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We present a new continuity correction to the P-value for local maxima of a statistical
parametric map that bridges the gap between small FWHM , when the Bonferroni correction
is accurate, and large FWHM , when random field theory is accurate. The new method, based
on discrete local maxima, is always an upper bound (like the Bonferroni), but lower and hence
more accurate for large FWHM , without increasing false positives. It resulted in P-values that
were ~43% lower than the best of Bonferroni or random field theory methods when applied to
a typical fMRI data set.

1 Introduction

The last step in the statistical analysis of a statistical parametric map Z is to assign P-values
P to local maxima of height ¢t. Apart from costly simulations or permutations, the choice is
between a Bonferroni correction (BON):

PSPBON:NXP(Z>t) (1)

where N is the number of voxels in the search region, or random field theory (RFT), which for
large search regions has the form:

P~ PRFT =R x EC(t) (2)

where R is the number of resels and EC is the Euler characteristic density of the SPM (Worsley
et al., 1992, 1996). The resels of a search region in D dimensions is

R =V/FWHMP (3)

where V' is the volume and FWHM is the Full Width at Half Maximum of a Gaussian kernel
applied to white noise that would give the same smoothness as the noise component of the
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data. Note that constant FWHM across the SPM is no longer necessary - see Worsley et al.
(1999) and Taylor & Adler (2003). For a comparative review see Nichols and Hayasaka (2003).

Which method to use? BON is an upper bound, too high if the data is smooth, very accurate
if the data is not smooth; RFT is an approximation that is only accurate if the data is smooth.
In between, for moderate smoothing, there is a gap where BON is too high and RFT is not
accurate.

Figure 1 illustrates the point for Gaussian SPMs. The Gaussian SPMs were simulated on
a 323 lattice of voxels by smoothing white noise with an isotropic Gaussian kernel (see Section
2.4). For FWHM < 1 voxel BON is accurate; for FWHM > 5 voxels RFT is accurate.

Also shown in Figure 1 are RFT results for T-statistic local maxima with v = 10, 20 degrees
of freedom, based on results in Worsley et al. (1996). They are considerably larger than the
Gaussian thresholds, particularly for small degrees of freedom (v = 10). This implies that the
SPM has to be much smoother before RFT is accurate (FWHM > 10 voxels for v = 10 degrees
of freedom).

A simple solution is to take the best of both, i.e. the minimum of the two P’s or thresholds.
This will give P-values that are never more than twice the true value in the example in Figure
1. This method is currently used by the FMRISTAT (Worsley et al, 2002) and SPM software.
But perhaps we can do better for the mid range of FWHM.

Since resels count ‘effective’ number of independent voxels in the data, why not replace the
number of voxels in Pgon by the number of resels (perhaps adjusted by a constant)? This
heuristic has occurred to many researchers, e.g. Xiong et al. (1995), but unfortunately it won’t
work - see Figure 1. For high thresholds, the Bonferroni and random field P’s have different
functional forms, e.g. for a Gaussian SPM:

Pson =~ constant; x eXp(—tQ/Q) X t_l>

Prpr = constanty x exp(—t?/2) x 7,

so that no adjustment to the constants can make the two formulas agree for all ¢.

We could always smooth the data, which might in fact increase detectability at the expense
of losing resolution. Another alternative is to interpolate the data to a smaller voxel size so
that we can apply RFT. However interpolated T-statistics do not have a T distribution, so we
must interpolate the raw data, then recalculate the T SPM. Note that the new RFT P (and
threshold) may be higher than the old BON P, suggesting that we might be losing sensitivity,
but then this is as it should be: it is possible that local maxima of the interpolated data might
be higher than the original local maxima, and the higher P’s and thresholds now compensate
for this. These two computationally expensive alternatives are efforts to make the data fit the
theory. It seems preferable to make the theory fit the data, which is what we propose in this

paper.

2 A continuity correction: the DLM method

We now propose a ‘continuity correction’ for Gaussian SPMs that bridges the gap between small
FWHM, where BON is accurate, and large FWHM , where RFT is accurate. The proposed
P-value approximation is the expected number of discrete local maxima (DLM) above threshold:

P < Pppy =Y P(Z >t and Z > neighbouring Z's), (4)
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Figure 1: Comparison of Bonferroni (BON), Random Field Theory (RFT) and proposed Dis-
crete Local Maxima (DLM) P-values and Gaussianized thresholds for a 323 voxel search region,
as a function of kernel FWHM relative to voxel size, FWHM /v. The top axis shows the FWHM
estimated from the data, FWHM /v. The thresholds used for the P-values in the top row were
the P=0.05 thresholds based on 9999 simulations (True). Error bars are £1 Sd. The thresholds

in the bottom row are at P=0.05.

The lower Bonferroni values (*) are based on replacing the

number of voxels by the number of resels.



where summation is over all voxels x in the search region. The 2D neighbours are those that
differ by just one voxel in each lattice direction. In contrast, Pgoy is the expected number, and
Prpr is the expected Euler characteristic, of the voxels above threshold. We shall show that,
like BON, DLM is conservative, which is reassuring for practical applications, but unlike BON
it is very accurate for all FWHM; for large FWHM and thresholds DLM converges to RF'T.

The calculations needed for DLM are intractable unless we make more assumptions about
the spatial correlation structure of the data. We shall assume that the spatial correlation
function is Gaussian at neighbouring voxels, with the principal axes aligned with the axes of
the voxel lattice. That is, we assume that the spatial correlation between two voxels z1, o € Rt”
that are neighbours of z € R (differing by one voxel in one lattice direction only) is of the
form

exp(—(z1 — 22) A1 — 72)/2) ()

for some positive diagonal matrix A = diag(Aq,...,Ap) that can vary with z. In contrast, no
assumptions are required for BON, and almost none for RFT.

2.1 Gaussian SPM

The result is as follows, and the derivation is in Taylor & Worsley (2005). It only involves the
correlation p; between adjacent voxels along each lattice axis d at voxel x. In terms of the
above assumptions, pg = exp(—Aqv3/2) where vy is the voxel size in direction d, although it
should be stressed that DLM depends directly on p,; rather than A\;. First let the Gaussian
density and uncorrected P-values be

8(2) = exp(—22/2)[V2r, ®(z) = [ dlu)du, (6)

z

respectively. Let

a=sin"! (\/W), h = 1;57

and
1 «
qlp,z) = —/ exp(—1h?2?/sin® 6)df (7)
7 Jo
hz fexp(=2%/(1+p)?) 1
7w Jo —2logyv/—2logy — h2z

Equation (8), obtained from (7) by changing variables to y = exp(—3h?z?/ sin?#), is more
convenient for numerical integration. Then define

Qp,z) =1 —20(hz") +q(p, 2) 9)

where 2T = 2 if 2 > 0 and 0 otherwise. Then the P-value of local maxima is bounded by

P <o =3 [ (T 2) o)t (10

where the summation is over all voxels x in the search region, and the summand depends on x
only through py.



A boundary correction is easily implemented. For a voxel on the boundary of the search
region with just one neighbour in axis direction d, replace Q(p, z) by 1 — ®(hz), and by 1 if it
has no neighbours.

When the voxels are independent (pg = 0), Pppy is very slightly smaller than Pgox but
slightly larger than the true P, specifically,

Ppry = (1= (1= P)PEN) N/(2D + 1), (11)

In fact the difference is hardly noticeable in Figure 1 at FWHM = 0. For large FWHM relative
to v, it can be shown that Pppy converges to Prpr for large thresholds, specifically,

Porat = Prer % (1+0(1/t%)) (12)

where t?0O(1/t%) converges to a positive constant as ¢ approaches infinity (see Taylor & Worsley,
2005).

Note also that Ppry does not require stationarity nor isotropy; the only requirement is the
local axis-aligned Gaussian structure (5) of the spatial correlations. In the Appendix we argue
that even this requirement can be relaxed and Ppry appears to be still conservative under all
circumstances.

2.2 Other non-Gaussian SPMs

Unfortunately a continuity correction for other statistics, such as T- or F-statistics, using the
DLM method, seems to be possible but quite messy, involving many more integrals that must
be evaluated numerically. As an approximation, we propose Gaussianizing the statistic, then
re-adjusting the FWHM so that Prpr of the statistic matches Prpr of a Gaussian statistic,
then applying the DLM method. The steps for a T-statistic are as follows (the same procedure
would be followed for other statistics, such as an F-statistic):

1. Gaussianize the T-statistic local maximum Tp,. by finding its (uncorrected) P-value,
then find the Gaussian statistic Z,.x that would have the same P-value. Specifically,
Zmax = PN P(T > Tiax))-

2. Find ¢ = EC1(Tyax) /EC7(Zimax), the ratio of the EC densities for T' and Gaussian random
fields (Worsley et al., 1996). Note that ¢ > 1 because the T field is rougher than the
Gaussian field.

3. Calculate the usual sample correlation p, of neighbouring residuals from a linear model
along lattice axis d.

4. Let f = c*P and pg = |pa|/sign(pq), preserving the sign if by chance p,; is negative. This
adjusts FWHM , and hence the resels, so that Prpr is identical for the T and Gaussian
random fields. Note that raising correlations to a fixed power also preserves the local
Gaussian correlation structure (5).

5. Now calculate Ppry as above for ¢t = Z,,«.

This method of adjusting the FWHM to approximate non-Gaussian DLM is similar in spirit
to the method proposed in Worsley et al. (1992) to approximate non-Gaussian RFT before
exact RFT appeared in Worsley (1994). In fact the above method capitalizes on the exact
non-Gaussian RFT to make the DLM adjustment.
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2.3 Computational short cuts

The amount of computation for the DLM method is quite large - we must repeat the above
procedure for each local maximum 7T},,., since ¢, and hence py, depend on Tp,... We can cut
down on computation by first evaluating Q(p, z) for an array of values of p and z, then use
interpolation to get Q(pq, z) for each py along each axis at each voxel. This cuts the number of
numerical integrals from D + 1 per voxel down to just one per voxel.

Even so it took 20 minutes to do this for the 13 local maxima in Table 1, so we suggest an
approximation that cuts the number of integrals down to at most 27 per local maximum. The
idea is to replace p, at each voxel by its average over the search region, evaluate the integral
once, then multiply by the number of voxels. This must be repeated for each of the 37 different
types of neighbourhoods (0, 1 or 2 neighbours in each of the D axis directions). This cuts the
time down to just 2 seconds for the same 13 local maxima.

The remaining question is how to choose a scale for averaging the correlations. Looking at
(8) and (9) we see that for large p (and so small h), Q(p,z) < h /T — p, so this suggests
that we average /1 — p. In fact this would be exact for large p if the D dimensional histogram
of /T —p1,...,v/1—pp (over voxels in the search region) was the product of its marginals, or
in other words, if \/1 — p1,...,v/1 — pp were ‘independent’.

To implement this, we suggest adding one more step between steps 3 and 4 to the above
procedure:

3a. Replace py by pg chosen so that
V1—pa=>_1/1—pa/N.

where summation is over all voxels x in the search region.

We denote this approximation by Ppra.

2.4 Simulations

The methods were compared on simulated data that were constructed to be as close to reality
as possible. In particular, when we calculated the resels R, we were careful to use values of
FWHM estimated from the data, not that used in the kernel to create the data. To do this,
we first specify FWHM , then create the discrete kernel

k(x) = exp(—x*(4log?2)/ FWHM?), (13)

then convolve k(x) with Gaussian white noise, using Fourier methods, to simulate smooth
Gaussian random fields sampled on a discrete lattice. The correlation between neighbouring

voxels is then:
o= kx)k(z +v) | Y k(x)? (14)

where v is the voxel size. From this we obtain the FWHM , to be used in the random field
P-values, derived from the discrete data in the same way as standard packages such as SPM
and FMRISTAT (Kiebel et al., 1999). This estimate depends on the standard deviation of the
numerical derivative of residuals €(x) and is given by:

Sd(e(z))v4log2  wvy2log2
Sd((e(x) —e(x +0))/v)  VT—p

6
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as the sample size becomes infinite. Then we replace resels R by the asymptotic value of

V/F WHM b in the calculation of Prpr. Note that the estimate F WHM is slightly larger than
FWHM . In Figure 1, we plot P-values and thresholds against the specified FWHM ; the estimate
FWHM is shown on the top axis.

Fourier methods were used to smooth the volume, so the data is periodic. While this is not
realistic, it saves computer time, especially for the T-statistics, and it simplifies the P-value
calculations since there are no boundaries to the search region. More realistic simulations using
a ball search region of the same volume (32%) but embedded in a 64% periodic volume gave
essentially similar results to those in Figure 1 (not shown).

To estimate the true P = 0.05 threshold, SPMs were simulated M = 9999 times. The
(M + 1)Pth largest global maximum estimates the true threshold (unbiasedly if the simulated
values were uniform). The standard deviation of this estimate was itself estimated by specifying
a small width § = 0.02, then by

(M +1)(P+6)th— (M +1)(P—9d)th |P(1—-P)
Sd = 26 V 2 (16)

This is based on the usual linear approximation to the variance of function of a random variable.
The first term is an estimate of the inverse of the probability density, the second square root is
the Sd of the sample P-value.

3 Results

Results for a P = 0.05 threshold and N = 323 voxels (equivalent to ~1 litre of 3mm voxels) are
shown in Figure 1. The SPMs were isotropic Gaussian and T-statistics with 10 and 20 degrees of
freedom. Note again that we plot P-values and thresholds against the specified kernel FWHM ,
not the estimate FWHM , relative to voxel size v. True thresholds were estimated by 9999
simulations (error bars show one standard deviation).

The DLM P-value is always an accurate upper (conservative) bound on the true P-value,
which almost equals BON when FWHM = 0 and slightly overestimates RF'T when FWHM > 6
voxels. In between DLM is better than either of them. The greatest discrepancy occurs at
FWHM = 3 voxels, where DLM is about half either of the others.

The T-statistic thresholds are always larger than the Gaussian thresholds, even after Gaus-
sianization, but of course BON remains the same. Our proposed DLM method transforms the
FWHM so that the Gaussian RFT matches the T RFT, then applies the same transformation
to the Gaussian DLM. The agreement with the simulations appears to be as good as in the
Gaussian case.

The methods were compared at P = 0.01 and the results were very similar. This is to be
expected, since P = 0.05 results are very similar to P = 0.01 results for a search region of 1/5
the size (not shown).

4 Application

We compared our methods on fMRI data from one run of one subject from a study in pain
perception (Chen et al., 2002), fully described Worsley et al., (2002). A subject received 9s
hot stimulus to the right calf, 9s rest, 9s warm stimulus, 9s rest, repeated 10 times for a total
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Figure 2: Real fMRI data partial correlation of whitened residuals between neighbours on
different lattice axes, partialing out the central voxel. Correlations between each pair of lattice
axes are shown for just one slice. The DLM method is based on the assumption that these
correlations are zero. This seems to be the case, except close to the brain boundary (black
contours).
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Figure 3: Real fMRI data correlation of whitened residuals between neighbours on the same
lattice axes. Correlations for each lattice axis are shown for just one slice. Correlation is high
in-slice due in part to 6mm in-slice smoothing during motion correction, close to zero between
slices because of the 7mm slice separation, but still noticeably larger in grey matter. The colour
bar is the same as for Figure 2.



of 360s (TR=3s). The voxel sizes were 2.3 x 2.3 x 7.0mm, and 6mm smoothing was applied
in-slice during motion correction. This is an interesting test case, because FWHM ~ 2.55
voxels (averaged across voxels and axes) which puts us in the zone where BON and RFT are
not very accurate.

The proposed DLM method depends on the assumption of a local Gaussian correlation
structure. To check this, we focused on one consequence: neighbouring voxels on different
lattice axes should be independent, conditional on the central voxel. We therefore calculated
the partial correlation of whitened residuals (see Worsley et al., 2002) between neighbours on
different lattice axes, partialing out the central voxel. This should be zero if the assumption is
true. Figure 2 appears to confirm this - the partial correlations are as close to zero inside the
brain as outside, except on the brain boundary.

To apply the DLM method, we first estimated the correlation between whitened residuals
e(z) (see Worsley et al., 2002) at neighbouring voxels along each axis by

p = (Cor(e(z), e(x +v)) + Cor(e(z), e(x — v)))/2 (17)

(dropping subscript d). Figure 3 shows the results for one slice. The correlations in the = and
y directions are very high (p; = 0.87, ps = 0.89), particularly near the boundary of the brain,
due in part to the 6mm in-slice smoothing applied during motion correction. The correlations
in the z direction (p3 = 0.27) are small since no smoothing was applied and the voxel size is
quite large. Nevertheless there is some evidence of higher correlations in grey matter.

P-values for local maxima of a T-statistic (110 df) for the effect of the hot stimulus minus
the warm stimulus are shown in Table 1 and Figure 4. We first notice that BON is better than
RFT, presumably because FWHM is quite small (2.55 voxels, averaged across voxels and axes).
However DLM is better than BON, giving P-values ~43% lower. The faster DLM method using
averaged correlations is just as accurate, giving essentially the same conclusions. The net result
is that DLM detects one extra local maximum at P < 0.05, and three extra at P < 0.01 (see
Figure 5). One of these is in the right thalamus (ipsilateral to the stimulus), complementing
the larger activation already detected in the left thalamus (contralateral to the stimulus), a
region implicated in pain perception in the full study (Chen et al., 2002).

5 Discussion

We have developed a method of determining P-values for local maxima of SPMs, based on
discrete local maxima (DLM). Under the assumptions of a local axis-aligned Gaussian spatial
correlation, DLM is an upper bound (like the Bonferroni), so if it is lower than other methods,
it has to be better. It depends solely on the correlation of whitened residuals between adjacent
voxels. It does not depend on isotropy, and there is a simple boundary correction. It is
reasonably accurate, though still conservative, over the middle range of FWHM to voxel size,
the values often encountered in practice. The Bonferroni (BON) method is still more accurate
for very small FWHM , and the random field theory (RFT) method is more accurate for large
FWHM. To cover the whole range of FWHM , we recommend simply taking the best of the
three methods: BON, RFT and DLM.

The only possible drawback is that DLM depends on a local axis-aligned Gaussian correla-
tion structure for the spatial correlation. This is assured if the data is white noise smoothed
with an axis-aligned Gaussian filter (the most common filter shape employed in brain map-
ping). It appears to be a reasonable assumption for real fMRI data. This assumption is not too



Thax  Pron Prpr Ppim Ppiwm
5.71  0.0015** 0.0058** 0.0009** 0.0009**
5.29  0.0098*%* 0.0307*  0.0056** 0.0057**
5.18 0.0158*  0.0466*  0.0091** 0.0092**
5.17 0.0162*  0.0476*  0.0093** 0.0095**
5.17 0.0164*  0.0481*  0.0094** 0.0096**
5.15 0.0178*  0.0516 0.0102*  0.0104*
5.13  0.0192*  0.0549 0.0109*  0.0111*
511 0.0211* 0.0598 0.0121%* 0.0123*
5.09 0.0227*  0.0636 0.0129*  0.0132*
4.92 0.0470* 0.1190 0.0267*  0.0272*
477  0.0862 0.1996 0.0487*  0.0495*
4.59 0.1805 0.3727 0.1014 0.1031
4.54 0.2241 0.4468 0.1256 0.1277

Table 1: Real fMRI data local maximum T-statistics Trax (110 df) and their P-values for the
effect of the hot stimulus minus the warm stimulus. Only local maxima between 4.5 and 6
are shown. Pgon = Bonferroni; Prpr = random field theory; Ppry = discrete local maxima;
Ppry = discrete local maxima using averaged correlations (*P < 0.05, **P < 0.01). The
discrete local maxima method proposed in this paper is clearly the best. Using averaged
correlations instead of voxel correlations is just as accurate and a lot faster to calculate.
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Figure 4: The same data as in Table 1. The averaged correlations Ppr are shown by a dotted
line, almost indistinguishable from the voxel correlations Pppy.

10



Figure 5: The same T-statistic as in Table 1 thresholded at P < 0.05 using the DLM method
(T > 4.76). The slice is the same as in Figures 2 and 3. T, = 4.77 (labelled) would not have
been detected using either BON or RFT; Ty = 5.13 (labelled, right thalamus, ipsilateral to
the pain stimulus) would have been detected using BON, but not RFT (see Table 1).

restrictive for two reasons. The first is that locally, any smooth SPM has a correlation function
that resembles the Gaussian, since both are locally quadratic to a first approximation. Second,
even if this quadratic approximation is not axis-aligned, the DLM P-value is always larger than
RFT (see Appendix 5), suggesting that DLM is conservative even if the DLM assumptions are
not met.

Unfortunately there does not seem to be a reasonable way of doing the necessary calculations
for non-Gaussian SPMs. Instead we have proposed an approximation based on a “double”
Gaussianization: we adjust the SPM so that it has a Gaussian distribution at each voxel, then
we adjust the FWHM so that its RFT P-value matches the RFT P-value of a Gaussian SPM.
We then apply the DLM method, then convert back. Our simulations with a T-statistic SPM
show that this method is reasonably accurate.

Finally, the above method has been implemented in the FMRISTAT package, available from
http://www.math.mcgill.ca/keith/fmristat.

Appendix Non-Gaussian spatial correlation

We now give some evidence that DLM is always conservative under all circumstances, even if the
local spatial correlation structure is not axis-aligned Gaussian. Theoretical reasons are given
in Taylor & Worsley (2005). Further evidence is given by the simulations of the Gaussian SPM
shown in Figure 6. We kept the Gaussian spatial correlation, but aligned the major axis in the
diagonal direction (1,1,1). We then increased the anisotropy, a = largest/smallest eigenvalue -
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Figure 6: Simulated Gaussian SPM (a) P-value, and (b) threshold as in Figure 1, but for
a smoothing kernel with major axis in the diagonal (1,1,1) direction, varying the anisotropy
(largest /smallest eigen value - 1) from 0 (isotropic and so axis-aligned) to 10. The DLM appears
to be always conservative, supporting the conjecture that DLM is always conservative even if
the spatial correlation is not axis-aligned Gaussian.

1, from 0 (isotropic and so axis-aligned) to 10. Specifically, we chose

a+3 a a
A = (—2log p) a a+3 a /(a+3) (18)
a a a—+3

so that the correlation between adjacent voxels was fixed at p (= 0.8572, corresponding to
FWHM = 3 in Figure 1), and the DLM threshold is always the same. We can see from Figure
6 that the DLM P-value is always greater than the true P-value (held at 0.05), and the DLM
threshold is always greater than the true threshold. This supports the conjecture above that
DLM is conservative in all cases.
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