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The Ohta-Kawasaki equation
ut = −uxxxx − (ψλ(u))xx − λσu, for x ∈ [0, π],

ux(t, 0) = ux(t, π) = 0,

uxxx(t, 0) = uxxx(t, π) = 0,∫ π
0
u(0, x)dx = 0.

(0.1)

We begin with some background.

1 Elementary functional analytic background

The space used in the present example is

`1ν
def
= {c = {ck}k≥1 : ‖c‖1,ν <∞} , (1.1)

equipped with a “weighted ell one norm”

‖c‖1,ν
def
= 2

∑
k≥1

|ck|νk =
∑

k∈Z\{0}

|c|k||ν|k|, (1.2)

for some fixed weight ν ≥ 1.
We note that `1ν is a Banach space and moreover has the property of being a Banach

algebra under discrete convolution defined as

a ∗ b =


∑

k1,k2∈Z\{0}
k1+k2=k

a|k1|b|k2|


k≥1

, a = {ak}k≥1, b = {bk}k≥1 ∈ `1ν .

More explicitly, we have the following.

Lemma 1. If ν ≥ 1 and a, b ∈ `1ν , then a ∗ b ∈ `1ν and

‖a ∗ b‖1,ν ≤ ‖a‖1,ν‖b‖1,ν . (1.3)

The estimates are most transparent when viewed in the context of the Banach space
dual of `1ν . For a sequence of real numbers c = {cn}∞n=1 define the ν-weighted supremum
norm

‖c‖∞,ν−1
def
=

1

2
sup
n≥1

|cn|
νn

, (1.4)
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and let
`∞ν

def
=
{
c = {cn}∞n=1 : ‖c‖∞,ν−1 <∞

}
.

From the definition of the norm in (1.4), it follows that given c ∈ `∞ν ,

|ck| ≤ 2νk‖c‖∞,ν−1 , ∀ k ≥ 1. (1.5)

Then, given a ∈ `1ν and c ∈ `∞ν , we conclude by (1.5) that∣∣∣∣∣∣
∑
k≥1

ckak

∣∣∣∣∣∣ ≤
∑
k≥1

|ck||ak| ≤ ‖c‖∞,ν−1

2
∑
k≥1

|ak|νk
 = ‖c‖∞,ν−1‖a‖1,ν . (1.6)

This bound is used to estimate linear operators of the following type. Denote by
B(`1ν , `

1
ν) the space of bounded linear operators from `1ν to `1ν and by ‖ · ‖B(`1ν ,`

1
ν)

the
operator norm.

Corollary 1. Let A(m) be an (m − 1) × (m − 1) matrix, {µn}∞n=m be a sequence of
numbers with

|µn| ≤ |µm|,
for all n ≥ m, and A : `1ν → `1ν be the linear operator defined by

A(a) =


A(m) 0

µm
0 µm+1

. . .




a(m)

am
am+1

...

 .
Here a(m) = (a1, . . . , am−1)T ∈ Rm−1. Then A ∈ B(`1ν , `

1
ν) is a bounded linear operator

and

‖A‖B(`1ν ,`
1
ν)

=
1

2
max(K, |µm|), (1.7)

where

K
def
= max

1≤n≤m−1

1

νn

m−1∑
k=1

|Ak,n|νk.

Proof. We have that

‖A‖B(`1ν ,`
1
ν)

= sup
‖a‖ν=1

‖Aa‖1,ν

= sup
‖a‖ν=1

(
2

m−1∑
n=1

∣∣∣∣∣
m−1∑
k=1

An,kak

∣∣∣∣∣ νn + 2

∞∑
n=m

|µnan|νn
)

≤ sup
‖a‖ν=1

(
2

m−1∑
n=1

(
m−1∑
k=1

|Ak,n|νk
)
|an|+ 2

∞∑
n=m

|µnνn||an|

)

= sup
‖a‖ν=1

∞∑
n=1

|an||cn|,

where

cn
def
=


2

m−1∑
k=1

|Ak,n|νk, if 1 ≤ n ≤ m− 1

2|µn|νn, if n ≥ m.
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Note that c = {cn}∞n=1 ∈ `∞ν , since

‖c‖∞ν =
1

2
sup
n≥1

|cn|
νn

= max(K, |µm|),

with K and µm as given in the hypothesis of the corollary. We obtain the desired bound
on ‖A‖B(`1ν ,`

1
ν)

by applying (1.6).

Remarks 1. Note that

sup
‖v‖1,ν≤1

|(b ∗ v̂)k| ≤ sup
k′≥m

|b|k−k′| + b|k+k′||
2νk′

def
= Q̂k(b). (1.8)

which is useful when computing the Z1 bound.

2 The set-up of the zero finding problem

Plugging the cosine Fourier expansion

u(x) =
∑
k∈Z

ake
ikx, (ak ∈ R, a−k = ak, a0 = 0)

in the steady states equation

−uxxxx − (ψλ(u))xx − λσu = 0,

we obtain
fk

def
= µkak − λk2(a3)k = 0, (2.1)

where
µk = µk(λ, σ)

def
= −k4 + λk2 − λσ, (2.2)

where a = (ak)k≥1, and where

(a3)k
def
=

∑
k1+k2+k3=k

ki∈Z\{0}

a|k1|a|k2|a|k3|.

The relations fk ∈ R, g−k = gk and g0 = 0 implies that we only need to solve fk = 0 for
k ≥ 1. Set f

def
= (fk)k≥1. The linear operators A† and A are defined here as

(A†h)k =

{(
Df (m)(ā)h(m)

)
k

for 1 ≤ k < m

µkhk for k ≥ m

and

(Ah)k =

{(
A(m)h(m)

)
k

for 1 ≤ k < m
1
µk
hk for k ≥ m.

3 The bounds

3.1 The Y0 bound

Observe first that the nonlinear term of f(ā) involves the convolution product (ā∗ ā∗ ā)k,
which vanishes for k ≥ 3m− 2. This implies that (f(ā))k = 0 for all k ≥ 3m− 2. We set

Y0
def
= 2

m−1∑
k=1

∣∣∣∣(A(m)f (m)(ā)
)
k

∣∣∣∣νk + 2

3m−3∑
k=m

∣∣∣∣ 1

µk
fk(ā)

∣∣∣∣νk. (3.1)
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3.2 The Z0 bound

Let B
def
= I −AA†, we remark that Bn1,n2

= 0 whenever n1 ≥ m or n2 ≥ m.

‖B‖B(`1ν)
= max
j=1,...,m−1

1

νj

m−1∑
i=1

|Bi,j |νi = Z0. (3.2)

3.3 The Z1 bound

Recall that we look for the bound ‖A[DF (ā) − A†]‖B(`1ν)
≤ Z1. Given h ∈ `1ν with

‖h‖1,ν ≤ 1, set
z

def
= [DF (ā)−A†]h.

Since in z some of the terms involving (hk)m−1k=0 will cancel, it is useful to introduce ĥ
as follows:

ĥk
def
=

{
0 if 1 ≤ k < m,

hk if k ≥ m.

Then,

zk =

{
−3λk2(ā ∗ ā ∗ ĥ)k, for k = 1, . . . ,m− 1

3λk2(ā ∗ ā ∗ h)k for k ≥ m

By (1.8), we get that

|zk| ≤ 3|λ|k2Q̂k(ā ∗ ā), for all k = 1, . . . ,m− 1.

Hence,

‖Az‖1,ν ≤
2∑
j=1

‖A1,jzj‖1,ν

=

m−1∑
k=0

∣∣(A(m)
1,1 z

(m)
1

)
k

∣∣νk +
∑
k≥m

1

k
|(z2)k|νk

≤ 3|λ|
m−1∑
k=0

∣∣(|A(m)
1,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
1

2m

2
∑
k≥m

|(z2)k|νk


≤ 3|λ|
m−1∑
k=0

∣∣(|A(m)
1,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
1

2m
‖h2‖1,ν

≤ 3|λ|
m−1∑
k=0

∣∣(|A(m)
1,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
1

2m

def
= Z

(1)
1 ,
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and similarly, now also using the Banach algebra property, then

‖(Az)2‖1,ν ≤
2∑
j=1

‖A2,jzj‖1,ν

= ‖A2,1z1‖1,ν

=

m−1∑
k=0

∣∣(A(m)
2,1 z

(m)
1

)
k

∣∣νk +
∑
k≥m

1

k
|(z1)k|νk

≤ 3|λ|
m−1∑
k=0

∣∣(|A(m)
2,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
1

2m

2
∑
k≥m

|(z1)k|νk


≤ 3|λ|
m−1∑
k=0

∣∣(|A(m)
2,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
|λ|
2m

(
‖h1‖1,ν + 3(‖ā‖1,ν)2‖h1‖1,ν

)
≤ 3|λ|

m−1∑
k=0

∣∣(|A(m)
2,1 |Q̂(m)(ā ∗ ā)

)
k

∣∣νk +
|λ|
2m

(
1 + 3(‖ā‖1,ν)2

) def
= Z

(2)
1 ,

We thus define
Z1

def
= max

(
Z

(1)
1 , Z

(2)
1

)
. (3.3)

3.4 The Z2 bound

Recall that (
(F1(x))k
(F2(x))k

)
def
=

(
−kbk + λ

(
ak − (a3)k

)
−kak + bk

)
= 0.

Let c = (c1, c2) ∈ Br(x̄), that is ‖c− x̄‖X = max(‖c1 − ā‖1,ν , ‖c2 − b̄‖1,ν) ≤ r. Given
‖h‖X ≤ 1, note that ([DF2(c)−DF2(x̄)]h)k = 0 and that

([DF1(c)−DF1(x̄)]h)k = −3λ ((c1 ∗ c1 − ā ∗ ā) ∗ h1)k

so that

‖A[DF (c)−DF (x̄)]‖B(X) = sup
‖h‖X≤1

‖A[DF (c)−DF (x̄)]h‖X

≤ ‖A‖B(X) sup
‖h‖X≤1

‖[DF (c)−DF (x̄)]h‖X

= 3|λ|‖A‖B(X) sup
‖h‖X≤1

‖(c1 − ā) ∗ (c1 + ā) ∗ h1‖1,ν

≤ 3|λ|‖A‖B(X) sup
‖h‖X≤1

‖c1 − ā‖1,ν‖c1 + ā‖1,ν‖h1‖1,ν

≤ 3|λ|‖A‖B(X)r(‖c1‖1,ν + ‖ā‖1,ν)

≤ 3|λ|‖A‖B(X)r(r + 2‖ā‖1,ν).

Then, assuming a loose a priori bound r ≤ 1 on the radius, we set

Z2
def
= 3|λ|‖A‖B(X)(1 + 2‖ā‖1,ν), (3.4)

where

‖A‖B(X) = max
(
‖A1,1‖B(`1ν)

+ ‖A1,2‖B(`1ν)
, ‖A2,1‖B(`1ν)

+ ‖A2,2‖B(`1ν)

)
.
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