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Abstract In this paper we develop mathematically rigorous computer assisted techniques
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a high order Fourier-Taylor series expansion of the parameterization. The main result of
the present work is an a-posteriori theorem which provides mathematically rigorous error
bounds. The hypotheses of the theorem are checked with computer assistance. The argument
relies on a sequence of preliminary computer assisted proofs where we validate the numerical
approximation of the periodic orbit, its stable/unstable normal bundles, and the jets of the
manifold to some desired order M. We illustrate our method by implementing validated
computations for two dimensional manifolds in the Lorenz equations in R3 and a three
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Keywords Periodic orbits - Stable/unstable manifolds - Parameterization method - Validated
error bounds - Truncation error analysis - Computer assisted proof

B Jason D. Mireles James
jmirelesjames @fau.edu

Roberto Castelli
r.castelli@vu.nl

Jean-Philippe Lessard
jean-philippe.lessard @mat.ulaval.ca

Department of Mathematics, VU University Amsterdam, De Boelelaan 1081, 1081 HV Amsterdam,
The Netherlands

Department of Mathematics and Statistics, McGill University, 805 Sherbrooke O.,
Montreal H3A 0B9, Canada

Department of Mathematical Sciences, Florida Atlantic University, Science Building, Room 234,
777 Glades Road, Boca Raton, FL 33431, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10884-017-9609-z&domain=pdf

1526 J Dyn Diff Equat (2018) 30:1525-1581

1 Introduction

The present work is the second paper in a series started in [1]. The purpose of this series is to
study the partial differential Eq. (1) below. Our interest in Eq. (1) is due to the fact that its solu-
tions parametrize local stable/unstable manifolds associated with hyperbolic periodic orbits of
ordinary differential equations. We focus on ordinary differential equations given by analytic
vector fields, so the manifolds and hence the solutions of Eq. (1) we consider are analytic.

Paper (1) [1] is devoted to efficient numerical solution of the partial differential equation.
Since solutions of Eq. (1) parametrize embedded cylinders in phase space, it is natural to look
for a formal solution expressed as a Fourier—Taylor series. The numerical scheme developed
in Paper (/) exploits Floquet theory to find elementary recursion relations for the Fourier—
Taylor coefficients of the formal series. These recursion relations can be rapidly solved to
any desired order.

The present paper is concerned with convergence of the formal series just mentioned. Our
main result is Theorem 1, an a-posteriori theorem which allows us to establish the existence
of a true solution of Eq. (1) supposing we have a “good enough” approximate solution. The
theorem also provides mathematically rigorous C° bounds between the approximate and true
solution. The hypotheses of the theorem are checked via finite numerical computations. In
order to illustrate the use and performance of our method we implement computer assisted
convergence proofs for some example applications, namely we compute some two dimen-
sional manifolds for the Lorenz system as well as some three dimensional manifolds for a
suspension bridge equation.

Indeed, the validated computations for the suspension bridge equation given in Sect. 5
provide new information about the boundary between solutions which exist for all time and
solutions with finite time blow up. These results provide a nice application of the methods of
the present work to an interesting problem in the theory of differential equations. The relation
between blow up and invariant manifolds for the bridge problem is discussed in detail in [2].
More potential applications of the present work are discussed in Remark 5 below. All the
codes used to generate the results of the present work are found at [3].

Both papers in this series are based on a functional analytic framework for studying
invariant manifolds known as the Parameterization Method. The theoretical core of this
method is developed in the work of [4-7], and we refer the reader back to paper (/) for
more complete discussion of the method and its literature. The interested reader may also
want to consult the recent book of [8]. Presently we recall only the main philosophy of the
Parameterization Method, which is that many of the smooth invariant manifolds of dynamical
systems theory are characterized by an (infinitesimal) conjugacy, or invariance equation. The
invariance equation, which often takes the form of a nonlinear equation posed on a Banach
space (often involving operators), may be approximately solved on the digital computer using
existing tools of numerical analysis. The equation may also be susceptible to a-posteriori
analysis, that is once we obtain a good numerical approximation it may be possible to obtain
mathematically rigorous error bounds via a computer assisted Newton-Kantorovich argument
in the tradition of [9].

The reader interested in the Parameterization Method as a framework for computer assisted
proof can consult the works of [10—15] and the references discussed therein. We remark that
the works just cited deal with stable/unstable manifolds of fixed points for maps/equilibria
for differential equations, and also with invariant circles for area preserving maps and their
bundles. The present work is a contribution in this vein, where we extend existing validated
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numerical methods based on the Parameterization Method to hyperbolic periodic orbits of
differential equations.

In Sect. 1.1 we refine the discussion above, and review as much of the Parameterization
Method as is needed for the present work. In the section just mentioned we also outline
the main steps of the validation argument developed in the remainder of the paper. Before
moving on however, several remarks are in order.

Remark 1 (First order constraints) Solutions of Eq. (1) below are dynamically meaningful
only after the imposition of certain first order constraints. These constraints require that the
periodic orbit, its stable or unstable Floquet exponents, and its stable or unstable normal
bundles are known “exactly”. Here exactly is interpreted in the sense of validated numerics,
that is we need numerical approximations of this data along with explicit mathematically
rigorous error bounds.

Since our goal is to validate parameterizations of local stable/unstable manifolds using
Fourier spectral methods, we require the first order data is given as Fourier series. Indeed, the
methods of the present work exploit complex analytic properties of the first order data and we
actually require some knowledge about domains of analyticity of the periodic orbit and the
stable/unstable bundles (bounds on the size of a strip about the real axis in the complex plane
into which the periodic functions can be extended analytically). In practice this information
is not readily available and some preliminary work is required.

Recent advances in computer assisted Fourier analysis of periodic solutions of analytic dif-
ferential equations [16,17] and computer assisted Floquet analysis [18, 19] allow us to obtain
the desired representation of the first order data. The methods of the works just cited also
provide the lower bounds on the domain of analyticity mentioned in the previous paragraph.
See Remark 10 for more detailed discussion of this point.

Remark 2 (Features of the Parameterization Method) Many functional analytic methods for
proving stable manifold theorems are based on “graph transform” type arguments, Lyapunov-
Perron operators, or sequence space arguments ala Irwin (see a standard text on dynamical
systems such as [20-22]). While it is possible to adapt such arguments for a-posteriori
computer assisted analysis this approach has some draw backs, such as the need to compute
the composition of the unknown parameterization with itself, and the requirement that the
representation of the manifold is expressed as the graph of a function.

The Parameterization Method on the other hand, requires only composition of the unknown
function with the known vector field. Moreover there is no requirement that the parameter-
ization be the graph of a function, hence it is possible to follow folds in the embedding.
Another advantage is that the parameterization of the manifold satisfies a conjugacy relation
which recovers the dynamics on the manifold in addition to the embedding.

The price we pay is the appearance of some non-resonance conditions between the Floquet
exponents of the periodic orbit. These non-resonance conditions have no analogue in the
classical approaches mentioned in the first paragraph of this remark. However we must point
out that (a)-the non-resonance conditions are satisfied “generically” that is for open sets in
the parameter space of the vector field, and (b)-that it is possible to modify the underlying
conjugacy relation in the Parameterization Method (that is conjugate to a polynomial rather
than a linear vector field) in order to treat the resonant cases as well. We do not consider
such degeneracies further in the present work. The interested reader can consult the works of
[4-6] for more complete discussion of the resonant case, and can also see the work of [12]
for computer aided proofs for resonant stable/unstable manifolds attached to equilibrium
solutions of differential equations.
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Remark 3 (Geometric methods: covering relations and cone conditions) Another approach
to stable manifold theory is based on topological degree theory and cone conditions applied
directly in the phase space. See for example the work of [23] on stable manifolds of fixed
points of maps and the work of [24] on normally hyperbolic invariant manifolds. These
geometric methods are well suited for adaptation to computer assisted proof, as is illustrated
by the work of [25-27] (see also the references discussed therein).

Geometric methods have been used to give computer assisted proofs of a number of
conjectures in celestial mechanics involving the existence and intersection of stable/unstable
manifolds for periodic orbits [28,29]. One of the advantages of the geometric methods is
that they require only C' or C? assumptions on the vector field. Geometric methods also
typically require only weak hyperbolicity assumptions, so for example there are no non-
resonance assumptions. The advantage of making weaker assumptions is seen in the work of
[30], where the authors give computer assisted proofs of the existence and location of center
manifolds, again in the context of a celestial mechanics problem.

Of course the geometric methods result in only C! (or sometimes only Lipschitz) infor-
mation about the manifold under consideration. Moreover these methods show the existence
of the manifold (often that the manifold is contained somewhere inside the union of a col-
lection of polygons) but do not explicitly recover the dynamics on the manifold in terms of
a conjugacy. Quantitative properties of the embedding such as decay rates of jets or domain
of analyticity seem to be unavailable using these methods.

The geometric and analytic methods then complement one another, and the choice of
method in a particular problem depends on the desired results. This situation (not surprisingly)
mirrors the state of affairs in the classical qualitative “pen and paper” theory of dynamical
systems, where many important results in the theory have both geometric and functional
analytic interpretations and proofs.

Remark 4 (Automatic differentiation for Fourier series) In the present work we implement
our argument for vector fields with polynomial nonlinearities. This simplifies the technical
details somewhat but is not a fundamental limitation. By exploiting ideas from “automatic
differentiation” it is possible to apply the Fourier—Taylor methods of the present work to study
analytic vector fields with nonlinearities given by elementary functions. For more complete
discussion of automatic differentiation as a numerical tool in dynamical systems theory we
refer to the works of [31-34] and the references therein, though the list is by no means
complete. The reader interested in automatic differentiation as a tool for computer assisted
proof in Fourier analysis might consult the work of [17].

Remark 5 (Computer assisted proof of connecting orbits) While the invariant manifolds stud-
ied in the present work are of interest in their own right, we also remark that intersections
of stable/unstable manifolds play a central role in the global study of nonlinear systems. By
studying the intersections of stable/unstable manifolds it is possible to learn about orbits
which connect invariant sets to one another. In addition to being a critical component of
Melnikov theory (see for example the classical works of [35-38]) the intersections of sta-
ble/unstable manifolds explain global phenomena such as Arnold diffusion [39] and transport
in celestial mechanics and fluid systems [40—44]. Of course this list of references does not
even scratch the surface of the literature, and is only meant to point in the direction of further
reading.

Given the importance of connecting orbits in dynamical systems theory it is not surprising
that many authors have developed numerical computational methods. We refer for example to
the works of [45-50] and the references discussed therein for much more complete discussion,
though again this is by no means a complete list of references. Existence for connecting orbits
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occupies a central place in the computer assisted proof literature and we refer the interested
reader to the works of [10,11,51-59] and the references discussed therein.

Moreover we remark that the last two references just cited incorporate the Parameterization
Method in a fundamental way, obtaining computer aided proofs of connecting orbits between
equilibria of differential equations and fixed points of maps. A feature of the approach devel-
oped in these two papers is that the method of proof obtains the transversality of the connecting
orbit “for free” (that is if the method succeeds then the intersection of the stable/unstable
manifolds are transverse). An upcoming work by the authors will combine the methods
of the present work with a mathematically rigorous method for computer assisted analysis
of boundary value problems as in [59], to provide computer assisted studies of connecting
orbits for application problems. The proposed method will give automatic transversality for
connecting orbits between periodic orbits.

1.1 Review of the Parameterization Method for Stable/Unstable Manifolds of
Periodic Orbits

In this section, and throughout the remainder of the paper, we assume the reader is familiar
with classical stability analysis/Floquet theory for periodic orbits of differential equations
(an excellent reference for this material is the book of [20]). We also remark that the material
briefly reviewed here only provides some context for the work done below. The reader
interested in more thorough discussion may also want to consult the works of [4,5,8,60,61] for
more general coverage of the Parameterization Method, and [1,6,62—-64] for more discussion
of the Parameterization Method in the context of periodic orbits.

Now a little notation. With w € C, let |w| = \/ real(w)? + imag(w)? denote the complex
absolute value. We endow C? with the max norm, so that if z = (z1, ..., zq) € C? then

zlla = max |z;|.
lzlla 1§.i§d| jl

Let

def

A, = {w e C: [imag(w)| < r},

denote the complex strip of width r about the real axis. With 7 € R, T > 0 we say that the
complex function y : A, — C¢ is T-periodic on A, if

y(w+T) =yw),

forall w € A,. A function y : A, — C? is said to be analytic on A, if each component of y
is complex differentiable at each w € A,.
Fork e N,k > 1 let

ket k.
DY 2 o= o) € Ozl < v},

denote the poly-disk of radius v about the origin in C¥. Throughout the sequel we are interested
in functions P: A, x DX — C? with d > k + 1. We say that P is T-periodic in the first
variable (or simply that P is T-periodic) if

Pw+T,z1,...,2) = P(w, 21,...,2k),

forall (w, z1,...,2k) € A, x D’;. We say that P is analytic on A, x D]’j if each component of P
is complex differentiable in each variable separately at each point (w, z1, ..., zk) € A, X ]D){j.
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Let T > 0, f: C¢ — C? be an analytic vector field, and fix the complex numbers
Aly ..., A € C. We are interested in 27 -periodic, analytic functions P: A, x ]D){i — 4
solving the partial differential equation

1 w, y el + /\‘271 W, Z1y..,% ] 1 w,Z1,...,2% .

When properly constrained, Eq. (1) has special dynamical significance for the vector field
/. In order to make this precise we state the following assumptions.

Assumption 1 Suppose that  : A, — C¢ is an analytic, T-periodic solution for the vector
field f, thatis

d
w7 W) = [flyl,
w

andy(w+T) = y(w) forall w € A,.

Assumption 2 Suppose that A1, ..., Ay are the stable (respectively unstable) Floquet expo-
nents for y. Suppose in addition that these are all of the stable (respectively unstable)
exponents, so that any remaining exponents are unstable or neutral (respectively stable or
neutral). Suppose now that&;: A, — C¢ are analytic, 2T -periodic functions parameterizing
the stable (respectively unstable) normal bundle of y. More precisely suppose that

real(A;) <0, forl <j <k

(respectively thatreal(X;) > 0, for I < j < k) and that§;(w +27) = &;(w) forallw € A,
and solve the eigenvalue problem

d
—&;j(w) + 1§ (w) — Dfly(w))§j(w) =0, forl <j<k.
dw

Remark 6 (Orientation of the stable/unstable normal bundles) The functions &; (w) are 27 -
periodic as the stable/unstable bundles need not be orientable. Moreover, we can find a
T-periodic basis function &; (w) if and only if the associated bundle is orientable.

We now recall several properties enjoyed by solutions of Eq. (1).

Claim 1 (Flow conjugacy) Let ¢: R x C¢ — C? denote the flow generated by f. (In fact we
only need that ¢ is defined in a neighborhood of y ). Suppose that P : A, x ]D)‘Ii — C4isan
analytic 2T-periodic solution of Eq. (1) which satisfies the first order constraints

P(w,0,...,0) =y(w), 2)

and )
8—P(w,0,...,0)=§j(w), forl <j <k. 3)
2j
Then the image of P is alocal stable (respectively unstable) manifold for y . In fact, P satisfies
the flow conjugacy relation

PIP(w. 21, ... 20 1] = P(w 1,21, e ), “)
for all # > O (respectively ¢t < 0), that is the dynamics on the local manifolds parameterized

by P are conjugate to the linear flow L: A, x DX — A, x DX given by

At

def
Lw,zt,..ovzm ) = (w+t,eMzy, . e z).

@ Springer



J Dyn Diff Equat (2018) 30:1525-1581 1531

Wioe()

3
-
_—

L

Fig. 1 Cartoon of the flow conjugacy Eq. (4) satisfied by solutions of Eq. (1)

The geometric meaning of this conjugacy is illustrated in Fig. 1. For the elementary proof
see Theorem 2.6 in [1].

Remark 7 (Real vector fields, orbits, bundles, and parameterizations) The case of a real
analytic vector field is of special interest, that is when x € R? ¢ C? implies that f(x) € R?.
In this case we are especially interested in real analytic periodic orbits, that is y : A, — C¢
having that y (t) € R? when ¢ € R. If y is real analytic and Aj € Rforl < j <k then the
basis functions &; can be chosen real analytic. In this case the solution P of Eq. (1) can be
taken real analytic. Another case of interest is that A ; and A j ;1 are a complex conjugate pair.
In this case the associated basis functions &; and &; can be taken as complex conjugates
and arrange that P maps associated complex conjugate variables into R?. In other words,
P is no longer real analytic, but there is a canonical method for obtaining the real image of
P and hence the real stable (unstable) manifold associated with y C R?. See [1] for more
complete discussion.

Claim 2 (Non-uniqueness) Solutions of Eq. (1) are not unique. Indeed suppose that P is
a solution of Eq. (1) constrained by Egs. (2) and (3), and consider any collection I' =
{1, ..., T} of non-zero positive real scalars. Define the disk

€] v .
ID)]},V & {(zl,...,zk)e(ck:IZjIS?andlfjfk},
J

and the function Q: A, x D’}, , = C? by
def
Ow,z1,...,29) = P(w, 1121, ..., %)
By differentiating and evaluating at zero we see that

Qw,0,...,0)=Pw,0,...,0) = y(w),

@ Springer



1532 J Dyn Diff Equat (2018) 30:1525-1581

and that

9 9
55,200 D = 5 P, 0, 0) = Ty (w). )

Moreover

fIOw, z1, ..., z0)]l = fIP(w, 1121, ..., T2k)]
k

0 9

= ﬁP(w, TIZ1, -5 TkZK) +;)\jrjzj§jP(w, TIZ1, - -5 TkZK)
0 k P

~ w ’ [ Ajzj— ) g ey N
an(w 71 k) +]Z_; iZj 0z, 0w, 71 )

as P is a solution of Eq. (1). Then Q is an 2T periodic solution of Eq. (1) on A, x D];“,u’
satisfying constraint Egs. (2) and (3) (with a rescaled choice of basis functions for the normal
bundle). Since P is analytic so is Q. If T; < 1 for 1 < j < k then Q is also a solution of
Eq. (1) on A, x DX, hence the non-uniqueness. If the t i > 1 then the question of whether
or not Q is a solution on A, x ]D{‘) is a question we return to momentarily, indeed it is one of
the main concerns of the present work.

Remark 8 (Rescaling the basis of the stable/unstable normal bundle) Equation (5) shows that
rescaling the domain by I” leads to a corresponding rescaling of the basis functions for the
stable (respectively unstable) normal bundle of the periodic orbits y. In fact this is the only
source of non-uniqueness in the problem, that is once the scalings of the &; are fixed then
the solution of Eq. (1), if it exists, is unique. See Claim 3 below and also the discussion in
Section 5 of [6]. We remark that the freedom in the choice of the scaling of the basis functions
can be exploited in numerical computations. Numerical implications of non-uniqueness were
discussed in [1], and will play a role in the sequel.

Suppose now that we look for a solution P of Eq. (1) as a Taylor series

oo

Pw,2) = ) aq(w)z”.
oc|=0
Here o = (a, ..., ;) € N is the k-dimensional multi-index, |o| = o1 + ... + ok, 2 =
(Z1y ..., 2k) € ]D)‘]j, and z% = z‘;” R ~zZ", and for each o € N¥ the functions ay : A, — C¢

are analytic, 27T -periodic functions. Imposing the first order constraints (2) and (3) leads to
ap(w) =y(w) and a.;(w) =§j(w),

where 0 = (0, ...,0) € N¥ and e; = (0,...,1,...,0) is the jth vector of the canonical
basis of R¥. Plugging the Taylor expansion into Eq. (1) and matching like powers of z shows
that the periodic functions ag : A, — C? must solve the homological equations

d
T QW)+ (@idr o+ ardi) e () — Df (y (w))aq(w) = Re(w), (6)

for || > 2. Here R, is a function only of the ag with || < |«|, that is the homological
equations are inhomogeneous linear differential equations which can be solved recursively
to any order. Computation of the ay is illustrated for a number of specific example problems
in [1], and one sees that for a given vector field f the functions R, (w) can be worked out
explicitly.
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Definition 1 We say that the Floquet exponents Ay, ..., Ag are non-resonant if
aih) + ..+ oAk F A, (@)

for each |@| > 2 and 1 < j < k. Note that since the real part of the A; are all negative
(respectively positive) this reduces to only a finite number of conditions, that is for |«| large
enough the non-resonance condition is automatically met.

Claim 3 If Ay, ..., Ak are non-resonant then a, exists and is unique for all || > 2. This is
dueto the fact that the homological equations given by (6) are linear with periodic coefficients.
Hence the classical Floquet theorem gives that these equations have unique analytic 2T
periodic solution assuming that Eq. (7) holds. See also Sect. 2.3 of [1]. Only the convergence
of the formal solution is in question.

For fixed choice of £;(w), 1 < j < k assume that the Floquet exponents A, ..., A are
non-resonant and let
oo
P(w,2) =Y ag(w)®,
ler|=0

be the associated formal solution of Eq. (1). By Claim 1 we obtain another formal solution
by

ef
Q(w,z) = P(w, 1121, ..., TkZk)
o0

||=0
o0
«,
= agw)r’ e

lar|=0

Moreover, as seen in Claim 1, this rescaling of the domain is equivalent to rescaling the
basis of the stable (respectively unstable) normal bundle. Since by Claim 3 the coefficients
with |a| > 2 are uniquely determined we see that: given the Taylor coefficients {a, (w) }ifl -0
of a particular formal solution of Eq. (1) all other formal solutions are of the form

daw) =1 - % ag (w), (8)

for some choice of the scalars 71, ..., 7.

Claim 4 (A-priori existence for small scalings) Fix first order data y,&;: A, — C4 for
1< j <k, andlet

T; = sup [|§;(w)ll¢ and s = max {7;}.

weh, 1<j<k
Suppose we fix also a v > 0. The results of [4,6] give that: if the Floquet multipliers are
non-resonant then there exists an € > 0 so that for all s < € the formal solution associated
with this choice of first order constraints converges, that is for small enough s the solution
P: A x ]D)ﬁ — C4 of Eq. (1) subject to these constraints exists. The solution is unique, again
up to the choice of the scalings &1 (w), ..., & (w). Then for different choices of T; < € we
parametrize larger or smaller portions of the local stable (respectively unstable) manifold
of the periodic orbits.
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The dependence of the Taylor coefficients on the scalings illustrated in Eq. (8) makes
it clear that by choosing larger scalings for the basis functions &;(w) we obtain slower
convergence of the series P. Hence for a fixed domain disk ]D)’\j larger scalings correspond
to a larger image of the parameterization in phase space. On the other hand, smaller choice
of scalings makes it more likely that the formal solution converges to a true solution. This
is the fundamental balancing act inherent in the Parameterization Method: namely we want
the image of P as large as possible in phase space so that the series still converges.

Assumption 3 Suppose that the stable (respectively unstable) Floquet exponents A1, ..., Ak
are non-resonant. Choose 7y, . . ., x>0 and suppose that the basis functions &1 (w), . . ., & (w)
are scaled so that
7; = sup [I§j(w)|la-
weA,
Fix N € Nwith N > 2.For2 < |a| < N assumethata, : A, — C¢ are analytic, 2T -periodic

solutions of the Homological Eq. (6). Define the approximate solution Py : A, x CK — C¢
of Eq. (1) by

N
Py(w,z) = Z aq(w)z?. )
or|=0
Main question—-Existence and approximation: With the scalings 7y, ..., 7, N > 2, and
Py (w, 7) as in Assumption 3, let
[e¢]
Hw,2)= ) aa(w):,
le|=N+1

be the tail function defined by the formal series solutions of the homological equations. For a
particular choice of v > 0, does H converge on A, X ]D)"j? If so, can we bound H on A, x ID){‘,?

The remainder of the paper is organized as follows. In Sect. 2 we develop the main
result of the present work. This is Theorem 1 which, when its a-posteriori hypotheses are
satisfied, answers the existence and approximation questions at the same time. Section 3 deals
with computer assisted validation of the solutions a, (w) of the homological equations for
2 < |a| < N, that is, with obtaining the data postulated in Assumption 3. Sections 4 and 5
are devoted to applications: validation of manifolds with one and two stable/unstable Floquet
exponents respectively. “Appendix A” contains some technical details associated with the
application problem of Sect. 5.

2 A-Posteriori Analysis of Eq. (1)

We begin somewhat informally in order to introduce the main idea of the argument. Suppose
that f: C? - C9isan analytic vector field and that T, y (w), A1, ..., A, E1(w), ..., & (w),
and Py (w, z) are as in Assumptions 1, 2 and 3 of Sect. 1.1. We seek a 2T -periodic function
H: A, x ID)/; — C4 so that

P(w,z) = Py(w,z) + H(w, 2), (10)

is an exact solution of Eq. (1) for all (w, z) € A, x ID)]]j.
Plugging P from Eq. (10) into Eq. (1) gives

0
fIPv(w,2)+H(w,z)] = %[Pw(w, )+ H(w, 2)]+D;[Py(w, 2) + H(w, 2)]Az, (11)
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where

A ... 0

0 ... A

is the k x k diagonal matrix with the Floquet exponents on the diagonal and zeros elsewhere.

We expand the vector field to second order about the image of the approximate solution
Py so that the left hand side of (11) becomes

FIPN(w, )+ H(w, )] = fIPy(w, )]+ Df[Py(w, 2)1Hw, 2)+ R Py (w, 2), H(w, 2)1.

12)
Here R is the second order Taylor remainder associated with the vector field f at the point
Pn(w, 7). Define the a-posteriori error function Ey : A, X D’; — C associated with Py to
be the function given by

def 8
En(w.2) = fIPy(w,2)] = = Pn(w, 2) = D: Py (w, 2) Az. 13)

Plugging (12) and (13) into Eq. (11) and rearranging gives

a
3w, )+ D H(w, 2) Az=Df [Py (w, 2)]H (w, 2)=En (w, 2)+R[Py (w, 2), H(w, 2)].
(14
We introduce the linear operator

def

LIH](w,z) = %H(w, 2) + D:H(w,2)Az — Df[Pn(w, 2)]H (w, 2), (15)
and rewrite (14) as
LIH](w,z) = Eny(w, z) + R[Py(w, 2), H(w, 2)].
Assuming that £ is invertible gives
Hw,z) =L (Ey(w, 2) + R[Py(w,2), Hw, 2)]),

and we introduce the nonlinear operator

def

P[HI(w,2) = L7 [Ex(w, 2) + R[Px(w, 2), H(w, 2)]. (16)
We see that H is the truncation error associated with Py if and only if H is a fixed point of
Eq. (16). The remainder of the section is devoted to the study of @.

We want to show that @ has a unique fixed point in a small neighborhood of Py, and we
solve the problem in three steps.

Step 1: Show that the linear operator £ is invertible. We will see that invertibility of £
follows if N is “large enough”.

Step 2: Establish some quadratic estimates for the nonlinear function R[ Py (w, z), H(w, z)]
given by Eq. (12).

Step 3: Obtain that the operator @ is a contraction mapping in a certain neighborhood Us.

In order to formalize these steps we need to define appropriate Banach space norms.
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2.1 Background: Analytic Functions and 27'-Periodic Families of Analytic N-Tails

Let Mat,, «, (C) denote the collection of all m x n matrices with complex entries. For A €
Mat,;, x, (C) we employ the norm

n

Al = max > |aijl,
1<i<m 4 1
J:

where |a;;| is the usual complex absolute value.
Let U C C be a simply connected open domain in the complex plane, and f: U — Can
analytic function. We say that f is bounded on U if

sup | f(w)] < oo.

welU

The set of all bounded analytic functions on U is a Banach space under the norm
A1 = sup | f ).
welU

The set of all functions f = (fi, ..., fq) suchthateach f;: A, — C,1 < j < d isanalytic,
bounded, and T-periodic is a Banach space under the product space (maximum) norm

oo def 00
= max i .
1717 max 17157

Similarly, we say that P: A, x DX — C? is bounded if

max || P;||%° < 00.
1<, =d I J”A,x]D)’;

For P: A, x DK — C¢ given by the Taylor series

oo

(03
P(w,z1,...,2) = Z ag(w)zy' ... 5,
lee|=0

with ag : A, — C9 bounded analytic functions, we define the two norms

oo
def
1Py = ) llagllpv!™,

|or|=0
def

00 1100
”P“r,v 121?;1 ”Pj “A,X]D)ﬁ'

Note that it is always the case that ||P||;’j, < |[P|lrv even when the latter quantity is
infinite.

Now for 1 <i, j < N leta;;: A, — C be bounded and 2T -periodic analytic functions,
and consider the matrix

ajp(w) ... ajy(w)
A(w) = : ) :
ayi(w) ...any(w)
Define the norm

N

o0 def .00

AR = IIE%XNZI laij I, - (17)

j:
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Then if g: A, — C? is a bounded, analytic, T-periodic function then we obtain a new
function Ag: A, — cd by the matrix multiplication A(w)g(w) and have that

IAgIZ < ANl

We say that an analytic function 4 : ]D)l’f — Cis an analytic N-tail if

o]

9
h(0) = a—h(O) =0, forall aeN, 0<]|al<N.
Z

o

Note that an analytic N-tail has Taylor series

h(z) = Z hez%,

le|=N+1

converging absolutely and uniformly for |z| < v. Analytic N-tails enjoy the following
estimate.

Lemma 1 Suppose that h: D"j — C is an analytic N-tail with

I2llgx = sup [h(z)] < oco.
v k
zeDk

Fix Ay, ..., h € Cand suppose that |Lj| < u < 1for1 < j <k for some j1 > 0. Then

sup |h(Aizis - aeze)| < pN T sup |h(z)]. (18)

k k
zeDf zeDy

An elementary proof of (18) is given in [11]. The estimate above extends trivially to functions
h: Dﬁ — €7 whose component functions are analytic N-tails.

In the sequel we are interested in analytic N-tails with coefficients which are 27 -periodic
on A, and analytic on A, x DX. Suchan H: A, x D¥ — C? is given by

o0

Hw,2)= Y ho(w)*,

la|=N+1

where the sum converges absolutely for [imag(w)| < r, |z] < v. Then for each fixed wg € A,
the analytic function H (wo, z) is an analytic N-tail in z. We call such a function H a 27T -
periodic family of analytic N-tails. The space of 2T -periodic families of analytic N-tails is
a Banach space under both the || - ||, and || - ||§i°v norms. Suppose that A1, ..., A satisfy the
hypothesis of Lemma 1 and let A be the diagonal matrix with A1, ..., A as diagonal entries

and zeros elsewhere. Then ||H ||, < oo implies

1H (w, A5, < pNTHIHIS (19)

ry = r’

as Lemma 1 applies uniformly for each fixed w € A,.
For bounded analytic functions f : ]D)"j — C¢ wehave the following bounds on derivatives.
The result is standard (and we refer to [10] for the proof).

Lemma 2 (Cauchy Bounds) Suppose that f : ID)S c Ck — 4 is bounded and analytic.
Then for any 0 < o < 1 we have that
2

oo T [e.¢]
19: fllyemo = 11
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2.2 Validation Values and the Main Theorem

Take f: C¢ — C4, T, N, y: Ay — C4 Ay, ..., 0 € C. &2 Ay — Clfor 1 < j <k,
ag: A, — C4for2 < |a| < N, and Py: A, x C* — C? as in Assumptions 1, 2, 3 of
Sect. 1.1.

We define the “tube” of radius p about y to be

Upy(v) = | DIyl

weh,

Suppose that f is bounded and complex analytic on the tube U, (y) C C?. Consider
Df[Py(w. 2)] = Dfly (w) + Py (w. 2)].
def

where PI{,(w, 7) = Zf};\:l aq(w)z”. Let

Aw,2) = Df[Py(w, )] = Dfly (w)].
For the applications considered in the present work f is always an M-th order polynomial
with M = 2, 3. Then, since Py is an N-th order polynomial in z we have that

(M—1DN

Aw,2)= ) Aa(w)z (20)

=1

isan (M — 1) N-th order polynomial with 27 -periodic matrix coefficients A, (w). The explicit
form of the A, (w) is a problem dependent computation illustrated in examples.

Now fix v > 0. The following definition tabulates the constants which need to be computed
in order to obtain validated bounds on the tail of Py.

Definition 2 (Validation values for an approximate solution of Eq.(1)) The positive con-
stants «, C, W, p, o', M1, My, and € are called validation values for the approximate
parameterization Py if

()
IDfHI < «, (21)
(ii)
e W
ally || 2
ex v <dC, 22
P |(§=:1 g A + ...+ ap Ay - (22)

where the A, = A (w) are the coefficients of A(w, z) as given in (20),

(iii)

ps < min ([real(Ay)], ..., [real(Ag)]), (23)
1<i<k
(iv)
max #{(k,ﬁ) |1 <k, £ <n suchthat 99’ f; = 0} < M, (24)
<j=n
v)
32
sup  max max |— fi(z)| < Mz, (25)
U, () 15i=n 1B1=2 | 0ZP

@ Springer



J Dyn Diff Equat (2018) 30:1525-1581 1539

(vi) 0 < p’ < pand

N
> llaalv' < o, (26)

=1

(insuring that image(Py) C U, (y)).
(vii) Finally assume that
IENITS <e, 27

where Ey (w, z) is as defined in (13).

Theorem 1 (A-posteriori validation of a high order approximation of the stable mani-
fold of a periodic orbit) Suppose that «, C, ., p’, M, M, and € are validation values for
Py. Assume that N € N and § > 0 have that

NA1>—, (28)
.
8<e_1rnin=w, —,0/}, (29)
2nw MM, C
me < 4. (30)
Then there is a unique periodic family of analytic N-tails H : A, x Dﬁ — C4 with
IHIZ, <6,
having that
P(w,z) = Py(w, 2) + H(w, 2),
is the exact solution of Eq. (1) on A, x ]D)]]i.
2.3 Spaces and Lemmas
First, we will exploit the following bound.
Lemma 3 Suppose that «, C are real positive constants with | Df (y)||2° < k and
N (Mil:)N 1 Aall el | < & 31)
P ot leg Ay + ...+ gl -

Then for any w € A,, 7 € Dﬁ, and t > 0 we have the bound

exp (/(;t Df (PN (w +s,eA‘Yz)) ds)‘ < Ce.

Proof Letting N = (M — 1)N note that
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|

N ‘
< Z ”A(XHSO (/ el o p)s ds) pled
_ 0

t
/ Aw +s,eM7) ds
0

Ay (w+s) )a ds

ds

N

lo|=

N
Z |Ag (W + )| (al)~1+u.+(¥k)~1<)fza

1
| Ag|I® (e(a1/L1+...+<xk/Lk)t _ 1) plel

Tarpr 4 aru

Il
M= T

1

g
I

| A ll?°
e+ 4 ol

||

A
M=

|

Then
exp </t Df (Py (w +s, eASz)) ds)
0

t
< exp ( / IDf (y (w +9))] ds) exp

N 00
< <! exp Z | Ag ” l)‘a‘
i i+ o]

Scel(t

=exp

t t
/ Df (y(w +5)) ds+/ A (w +, eA‘Yz) ds
0 0

t
/ A(w + s, eM2)ds
0

m}

Remark 9 (General vector fields) If f is not a polynomial then of course the bound for € will
be more complicated. We can always obtain an expression similar to Eq. (31), plus a small
remainder, by considering a Taylor expansion for f (about any convenient point). On the
other hand, if the nonlinearity of f is given by elementary functions, then it will be possible
to bound C using techniques of automatic differentiation.

We now define our function space. Let

def

X = ’H: Ay x ]Dﬁ — €. Hisa 2T-periodic family of analytic N-tails and ||H||fr<oo] ,

and recall that X’ is a Banach Space under the || - II;’j’) norm. We denote the closed delta
neighborhood of the origin in X" by

Us={HexXx : |[H| <4}.
Lemma 4 Let £ as defined by Eq. (15). If

Nt+1> 2, (32)
223
then L is boundedly invertible on X and
c

(Vo (33)

<—
lx < N D —x
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Proof Let S € X. We will show the existence of H € X such that L[H] = S. Assuming it

exists (it does and it is given by Eq. (37) below), consider the equation

LIH(w, z) = iH(w, z2)+ D;H(w,z)Az — Df[Py(w, 2)]H(w, z) = S(w, 2).

Jw

Fort € R* we fix w € A,, z € DX and define the curve I" : RT — Ck*+! given by

ra = (‘ZAT;) -
We now make the change of variables
H(t) E Hol'(t) = H (w+1,e"z),
£ Df[Py o ') = Df[Py(w +1,e"'2)],

v(t) =
St) £ Solr(t)=S(w+t,ez),

def

and observe that

d -~ /
- H@ =DHI'®)-I'(1)

=[awH(r<r>)|DzH<r<r>)]( : )

eAlAZ
= BiH (w +t, eA’z) + D.H (w +t, eA’z) eAtAz.
w

Then we consider the ordinary differential equation

d . . N
EHU) —UMH®) = S@),

and note that H (0) is the solution of Eq. (34). We introduce the integrating factor
Q([) d;f e—f(; lI/(‘[)d‘[7

and note that £2(0) = [ and
Q') = elo¥(@adr

Then for any ¢, a € R we have that

t
QUH@) = 2(a)H(a) + / 2(B)S(B) dp.

(34)

(35)

The next step is to evaluate the limit as a goes to infinity. We assume that H is bounded
(an assumption which will be justified momentarily) and see (recalling the definition of pi,

in (23)) that

|2(a)H (a)| = ‘e*fé‘ Y@t f +a,eA“z)‘

(%) eli W@IdT (pmmsa) N gy 4 g )]

(bf) éekae—(N-i-l)/L*ll ||H||%

— é||H||fﬁ)e[_(N+l)M*+K ]a7

(36)
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where (a) follows from Lemma 1 and (b) follows from Lemma 3. Now the hypothesis of
Eq. (32) implies that (N + 1)t > « and we have

lim |2(@)H(a)| = CI[H||, lim elmWHhustrla — o
a—00 Voa—oo

Then (at least formally) we have that Eq. (35) becomes
A =—27'0) ft T 23 ap.
Taking r = 0 gives
Hw,z) = HO) = — /OOO [e*ff Df[PN(wﬂ’eA’Z)]df] S(w+B.eMz)dap. (37

Now we take Eq. (37) as the definition of H, and by running the argument backwards we
see that H solves Eq. (34), assuming that we can show that H is bounded. It is also clear upon
inspection that H so defined is 7 -periodic on A, in the variable w, owing to the fact that Py
and S are. What remains is to show that H is bounded and analytic in both w and z and that
H is a T-periodic family of analytic N-tails.

By arguing as in Eq. (36) we have

12()S(B)| < Cel=VFDHCF 520 (38)
with S bounded and —(N + 1), + k < 0 by hypothesis. It follows that
|H(w, 2)| = |H ()|

o ~
- ‘—[0 Q(ﬂ)S(ﬁ)dﬂ‘
o
< é”S”;’OU / el V+Dpsti]p dg
“Jo
Cls|
< ﬂ, (39)
(N + Dps —
and we see that H is indeed bounded. To see that H is analytic in any of w, zy, ..., Zx we

remark that Eq. (38) shows that the integrand is bounded and we know the integrand is analytic
in each variable. Morera’s Theorem [65] then gives the analyticity of H. To see that H is an
N-tail we simply use that S is an N-tail and apply the Leibnitz rule on Eq. (37) (exploiting
the boundedness of the integrand in order to pass the derivative under the integral).

Since S was arbitrary we see that the desired inverse operator is defined explicitly by
£7'[S] = H. Taking the supremum in Eq. (39) over all § with norm one gives the bound
claimed in the Eq. (33). m]

Lemma 5 Assume that the hypotheses of Theorem 1 are satisfied. Given H € X, let R: A, X
DX — C4 be the function defined by

fIPn(w,2)+H(w, 2)] = f[Pn(w, 2)]+ Df[Pn(w, 2)]H(w, 2) + R[ Py (w, 2), H(w, 2)].

(40)
Then R is a T-periodic family of analytic N-tails satisfying the following bounds:
— Forany 8 < p — p' and H € Us,
IR(Py, KIS, < M1 M2, (41
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— Forany§ < (p — ,0/)6’l and Hy, Hy € Us we have
|R[Pwn, Hi] — R[Py, Ho]|I5, < 2med M MaS||Hy — Ha |7, 42)

ry —
Proof Lets = o — p'. For any fixed wo, z9 € A, x ]D)ﬁ andn € ]D)ff we have that

fIPn(wo, z0) + nl = fIPn(wo, z0)] + Df[Pn(wo, z0)In + R[Pn(wo, z0), nl,

where R is given by the Lagrange form of the Taylor Remainder

52
R;[Pn(wo, z0), n] = Z /(1—1) ﬁf](PN(w07ZO)+tn)d[ (43)
18I 2

Applying Morera’s Theorem (e.g. see [65]) to Eq. (43) shows that R is analytic as
(wo,20) € Ay % ]Df as well as n € Df,’ vary. It is also clear that R; is T-periodic in
wg. Moreover

2 2
Inllz <= MiMalinlly.

2 9?
RPN (o 20l = D 2 sup |5 f5(2)

1BI=2 ,3’ zeUp(y)

Fixing H € Us with § < s we define R: A, x DX — C¢ by R[Py(w, z), H(w, z)] and
have

IRLPy, HIIPS, < M1 M2s?,

ry —

as desired.

We now introduce a “loss of domain” parameter o € (0, 1] which is used to leverage the
supremum bound on R into a Lipschitz bound. So, fix (wg, zo) € A, x ]D)"j andny, m € ID)Z,(, ;
Then

R[ Py (wo, z0), n1] — R[Pn(wo, z0), n2] = Dy R[Pn(wo, 20), 711 — n2),

for some 7 € ]D) . The fact that R is analytic and zero to second order in 7 implies that
9/0n;R; is analytlc and zero to first orderin n foreach 1 <i, j < d.Thenforany0 <t < 1
we have

| D, R[Pn(wo, 20), tnlllm < Dy R[Pn(wo, 20), nlllm,

Lett =§/se ? with0 < o < 1 and note that 0 < ¢ < 1 by the hypothesis given by Eq. (29)
of Theorem 1. It follows that

)
Dy [ Py (wo, 20), tnllly < ——= Dy R[ PN (wo, z0), nlllm
se

IA

sup [[DR[Pn(wo, z0), nlllm

[nl=e=%s

—0

e [ 2md
<— ( sup |R[ Py (wo, 20), 77])

N

<2med M| M3, (44)

as ¢? /o is minimized when o = 1. Note that we have used the Cauchy Bounds of Lemma 2
in order to pass from the second to the third line of the estimate. The use of the Cauchy
Bounds explains the loss of domain and the parameter o appearing in the argument.
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Fixing H, Hy € Us we now have

IR[Py, Hi] — R[PN, Ho]II7, < 2med My MaS|| Hy — Ho I},

ry —

2.4 Proof of Theorem 1

We will show that the operator @: X — X defined in (16) has a unique fixed point in
Us C X. First note that @ is well defined as the hypothesis of Eq. (28) allow us to apply
Lemma 4 and obtain that £ is boundedly invertible on X.

Now for any H € Us and consider

IPLHIIS, = 1L [Ex + RIPy. HITIIS,
<UL NENIS, + L7 IS IRIPY . HIIES,

_ M M>8>
= Wt D = (€T M)

<é. (45)

Here we have applied the bounds of Lemma 4, as well as the bound given by Eq. (41),
the the definition of € from condition (vii) if the definition of validation values, as well as
the hypothesis given by Eqgs. (29) and (30) of the present theorem. This shows that in fact
[ U5 — U,s.

‘What remains is to show that @ is a contraction on Us. To see this let Hy, H, € Us. The
inequality hypothesized by Eq. (29) of the present theorem gives that § < (p — p')/e. It
follows that we can apply the bound given by Eq. (42) to the expression

I@[H ] — PLHLPS, = L7 (RPN (w. 2), Hi(w, 2)] = R[Py(w, 2), Hy(w, 2)]) [,

< ——— 2medM{My§||Hy — H>||%°.. 46
= N1 D« med M M>§|| H 2l (46)

Here we have again used the bounds of Lemma 4. Moreover,

¢
(N+Dpy —
by the inequality hypothesised in Eq. (29) of the present theorem. Then @ : Us — Us is a

contraction mapping and hence has unique fixed point H € Us. Since H is the truncation
error we have

2medM i M5 < 1

1P —PyII7S = IHIZ, <38,

ry —

as desired. ]

2.5 Validation Algorithm

The parameters v and the scalings of the basis functions §;, 1 < j < k are free in the
discussion above. In theory there is no difference between fixing the norms of the basis
vectors and then choosing the size v > 0 of the validation domain, or vice versa. In practice
however it is preferable to fix v = 1 and choose numerically convenient scalings for the basis
functions. This is simply due to the fact that v = 1 is the most stable choice in the v!%! terms
appearing in the Taylor-norms.
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Algorithms for optimizing the choice of the scalings are discussed in detail in [66], however
we make a few heuristic comments. In many applications it is sufficient to simply compute
once the parameterization PV with any convenient choice of scalings, and then examine the
growth of the resulting || p, [|2°. If these coefficients grow either too fast or too slow then
simply rescale so that the desired decay rate is achieved. The dependence of the new decay
on the choice of rescaling is given explicitly in Eq. (8). A good heuristic is to choose that the
highest order coefficients have magnitude close to machine epsilon.

Once the scalings and v are picked then we try the following algorithm. If the algorithm
fails then we modify the scalings and try again.

Recipe: Input choice of v from above.

1. Choose: any positive constant « satisfying (21). In practice « will be an interval arithmetic
bound on || Df (y)||° as this quantity depends only in the known Fourier coefficients of
y as well as the known decay rate bounds.

2. Choose: a positive constant C satisfying (22). In practice C is any bound on the sum
obtained using interval arithmetic.

3. Choose: a constant p’ satisfying (26). In practice the terms ||a, ||>° are bound using the
|@q || norms.

4. Choose: s > 0. For polynomial vector fields the choice of s is more or less arbitrary and
we often obtain good results with s = 0.1p’. Then define p to be any number with

o +s <p.

If f is not polynomial then we have to pick a p > 0 and estimate the second derivative of
f in a p neighborhood of y. This could be done either by hand, or more likely with some
preliminary interval arithmetic. Note that if f has poles then this imposes a theoretical
limit on the size of p. Next we make sure that p’ defined above is smaller than p. s is
then the difference.
5. Compute: M, satisfying (24) and M, satisfying (25) on the “tube” U, (y). For quadratic
vector fields the second partial derivatives are of course constant.
6. Choose: € to be any positive number satisfying (27).
7. Choose: ju, satisfying (23), that is any lower bound on the absolute values of the real
parts of the stable eigenvalues.
8. Check: that condition (28) is satisfied. If not then the proof fails.
9. Choose: § > 0 so that (30) is satisfied.
10. Check: that (29) is satisfied. If not then the proof fails.
11. Return: 4.

If the proof does not fail before Step 11, then it succeeds and we have the validated bound

IHIZS < 1H v <8,

ry = =

for the truncation error associated with the approximation Py on the domain A, X ]D)’f,.

Remark 10 (Implementation details) In practice we must obtain the data hypothesized in
Assumptions 1, 2 and 3 of Sect. 1.1 by separate computer assisted arguments. Since the
functions y (w), &1 (w), ..., & (w), and ay (w) for 2 < |a| < N are analytic and periodic, it
is reasonable to represent these functions as Fourier series. Then the first step is to compute
numerical approximations
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M
2wim
yMwy= Y yme T,
m=—M

2mwim

M
EMwy= > Epme ", 1<) <k
m=—M

M
M 2wim
Ay (w) = E dg,me 2T Y, 2<|af < N.
m=—M

In addition to these numerical approximations we need positive constants r, €, €1, .. .,
€k, and €4, for 2 < || < N so that

lly™ — ag || < €4, (47)

M M
-yl <e. 1§ —§I7 <€, and la,

for1 < j <kand?2 < |e| < N. In the present work we compute the approximate Fourier
coefficient sequences {ym}f‘::_ o 1 j)m}ﬁf:  for the periodic orbit/parameterization of
the normal bundles, as well as the constants r and €y, €, . . ., €, using the computer aided
methods of [16,17] (for the periodic orbit) and the methods of [18, 19] (for the basis functions
of the normal bundles). The approximate Fourier coefficients {ay, },’::’:_ y alin C for the
solutions of the homological Equations are computed numerically using the methods of [1].
What remains is to compute validated constants €, for 2 < |a| < N satisfying (47). This is
topic of Sect. 3. We note that all of this data is assumed as input for the validation algorithm
above.

3 Rigorous Solution of the Homological Equations

The goal of this section is to obtain computer assisted error bounds satisfying (47) on the
solutions ay : A, — C4 of the homological equations for 2 < |a| < N. Or to put it another
way, the goal is to obtain the data hypothesized in Assumption 3 of Sect. 1.1. More precisely,
recall that for each & € N¥ we seek a, so that

day (w)
dw
where o - A & oAl + ...+ arAg, and with

+ (o - Mag(w) = (f o P)y(w),

FPW.2) =Y (foP))i® =Y 3 (foP),, e

Ja|=0 |la|=0 meZ

For j=1,...,d, denote

N oar [ 2mim ; ;
Film & ( o +a-A> il — (f © P)il (48)
Denote
a = (a)y—y = @) j=1..a .
la|=2,...,N
with

T . .
aa=<aél),...,a§ld)) eR? and aé”:(aé{,l,) 7 forj=1,...,d.

me
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Similarly, denote

F = (F)y—y = (FY) j=i...
|lx|=2,...,N

with

T . .
Fo=(FP,.. F) er! and FY = (F)) o forj=1,...d

me

‘We look for a solution of
F(a) =0. (49)

Given a bi-infinite sequence ¢ = (¢;;)mez of complex numbers and given v > 1, let

def
el = ) lemv™,

mez

which is used to define the Banach space
1 def
£, = {C = (cm)mez  llcliy < OO} .
Denote

def

Bl ey = {A:Z}, — €} | Aislinearand |[|A||| = sup [Avll1,, < oo}

lloll,p=1

the space of bounded linear operator from ¢ to £).
For each o € NF with x| € {2,...,N}and j = 1,...,d, we consider aé,]) IS Zi. Let
n = n(m, N) be the cardinality

n:#{a:(cxl,...,cxk)eNk||a|:a1+---+ake{2,...,N}].

Foreachi =1, ...,n,denoteby a(i) € N* the corresponding multi-index such that |« (i)| €
{2,..., N}. In other words, we choose an ordering for the set of multi-indices satisfying
x| € {2,..., N}
Consider the Banach space
X & ey (50)

endowed with the norm

lallx = max {llagg) .- (51)
The goal is to compute solutions of (49) within the Banach space (X, || - ||x) using a
Newton-Kantorovich type theorem (the radii polynomial approach, e.g. see [16,67]). This
approach first requires computing an approximate solution using a finite dimensional projec-
tion.
Given a Fourier truncation order M, consider a finite dimension projection [T : X =
(£1)" — RM@M=D) defined by

v

a(i),m

H(M) . (Ellj)nd N Rnd(ZM—l) cad > H(M)a — ((a(l) ) )
|m|<M
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Givena € (Z‘l,)nd, denote ap = IT™)q. Consider the finite dimensional projection F™ :
Rrd@m—=1) _, Rnd@m=1) of (49) given by

n .
FMap) = (Fé(l))(ap)>i71 E D Eap) e RMECH-D,

Assume that ar is an approximate solution, that is that ' M) (ap) ~0.(In practice we use
. S . N d
anumerical Newton scheme). For the sake of simplicity, we introduce the notationa € (ZL)"

to denote the embedding of the numerical approximation ar € R*™?"=D by adding zeroes
in the tail.

The idea now is to introduce a Newton-like operator based at @ whose fixed point corre-
spond to a solution (near a) of the infinite dimensional problem (49). A Newton-like operator
is an operator of the form

T(a) =a— AF(a), (52)

with A a linear operator chosen carefully so that it is a good enough approximate inverse
for the derivative operator D F(a). Since the Newton operator a — a — DF (@)~ 'F(a)
should be a contraction on a neighborhood of a fixed point, there is hope that for a carefully
chosen approximation A of DF (@)~ the perturbation of the Newton operator (52) is itself
a contraction near the fixed point.

The choice of the operator A is problem dependent, and by using carefully the structure
of the problem one can get better approximate inverses. For the specific problem (49) there
is natural choice which we present next.

3.1 Construction of the Approximate Inverse A

Consider the Jacobian matrix DF™) (@) € Myuaom—1)(C) and let ABD) o numerically com-
puted pseudo-inverse of DF M) (7). Denote A™) block-wise as

<A<M>)1 (A 1a (A%>>11~ AM)1a ]
(Aﬁ’,‘?)d,l (Aﬁ??)d,d (A“‘“)d -l >>dd
AGD _ : : € Muaem-1(C) (53)
(AW))I : (A(M)m (A£%>)11-~-<A<M))1d
i (A,%))d,l o (A aa (A%))d,l - (A

with (A;ll:/lz,z)dl > € Moy—1y(C)forl <nj,np <nand1<dj,dp <d.
We describe the operator A which serves as the approximate 1nverse for Df (x). Denote
by cr = (c—ps1, ..., cpm—1) € C*M=1 Given b = (b)) = (ba(,))t 1 n € X, the

.....
.....

action of the operator A on b is given by
5 ( ) _
)] J (j2)
(Ab)aj(li,) = 2 (All i2 oz(lz) 1 E E (Aiyin) ji. J2bo¢(212)’

ir=1 ir=1 jr=1
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where the action of (A;, ;,)j,.j, onc € £} is

M
((Agl,ii)jl,jch)ms m| < M,
((Ail,iz)jl.,jzc)m = 1
1,28 1.2

T a(iy) - A

(54)
Cm, ml > M,

and where §; ; equals 1 if i = j and O otherwise. A has block-wise form given by

(A1) - (ALha (A - (Aria T

(A1,1)a,1 -+ (A1, Dd.d (A1,dan - (Arnd.d
A=| o 5 55)
(Ap, D11 - (ApD1,a (A1 - (Andia

L (An,Da1 - (A )d,d (Ana - (Apn)d,a J

where (An, n,)dy.ar € B (£}, £)) forl <ny,ny <nand1 <dy,d <d.Forc = (cy)mez €
el

Lemma 6 Define T as in (52) with A defined by (55). Then

AF : X — X. (56)
def def

Proof Leth € X,b £ F(h)anda £ Ab. Denote b = (by))_; = (bgg))i’:ll,,,_,n. The
j:

goal is to show that a € X. We have

a = f{aui}i_,

)
[aa(i)}i;l ,,,,, n

=1,....d
B 9
= [t
j=1.., d
n .
=1> (Aiirbatiny)
ir=1 i=1,..., n
j=1."a
n d
(2)
= Z Z(Ai,iz)jvhba(ziz)
i2:1 j2:1 i=1,..., n
j=1,..., d

Fixie{l,...,n}and j € {1,...,d}, and let

nod
e ) B Y0 Y (i) b

ir=1 jo=1
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Let us show that c(i, j) € £}. Recalling (87), (48) and that b = F(h), we have b2 =
FY2) )(h), and therefore

a(in
leG, Dl =Y e mp™
< ) 1 £

M—1
M
+ Z Z Z(Al(l :)2)/1 2 (Fo(,]f;)(h)) plm|
m

=—M+1 ir=1 jp=1

* Z (W)( Fo®),

m

plml

= 1 2rim ) 0
= mzz_oo (27‘[1”1 +o (l) A) |:< oT +0((l) . A) hotj(l) m (f o P)a](l‘),m (h)] vml

M—1 n
(M) (2)
T Z Z Z(All 12)]1 J2 (Faélzz)(h))F V‘m‘
m

=M1 | \ia=1 jo=1 .
2rrim , ) 5
+ Z (27nm + i) - A) |:< o +Ol(l)~A> ha(l)m (fOP)a(i),m (h) plm

where the middle sum is finite, and the first and the third sums are bounded since h(J i € E

and since by the Banach algebra property of E we have that (f o P)(J ) (h) € Z\l,. Therefore,
||c(i,j)||1,v<oofora11ie{l,...,n}andje{l ., d}. Hence, a—AF(h)eX. o

We introduce the notation conj(z) to denote the complex conjugate of a complex number
z € C. Since we are interested in real solutions, we impose the following symmetries on the
blocks of A. Assume that A™) satisfies

(A 251k = coni (A1 ks ) o Ykioke = =M 41, M = 1. (57)
Define the space
w77\
Xom & (2))"7 (58)

where N
el = {ceth ey =conj(cy) VmelZ}. (59)

Denote by B, (a) the closed ball of radius r > 0 centered at a in the Banach space X, that is
Br(a)={a€X:|la—allx <r}.

Lemma 7 Assume that a € Xy, and setr > 0. Define T as in (52) and let A defined by
(55) such that the assumption (57) holds. Then

AF : Xgym —> Xgym- (60)

Assume moreover that T . B.(a) — B,(a) is a contraction, and let a € X denote the
unique fixed point of T in B, (a) (which exists by the contraction mapping theorem). Then,
a € Xsym-

@ Springer



J Dyn Diff Equat (2018) 30:1525-1581 1551

def def

Proof We begin by showing that (56) holds. Let h € X;y,,, b = F(h)anda = Ab. As in
the proof of Lemma 6, we have that

n d
- oy pl2)
a=13" > (Ain)jpby
ir=1 jo=1 i=l..n
By Lemma 6, we know that ||a||x < oo. It remains to show that each component a[i](z) is

in [11) Now, foreachi,ip = 1,...,nand j, jo =1,...,d,letc o (Ai,,-z)j,jzb;j(zii). Then,

for each m € 7Z, and using the symmetry assumption (57),

o0

- Y (2)
Com = Z ((At,tz)]»]z)fm,kl (ba(2i2)>kl
mp=—
o0
(2)
= 2 (Aiidin) s (B3,
ki=—00 !
o
= Z conj (((Ai,iz).isjz)m’kl) conj ((baj(ziz))k )
k]:*OO !
o
: (2)
= conyj Z ((AiaiZ)jij)m,k| (baJ(ZiQ))k
ki=—00 !
= conj (c_p) -

Finally, by (56), 7 : Xsym —> Xsym. Using that a € Xy, N Br(a), and that Xy, is a
closed subset of X, we obtain that

a= lim 7"@) € Xsym-
n—oo

3.2 The Radii Polynomial Approach

The goal of the present section is to describe an efficient way of determining a ball of the
form B, (a) on which the operator 7 : X — X as defined in (52) is a contraction.

Foreachi =1,...,nand j =1, ..., d, consider bounds YOE{I.)) and Z;{?) satisfying

|(r@-a).,

<Y O(t{l)) and  sup

Ly b,ceB,(0)

(DT(Ez—i-b)c)(j) ‘ <z9 (61

a |, a(@):

Remark 11 (The bound 12221.) as a polynomial in ) To compute Z;J(E) fori=1,...,nand
) (()2/(2')
estimating (D7 (a + ur)vr)‘%) for all u, v € B1(0). If the nonlinearities of the vector field
f are polynomials, then F' will consists of Cauchy products of discrete convolutions. Since
T(x) =x — AF(x) and D7 (a + ur)vr € X, then each component of D7 (a + ur)vr can
be expanded as a polynomial in r with the coefficients being in £].

j =1,...,d, one estimates (D7 (a + b)c) for all b, c € B,(0). This is equivalent to

@)

Hence, from now on we assume that the bound Z;(f) =Z, G

)(r) is polynomial in r.
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9)}

Definition 3 Foreachi =1,...,nand j =1, ..., d, the radii polynomial pa(i)(r) is given
by
) def () (/)
Poiy (1) = Yooy + Zgy () — (62)
Lemma 8 Define
n
I:ﬂﬂ{r>0:péj(3)(r)<0}. (63)
i=1j=1

If T # 0, then T = (I_, 11) is an open interval, and for any fixed r € Z, the ball Br(a)
contains a unique solution of (49).

The proof of this result is standard (e.g. see [16,67,68]) and will be omitted.

Before proceeding with the explicit computation of the bounds satisfying (61), we present
a remark describing how a successful application of Lemma 8 can be used to obtain the
rigorous error bounds required in (47).

Remark 12 Consider the radii polynomials (62) constructed with a fixed decay rate v > 1.
Let Z the set defined in (63) and assume it is non empty. Let 7 € Z and let a € Bj(a) such
that F(a) = 0. Then

la—allx = max {llaf) —ag)li.} <7 (64)

.....

Let @ be a multi-index such that 2 < |a¢| < N. In the context of the error bounds (47), set

M —_
a, = aq. Also, set

T
= —log(v). (65)
T
the width of the strip A, in the complex plane. Then, 2 < |a| < N, using (64),

M -
lag — aall?® = llda — aally®

— max ”a(l) _a(/)”OO
1<j

= max sup @’ (w) —a$ (w)]

I=j=d yep,
‘ 2mm i 2mwim
= max sup E a)e 3w — qlf) eI
1=j=d yea, Moo

wim
< max sup Z ad = aih| |
15/<dweA
ad xlm] .
im
< max Y- alh —ad)|er
1=j=d
m=—0oQ
o0
< max Y |ad —adm|v"
1<j<d
m=—0oQ
= max ‘Ezé])—ao(/)
1<j=d v
<e

— ~u-

def

Hence, the rigorous error bound required in (47) canbe settobe ¢, = rforall2 < |a| < N.
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Here is our general strategy: we use Lemma 8 to solve (49) and Remark 12 shows how the
rigorous error bounds required in (47) can be obtained. Next, we attempt to provide general
formulas for the construction of the radii polynomials valid for any vector field, any periodic
orbit, no matter what the dimension of the manifold and the dimension of the phase space
are. However, some of the formula would be significantly hard to write in the full generality
and almost impossible to read, hence we prefer to combine the exposition of the general case
with a concrete example.

To begin with, recall that the unknowns of the problem are the sequences ao(/ ) ¢ KL of
Fourier coefficients of the functions aé/)(w) where |¢| € {2,...,N}and j = 1,....d.
Denote by &éj ) (w) with || € {0, 1} the data for the problem: Eléj ) is the sequence of Fourier
coefficients on the basis of 27 -periodic functions of the periodic orbit y (#) while &é/ ) with
|| = 1 are sequences of the Fourier coefficients forming the normal bundle. We assume that
both the periodic orbit and the linear bundle have been previously computed and that the data
are given in the form

i =ay) +&a), |ale{0,1), j=1,....d, (66)
where (Zzéj ) m = 0 for any |m| > M and the remainder (‘Jaéj ) is known only in norm, that is
1€ 110 < €.

For any a € X, the function F(a) depends on the data a, with |a| € {0, 1}. Let us write
explicitly such a dependence as F(a) = F({éa}‘la‘zo, a) = F({aq + Saa}lla‘zo, a). Denote
Fa)=F ({‘_‘rx}\lm:o’ a) and introduce £ F (a) so that the equality holds

F(a) = F(a) + EF(a). (67)

Inpractice, £ F (a) is a correction that can only be estimated in norm, since the contributions
Sag/), (Ja| € {0, 1}, j =1, ..., d) are only known in norm. From now on, the notation £(-)

always stands for a quantity for which all we know is an upper bound for its norm.
Similarly, the derivative D F (a) splits into the sum

DF(a) = DF(a) + EDF(a) (68)

where DF (a) = DF ({ag}jy, o> @)-

3.2.1 BoundY

Formally, foreachi =1,...,nand j =1,...,d,

n

) d
A\ o o
H (AF(a))a(i) =13 > Ui [F(a)fjgl) +€FO(('52))(a)]
Ly ir=1 jp=1 Ly
n d n d
£ o= (2) (72 (=
= |20 DDA F @Gy |+ D0 20 (i) n (i) @
ir=1 jp=1 1Ly ir=1 jp=1 1v

Any F (&)g(z.) is a finite dimensional sequence, the length of which depends on the degree
of the nonlinearity of the vector field. Therefore the first sum is a finite computations which
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can be rigorously bounded using interval arithmetic. For the second sum we estimate

n d
Z Z(A, DR P @] =Y S AL I TEFLE @)l

i2=1 jp=1 Ly =lp=l

and we take advantage from the Banach algebra property |la xb|1,, < |lall1,»||b]l1,v in order
to bound [|€ Fut2) @) [1,v-

a(iz

322Theb0undsZ i=1,....,n,j=1,...,d

(t)’
Foreachi =1,...,nand j =1,...,d we seek a bound Zéj(f), a polynomial in the variable
r satisfying
_ )] ()
sup (DT(G + b)C) = Za(i) (r).
b,ceB, (0) a1,y

Recalling that DF™) (@) € Muqom—1)(C)(a) is the Jacobian of FM) at a, denote as

DFM) — {(DFn(1 n2)dy,d, } the component-wise representatlon of DF™) (@) similar to (53).
Define the linear operator A™ so that, for any b € («, lynd

n
. (i 1)
t G T (Jz)
(AD)g) = Z (Au i “<l2)) Z Z ( i, lz)jl A ba(in)-
ir=1 ir=1 jp=1

)ji.j» On h € £} is given by

((DF,“?) hp> lm| < M,
L2/ i m

((A,-'l,,'z)jl i h) - 2mim , ©
) m S: '8j1.,j2< T —I—O[(ll)'A)hm’ |m|ZM’

where the action of (Al1 i

1,02

where §; ; equals 1 if i = j and O otherwise.
Consider now the splitting

DTG +b)c = (I — ADF(@+b))c = — AAc — A(DF@) — A%)e
—A(DF(a+b) — DF(a))c

and

H (DT(d + b)c>

H 1 - AAT)C)

H ADF @) — A )c)

a(i) a(i)

(i)

(i)

+ H (A(DF(d +b) — DF(é))C)

1,v

Since b, ¢ € B,(0), we can factor out » and write b = ru and ¢ = rv where u, v € B1(0).

This means that u = {u((x/(z)}, 1 ..... n satisfies ||u(1))||1 vy < 1lforanyi = 1,...,n and
..... d
j=1,...,d. The same holds for V.
Then
) _ 70,()) () 2\() ()
Za(,')(r) =(Z )oz(i)r +(Z )a(,)r +(Z )a(z) -+ (Zp)a( )rp
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where
)

a(i)

H((z —aa) <@ i <

1,v

ApF@ - ahw) | < @zH <1
( (a) )U X = ( )a(l‘)v ”v”X =
ali)

1,v

)
H (ADFG@+r—DF@)ro)’ | =@+ @,
a(i)

1,v
lullx <1 lvllx < 1.

The exponent p refers to the maximal power of r that appears on the last relation and
equals the degree of the polynomial nonlinearity of the vector field f(x).

3.2.3 The Bound Z°

def

Denote by B = I — AA™. Since the tail diagonal components of (A; ;) j,j are defined as

the inverse of the tail diagonal components of (Aj.i) j,j» the operator B results in a finite
dimensional operator acting on vr. Hence

0
T — (j) (J2)
(e )”)a(,-) = (Bu)gi) = Z Z i2) . OFDa(iy-

ir=1 jp=1

The operator DF™) used in the definition of AT represents the genuine (finite-
dimensional) Jacobian of F. Therefore DF™) and AT inherit the same splitting already
discussed for DF, thatis AT = AT + £AT. Thus, we set B = B+ £B where B = I — AAT
and EB = —AEAT. It follows

H a— AAT)U)

o\
< BTyl + H (cagaho)
1Lv

a@) gy

n n d
=y Z Bz izl + D2 3 A sl |E€4T N,

i2=1 jp=1 i2=1 jp=1

3.2.4 The Bound Z}

y
H ADF@ - Ah) | ()H <@H% Ivlix <1

In order to properly compute a bound of the above norm, we need to recast the quantity
A(DF(a) — A)v as a linear operator acting on the components of v. It is convenient to
treat the linear operator DF(a) — AT as a matrix of operators. Recall that i € {1,...,n}
and j € {1, ..., d}. Without separating further the different role of the two indexes, we can
consider a unique index ranging from 1 to nd labelling the elements of v.

We represent the operator DF (@) — A" by the “block operators” of the form I" =
I'(m,m) € B!, ¢y with m, m € {1, ..., nd}. Moreover, for each m € {1, ..., nd)}

vy

nd

[(pF@ - AT)U] = 3" I(m, iy,
m=1

@ Springer



1556 J Dyn Diff Equat (2018) 30:1525-1581

We also represent A by the operator blocks A(m, m) with m, m € {1, ...nd}. Then the
operator A(DF(a) — AY)is represented by A" with

nd
AL (m, ) =" A(m,q)I(q. 1) € B}, £})
g=1

and for each g € {1, ..., nd}

nd

> AT(q.ri)v.

m=1

(A(DF(Z:) - AT)u)q _

Therefore

nd
< Y AL (g, vl

m=1
nd nd
<> 1A m)T (m, vl

m=1m=1

H (A(DF(E:) - A*)v) g

(70)

Also, we separate the £-contribution and write I"(m, m) = I (m, m) + I (m, m). For
each g € {1, ..., nd}, we can finally define Z; as

nd nd
< D A m)(T (m. i) + ET (m. i) v 11,0
m=1m=1
nd nd
<> llIAGg, m)T (m, )|
m=1m=1
nd nd
+ 0 A mIIET (m. i)v 1.
m=1m=1

—. 71
= Zq.

H (A(DF(Ez) - A"')v)q

1,v

(71)

The previous formula provides the scheme for the computation of the bound Z! for any
given vector field. However, the definition of I" is problem dependent, hence we prefer to
present more details about the construction of the bound Z! having a concrete case in mind.
That will be done in the subsequent section, where the Lorenz system is considered.

3.2.5 BoundZH,2 <i<p

For the construction of the bound Z/, 2 < i < p we proceed as follows: define
a vector of sequences {Vq}Zil, Vy = {(Vg)mlmez so that V, contains the r' con-
tributions of [(DF (@ +ru) — A")rv] . Then introduce V = {Vq}’q’d=1 so that V, <

supHu”XE],”U”XEl ||Vq ” 1,v- Finally, define

nq

zh =" lllAg, m)[| V.

m=1
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3.3 Enclosure of a, in Case of Large N

The first condition (28) required by Theorem 1 is that N + 1 > &/, where « only depends
on the Jacobian of the vector field along y and . on the Floquet exponents. If the degree
of the polynomial nonlinearity of the vector field is large, or the magnitude of the orbit y
is large in phase space, the bound « can be considerably large. Also, if the real part of the
Floquet exponents are small, w, is small. The combination of these factors may lead to a
choice of large N. From the theoretical point of view, the procedure works for any N. On
the other hand, the number of equation in the nonlinear system Fo(/,z, = 0 to be rigorously
solved increases with N and the effective computation is sometimes problematic.

In this section we present a modification of the technique which facilitates computation
of the coefficients a, when |c| is large. The key observation is that [|ay [|2° — O for || large
enough, thus it is reasonable to compute the enclosure of a, around a, = 0.

Suppose that for a choice of N < N the method of the previous sections returns the
enclosure of the functions a, (w) for |a| < N. We are now concerned with the computation
of ag(w) for N < |a| < N, that is, we need to solve Fé% — 0, in the unknowns a’” (w),
N < || < N. Instead, a, with |a| < N are data of the problem and given within rigorous
bounds computed before.

Since F,, depends on a, and onag with | 8| < || we can solve layer-by-layer. That means,
we solve {F, = 0}\(1\:1\7“ in the unknown {“w}|a|=1§/+1~ Once the N + 1 layer is rigorously
enclosed, we move to the next N + 2 layer, treating the previous computed coefficients as
data for the new problem.

We apply the same technique as before, with the following modifications.

— The numerical approximate solution a is set to zero. For a choice of M, that might be
different than the previous, define aé’ ,;1 =O0forany m| <M, j=1,...,d, N < la] <
N.

— The operators A and AT, see (87), (69) are now defined as diagonal operators in «, that is
Aj,.i, = 0if iy # i>. The same for At.In practice only the Jacobian of F, with respect
to a, is considered in constructing A and AT, even in the finite dimensional subspace.

Use the notation A,  in place of A; ; when o = «(i).

The definition of the Z bound is the same as before. However, since A™ and A are diagonal
in o, the operators I"(m, m) are slightly different and the sum (70) is taken over those m’s
that refer to the same « as ¢g. The meaning of these statements will be clearer in the next
section, where the computational technique is applied to the Lorenz system.

4 Unstable and Unstable Manifolds of Periodic Orbits in the Lorenz
Equations

As a first application of our proposed method, we rigorously compute some invariant mani-
folds attached to periodic orbits in the Lorenz equations u’ = f(u), u = (x, y, z) where f
is the vector field given by

—0X +oy
fx,y,00=|px—y—xz|, o,B,peR. (72)
—Bz+xy
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The composition of f and the parameterization P reads as

—aa((xl)(w) + aa((xz)(w)
(f o P)yw) = | pal’ W) — af (w) — (aMa®)_ (w)
—Bal (w) + (@Va@) (w)

where
(a(l)a(3)) (w) o Z aéll)(w)ag)(w) and (a(l)a(2)> (w) 4 Z aéll)(w)aézz)(w).
¢ a)tar=u ¢ a)tor=u

;>0 ;>0

Moreover,
—oag,]}n + aa(gf,)n
1 2
(f © Pl = | Paim — agm — (aVa®), |,
3
_5a&%_+(auuﬂb)mm
where
@3 1 3 1) 2 1 2
S S I C W o N
’ ajtar=a ’ ajtar=a

;>0 ;>0

with
() (3) _ @3 ) @\ _ (O]
(aal *dy, )m_ Z gyt Gar k20D (aal * Ay, )m_ Z Yoy dey Yoy ey
kit+ko=m k1+ko=m
ki€Z ki€Z

Therefore, in the context of the Lorenz system, (48) is given by

Fo(tlr)n (272’% + ak) a(gl,,)n + Ua,gz,, — aa,fz,,

Fon | = | (B + o) ol — pallls +al + (aVa®)
3) .
Fam (% + an) aldh + Balln — (aa®)

(73)

a,m
o,m

with 2 < o < N and m € Z. Concerning the splitting (67), it follows

0
(EF(a)); = Ea(()l) * af) + 5a(g3) * aél) + Sail) * a?) + Sa?) * ail) + Sail) * Sa?)
Eay) xay” +Ea? a3 + €a” x o + £a? xa) + €a)” x £a?

0
EF@)e = | €0l xal + £al %0l + £aV x| + £a® xa ",
Ea(()l) * aéz) + Ea(()Z) * aél) + Eagl) * af_)l + 5a§2) xal

a—1

, Yo > 2.

Since ¢ is a Banach algebra with the convolution product, it follows that

0
1 3 3 1 1 3 3 1 1 3
IEF@)allio< | e 1a 110 + e 1as 1w + €V 1a 11w + P18 110 + eVePs, 2
1 2 2 1 1 2 2 1 1 2
eMa@y + €210 + €12 + €2 11al” 1y + €V elPs0

o— o—
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The derivative of F at any point a is a linear operator D F'(a) whose action on v € (65)3”
is explicitly given by

2mim

(DF(a)v)a,m = < T

+ ak) Vo, m

O'U(l) UU(2)

vazn + véz,zn + ( (1) (3))01 m + (a(l) * v(3)>a,m , (74)
g, - (vu) « a(2>) _ (a(l) « v<2)>
o,m o,m

where
@ )] — (@) ) — ) (@) — (W @)
(10sa?),, = X (xal), = 3 (D), = (7).
ajtar=a ajtor=a
a;>0,01>2 o;>0,a1>2

For any a, the derivative D F (a) splits into two parts (68). The data ag and a; contribute
only to the nonlinearity, therefore we have

0
(epF@®) = [ caf’ + vl +eaf ol + £af’ 5 v + a0 w0l
o

Ea (()1) * Uéz) + 5(1(2) * vél) + 50}1) * U(z)l + Ea (2) * U(l)

Hence, for any v € B1(0)

0 0
3 1 3 1 3
lEatna],, < [« +e | [Ea’ ], < | )—I—e( D el e,
1) +602 +e(()2) +e(1) +€(2)

for all & > 2. Now we present in more details the definition of Z! satisfying (71).

For x = {xX, }mez we define x! = (I — IT™))x, that is the sequence so that x,’n = 0 for
Im| < M, x,fl = Xy, for |m| > M. Our goal is to write the action of DF (a) — At Recalling
formula (74), the definition of AT and the assumption (66), it turns out that

[(pr@-a)],,
0

(‘_‘(3)”(1)1)(1,;" + (E‘U)”G)I)a,m + (EVam, Im| < M

_(5,(2)1,(1)1) _ <—<1> <2>1)
o,m

= (1) (2)

0 (Va,m — Va,m

(1) 2) 3) (1) -(1)..(3
—PVg,m + Vo, m ( ) ( My )>a,m + (EVa,m, Im| = M.

In the term (€v)q,m all the contributions due to £ag and £a; are collected.
In order to define the matrix of operators I, it is convenient to introduce further notation.
Let 7 the infinite dimensional matrix given component wise by

o _Jéjm, il Im| = M
1G,m) = {0, otherwise.
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) we associate the matrices Ag/ ) and /L(,/ ) as

To any a/
0, Im|, Im| < M

75
(j))m,,;l , otherwise. (75)

AP m, i) = @V AP (m, i) = { @

The action of 7 on a sequence w = {Wy,}mez 1S (Iw)m 0 for |m| < M and (iw)m =
wy, for |m| > M. The action of Aa) on w is such that (A(j)w) (a(j) * w), while
(Aa’)w) (am s« w'),, for |m| < M and (.A(J)w)m (a(/) * W)y, for |m| > M.

We are now in the position of writing

ol(v(l) v((xz))
P+ @+ Y AU + A
(PF@ —A")v), = w02 + (EV)a-
73 2. (1 (), 2
PR~ 3 A+ A
a)tor=uo
;i >0,01>2
Referring to the label set {1, ..., nd} previously introduced, we can now define the oper-
ators I (s, 1) associated to DF (@) — AT, for any s,t € {1,...,nd}.
Suppose the couples of labels (i, j),i € {1,...,n}, j € {1, ..., d} are one-to-one related

to the set {1, ..., nd} through the bijection ¢. Given ¢ = ¢ (i, j) € {1, .. nd} denote by

g« =a(i)andq; = j.Forinstance [(DF(a) — A")v] = [(DF (@) — A ) ] . Also, given

q = ¢ (i1, j1) and s = ¢ (i2, j2), according to the notation in (55), A(g, s) = (A,1 i) j1,jo-
The non zero I'(s, t) are the following:

=1 T = 1
szls(x:tatj (s,t) =0

tj=2 T(s,1)=—0l
3
=1 T(s.0)=—pl + Ay =1 T.t) = AD
S;i =28y =ty t;i =2 F(S t)_l s Sa > la ! i
Jj J ti=3 1—'(9 nN=A
tj=3 F(S,I)ZA(()I) J s, So—la

sl i
ti=1 I'(s,t)=—A 2
L u=lren==d4) ti=1 Te.n=-A2,
51—3sa—tatj:2 F(S,I)Z—AO» Sa>tozt_2 F(St)—— 7
t]=3 F(S,t)=,31 J Sa —lo
Concerning the contribution of £17, as already mentioned before, we are interested in the
the image of £ (s, t) applied to a sequence w € £}

tj=1 Er(, t)w—Ea((f)*w _ 1 ti=1 SF(s,t)w:EaP)*w
M), S =lat )
ti=3 ErG,Hw =Eq ti=3 Er(s,Hw=~Ea)’ *w
tj=1 5F(s,t)w:€aé)*w tj=1 SF(s,t)w:f,'agz)*w
tj=2 SF(s,t)wzgaél)*w tj=2 EI, t)w:Sagl)*w

§j=2 8¢ =lg

§j =3 8¢ =1lgy ,Sq =ty + 1

Therefore, the various terms || €17 (s, t)v;||1,, appearing in (71) are easily bounded by either
(i) (@) () (@)
€ay 1,0 =€y or I€ay |1,y =€ . .
What remains to do it to provide a way to compute |||A(q, s) (s, 1)]]].
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Looking at the definition of A, we realize that A(qg, s) is either a square finite dimensional
matrix of dimension 2M — 1 or an infinite dimensional operator with a diagonal action out
of the central block. The latter case holds when ¢ = 5. We depict the two cases

Alg,s) =

Suppose I'(s,t) = Aéj) (the case I is immediate). Since (ay

~(J)

0/010 “.10]0
0lA0 |, forg#s and A(g,q)=1] 0[A|O (76)
0|00 .

010

)m = 0 for |m| > M, the

infinite dimensional matrix I'(s, ) is zero out of a strip 2M — 1 thick around the main

diagonal.

For what follows, it is useful to introduce the matrix

ay a—1 ... ... a—p+1 0o ...... 0

ap ay a-y...a-m42d-py+1 0 0

: 0

ay—1 ... ag Lo A—M41

0 ay—1... ... 0 aog ... ... a_p+2
0

0 0 ay—1 ... ...... ap

and the (M — 1) x (M — 1) sub matrices B,C of E as

()

Finally, define B and C the 2M — 1) x (2M — 1) matrices given by

00

C|0

0| B
B_(oo

) e (3)

Using these matrices, we can see the infinity dimensional operator I"(s, t) as tridiagonal
concatenation of B, E, C with a empty block in the centre, that is

Ol
OIRT A
EENERES
o Qo
[eSIeN K}

aQ o

In case I'(s, t) is f,thenE =Jland B=C=0.

(77)
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Let us now compute the multiplication A(gq, s)I'(s, ). If p # ¢ the operator A(q, ) is
of the first of the two forms depicted in (76). It follows that

0 10| 0
A(g,s)T(s,t) = | AB|0|AC |,
0 10| 0

which is a finite dimensional operator and the operator norm can be easily computed. Note
thatif I" (s, t) = cI then A(q, s)I"(s,t) = 0.
Consider now the case s = g. The operator A is of the form

Alg,q) = A ,
H;
H,
H;

wheredim(D;) = dim(A) = dim(H;) = 2M —1) x (2M —1). Remember that the elements
on the diagonal are strictly decreasing, hence max,, |D;(m, m)| < inf,, |D;—1(m, m)| and
the same for H;.

The multiplication with I" (s, ¢) produces

D3B D3E D3C
DB DrE DyC| O 0
D\BD{E|DiC| O
0 AB| 0 | AC O
0 |H\B|HEHC
0 0 |HyBHE HC
H3B H3E H3C

AGs, )T (s, 1) =

—_— S~ — e — ) —
V3 Vo Vi M Wi Wy W3

The operator norm of the above infinite dimensional operator is given by
[[A(s, )T (s, 1)[]| = max {|[| ][], max{||| V;||[}, max{|||Wi]|]}} .

Since |D;| < |Dj-1| and |H;| < |H;—1], it follows that [|[V;[|| < [||Vi-1]]| and [[|W;]]| <
[1|W;_1]]]. Hence we conclude that

AGs, )T (s, D11 < max {[[IMI], [IVilll, [[Will]}.

Such a quantity can be rigorously computed because it involves only a finite number of
operations.
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Concerning the Z 2 bound, in the case of the Lorenz system, the rZ contribution is

0
S ulwo® tu® sl
(DF@+ru) — AT)rv), =12 “II,“_Z“" SNG4
> ul) o ® +u@ o)
a)tor=u
a,»zz

() (D

Since [|ug, * Vay 1,0 < ||M(j)

0 I,y <1, we define

v llva;

o 0 ifg =1
771 2(ge —3) if gj =20rq; =3, and g4 > 4.

4.1 Computation of the Higher Order Terms ag ), forN <a <N

Now we apply the variant described in Sect. 3.3 to the case of the Lorenz system. Suppose
the enclosure of the functions a(] ) has been computed for all @ < N. It follows that a(] )
a + &al with |€al )| < €, foranya < Nand j = 1,2, 3. i
We are concerned with the computation of a N4l the solution of F N4l = 0.Leta = N+1.
The system Fy, is formally the same as (73). It is however convenient to rewrite the nonlinearity

in the form

S el = B ol e s sald bl o)

o tar=a ol tar=a
@20 0<q; <N

where the dependence on the unknown a,, is highlighted.
Setting a, = 0, it follows that

0
3
_ Za1+az:5x at(x]) * az(xz)
Fy(a) = 0<a; <N
(1 (2)
ZWI-HXQ—OZ Aoy * Aoy
0<oz,<N
A bound for || Fy (a)ll1,y is provided by
0
0
~() , =3
Y ay =ay) 3 1a110e + 130 el + eDeld
_ ajtoay=a o) tor=a
| Fo(@ll1v < 0<a; <N 1w | | oswi<N
Do ai) el +lag lvely) + €€
(), 72 ) ton=a
> al) «al i
aptar=u
0<a; <N

1,v

The definition of A,  and A;a are based on the Jacobian of F,, withrespecttoay,say D Fy q.
Recalling the definition (75) and denoting by u, the diagonal matrix with py(m, m) =
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2’“'” + a) Vm, the operator DFy o = DF gy + EDFy , where

U +0ol —ol 0

ﬁa,a =| —pl+ A(()%) Mo + 1 A[()l)
AP AP e+ BI
e 0
EDFy o v®@ | = Sa(()3) x v 4 Sa(()l)v(S)
v® —Sa(()z) M) — Saél)v(z)

The finite dimensional operator (A, o)™ is defined as approximate inverse of (D Fy, o)™,
while (AI[,O[)(M) is given by DFO%).

The operators I"(s, t) are similar to those reported in the previous section. The difference
is that any A((,/ ) with & > 0is replaced by zero. The construction of Z L} follows form (70).
However, since the only unknown is a,, the sum in (70) restricts to those s such that s (@) = «.
Explicitly, for j =1, 2, 3,

Zy ;= 2(Aaw)jaollll
Hll(Aa)j2 (=27 + AD) 1+ 11w 2Tl + 11(Ag.0) 240
Hll( A2l (6 + )
1l Aaa) i3 (—AG ) 11+ 11(Aa@) 3 (=A7) 11+ 1114038111

HIl( Al (6 + ).

We remark that some of the above terms vanish, for instance |||(Ag,q) ;, g ||| = O whenever
J#I
4.2 Some Remarks

1. According to (47), the computation of the parameterization begins with the rigorous
enclosure of the periodic orbit y(¢). We use the method described in [16] in order to
rigorously enclose the Fourier expansion of y. Denoted by T the period of the orbit,
the function y (¢) is expanded on the T-periodic exponential Fourier basis. For a choice
of vy, the sequence of Fourier coefficients y = {yu}mez is proved to be in a ball of
radius r,, with respect to the v, -norm, around the numerical approximation yM Define
v < /vy and r as in (65). Arguing as in Remark 12, it follows that ly™ — v < eo,
where €) = ry.

2. The computation of the normal bundle is performed following the method described in
[18]. The functions &; (w) are defined as & (w) = Q(w)v;, where v; is an eigenvector of
R and (Q(w), R) is the Floquet normal form decomposition of the fundamental matrix
solution of the linearized system around y (#). The matrix function Q(¢) is expanded
in Fourier series on the 27 -periodic exponential basis. Denoted by Q the sequence of
Fourier coefficients of Q(w), the computation returns a radius rr; so that

19G, /) — QG, Nlliw <rFis  |RG, j) = RG, Dloo <7F, 1<i,j<d

where (Q, R) is a finite dimensional approximate solution.
Without loss of generality, let us choose j = 1 and denote v = vy, so that §; = Q(w)v.
The eigenvector v of R is computed rigorously, for instance following [69], so that
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[v(j) —v(j)| < ry, forany 1 < j < d. For convenience, let us write Q = o+ €p and
V=046, with |legll1,v < rFi, |€y| < ry both component wise.
Set &1 = Qu. Thus

E1—& = (Q+e€0)+¢€) — Qb = €9 + Qey + €06y

and
1£1G) = &l <Y€o, NI
J
1706, eIy + 1Y €0l Dev(N
J J
=i ) 101+ 70 319G Dl +drrry,
Hence j ]

max [161() — E )iy <rm Z [5()] + driry + 1o m,.aXZ_ 198G, NI, v-
J

i=l,...,
J

Again, according to Remark 12, the bound €] appearing in (47) is provided by the right
hand side of the above relation. The same applies for all the normal bundles §;, 1 <i < k.
In the case of the Lorenz system d = 3.

3. The eigenvalues A of R are also given within some bounds, precisely |A — A| < r,.

4. The parameterization of the normal bundle, that is a, (w) with |a| = 1 is defined in terms
of the eigenvectors v; of the matrix R. Therefore the scaling of the eigenvectors is a
further free parameter. From one side a larger eigenvectors will result in a larger image
of the parameterization. On the other, the rigorous enclosure of the coefficients might be
problematic. Besides the scaling of the eigenvectors, the size of the image of the validated
parameterization is affected by the choice of the Taylor norm decay parameter v.

4.3 Validation Values for the Lorenz System

We now report the validation values for the stable manifold of a periodic orbit of the Lorenz
system, with o = 10, 8 = 8/3.

Fix the parameter p = 22 and choose the decay rate v, = 1.3 and v = 1.14017.
The periodic orbit is computed with period T =~ 0.764386427 and enclosure radius r, =
9.522 - 10~'2 around a numerical approximate solution. Hence define ey = 9.522 - 1012,
The computation for the Floquet normal form decomposition (Q, R) returns the enclosure
radius rz; = 3.334- 107!, The periodic orbit is hyperbolic has one positive and one negative
Floquet exponent. Here we are concerned with the stable manifold. The stable eigenvalue A
and associated eigenvector v of R are proved to be in a ball of radius r, = 8.6624 - 10~!!
around the numerical approximation A = —13.861695717713566 and

¥ = [0.793402810447226, 0.025855938972115, 0.608147556760951]" .

The procedure explained in the second remark in Sect. 4.2 yields €; = 5.385 - 10710, Now
choose N = 10 and M = 40, respectively the order of the parameterization Py and the finite
dimensional projection coefficient. The rigorous enclosure of the functions a,g/ ) returns the
bound €, = 1.4368 - 107!, Following the validation algorithm proposed in Sect. 2.5, the
validation values are defined as follows. First define r = 0.031918155042952 and v = 1.

Note that the latter v refers to the norm in the Taylor space.
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We need to find « satisfying (21), thatis || Df (y)||?° < «. For the Lorenz equations,

—0 o 0
Dfty)y=|p—y® -1 —®
,@ 0 g

andy = I + &, where I'(w) = Znﬂfsz Fmeiz%mw and [|&, [I2° < eo. Explicitly, from
A7), IDF (I = maxi<i<3 >3, IDf ()G, I In practice, one computes

000

— 27
IDFODIE = D IDfn(MleT ™ 4+ | & 0 €
|m|<M €0 €0 0

and then takes the maximum over sum along the rows. In our case, we get k =
32.9823362305.

For the computation of C satisfying (22), let us first compute the norm ||aa||f§. For
a=1,....,N,ay(w) = ay + Eay With ||Ea,|2° < €4 . Hence

o0 _ L ||
laal> <> @a)mle 7™ + €.
m

The matrices A, have the form

0O 0 O
Ay = —ag) 0 —aél)
@ o o

Plugging in the r-norms above computed, and afterwards taking the maximum of the sums
along the rows, we obtain

o 1 2 3 4 5

[Agl®|  3.4504  9.2396-1072 4.47732-1073 1.4108-10™* 5.0794- 1076
a 6 7 8 9 10

[ Ag[2°]1.4753 - 1077 4.8783 - 107° 4.1585- 10710 2.9110 - 10710 2.8748 - 10~1°

Inserting into formula (31), having . = A; € [-13.861695 —r,, —13.861695 +r,], N=N
because the nonlinearity of the vector field is quadratic, it follows that C = 1.28706318
The constants M|, M> and u, satisfying (24), (25) and (23), respectively, are given by
M) =2, M, = 1and u, = 13.8616957. Introducing p’ satisfying (26) and p = 1.1’ is not
necessary in this example, because the second derivatives of the vector field are constants
and do not depend on p. What remains to be computed is the constant € satisfying (27), that
is ||EN||2?, < €. By definition, Ey is given by Ex(w, z) = ZlalzNH R, (w)z*, where for
the Lorenz equations,

0
> al)wyald) w)
Row)=| “ao5° . (79)
> al) g w)
oa1tar=a
o>
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Since aq (w) = 0 for any « > N, we get that R, (w) = 0 for any & > 2N. Thus

2N 2N
Eyw.2)= Y Rew)® and [Ey(w.2)|l < max 3 IR
a=N+1 I=is3 N

The functions a( D are known with explicit error bounds, that is ||a(l) I2° < ||a(l) 19° + €q.

The norm of the components of (79) satisfy

0

3
(ha8 12 + € ) (18820, 1% + €a-aa )

N
Rl = m:za: N . (80)
>

2
(ha8 12 + € ) (1820, 15 + a-aa )

aj=a—N

For the example under investigation, we obtain € = 5.0995874861 - 10~'°. Then we check
that (28) holds, that is we check that N + 1 > x/;* and define § = 1.0985261313 - 10~ !! so
that the relation (30) is satisfied. Since also (29) is satisfied, we conclude that the finite order
parameterization Py (w, z) is rigorously validated and the N-tail is such that || H ||ﬁ, < 4.

Figure 2 shows the image of the parameterization Py (w, z), |z] < v above discussed.

In Table 1 we summarize the data and results for other examples. Each line reports the value
of the parameter p of the Lorenz system, the period T of the orbit, the finite order/dimension
parameters N and M, the Fourier/Taylor norm parameters », v and the resulting § so that
|H ;v < 8. All the computations concern the stable manifold. Figure 2, on the right, shows
the image of the parameterization computed in the third example.

We also compute the parameterization for the local unstable manifold for the periodic orbit
with p = 28. The unstable Floquet exponents is A = 0.99465 and a preliminary analysis
shows that a value for N larger than 50 is required. We choose N = 70. Thus, setting
N = 10, M = 60, the computation of a4, ¢ < N is performed according to the general

28+
2%
2%+
22+

20+

124 -10

10 o X
_5 0

Fig.2 Twoimages of the parameterization Py (w, z), |z] < v, N = 10, of the local stable manifold associated
to the periodic orbit of the Lorenz system at parameter p = 22. In the left case v = 1 and the N-tail norm is
IHIIZS, < 1.024 - 101 On the right v = 4 and | H |2, < 9.77 - 107>

@ Springer



1568 J Dyn Diff Equat (2018) 30:1525-1581

Table 1 Data for invariant
T N M 8
manifolds of some periodic orbits P g v

in the Lorenz equations 1732 1.1084183 6 40 0082913 1  2.6765-10~5
2 07643864 10 40 003191 2  2.9660- 1078
2 07643864 10 40 003191 4  1.09071.10~4
20 08765522 10 40 003660 1  1.2661-10~10
28 15586522 10 40 0.02364 1  4.6800-10~5
28 15586522 10 60 0.02364 12 2.6492.1076

50 50,
45 45
40 40
35 35,
30 30

20 20

20 -10 0 10 20 B 0 10 20
x X

Fig.3 Image of the local stable (/eft) and unstable (right) manifold associated to a periodic orbit of the Lorenz
system at parameter p = 28

technique. Rather, the remaining coefficients ay, N < o < N are enclosed layer-by-layer
as discussed in Sect. 4.1. In this case, we scale the eigenvector to be of length 2 and we set
the Taylor decay rate v = 1. The N-order parameterization is validated with N-tail norm
NH» <5.7336- 1079, being r = 0.023644. In Fig. 3 on the right, the image of the unstable
local manifold is plot.

5 A Three-Dimensional Stable Manifold of a Periodic Orbit in a
Suspension Bridge Equation

In this section, we apply our proposed approach to rigorously compute a three-dimensional
local stable manifold of a periodic orbit in a fourth order ODE (see (82) below). The solutions
of this ODE describe the blow-up profile of the solutions extended Fisher-Kolmogorov (or
Swift-Hohenberg) equation

u (r) +xcu” (r) + f(u(r) =0 (81)
which is connected to the dynamics of suspension bridges through a model proposed by Lazer
and McKenna [70]. Because of its link to instability (and collapse) of suspension bridges,

the study of blow-up of solutions of (81) has received much attention over the years (e.g. for
recent progress see [71-74] and the references therein).
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The case f(u) = u’ and ¥ = 0 is considered in [2], and it is shown there that via the
transformations

w(s) = e Pu(l —e™) or equivalently u(r) = %w (ln (L)) ,
(I—=r)

1—r
and

s = ¢(r) = —In(1 — r), with inverse r = (p_l(s) =1—e7"%,

u(r) is a solution of (81) if and only if w(s) is a solution of
w”(s) + 14w” (s) + T1w” (s) + 154w’ (s) + 120w(s) + w(s)> = 0. (82)

It is proved in [2] that there exists a symmetric periodic orbit I" of (82) with period given by
T € [1.908097232050663, 1.908097232051545] with two stable Floquet exponents and one
unstable. Denote by W* (1) the three-dimensional stable manifold of I". It is conjectured in
[2] that the boundary of the basin of attraction of the origin for (82) coincides with W*(I").
A consequence of that conjecture is the existence of a three dimensional manifold which
“separates” the state space R* and for which solutions of u””(r) + u(r)?® = 0 with initial
conditions taken on one side of the manifold blow-up in finite time while on the other side,
solutions converge to 0 € R*. Therefore, we believe that computing the manifold W* (I") is
an interesting problem. In order to compute W*(I"), we re-write (82) as a four-dimensional
first order vector field

X=fl)= (83)
—120x; — 154x; — Tlx3 — 14x4 — x}
Denote by

r@ =@, L), Ik, )’

the periodic orbit proven to exist in [2]. Note that y (), the first component of I" (), represents
the periodic solution of the fourth order differential equation (82). Denote by A; &~ —7 and
Ay & —8 the two stable Floquet exponents. Let us now apply the validation algorithm of
Sect. 2.5 to compute W*(I")

5.1 Rigorous Computational Results

We compute the parameterization of the stable manifold W*(I") in the form of a Taylor
expansion with periodic coeffcients

Pw.2)= Y asw)z*, €N anda,(w)eR?

er|>0

Given a finite dimensional order N (to be determined later), the validation of the coefficients
of the high order parameterization Py (w, z) = Z\]Z:\:o aq(w)z” is split into three steps: for
a choice of v,

1. ForN < N compute the enclosure in El of each component of ay (w) with2 < || < N
around a numerical approximation ag (w).

2. Let N* be such that 3N < N* < N. Compute layer-by-layer the £} -norm of each
component of a, (w) for any o with N < la| < N*.
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0 0.5 1 1.5
t

Fig. 4 (Left) The periodic solution y (¢). (Right) The first three components of " (¢), periodic solution of the
vector field (83)

3. Compute a uniform bound for the Z‘lj—norm of all the a, (w) for N* < |a| < N.

Details about the rigorous computation of the enclosure of the coefficients a, (w) are
found in “Appendix A”.

The rigorous computation performed in [2] provides the enclosure of the periodic solution
y (1), see Fig. 4, and the enclosure of the Floquet exponents together with the normal bundles,
that is the coefficients a(q,0y(w) and a(o,1)(w) of the parameterization.

The period T and the sequence of Fourier coefficients of y are proved to be in a ball of
radius r, = 7.5955 - 10713 around the numerical solution in the space Z‘ﬂy with v, = 1.3.

Thatis |7 — T| < ry and ||y — 7|, <ry,where T = 1.908097232051104.
The Floquet exponents are computed so that

A1 — (=7)] <4.4942-10712,  |xy — (=8)| <4.9807-107 13

and the normal bundles, rescaled so that |a(1,0)(0)| = 5, |a(,1)(0)| = 20, are proved within
bounds

) -1
lac o) = @i o)lve < 22470910

() aW -12 .
la@sy —a@llvy, <9.96140- 1072, vj=1,....4,

where vg; = 1.001. SetN = 3,N* =15, N = 380 and v = 1.0005. The Fourier coefficients
of the parameterization of the stable manifold are numerically computed up to order |«| = 3
with finite dimensional parameter M = 60. For |«| > N the numerical approximation
aq(w) is set to zero. The rigorous computation returns the enclosure of the sequence of
Fourier coefficients aé of the functions ao/ ) (w) as ||a(/ ) ééj ) Iy
— forany 2 < |a| < N, €, = 2.413502 - 10~1°

— foreach N < |a| < N*,2.20396 - 107!® < ¢, <2.5209- 1078
— forany N* < |a| < N, ey = € =9.208077 - 10713,

< €4, Where

5.2 Validation Values

According to the scheme explained in Sect. 2.5, the validation values can be defined as follow.
Fix the Taylor decay rate v = 1 and choose = 3.03607 - 10~*.

The positive constant « satisfying (21), that is ||D f (D)|I° < « is computed as k =
2.520751-10°. The bound C satisfying (31) is given by C = 4.834293. The a- posteriori error
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250 /

80 -20

Fig. 5 Image of the parameterization of two submanifolds of the local stable manifold associated to the
periodic orbit 77(). Only the first three components of Py (w, z) are drawn. The red-to-yellow surface is the
image of the submanifold tangent to the eigenspace a(j o) (w), associated to the Floquet exponent A} ~ —7.
The green-to-blue surface is the submanifold tangent to the eigenspace a(q, 1) (w), associated to A ~ —8
(Color figure online)

bound satisfying (27) is estimated by (see in Sect. 5.3) || En ||§”°v < 1.412547-107°. Recalling
the definition of p’ in (26), set p’ = 72.23678 and choose p = 1.1p" = 79.46046. Recalling
(23), (24) and (25), set s = 7, M1 = 1 and compute M, = 6(sup |y (¢)| + p) = 639.2028.

The validation of the parameterization is successful with
| H., <9.338422.1078.

Figure 5 represents the projection on the first three components of two submanifolds of the
stable manifold. More precisely, writing the parameterization in the form

oy o
P(w,z) = Z aal,az(w)zllzzzv

lot|=0t1 +02>0

the red-to-yellow and the green-to-blue plot of Fig. 5 are the image of P(w, z1, zo0 = 0) and
P(w, z1 = 0, z2) respectively. The “band” given by the validated parameterization of the
unstable manifold appears small in the figure, but note scale of the axes. The amplitude of
the periodic orbit is roughly 500.
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5.3 A-Posteriori Error Bound

For a choice of v, the a-posteriori error bound is given by

3N
1 1 1
IENIZ = > Yoo P walY walY @y v

le|=N+1llg! ta>+ad=a

)
o <N .

We know bounds for the 7-norm of aél) for any o up to |@| = N. In particular ||a§tl) |l =€
for any |@| > N*.Itis not advised to run over all possible «’s of the above sum and compute
precisely all the terms in the inner sum. Rather, by means of some combinatorial calculations,
we can provide an upper bound for the error.

Denote by

1 1 1
Re=| > alwalywal)w)
Otl+Dl_2+Ot3=Ol

| <N

First compute the quantities

az=| Y aYwaw VO < || <2N

ol
ol tal=a

i
lof|<N .

and consider the splitting
1 1 1 1 1 1
oo dPwaYwaYwy = Y &) Y aDwal) w).

al+a?+a3=a lal|<N a2+a?=a—a]

lo' [N lof|<N
For any « such that N + 1 < |a| < 2N + N* we have

(1) 2 = 2
Ry < a max a, + € max a
<Y la . > max ag
O<|a!|<N* N*<lal|<N
) 5 _((N+1(N+2) _ (N*+l)(N*+2)) 2
< E la /N, max al +€< 5 5 ‘Ogl‘ZNaaz.

0<lerl |<N* |a2|>N+1-N*

For all the remaining 2N 4+ N* < |a| < 3N we bound

(N+1)(N+2) (N*+1)(N*+2)) )
— max a
2 2 le2|=N4+N* ¢

2.

RO,SE(

A Rigorous Enclosure of the Coefficients for the Suspension Bridge Problem
Denote by denote by @ = (o1, @2) the multi-indices @ € NZ2. The superscript o' labels differ-

ent «’s. Following the scheme proposed in Sect. 3, the rigorous enclosure of the coefficients
aq (w) of the parameterization with 2 < |a| < N are computed.
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Recalling (48), we aim at solving Fé],zl = (272’# +o- A) aé,{zn —(fo P)((,j;gn = 0, where

) Ao, m
(f © P)a,m ad
) o,m
(foPam | _ a®
G | = *
(f o Plam 12001y — 15408, — 710l — 14all, = Y (o) # 0l < al?)
(f o PYaim .

al+a?+a3:a
o' >0
(84)
with 2 < |o| < N and m € Z. The derivative of F (with respect to aq,,, || > 2) at the
point @ acts on an element v as

2
71}%3’;"
2mwim —,
DF — A o.m ,
( (a)v)a,m ( T +o )Ua,m+ _U(43,,

@,
12008"), + 15408, + 7105)

o,m

+ 1408+ 3@ * V)am

(85)
where we used the notation
2 (1) (1 2 (D (H (1
a, = Z a,’ *a, and (a” * V)gm = Z (aa, kA, kU s )m.
al+_ot2=a al_+0t2+a3=ot
o' [=0 al>0,|a3|>2

We now choose the operator A and AT. Recall that AT approximates the derivative D F (a)
(where a is an approximate solution of F(a) = 0) while A approximates the inverse of
D F(a). We have some freedom in defining these operators but it is advisable that the com-
position AAT : X — X acts as the identity out of a certain finite dimensional subspace
of X. Arguing as in (69), define a finite dimensional part of A" as the exact derivative of
DF™)(7), while the action of the derivative on the infinite dimensional complement is only
approximated. In (69) we chose to approximate the derivative with the diagonal action of

(2’2’;’" +a- A) because this term is growing with m, hence, it is asymptotically dominant.

However, besides those terms that are growing, it is advisable to consider in AT also those
terms that are big. In our case the vector field has a cubic nonlinearity and the first few Fourier
coefficients y;, of the 2T -periodic orbit y (¢) are

Yo = 0, Y42 =~ 0.178 £+ 13.34i, Y+6 = —0.17 = 0.064i, Y41,43,4+445 = 0.
It follows that the first few Fourier coefficients of aé are the following ( 0 = (0, 0)):
(ad)o ~ 35631, (ad)+s ~ —176.40 +9.52i (ad)+1.23 ~ 0.

Therefore, the cubic term alone produces contributions in the derivative as big as multi-
plication by 1100.

We decide to include these contributions (3 times the multiplication by (aﬁ)o, (aﬁ)ﬂ),
together with the linear term IZOUS),“ 1541)32,,, 71v§32n in the definition of AT. In practice,
define A" so that

i1.02
2mwim (86)

M
(@FMD s dr) - ml <M,
3ir.ir81.jn <7 +a(iy) - A) dp, lm| > M,

((Ai'l,iz)jl JZd)m =
2T

and for any i ranging on the set of possible «’s, we augment the action of the operators
(A:.fl.)4, j» J = 1,2, 3 with the multiplication by the infinite dimensional tridiagonal matrix

@ Springer



1574 J Dyn Diff Equat (2018) 30:1525-1581

dg | fo g go
dy i
<..,0,d1,0,0,0,d0,0,0,0,d_4,0...

-------------------- (L) Y E— e [ (G2) Y S—

d—4 fo go
d A i

Fig. 6 Structure of the components of the operator A;f ;

e (k) i (k)
0 hy i £y
€4

AN Sk o0,e,0,0,0,e87,0,0,0,e%),0. ..

| DU (47).. (48], [om

e 4 B 29

(Z) 20

Fig. 7 Structure of the components of the operator A; ;. The infinite dimensional diagonal and tridiagonal
terms are defined so that the composition AAT acts as the identity out of IT (M+4) x

or the diagonal matrix as depicted in Fig. 6 where
do =120 +3(@d)o, di=3(ad)s. d—s=3(ad)—s. fo=154, go=7L

Similarly, we define the operator A as

M
((Atgl,i)z)jlsjch)m’ lm| < M,
(A2 o),y = I (87)
Sirin8j1.ja

2z 4 a(iy) - A

)cn‘h |m| Z M7

and, at first, we augment the action of (A; ;)4 j, j = 1,2, 3, for any i ranging on the set of
possible «’s, with the multiplication by the infinite dimensional tridiagonal matrix as depicted
in Fig. 7 where

m _ _do oy _ __ d-4 my _ dy pom S yom _ 80
o T 7720 €4 =7 v 6 == e
I’Lm Mm+4ﬂm Mm—44m /“l’m m
and
2im Lal)- A
= —m o(r) - .
Km T

Let us now compute the action of AT on v € X. The finite dimensional part results in
M), (D
(DFMy)y

; (DF M)
((A v)a) = M)\ 3
F (DFY™v)

(DFMy)P 4 ¢
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where € denotes the multiplication of d4 and d_4 times vélzn wherem = -M —3,...,—M

andm =M, ..., M + 3 respectively.
Instead, for |m| > M

1
Mm UO(Z,I)’I’Z
(2)
MmVa,m

3
Mm U(Ez,zn
1 1 1 2 3 4
d4v,§,2n,4 + dOU(S(,zn + d—4v,§,,2n+4 + fOU(S(,})n + gové,;)n + ,U«mvét,})n

(470 =

Then, let us apply the operator A to AT (v). For any o and |m| > M + 4,

[AAT(W)]am
1

e (vl
1 (2)
Tom (tem Vo, m

3
= %(U«m cht,r)n

i
1 1 1 2 3
e (m-a03) ) + e (m i) + ) (a0l ) + 1 v + €5 i vm

1 1 2 3 4
+L (d41}0(“)ﬂ_4 + dové,;)n + d_4l)(i.m+4 + vac(z,Zn + gové,zn + m U(St)n)

Hm

By definition of eq, e4, e_4, hg, £o, we have [A(AT(v))]a,m = Uy m, that is AAT acts as
the identity on the infinite dimensional subspace (I — IT™*%)X. On the contrary, we can
not guarantee that AAT is close to the identity in the finite dimensional space ITM+4 (X)),
because of the out of diagonal terms. Thus, we compute a numerical inverse of the restriction
of AT on T™*% (X)), and we append the result in the construction of A. In practice, the
matrices (AE%)Z) j1,j» are replaced by slightly larger matrices (A;IA,/[I.;M )ji,j»- In conclusion,
the structure of the operator A is the same as the one depicted in Fig. 7 with M 44 instead of M.

The bound ZV). As in (75), let A2 be the matrix with components (A2)(m, n) = (a2)m—n.
The matrices I"(s, ¢) used in the computation of the Z (M bound, are of the following form

si=1  sq=tyt;=2 T(s,t)=—1
s;=2  sq=tgt;=3 T(s,t)=—1
s;j=3  sq=tgtj=4 T(s,t)=—1I
sji=4  sa=tgtj=1 T(s,1) =3(A*
ti=4 T(s,1) =141
Sa > tg tj =1 T(s,1) =3A2

o

where (fl(z))* is the same as .ﬁ% after replacing (Ez(z))o = (dﬁ)ﬂ = 0. That is one of the
consequences of considering the tridiagonal action in (A; ;)4,1. The other main consequence
is that the linear terms 1207, 1547 and 717 vanish.

The bounds Z? and Z®. Because of the cubic nonlinearity, besides the Z?® bound we
also have the Z® bound. Indeed
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Z (C_l(ill) + ruau) * (&;‘2) + ruaz) * (rv;?)

al+a’+ad=a
lor!1>0,102|>0, %22

=r Z (le)al * vélz) +r2 Z (Ez;ll) * Ug2 + d;lz) * ua1> * V3 + r

al+ol=a al+al+ad=a
lor![>0,]02|>2 le!],|e2|>0
o3 >2

E Ugl * Ug2 * Vg3

a1+a2'+a3:a
o' [=2

Hence (Z®){) = (z®){) =0, for j = 1,2, 3, and

(1 3
NP =2 3 laglhe. @0HP= 3 1
a1+a2+a3:a a1+a2_+ot3:a
lor' [0, |o? ], [or3 22 lo’|>2

A.1 Extra Coefﬁcients,ﬂ’ <|lae| <N

Once the enclosure of the function ay (w) for |a| < N is computed, following the approach
of Sect. 3.3, the coefficients a, (w) for N < |a| < N can be computed layer by layer. In
the case under analysis, the value of N required by the proof is pretty big. As already stated,
we do not compute all the coefficients one-by-one for any |«| up to N, rather for |«| big
enough a uniform bound is employed. More precisely, for a choice of N*, 3N < N* <N,
the functions a, are one-by-one enclosed for any N < || < N*. Then uniform bounds
provide the enclosure for all the remaining ay .

The case || < N*.Inthe unknown ay, the function F,, is the same as in (84). The nonlinearity
is decomposed into

() (1) (1 (1 (1 (1 1 2
Z a, *a, *a; = Z a,’ *a,; *d; +3a§()>x<(a0).
ol +o+od=a a'+a?+od=a
o | <e|

Since a = a, = 0, it follows that

(F@)a = [0.0,0. > (a;l]) xal « aél}))
al+a_2+a3=a
lor' [ <[]

The definition of A, . Let us first write A;a explicitly as

((DF%’) .dF> ml < M.
((ALi.nd),, = orim N (88)
jhjz(

T‘F(X'A)dm, |m| > M,

and, as done before, we augment the operators (A:;ya)4, j»» J2 = 1,2, 3 with the tridiagonal

and diagonal operators depicted in Fig/. 6. Here DFO%) is the derivative of F\™ with respect

(M)

toay = and itis given by
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M B (70N 0
M
DFEM _ 0 pd o 0
o, 0 0 M((xM) _](M) ’

12010m 4 3(A2)M) 1547 M) 717 M) (, MD 4 1470D

where /L&M) isthe (2M —1) x (2M —1) diagonal matrix with Z’ZT}’" +o-Aonthediagonal, |m| <
M, I™ s the (2M — 1) x (2M — 1) identity matrix and (A3)™) is the 2M — 1) x 2M — 1)
matrix representing the action of the convolution a(% % x on XM,

The operator A, o is of the same shape as done previously

<(Aff,i+4))‘ .CF) Im| < M +4,
J1: 2 m

Cm, Im| > M + 4,

((Awa)ji, €),, = (89)

1
T +a-A

with the tridiagonal and diagonal elements of Fig. 7 appended to (A ¢ )4,j2, j2 = 1,2, 3. As

before, we increase M to M + 4 to ensure that AAT = T on I — TM+ X and AM™ is a
numerical inverse of (AZI’ a)(M 4.

Construction of the bounds Y and Z(r).

T

1 1 1
Yo = lAaalll | 0,0,0, 3 (axal +a?)
ol o yod=a
o' | <[] v

For any o, let R, = 1 — A&%M)(AL,Q)(M +4 the residual that occurs when multiplying
AT with the approximative inverse A and define

)
(22)" = DR 11
J1

More precisely, forany j =1, ..., 4 we have the Z() bound

2 = 11 Aaa) ja 1+ 1) j 2111+ 11 (Awa) ;3111 + 111(Ag.a) j.4141]]]

o (90)
+3111(Aw.e) j.4 (AP + 3111(Ag.a) j.4lll€0.2

where [|(@%)o — (@®)olly < €0.2-

Uniform bound for N* < |e| < N. It remains to compute rigorous enclosures for aq for
all N* < |a| < N. The idea is to solve the system {Fy, = O}y*|oj<y in the unknowns
{aa} N+ <ja)<n . The operators AT and A are constructed as diagonal operators in « so that any
polynomial p, depends on the operator Ay . Also, the “numerical approximation” is taken
to be zero for all «. In order to define a unique polynomial that provides the enclosure for
any «, uniform bounds on Y, Z, are sought, together with a uniform bound of |[|Ag,«l]-
Let us briefly discuss how to define a uniform bound for |||A4 «|||. The crucial point is to
bound |||Ag{; 411|, where Ag,%+4) is an approximate inverse of (AZ,D[)(M 4 For the system
(83), we have
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M&M+4) iy (0] 0 0
AT M _ 0 pdMtH —gon 0
Aaa)™ "= g g e _jon :

M+4
Ci1 Cyqp  Cu3 pMFD 414700

where Cy,1 is the 2(M +4) — 1 x 2(M + 4) — 1 matrix obtained by enlarging 1207 4
3(AHM) with the terms on the 3 diagonals do,ds,d—4, Cap = 154I1MF Cy5 =
71 M+4)

Write (A, )M+ = P + B, where

0—IM o 0 pMHH g 0 0
p_|0 0 19 0 nd B — 0 uM 9 0

0 0 0 —IM * 0 0 pMH g

0 0 0 141 Cs1  Cap  Cu3 Mz(ncM+4)

Now, we define A(%,H) as

A(E%ir“) = Ba - éotpéou

where

uy! 01 0 0
5o 0 Ie 0 0 -1 ( (M+4>) !
Ba = 0 0 g o | He T\a '

g Caapg ' =g Caong' =g Canpgt g

It follows that By B, = I and that I — A(M+4) (Ag’a)(M +4) = B, P B, P. For the definition

of Z°, a uniform bound of the latest product is needed for any || > N*. Since By is
component wise decreasing in ||, that is |l~3a/| < max |§a| if |&'| = |a| + 1, a bound is
obtained by computing the expression for all the «’s with |a| = N*.

Similarly, a bound for |||A(M+4) ||| is computed, as explained in the next remark.

Remark 13 Direct computation provides

A0 _ B B, PB,

I‘L(;] M_]I(M)I’L_I 0 0
0 ! pus 10 =1 0
—ug TM T Copg ' —pg T g Caopgt g = g TM g ' Caapg g 1M gt
X X2 X3 X4
where
X =- (1 —ug Caspg 1M —14pg'1 (M)) Ig ' Caipiy
Xo = —pty ' Caapg 1My (1—ua1c43u on — 14u;‘1<M>)u;164,2u;1
X3 =~y Caopy 1My (1—ualc43u oo 14u;11‘M>)u;164,3u51

1) 0 -

Xo=—pg Canpg ' IMput +pyt — 14py
For any « the operator norm of the operator ;1! is given by

1 v
2wim/2T +o - A|  |a-A|  a-|A

-1
1115111 = max
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Clearly, if [o¢'| = N + 1, & - |A| > minjq=y @ - |A[. Then
-1 -1

||| < max .

kg 1 \al:NHlMd Il

According to this remark, the knowledge of |||[L;l [|| with || = N* provides a uniform

bound |||,u;/l ||| for any |&’| > N*. So we have a uniform bound for the operator norm of

M+4
Aé,o;L)

each of the entries of that is valid for all o« with || > N*.
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