
McGill University
Math 247B: Linear Algebra

Solution Sheet for Assignment 1

1. (a) R(A ∪B) = R(A) ∪R(B) since y ∈ R(A ∪B) ⇐⇒ (∃x ∈ A ∪B) (x, y) ∈ R ⇐⇒
(∃x ∈ A) (x, y) ∈ R or (∃x ∈ B) (x, y) ∈ R ⇐⇒ y ∈ R(A) or y ∈ R(B) ⇐⇒ y ∈ R(A) ∪R(B).

(b) R(A ∩ B) 6= R(A) ∩ R(B) in general since in the case R = {(1, 1), (2, 1)}, A = {1}, B = {2} we have
R(A ∩B) = R(∅) = ∅ while R(A) ∩R(B) = {1} ∩ {1} = {1}.

(c) If R is a function we have R−1(A ∩B) = R−1(A) ∩R−1(B) since y ∈ R−1(A ∩B) ⇐⇒
(∃x ∈ A ∩B) (x, y) ∈ R−1 ⇐⇒ (∃x ∈ A) (x, y) ∈ R−1 and (∃x′ ∈ B) (x′, y) ∈ R−1 ⇐⇒
y ∈ R−1(A) and y ∈ R−1(B) ⇐⇒ y ∈ R−1(A) ∪ R−1(B). Note that (x, y), (x′, y) ∈ R−1 implies that
(y, x), (y, x′) ∈ R and hence that x = x′ since R is a function.
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2 and hence that a or

b = 0 in which case either 3 = 2b2 or 3 = a2, both of which are impossible. Hence F is a field by (a) and
u = 0 ⇐⇒ a+ b
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2 = c+ d

√
2 = 0 ⇐⇒ a = b = c = d = 0. Also
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√
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3. Mutiplying the third equation by 1/2 and then interchanging the first and third equations, we get

x1 − x2 + x3 + 2x4 − 4x5 = 0
2x1 − 2x2 + 2x3 + 3x4 − 5x5 = 0
2x1 − 3x2 + 6x3 + 2x4 − 5x5 = 0

5x1 − 6x2 + 9x3 + 7x4 − 14x5 = 0

Using the first equation to eliminate x1 from the other equations, we get

x1 − x2 + x3 + 2x4 − 4x5 = 0
−x4 + 3x5 = 0

−x2 + 4x3 − 2x4 + 3x5 = 0
−x2 + 4x3 − 3x4 + 6x5 = 0

Now multiply equations 2 and 3 by −1 and then interchange equations 2 and 3 to get

x1 − x2 + x3 + 2x4 − 4x5 = 0
x2 − 4x3 + 2x4 − 3x5 = 0

x4 − 3x5 = 0
−x2 + 4x3 − 3x4 + 6x5 = 0



Now add the second equation to the fourth to eliminate x2

x1 − x2 + x3 + 2x4 − 4x5 = 0
x2 − 4x3 + 2x4 − 3x5 = 0

x4 − 3x5 = 0
−x4 + 3x5 = 0

Adding the third equation to the fourth and deleting the zero equation, we get

x1 − x2 + x3 + 2x4 − 4x5 = 0
x2 − 4x3 + 2x4 − 3x5 = 0

x4 − 3x5 = 0

By backsubstitution we get x4 = 3x5, x2 = 4x3− 2x4 + 3x5 = 4x3−3x5, x1 = x2−x3− 2x4 + 4x5 = 3x3−5x5.
Hence the solution set is {(3s− 5t, 4s− 3t, s, 3t, t) | s, t ∈ R}.

4. Using equation 1 to eliminate x1 from the other equations, we get

x1 + x2 + x3 + x7 + x8 = 1
x3 + x5 + x8 + x9 = 0

x3 + x6 = 0
x2 + x4 + x5 + x6 + x7 + x8 = 0

Now interchange the second and fourth equations to get

x1 + x2 + x3 + x7 + x8 = 1
x2 + x4 + x5 + x6 + x7 + x8 = 0

x3 + x6 = 0
x3 + x5 + x8 + x9 = 0

Now add the third equation to the fourth to get

x1 + x2 + x3 + x7 + x8 = 1
x2 + x4 + x5 + x6 + x7 + x8 = 0

x3 + x6 = 0
x5 + x6 + x8 + x9 = 0

Adding equation 5 to equation 2 and then equation 3 to equation 1, we get

x1 + x2 + x6 + x7 + x8 = 1
x2 + x4 + x7 + x9 = 0

x3 + x6 = 0
x5 + x6 + x8 + x9 = 0



Finally add equation 2 to equation 1 to get

x1 + x4 + x6 + x8 + x9 = 1
x2 + x4 + x7 + x9 = 0

x3 + x6 = 0
x5 + x6 + x8 + x9 = 0

Solving for x1, x2, x3, x5 in terms of x4 = r, x6 = s, x7 = t, x8 = u, x9 = v we find the solution set to be

{(1 + r + s+ u+ v, r + t+ v, s, r, s+ u+ v, s, t, u, v) | r, s, t, u, v ∈ F2}.

This set has 25 = 32 elements.


