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Solutions to Assignment 1

1. (a)

p q r p ∨ q ¬p ¬p ∨ r (p ∨ q) ∧ (¬p ∨ r) q ∨ r (p ∨ q) ∧ (¬p ∨ r) → q ∨ r
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(b)

p q r p ∨ q p → r q → r (p ∨ q) ∧ (p → r) ∧ (q → r) (p ∨ q) ∧ (p → r) ∧ (q → r) → r
T T T T T T T T
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2. It suffices to prove (a) ⇐⇒ (b) and (c) ⇐⇒ (a).

p ↔ q ⇐⇒ (p → q) ∧ (q → p) (Definition of p ↔ q)
⇐⇒ (q ∨ ¬p) ∧ (p ∨ ¬q) (Definition of p → q and q → p)
⇐⇒ ((q ∨ ¬p) ∧ p) ∧ ((q ∨ ¬p) ∧ ¬q) (Distributive Law)
⇐⇒ ((q ∧ p) ∨ (¬p ∧ p)) ∨ ((q ∧ ¬q) ∨ (¬p ∧ ¬q) (Distributive Law)
⇐⇒ (p ∧ q) ∨ (¬p ∧ ¬q) (Commutative, Negation and Identity Laws)

¬(p⊕ q) ⇐⇒ ¬((p ∧ ¬q) ∨ (q ∧ ¬p)) (Definition of p⊕ q)
⇐⇒ (¬(p ∧ ¬q) ∧ ¬(q ∧ ¬p) (DeMorgan)
⇐⇒ (¬p ∨ q) ∧ (p ∨ ¬q) (DeMorgan and Double Negation)
⇐⇒ p ↔ q (Definition of p ↔ q)

3. (a) ∀(A, B,C)((A ∪ C = B ∪ C) → (A = B)) is false. Counterexample: A = ∅, B = C = {0}.
(b) ∀(A, B,C)((A ∩ C = B ∩ C) → (A = B)) is false. Counterexample: A = C = ∅, B = {0}.



(c) ∀(A, B,C)((A⊕B)∩C = (A∩C)⊕ (B ∩C)) is true. If U is any set containing A,B,C and X = U −X,
we have X ⊕ Y = (X ∩ Y ) ∪ (Y ∩X) = Y ⊕X and

(A ∩ C)⊕ (B ∩ C) = ((A ∩ C) ∩B ∩ C) ∪ ((B ∩ C) ∩A ∩ C) (Definition of X ⊕ Y )

= ((A ∩ C) ∩ (B ∪ C)) ∪ ((B ∩ C) ∩ (A ∪ C)) (DeMorgan)

= ((A ∩ C ∩B) ∩ (A ∩ C ∩ C)) ∪ ((B ∩ C ∩A) ∩ (B ∩ C ∩ C)) (Distributive Law)

= (A ∩ C ∩B) ∪ (B ∩ C ∩A)

= ((A ∩B) ∪ (B ∩A) ∩ C (Distributive Law)
= (A⊕B) ∩ C

(d) ∀(A, B,C)((A⊕B) ∪ C = (A ∪ C)⊕ (B ∪ C)) is false. Counterexample: A = B = ∅, C = {0}.

4. Let U = A ∪B ∪ C and let X = U −X. Then

A⊕ (B ⊕ C) = (A ∩ (B ∩ C) ∪ (C ∩B)) ∪ (((B ∩ C)) ∪ (C ∩B)) ∩A)

= (A ∩ ((B ∪ C) ∩ (C ∪B)) ∪ (((B ∩ C)) ∪ (C ∩B)) ∩A) (DeMorgan)

= (A ∩B ∩ C) ∪ (A ∩B ∩ C) ∪ (B ∩ C ∩A) ∪ (C ∩A ∩B) (Distributive Law)
= C ⊕ (A⊕B) (Symmetry in A,B, C)
= (A⊕B)⊕ C


