 — 2x0 + 223 + 3x4 — S5 =0
2x1 — 3x9 + 623+ 204 — S5 =0
5x1 — 6x0 + 923 + Ty — 1425 =0

Using the first equation to eliminate x; from the other equations, we get

T, — To 4+ T3+ 224 —4a5 =0
—x4+ 325 =0
—xo +4x3 — 214 + 325 =0
—xo + 4x3 — 3x4 + 625 =0
Now multiply equations 2 and 3 by —1 and then interchange equations 2 and 3 to get
T4 — To + T3+ 214 —4x5 =0
To —4x3 + 224 — 325 =0
T4 — 3135 =0
—xo + 4x3 — 314 + 625 =0



Now add the second equation to the fourth to eliminate xo

T, — To + 3+ 224 —4a5 =0
To —4x3 +2x4 — 325 =0

x4 — 35 =0

—x4+ 325 =0

Adding the third equation to the fourth and deleting the zero equation, we get

T — To + T3+ 2x4 —4a5 =0
To —4x3 + 224 — 325 =0
LE4*3LL‘5:O

By backsubstitution we get x4 = 3x5, 9 = 4rs — 224 + 325 = 4x3 — 325, 1 = X2 — 3 — 224 + 45 = 3x3 — ;.
Hence the solution set is {(3s — 5¢,4s — 3t, s,3t,t) | s,t € R}.

. Using equation 1 to eliminate x; from the other equations, we get

T1+axost+rxr3t+ar+as=1
T3+ a5 +x5+ 29 =0
T3+ 26 =0

Tot+ x4+ x5 +26+27+28=0

Now interchange the second and fourth equations to get

r1+ 2o+ a3+ 27 + 28 =
Tot+ x4+ x5 +r6+27+28=0
xr3+ a6 =0

1’3+1’5+I‘8+$9 =
Now add the third equation to the fourth to get

X1+ 2o+ a3+ 27 +x8 =
Tot+xy+a5+xs+z7+28=0
z3+x6 =0
T5+ 26+ 28 + 219 =0

Adding equation 5 to equation 2 and then equation 3 to equation 1, we get

T1+ 2o+ x5+ 27 +28=1
To+ Ty +x7+29=0
x3+x6 =0

CL’5+£C6+.’E8+.’E9:0



Finally add equation 2 to equation 1 to get

I +’I4+$6+$8+$9:1
To+ x4+ a7 +29=0
x3+ 216 =0
£E5+.’E6+.’E8+.’E9:0
Solving for x1, x3, x3, 5 in terms of x4 = r, x4 = 5,27 = t,x3 = u,x9 = v we find the solution set to be
{I+r+s+utv,r+t+ov,s,r,s+u+v,stuv)|rstuveclF}.

This set has 2° = 32 elements.



