MATH 133: Vectors, Matrices and Geometry

Solution to Written Assignment 4

Solution.

(a)

Since the given planes a1z + b1y + 1z = di, asx + boy + coz = dsy intersect in a line L, their normal vectors
(a1,b1,¢1), (az,be,c2) are non-proportional and so are linearly independent. The linear combination of the given equa-
tions

A(a1z + b1y + ¢12) + Blasx + bay + co2) = Ady + Bda,

obtained by adding A times the first equation to B times the second, is satisfied by any common solution of the two
given equations and so by any point of line L. This equation can be written

(alA + GQB)ZL’ + (blA —+ bQB)y + (ClA + CQB)Z = dlA -+ dQA
This is the equation of a plane if the vector W = (ay A + asB, by A+ by B, c1 A + c2B) is not the zero vector. But

W = A(al,bl,cl) + B(ag,bQ,CQ)

which is not zero if A, B are not both zero. Therefore to solve the problem we want to show that, given a point
Po(z0, Y0, 20) not on L, we can find A, B not both zero such Py lies on the plane 7 - (x,y,2) = diA + d2B. The latter
holds if and only if

A(arzo + biyo + c120) + Blaazo + bayo + c220) = Ady + Bda,

or, equivalently, A(a1zo + biyo + c120 — d1) + B(azo + bayo + c2z0 — d2) = 0. Since (zo, Yo, 20) is not on L, not both
s =a1xg + bryo + c1z0 — d1 and t = asxg + bayo + c2z9 — do are zero and so A =t, B = —s is a non-zero solution.

To find the equation of the plane passing through point (1,2,3) and containing the line of intersection of the planes
20 +3y —4z =1, 3x — 2y + 4z = 1 we take

AQ2x + 3y —4z) + B(3x — 2y + 4z) = A+ B,
where —5A + 10B = 0. For example, take A = 2, B = 1 so that the required plane is 7z + 4y — 4z = 3.
If three planes a1x + b1y + ¢, = dy, ascx + boy + c22 = da, azx + b3y + c3z = d3 have no point in common, the system of
equations

a1z + by +c1z =dy,
asx + bay + c2z = da,
a3x + b3y + c3z = ds
has no solution which implies that the coefficient matrix of the above system is row equivalent to a matrix with a zero

row. Since the row space of a matrix is unchanged by elementary row operations, this means the the normal vectors of
the given planes are in a subspace which can be spanned by two vectors, i.e., the normal vectors lie in a plane.



