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1. (a) Let wy = vy — vg, wy = vy — V3, W3 = V3 — V4, Wy = v4. Then Span(wq, ws, w3, wy) C Span(vy,va, Vs, vy).
But vy = wy, v3 = w3 + wy, va = wg + w3 + wg, V1 = w1 + wy + wz + wy implies that Span(vy, v, va,vy) C
Span(wi, wa, w3, wy) and hence that Span(vy, va, ve, v4) = Span(wq, wa, ws, wy).

(b) We have a1(vy — v2) + as(ve — v3) + az(vs — v4) + agvs = ajv1 + (a2 — a1)va + (a3 — az)vs + (ag — as)vy. Hence
a1(vy — v2) + az(vy — v3) + az(vs — v4) + agvg = 0 implies a1v1 + (a2 — a1)ve + (az — az)vs + (a4 — az)vy = 0 and
hence that a1 = as — a1 = a3 — as = a4 —ag = 0 since (v1, 22, v3,v4) is linearly independent. But this immediately
gives a1 = ag = az = aq4 = 0.

(c) Setting wq = v1 — vy, Wy = vy — V3, W3 = V3 — U4, Wy = Vg — w1, we have wy + wg + w3 + wg = 0.

(d) Since the vectors (v +w, vo+w, v3+w, v4+w) are linearly dependent, there are scalars aq, as, as, a4 not all zero such
that a; (v1+w)+as(ve+w)+as(vs+w)+as(vi+w) = 0. But then ayv1+asve+azvs+asvs+(ag+as+az+aq)w = 0.
We must have a = a1 + as + ag + a4 # 0; otherwise, a1v1 + asvs + agvs + agvy = 0 contradicting the independence
of (v1,vs,v3,v4). But then w = byvy + bavy + bzvs + byvy with b; = —a;a~! which implies w € Span(vy, v, v3,v4).

2. (a) Let uy = (1,1,1,1),us = (1,1,2,2),us = (2,2,1,1),uq = (1,1,3,3),us = (4,4,3,3). Then (u1,us,us, uq, us) is
linearly dependent since any sequence of vectors in R* of length 5 is linearly dependent. To find a non-trivial
dependence relation we have ajuy + agus + azug + aquq + asus = (0,0,0,0) if and only if

a1 + as + 2a3 + a4 + as =0 ar+as+2a3+ag+as =0 ai1+3az3 —ag—as =0
a1+2a2+a3+3a4+3a5 :0 ag—a3+2a4+2a5 :O a27a3+2a4+2a5 :0
Setting a3 = —1,a4 = a5 = 0 we get 3u; — us — ag = (0,0, 0,0) which could also have been seen by inspection.

(b) Since f,g,h € Span(sin,cos) we obtain that (f,g,h) is linearly dependent. To find a non-trivial dependence
relation we use the fact that

asin(x+1)+bsin(z+2) +csin(x +3) = (acos(1) +bcos(2) + ccos(3)) sin(z) + (asin(1) + bsin(2) + ¢sin(3)) cos(x).

Hence it suffices to find a non-trivial solution of acos(1) + bcos(2) 4+ ccos(3) = asin(1) 4 bsin(2) + ¢sin(3) = 0;

e.g.,
- cos(3) sin(2) — cos(2) sin(3) b cos(1) sin(3) — cos(3) sin(1) o1
cos(1) sin(2) — cos(3) sin(1)’ cos(1) sin(2) — cos(3) sin(1)’ '

(c) Suppose ae® + bre®® + cx?e3® = 0 for all x. Setting z = 0 we get a = 0 so that bze?® + cz?e3® = 0 for all

x. Differentiating, we get be?* + 2bxe®® + 2cxe3® 4 3cz?e3® = 0 for all 2. Setting x = 0, we get b = 0. Hence

cx?e3® = 0. Setting z = 1, we get ce® = 0 from which ¢ = 0. Hence (f, g, h) is linearly independent.

(d) The relation a(1,2,3,...,n,...) +b(1,22,3%,...,n%, ...) + (1,23,3%,...,n3,...) = (0,0,0,...,0,...) implies that
a+b+c=0,2a+4b+ 8¢ =0,3a + 9b+ 27c = 0 which implies a = b = ¢ = 0 by Gaussian elimination. Hence the
given sequence of vectors is linearly independent.

3. (a) The solution to 2(a) shows that us,us,us € Span(uy,us). Since (u1,uz) is linearly dependent it is a basis for the
subspace W spanned by w, ug, us, uq. Since a(1,0,0,0) + b(0,0,1,0) = (a,0,b,0) is in W if and only if a = b =0,
we see that uy, ug, (1,0,0,0),(0,0,1,0) is a linearly independent sequence and hence a basis of R*.
(b) We have Span((3,3,7,7),(7,7,3,3)) C Span(1,1,0,0),(0,0,1,1)) = W which implies equality since all the sub-
spaces are 2-dimensional. Hence ((3,3,7,7),(7,7,3,3)) is a basis of W.

4. We have a(2,1,1,3) 4+ b(1,2,2,1) + ¢(3,2,1,5)) + d(1,4,3,5) + e(1,1,2,2) + £(4,3,1,7) = 0 if and only if

2a+b+3c+d+e+4f =0 2a+b+3c+d+e+4f =0
a+2b+2c+4d+e+3f =0 3b—c+bd+3e—-2f =0
at2tct3dr2e+f =0 ctd—et2f -0
3a+b+5c+5d+2e+7f =0 3d+e =0

using Gaussian elimination. Since there are solutions with e =1, f =0 and f + 1,e = 0, we see that
((2,1,1,3),(1,2,2,1),(3,2,1,5),(1,4,3,5)) spans U+ V. It is also a basis for U+ V since e = f = 0 impliesa =b=c¢ =
d = 0. We also obtain that a(2,1,1,3) +b(1,2,2,1) +¢(3,2,1,5)) = d(1,4,3,5) +e(1,1,2,2) + f(4,3,1,7) if and only if
e = —3d which shows that UNV consists of those linear combinations of the form d(1, 4,3,5)—3d(1,1,2,2)+f(4,3,1,7) =
d(—2,1,-3,—-1) + f(4,3,1,7) with d, f arbitrary. Hence ((—2,1,—3,—1),(4,3,1,7)) spans U NV and is a basis since
((=2,1,-3,-1),(4,3,1,7)) is linearly independent.



5. If £, = r"~! then o, 14 = 5Tpio — 4x, for alln <= r"t3 =57+t —4r7~Lforalln < r* —5r2+4=0 <
r = £1,£2. This shows that z,y, z,w are in U. To show that they span U we only have to show that (x,y, z,w) is
linearly independent since dim(U) = 4. But

a+b+c+d =0

_ a—b+2c—2d =0 o
ax+by+cz+dw-0=>a+b+4c+4d :0:>a—b—c—d_0

a—b+8 —8d =0
by Gaussian elimination. If u = (1,2,3,4,...) € U we have u = ax + by + ¢z + dw which implies

a+b+c+d=1
a—b+2c+2d=2
at+b+4c+4d=3
a—b+8—8d=14

which has the unique solution @ =5/6, b= —1/2, c=1/2, d = 1/6. Hence

_ 5 1 n—1 1 n—1 1 n—1
un = g 2( )t + 22 + 6( 2)
5 1 1
_ 2 (=1 n 2”—2_7 -9 TL—Q.
R )



