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The Ohta-Kawasaki equation
Ut = —Ugzazr — (UA(W))ze — AoW, for « € [0, 7],
z(t, = Ug(t, =Y,
Uy (£,0) = ug(t,m) =0 0.1)
uzza:(t7 0) = Uzzx(tv 71—) = 07
Jo u(0,z)dx = 0.
We begin with some background.
1 Elementary functional analytic background
The space used in the present example is
6, = {e={arz1 ¢ lleliw < oo}, (1.1)

equipped with a “weighted ell one norm”
el 2> el = > e, (1.2)
k>1 kezZ\{0}

for some fixed weight v > 1.
We note that ¢} is a Banach space and moreover has the property of being a Banach
algebra under discrete convolution defined as

axb= Z a|k1|b‘k2| , a:{ak}k21,b:{bk}k21 Egll,

kq,ko€Z\{0}
kitho=k k>1

More explicitly, we have the following.

Lemma 1. Ifv > 1 and a,b € [}, then a*b € (), and

llaxbll1p < llally, 0]

1,v- (13)

The estimates are most transparent when viewed in the context of the Banach space
dual of £1. For a sequence of real numbers ¢ = {c,}32; define the v-weighted supremum

norm 1 | |
def &
lelloo,-1 = 522972’ (1.4)



and let
def
00 = {e=A{cn}oly tlle)loo1 <00}

From the definition of the norm in (1.4), it follows that given ¢ € £3°,
|Ck| < 2Vk||c||oo,l/*17 VEk>1. (15)

Then, given a € £} and ¢ € £2°, we conclude by (1.5) that

Y ckan| < D lerllar] < llellooy-1 | 2 larle® | = llelloo,-1llallro- (1.6)

E>1 k>1 k>1

This bound is used to estimate linear operators of the following type. Denote by
B(},,0}) the space of bounded linear operators from £} to £}, and by || - || ,e) the

12 %
operator norm.

Corollary 1. Let AU be an (m — 1) x (m — 1) matriz, {p,}2,, be a sequence of
numbers with
[n| < [t

for alln >m, and A: L — (% be the linear operator defined by

Alm) 0 a(m
Hm am
A(a) = 0 Mm+1 Am4+1

Here a'™ = (ay,...,am_1)" € R™™1. Then A € B(£L,¢)) is a bounded linear operator
and

1
Al e,y = imaX(Kv ltml), (1.7)

where

K= Z A
1<n<m 1 Akl

Proof. We have that

||A||B(elé1 = sup ||Aa||1,u
lall,=1

m—1
= sup |2
llall,=1 n=

1
m—1 /m 00
| E’HUP (2 (Z | AV ) |an| + 2 Z ,L‘nVn|an|>
all,=1 n=1 n=m

Ap kg

v+ 2 Z |,unan|1/">

n=m

<
k=1
(o)

= sup Z lan||cnls

lall.=1,=

where

w | 23 Apalb, fl<n<m-1

Cn = —

2|pn ™, ifn>m.



Note that ¢ = {c, }72, € £5°, since

1 n
el = 5 sup e = max(K. ),
with K and pu,, as given in the hypothesis of the corollary. We obtain the desired bound
on [|Allp(s,e1) by applying (1.6). O

Remarks 1. Note that

bik—ir) + bikrirt] aer A
sup |(b*D)p| < sup - "‘“*’“"“Qk() (1.8)

k/
lvll,p<1 k' >m 2v

which is useful when computing the Z1 bound.

2 The set-up of the zero finding problem

Plugging the cosine Fourier expansion
= Zakeikz, (ap €ER, a_x=ag, ag=0)
kEZ

in the steady states equation

—Ugzazx — (w)\(u))mz —dou = 07
we obtain
fk d:ef HEQg — )\kz(a?’)k = 07 (21)
where
e = (N 0) =~k \E? — \o, (2.2)
where a = (ay)r>1, and where
@ =D A k-

ki+kothkg=k
ki, €Z\{0}

The relations fk € R, g_r = gr and go = 0 implies that we only need to solve fr = 0 for
k>1. Set f = (fk)k>1 The linear operators A" and A are defined here as

(m) (g)h(m) <
(ATh), = (Dfm(@nt™), for 1 <k <m
,ukhk for k 2 m

and
AP for 1 < k
(Ah) = ( )k orl1<k<m
o’ L, for k > m.

3 The bounds
3.1 The Y, bound

Observe first that the nonlinear term of f(@) involves the convolution product (a*a*a)y,
which vanishes for & > 3m — 2. This implies that (f(a))x = 0 for all k& > 3m — 2. We set

( A pm) (g )

m—1

:ezz
=1

3Im—3

V+22

(3.1)




3.2 The Z, bound

Let B < [ — AA', we remark that B, n, =0 whenever n; > m or ng > m.

.....

3.3 The Z; bound

Recall that we look for the bound ||A[DF(a) — A']||g@) < Z1. Given h € £}, with
||h||1,1/ < 17 set

z = [DF(a) — Af]h.
Since in z some of the terms involving (hk);’gol will cancel, it is useful to introduce h
as follows:
~ {0 if1<k<m,

hi = .
hy if k> m.

Then,

B —3/\k2(a*a*ﬁ)k, fork=1,....m—1
b 3AE2(a* @ h)y for k > m

By (1.8), we get that

|zk| < 3NK*Qp(axa), forallk=1,...,m—1.

Hence,
2
A2l <Y 11 A12l0
j=1
m—1
= Y HATYA™), I+ DT Sl el
k=0 E>m
m—1
m)| A(m) /= — 1
<3 DALY 10 @ a)) [ + 5 | 2 D Il
k=0 E>m
m—1 R 1
<3147V 1Q™ @ x @) [ + 5 [ha e
k=0
) 1 )
m)| A(m) (= . = ko 4 det 1
<3 k:omALl 1Q (a*a))k‘u +2m Zy 7,



and similarly, now also using the Banach algebra property, then

2
1(A2)2ll10 <D 1A%

j=1
= [|A2121]1,0
m—1
., 1
— Z’(Aéﬁ)zg ”))k|yk+ Z EKZl)k 14
k=0 k>m
1
< 3|\ Z| |A(m 10m)( a*a) |1/ —|—— 22 e
= k>m
=y Al
<31 Y (145719 @+ @) [v* + - (Il + 3(all .0 1 1.0)
k=0
m—1 R |)\|
<3 Y [(145Y 19 @x @) Jo* + - (14 3(lalla)?) = 2,
k=0
We thus define
71 & max (Z{“,Zf’). (3.3)

3.4 The Z, bound
Recall that

< Fi(z))k ) < kbk+)\(ak—(3)k)>0

Fy(x))k —kay + by ’

(
(
Let ¢ = (c1,c) € B.(%), that is |lc — Z||x = max(|le; — a1, [lc2 — b]|1,,) < 7. Given
[Ih]|x <1, note that ([DFy(c) — DF>(z)]h), = 0 and that

([DFy(c) — DFy(Z)]h),, = =3A((c1 ¥ c1 —a*a) * hy),

so that
[A[DF(c) = DF(@)]|5x) = Hhs‘ilup<1 |A[DF(c) — DF(2)]h| x
< Allsx) sup [[[DF(c) — DF(z)]h|[x

Ihllx <1
=3[\ Allzx) sup [[(c1 — @) * (c1 + @) * a1,
1

llAllx <

<3 Allpx)y sup ler —allipller +all1ullhall1y
Ihllx <1
)

< 3IMIA] Bxyrlledl,y
<3IAAl Bxyr(r +2||al1,)-

Then, assuming a loose a priori bound r < 1 on the radius, we set
Zy = 3AIAl Bx) (1 + 2]all0), (34)
where

1Al Bxy = max ([[ A1l Bees) + A2l Ber), A2l By + [|Az22]lBer)) -



