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Abstract

In this paper, we introduce a rigorous computational approach to prove existence of rotation
invariant patterns for a nonlinear Laplace-Beltrami equation posed on the 2-sphere. After changing
to spherical coordinates, the problem becomes a singular second order boundary value problem (BVP)
on the interval (0, ] with a removable singularity at zero. The singularity is removed by solving the
equation with Taylor series on (0,4d] (with § small) while a Chebyshev series expansion is used to
solve the problem on [4, §]. The two setups are incorporated in a larger zero-finding problem of the
form F(a) = 0 with a containing the coefficients of the Taylor and Chebyshev series. The problem
F = 0 is solved rigorously using a Newton-Kantorovich argument.
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1 Introduction
We consider the semi-linear elliptic partial differential equation (PDE)
Au+ A u+ f(u) =0 (1)

where A is the Laplace-Beltrami operator on a given smooth manifold, f(u) is a nonlinearity and \ is
a positive parameter. This PDE describes a classical nonlinear elliptic problem [15, 5], which can be
studied for a wide range of nonlinearities. It has close connections to questions in differential geometry,
as the Yamabe problem is described by a special case of (1), see for example [4]. In this paper, we study
the quadratic case f(u) = u? on the unit sphere S? C R? as considered for instance in [6, 26].

Using the spherical coordinates (z,y, z) = (cos ¢ sin 8, sin ¢ sin 0, cos 0) leads to

u= L 9 sinﬁ% +L@ (2)
~ sinf 08 00 sin? § 9¢2’

where u = u(0,¢). We look for a specific type of rotation invariant solutions, namely solutions of (1)

that are radially symmetric around the z-axis (u is constant in ¢: u(f,¢) = u(f)) and symmetric in
the equator (hence %( %) = 0). By restricting the PDE to this class of rotation invariant solutions, the

second term in the right-hand side of (2) vanishes and the problem is reduced to the following singular
second order non-autonomous boundary value problem

{u"(a) + cot(0)u'(0) + Au(f) + u(@)2 =0,  for 6 € (0, %], ‘)
=0.

w/'(0) = v/ (3)
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In [2], a few solutions of (3) were proven to exist using the tools of computer-assisted proofs using a single
Taylor series expansion in 6 about zero. However, this approach has clear limitations: the number of
Taylor coeflicients needed to represent the solutions on (0, 7/2] quickly grows (as A varies) and the radius
of convergence becomes smaller than 7/2. In most cases, a single Taylor series is just not adequate to
represent the solutions. In the current paper, we address this issue and extend significantly the results
presented in [2]. The idea is still to use a Taylor series expansion of the solution, but now only on a short
interval (0,0] (with § < 7 small). Simultaneously, the ODE in (3) is solved on [d, 7] with Chebyshev
series expansions. The two setups are then incorporated in a larger zero-finding problem of the form
F(a) = 0 (see Section 2) with a containing the coefficients of the Taylor and Chebyshev series. The
problem F' = 0 incorporates the boundary conditions v'(0) = /(%) = 0 and a continuity condition at
the interface @ = 6. A Newton-Kantorovich theorem (see Theorem 2.1) is then used to demonstrate that
exact solutions of F' = 0 exist close to numerical approximations.

The advantage of this two-steps approach is twofold. First, as in [2], the Taylor series expansion of
the solution about § = 0 combined with the boundary condition «'(0) = 0 leads to a set-up which gets
rid of the (removable) singularity in the term cot(f)u’(#). Second, for any § > 0, the coefficients of the
Chebyshev series expansion of the solution of the differential equation (3) on [d,7/2] has exponential
decay, and therefore always converges. That implies that theoretically, this approach is always going to
work, as long as the parameter ¢ is taken small enough so that the Taylor series expansion of the solution
converges on [0,d]. Of course, there are always the standard computational limitations (e.g. the finite
dimensional projection size cannot be too large), but there are none theoretically.

Sample results of patterns proven to exist using the approach of the present paper can be found in
Figure 1.
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Figure 1: (Left) Two rigorously computed solutions of (1) on the unit sphere S? C R3. (Right) The
corresponding solution of the BVP (3) with Taylor expansion in blue and Chebyshev expansion in orange.

The results presented in the present paper fall in the domain of computer-assisted proofs (CAPs)
for PDEs. Before proceeding any further, it is worth mentioning that CAPs in nonlinear analysis began
appearing long before the applications to PDEs. To name a few, in the 1960s, functional analytic methods
of computer-assisted proof already existed exemplified by the work of Cesari on Galerkin projections for
periodic solutions [7, 8]. In the field of dynamical systems, important open problems were settled with
computer-assisted proofs, e.g. the universality of the Feigenbaum constant [12] and the existence of the
strange attractor in the Lorenz system [21] (i.e. Smale’s 14th problem). Other prominent examples outside
dynamics are the proofs of the four-colour theorem [19] and Kepler’s densest sphere packing problem [9].



We refer the interested to reader to the expository works [11, 16, 17, 18, 20, 22, 25] and the references
therein, for a more complete overview of the field of rigorously verified numerics. Computer-assisted
proofs more closely related to the present work concerned existence of radially symmetric solutions to
the perturbed Gelfand problem [27], radially symmetric localized solution in a Ginzburg-Landau problem
[24] and non-radial solutions for some semilinear elliptic equations on the disk [1].

The paper is organized as follows. In Section 2, we introduce the zero finding problem F'(a) = 0 whose
solutions correspond to solution to the BVP (3). Then, we introduce a Newton-Kantorovich theorem
(Theorem 2.1) which is used to prove existence of solutions of F' = 0. In Section 3, we present the explicit
bounds required to apply Theorem 2.1. In Section 4, we introduce a bifurcation analysis to compute
branches of solutions (parameterized by A) bifurcating from the trivial solution v = 0. Then we show
how to perform a continuation to numerically compute branches of solutions, which can then be validated
using Theorem 2.1 using the bounds presented in Section 3.

All the codes necessary to perform the computer-assisted proofs are available at [23].

2 Definition of the zero finding problem

In this section, we introduce a zero finding problem of the form F(a) = 0 whose solutions correspond
to solution to the BVP (3). As mentioned in Section 1, the second order ODE is solved on (0, d] using
Taylor series and on [d, 5] using Chebyshev series. In order to control numerical instabilities of the
coefficients of the Taylor series (whose growth or decay depend on the radius of convergence), we rescale
the interval (0, 9] to (0,1] in order to obtain a geometric decay of the Taylor coefficients. This stabilizes
the numerical computations. Moreover, since Chebyshev series represent functions defined on [—1, 1], we

map the interval [4, 7] to [~1,1]. Hence, letting uq(t) < w(6t) for t € (0,1] and uy (t) = w (Kt+ % + %)

for ¢t € [—1,1] with K d—Ef Z — £ the BVP (3) becomes
uf () + 8 cot(5t)ug () + 6% (Auo(t) + uo(t)?) = 0, for ¢t € (0,1],
ul(t) + K cot (Kt + T + 2)uj(t) + K2(Mur (t) + w1 (t)?) =0, fort e [-1,1], (4)

up(0) =0, wji(1) =0,

together with matching conditions for ug at t = 1 and u; at t = —1. In order to use Chebyshev expansions
for the u; equation in (4) for ¢ € [—1,1], we convert the second order equation into a first order system
and we use the method introduced in [14]. Denote us(t) = w/(t) and denote the non-autonomous term
in the u; equation by
, )
uz(t) = cot | Kt + —+ - .

o(8) = oot (Kt + § + 5
Note that uz(—1) = cot(d). Rather than computing directly the Chebyshev coefficients of the expansion
of the analytic function uz : [-1,1] — R, we append a simple polynomial differential equation whose
solution is given by ug, namely u4(¢) + K(1 + u3(t)) = 0. Thus the coupled system of equations (4) is
transformed in the polynomial (in fact quadratic) system

uf (t) + dufy(t) cot(8t) + 6% (Auo(t) + ud(t)) =0, for ¢ € (0, 1],

u) (t) — ua(t) =0, for t € [-1,1],
ubh(t) + Kua(t)us(t) + ()\ul(t) +u3(t)) =0, fort € [-1,1], (5)
uh(t) + K(1+u3(t) = for t € [-1,1],
up(0) =0, up(l) = uy ( ), 1(1) =0, duz(—1) = Kuj(1), ug(—1) = cot(d).

We remark that the above technique of enlarging a system (with non-polynomial nonlinearities) to make
it polynomial is standard (e.g. see [10, 13]).

As mentioned earlier, the idea is to solve the uy equation with a Taylor series about 0 while solving
the other three differential equations with Chebyshev series. Hence, let

o}

up(t) = Z(ao)nt" and  u;(t) = (a; 0—|—22 a;)nTh(t) (7=1,2,3), (6)

n=0

where To(t) =1, T1(t) =t and Tgy1(t) = 2tTi(t) — Tk—1(t) (for k > 1) are the Chebyshev polynomials.



To handle the singular term cot(dt) in the uy equation, we proceed exactly as in [2]. Note first that

5 2n—1 def
cot(8t) = % = %C(Qn), ¢(2n) = > k%n

n>1 k>1

where ( is the Riemann zeta function. Hence, denote

dtcot(dt) =1—2 Z (?)22(2@ = Z bnt",

n>1 n>0
with
1 if n=20,
by = ¢ -2 (£)"¢(n) ifn>1is even,
0 if n is odd,

where the values ((n) can be rigorously estimated using finite sums computations with interval arithmetic
and tail estimation using integral estimates (see [2]).
Given j € {0,1,2,3}, denote a; = {(aj)n}nen and let a = (ag,a1,a9,a3). Denote b = {by}nen
def

and define the sequence Jag = {n(ao)n}nen. Plugging the Taylor series for ug in the first ODE of (5),
equating powers and assuming that u((0) = 0 leads to

n(n — 1)(a0)n + (b * Jao)n + (52()\((10)”_2 + (a() * ao)n_g) =0, n=>2, (7)

def

where the symbol % denotes the Cauchy product. For example, (b * Jag)n = > .~obk(Jao)n—k. The
conditions u((0) = 0 and up(1) = u3(—1) are imposed by requiring that a

(a0)1 =0 and Y (ag); = (a1)o+2 (—1)(ar);, (8)
j=1

Jj=0

respectively, where we used the standard property T;(—1) = (—1)7 of the Chebyshev polynomials. Com-
bining the conditions (7) and (8) leads to a zero finding problem Fy = 0, where Fy is defined component-
wise by

(ao)1 n =20,
(Fo(a))n 2 {0 (a0); — (ar)o — 2 (=1) (ar);, n=1, 9)
J=0 j=1

n(n — 1)(ag)n + (b* Jag)n + 62(Mao)n—2 + (ag ¥ ag)n_2) n > 2.

Next we obtain similar zero finding problems F; = Fy = F3 = 0 resulting from solving the remaining
three ODEs of (5) with Chebyshev series. In order to do so, define the tridiagonal operator 7 acting on
a sequence ¢ = {cp }n>0 by

0, n =20,
(Te)n = { (10)
—Cp—1+Cny1, n2>1

and let

($1(a))n = (a2)n,
(p2(a))n dof —K(az *a3)n — K*(May)n + (a1 % a1)y),
(¢3(a))n = =K (0n0 + (a3 % as)n),

where §; ; denotes the Kronecker delta and where * denotes the discrete convolution. For example

(ag % as)n = S nitna=n (@2)(n,|(a3)ny|- For the sake of simplicity of the presentation, we use the same
ny,no €L

symbol * to denote both the Cauchy product and the discrete convolution, and it should be clear from

the context which one is which, depending of the type of sequence (Taylor or Chebyshev) the product
involves.



Plugging the Chebyshev series expansions of u1, us and ug (see (6)) in the remaining three ODEs of
(5) and in the conditions u} (1) = 0, duz(—1) = Kuy(1l) and us(—1) = cot(d), leads to (e.g. see [14]) the
zero finding problems Fy = Fy = F3 = 0, where

def Zc‘i1j2(a1)j n =0,
Fi(a)), = J 11
@ 2n(ar)n + (To1(a))n n>1, -

6 ((az)o +23252, (-1V (a2), ) = K X3 jla0); n =0,

(Fa(a))n = (12)
2n(az)n + (T ¢2(a))n n>1,

(Fa(a)), ast (az)o + 2 E;il(—l)j(ag)j —cot(d) n=0, (13)
2n(az)n + (T ¢3(a))n n>1.

def

By combining (9), (11), (12) and (13), we obtain the zero finding problem F(a) = 0, where F =
(Fo, F1, Fo, F3). We solve this problem using the following Newton-Kantorovich type theorem, whose
standard proof is omitted.

Theorem 2.1. Let X,Y be Banach spaces and assume that F' : X — Y is Fréchet differentiable. Let
a € X. Consider bounded linear operators AT € B(X,Y) and A € B(Y, X). Observe that

AF: X — X. (14)

Assume that A is injective. Let Yy, Zy, Z1, Zs > 0 be bounds satisfying

[AF(a)l|x < Yo, (15)

11— AAT| px) < Zo, (16)
|A[DF(a) — AT||lpx) < 21, (17)
|A[DF(c) = DF(@)]l|px) < Zar, V c € By(a), (18)

where B,.(a) denotes the open ball in X of radius r > 0 and centered at a. Define the radii polynomial by
p(r) & Zor® +(Zy + Zo — 1)r + Y. (19)

If there exists ro > 0 such that
p(ro) <0, (20)

then there exists a unique & € By, (a) such that F(a) = 0.

Typically the choices made to apply Theorem 2.1 are as follows. The Banach space X corresponds to
the cartesian product of weighed ¢! sequence spaces of coefficients (in our case of Taylor and Chebyshev
coefficients) decaying geometrically to 0. The Banach space Y is similar to X, but incorporates the loss
of regularity coming from applying the differential operators in the ODEs to the solutions. The point a
(the center of the ball) is a numerical approximation of F' = 0 obtained via applying Newton’s method
to a finite dimensional reduction. The operator AT is an approximation of the Fréchet derivative DF(a)
while the operator A is an approximate inverse of DF(a).

Let us make these choices explicit. To define the Banach space X, we begin by defining weighted
' spaces of Taylor and Chebyshev coefficients. For a sequence of weights w = (wn)n>0 with positive
entries, and a sequence ¢ = (¢, )n>0, denote

lelhw =) lealwn

n>0

and
def
éi} = {c= (en)n>0 : llcfl1w < 0o}

Given a number i > 0, define the Taylor sequence of weights w,. = w.,. () component-wise by (w.p.)n = ur.

Using these weights, ZiT is a Banach algebra under the Cauchy product, that is for all ¢1,co € £

)
T



er * calliw, < lleilliwplle2lliw, - Given a number v > 1, define the Chebyshev sequence of weights
we = we (V) component-wise by
1 n=>0
(We)n = { ’

20", n>1.

Using these weights, ELC is a Banach algebra under the discrete convolution, that is for all ¢1, ¢y € Eic,
def def

Lwg < HCIHLUJCHCQ”LWC' Letting Xo = QJT and X; = éoljc for j =1,2,3, set

||Cl * Co

def

X = X0 X0 XoB X3

so that a = (ao, a1,a2,a3) € X. Given o; > 0, j =0,1,2,3 (to be chosen later), the norm in X is given
by

lallx = max{aq|aol

|1,wc }
Define the new weights .. and @, component-wise by (@.,.)o = (@g)o = 1 and for n > 1, (@) = w,./n?
and O, = wy/n. Set Y = G, @5 @, @, . Using the fact that £, and £, are Banach algebras
under the Cauchy product and discrete convolution, respectively, it is a simple to verify that F : X — Y.
Having defined the Banach spaces X and Y, we now turn to the question of computing a numerical
approximation a of F' = 0. This requires first considering a finite dimensional projection.

Given a number m € N, and given a vector ¢ = (¢,)n>0 € (1, consider the projection

o™ 5 R™L
° w

def
cr e = (ep)™, € R™TL

Lwps Oé1||6l1||1,wC s (12Ha2||17wc,a3||a3

., we sometimes will use the notation cm € gme Given a Taylor projection M and a
Chebyshev projection N, we generalize that projection to get TMN) + X — RMA1y RN+ RN+1 RN +1
defined by

[1(M.N) (a) = [1(M.N) (ao,a1,a2,as) &t (7TMCL0,7TN(1177TN0,2, 7rNa3) € RIMAD+3(N+1),

Given ¢ € ¢!

Often, given a € X, we denote
aMLN) & TI(MN) )« RMA3N+4

For any weights w, we define the natural inclusion /™ : R™*! — ¢l as follows. For ¢ = (¢,,)™, € R™*1,
we define (™c € ¢}, component-wise by

(me)n _ {cn, n=0,....m

0, n>m.

Similarly, let ((MN) : RM+3N+4 <y X be the natural inclusion defined as follows. Given a = (ag,a1,as,a3) €
RM+3N+4 we define
LN 2 (LMao, LNCL1, LNaQ, LNag) e X.

Let the finite dimensional projection FAMN) . RM+3N+4 _y RM+3N+4 of the map F be defined, for
a € RMH3N+4 g

F(]V[’N)(a) — H(M’N)F(L(M’N)a). (21)
Similarly, we define FO(M)(a) = M Ey (1M N)g), and F]-(N) by Fj(N) (a) = 7N F;((MNa), for j = 1,2,3.
Using that notation, we may write F'M-N)(q) = (FO(M)(OL),Fl(N)(a)7 2~(N)(a), FéN) (a)).

Having defined the finite dimensional reduction, we can apply Newton’s method to compute a =
(Go, a1, a0,a3) € RMHE3N+ gych that FOMN) (@) ~ 0. For Newton’s method to converge, we however
need a good initial guess, which in our case is provided via a bifurcation analysis and a continuation
method (see Section 4.1).

The next step towards applying Theorem 2.1 is to define the operators AT and A. Denote by
DFM:N)(g) the Jacobian of F(M:N) at @, and let us write it as

_ _ M), — _

Do F§™ (@) DayFs™ (@) DuyFS™ (@) Doy I (a)

N), — N) /- N) /- N), _

iy | PaoFM@  DuFM(@) Do, F(M (@) Day PN (@)
DFTa) = (V) V) Ly vy | € Marssvea(R).

DGOF2 (a) Da1F2 (a) Da2F2 (a’> Da3F2 (a)

Do FiM (@) Do FN(@) DayFsM (@) Doy P3N (a)



Using the above notation, let
Ay Al Al Al
LAl Al Al Al
A e 10 A1 12 13 (22)
Ay Al Al Al
Ay Al Al Al

where Al  : 0L — gL AL oL gl ATl gl AT )
00 W W 0j c W 30 W

by wgr Aij oy = E}JC for i,j = 1,2, 3, are defined
by

(Do F™ @nM™) for 0 <n < M,

Aboho)n =
(Aooho)n {n(n—l)(ho)n for n > M,

Do FM @)p™) for 0 < n < M, _
m&wn={éf° @hy) - Tor0sn (for j = 1,2.3)
D, F™ (@)nM for0<n<N
(Alyho)n = {(() oFi T (@hg ), lerr 2;?{ ' (for i =1,2,3),

(Do, FM@nM)  for0<n< N,

(for 4,5 =1,2,3).
0i,;2n(hj)n for n > N,

=]
The action of A" on an element h = (ho,h1,ha, hs) € X is defined by (ATh); = S2°_ Al h;, for
i=0,1,2,3.
Consider now a matrix AMN) ¢ My, 3n4(R) computed so that AMN) ~ DFOALN) (&)71. We
decompose it block-wise as

M,M M,N M,N M,N
Ag M AN ARTY At

N,M N,N N,N N,N
A AN A A

AMN)
N,M N,N N,N N,N
Agg ™A A A
N,M N,N N,N N,N
Ay M AGT A A

This allows defining the linear operator A as

Ao Aor Aoz Aos
A A A Ass
Agg Ao Azx Ags
Az As1 Asx Ass

1
Yc

, (23)

where Ag : Z&T — Ei}T, fori,5 >0, Ag; : €}, — EiT, Ao : EiT — Eic, Ajj Ei}c — éi)c are defined by

(Agoho)n = (A(()%M)h(()M))n for 0 <n < M,
n ﬁ(ho)n for n > M,
AN g (N) for0<n<M, .
<%ﬂm={éw N (for j =1,2,3)
A(,N’M)h(M) for 0 <n <N, .
(Aiofo)n = {(() N ’ )n for n ; Ni (fori=1,2,3),

(Ag;V’N)héN))n for 0 <n < N,

fori,j =1,2,3).
5i,jﬁ(hj)n for n > N, ( J )

(Aijhj)n = {
The action of A on an element h = (hg, h1, ha, h3) € X is defined by (Ah); = Z?:o A; jhj, fori=0,1,2,3.

Having obtained an approximate solution @ and the linear operators A" and A, the next step is to
construct the bounds Yy, Zy, Z; and Z, satisfying (15), (16), (17) and (18), respectively.



3 Bounds for the Newton-Kantorovich theorem

In this section, we introduce the formulas for the bounds Yy, Zy, Z1, Zo > 0 satisfying (15), (16), (17) and
(18), respectively.

3.1 The bound Y,
Recalling (15), note that Y; satisfies

3
IAF @)l x = max @ Y [lAi Fi(a)]x, < Yo
7=0
Fori,7 > 1,
1 4i; F(@)|l1,w, = [(Ai; Fj(a \+2Z| (Aij Fj(@))nlv"
n=1
= (A F;(a \+2Z|A”F Yl + 2 Z (Aij Fj(@))n|v"
n=1 n=N+1
= [N AGEN @) 1,0, +2 Z @))alv"
n= N+1
2N+1 1
N,N N — o def 0
< WV AF M EN @)1, + s %%Jj@xw>| 2y,

The last inequality follows from the fact that for j = 1,2, 3, the Chebyshev coefficients satisfy (a;), =0
for n > N, and then (Fj(a)), = 0 for all n > 2N + 1 since the problem (5) is quadratic and because of
the action of T (being tridiagonal).

Using the same idea, we define for i =0 and j = 1,2, 3,

def

_ M,N N 0

1A0; (@)1, = M ALV FN @)1, = Y)Y
and for i =1,2,3 and j = 0,

_ N,M) (M) /- e 0

A0 Fo(@) |10y, = 1N AG M EM @)|hw, & VY.

For the case i = j = 0, since we analytically defined the Taylor coefficients {b, },en of 0t cot(dt) in Fp,
we have

[ Aoo Fo(a)l[1 . Z| (AgoFo(a

22 . |(b* Jao)|
— ||LMA(M M)F(]V[ + Z TL + Z 0)n /,Ln.
n=M+1 n=2M+3 n(n—1)

To bound the tail, we use the estimate

s\" s\" 1 s\" 1 S\" w2
bn|‘2<ﬂ) C(k)‘Q(W) Zj"§2(7r> Zﬂ(w> 3 for n > 2.



From there, we have

o0 oo

s < 1 > i'(*),b |
Z n(n —1) o= (2M + 3)(2M +2) J(@0)bn—j5| p

n=2M+3 n=2M+3 | j=0
1 M oo
< Z 17 (@o) ;11 Z |bn—j| "7
(2M + 3)(2M + 2) = v
HLMJC_loHLwT i b 1
~ (2M +3)(2M +2) v
201, M 75 m
- 72| M Jag Loy i (5/1) '
3(2M + 3)(2M + 2) nTas \ T

57T2HLMJ6,0| Lwy 1 o M3 def +-(0)
=sarraer+y ) \ioz )\« = et

The last inequality comes from the fact that ¢ € (0, 5) and the fact that we choose pu < %.
We define

2M+2
de M, M) (M) - 1 _ n 0
Yo = AR @l + X0 o (Fo@)ali + i
n=M+1

Finally, using the above results, set

3

def 0
Yo = max o E Yi(j)
i€{0,1,2,3} —

‘7:

3.2 The bound Z,
Recall from (16) that the bound Zj satisfies

11— AATHB(X,X) < Zp.
We set
oo o1 Eo2 o
o & &2 i
&0 En Exp Ea3
&0 & &2 Es

E LT AAt =

then oy : éi)T — L, , and for i,j > 0, &y : 6&0 y y

(Eo0ho)n = (gééw’M)h(()M))n for 0 <n < M,
" 0 for n > M,

ESPNRNY  for 0 <n < M,

for j =1,2,3),
0 for n > M, (for J )

Si(éV’M)héM))n for 0 <n <N,

(for i =1,2,3),
forn > N,

E(N’N)h(,N))n for0<n<N,

fori,j =1,2,3).
for n > N, ( J )

S UL Sl UL &yl — L with



where for instance, the matrix S(M M) et p A M D, F(M)( ) € Mar11(R). Denoting the components
of &; by (& j)m,n, using standard operator norms computatlons one can show that

1 of
(17— AAT||B(XX) <0121a<x3 ;ZO&jKi,j = Z, (25)
v =0
where
| M
og}zaSXM( )n Z—OKEOO) oaJ 12320
1 M
= >
ome oo X lEdmalwolm, i=0521,
Ki’j — m;O
S 1 ml ey 21,5 =
oglzagXM( C)n — ,0)m,n|\Wx )m, yJ =Y,
1 N
max 5 m,n|\Wa)m, (2W) >1
25 oy 2 (Gl

3.3 The bound Z;
Recall from (17) that the bound Z; satisfies

x=1

IAIDF (@) — A"l px.x) = S IA[DF(a) — Al x < Z1.

Before going further in the computation of the bound, we need the identity
(b* Jho)n =n(b*ho)p — (Jb* ho)n,

where Jb = {nb, },en, which we will apply to the Taylor coefficients b,, of dt cot(dt). We set

oo

(5/,6 ((S/J def
bliw. =Y |balp™ <1+ — =14 —"r o
Phrcsp = 32 Pol” 3§j(ﬂ) i 2O

n=1
00 2n
7T 2(5#)2 def
1760 cep = 32 bl < == 3 ( ) s (g O

n=0

We define
(yij)n = ([DaJFl(d) - Aij}h])n for Za] € {Oa 1’273} and n > 0.

For i,7,n all nonzero we will often rewrite (yi;), with the help of (z;;)2 ' and ()32 5, which are
defined (explicitly below) such that

(TZU)TL = (yij)na for 1 S n S N (26)
(TZij)n = (Yij)n, forn > N + 1. (27)
We choose this notation (7 z;;), and (7 Z;;), since it will be, at times, easier to derive the bounds if we
are working with A;;7T z;; instead of A;y;;. The distinction between z and Z is necessary since the

projection 7%V and the tridiagonal operator 7~ do not commute.
Given ¢ € éi}T, we use the notation ¢/ = (I — 7M)c. Similarly, given ¢ € éw , we use the notation

10



v = (I —7N)e. For i =0 we find

0 for k=0,
> e a1 (ho); for k=1,
(Yoo)r =
0 for 2 <k < M,
kj(b * ho)k — (Jb * ho)k + 52<)\(h0)k,2 + 2(&0 * ho)kfg) for k> M + 1,
0 for k=0,
o)k = 2302 vy (1) H (hy);  for k=1,
0 for k > 2,
(Yo2)r = (yo3)x = 0, for all k,

where we have used that (yoo)r = 26%(ag * hi)j_o = 0 for k=2,..., M.
For ¢ =1, we find (y10)x = 0 for all £ > 0 and

(oo}

(o= Y 3*(h);,

j=N+1
and (y12)0 = (y13)0 = 0. For ¢ = 2, we have

—K 3 a1 d(ho);  for k=0,
0 for k> 1,

(Y20)k =

and
e .
(y22)o =26 > (=1)(ha);,
j=N+1
and (y21)o0 = (y23)o = 0. And finally for ¢ = 3, we have (y3g)r = 0 for all k£ > 0 and

(y33)o = 2 Z (1) (ha);,

j=N+1

and (y31)o = (y32)0 = 0.

We now turn to (y;;)x for ¢, , k all nonzero, which we describe in terms of z and Z as expressed in (26)
and (27). Since ¢ does not depend on a1 and ag, we define z11, and z13 as well as Z1; and Z;35 to vanish.
Moreover, we set

(z12)k = (hb) for1 <k <N+1.
def

(Z12)k = (h2)g for k> N.

Similary, defining A = (,0,0,...) € £L  we set

C

(z21) = —K2((\+2a1) *h{V), for 1<k <N +1,
(Za)x = —K2((A+2a1) *hy),  for k> N,
(222)6 = —K(az* haV )i for1<k<N+1,
(Zao)x = —K(as * ho)g for k > N,
(223)r = —K (a2 * hi¥ )k for1 <k<N+1,
(Zas)x = —K(ag * ha)x for k > N.

Furtermore, we define z31, and z32 as well as Z3; and Z35 to vanish, while setting

(233)k & —2K (a3 * th)k for 1<k<N-+1,
(233)k &t —2K(El3 * h3)k for k > N.

To take advantage of the notation with z and Z we will need the following two results

11



Lemma 3.1. Let T : Zlec — €°1Jc be the operator defined in (10), then
1T B ) <2v.
C

Proof. Let h € éic with [[Al1,0, = 1. Since v > 1, note that 1/v < v. Hence,

oo

1Tl =2 [(Th)l*

k=1

= 22 | = hp—1 + g [VF
k=1

oo 2 oo
<92 k = k
<2y |hlv +VZ|hk|u
k=0 k=2
( o)+ 23 st
k=2
= ||kl w, +v <|h0| +2) hk|yk>

k=2

< v[|Pfl1wg
< 2u. O

Lemma 3.2. Leta € E}uc be such that a, =0 forn > N. Let h = {h,} € QC with [|h|[1,0, < 1. Let
RN = (0,...,0,Any1, hnto,...). We define I = R by

F(h) & (axh'V),.

Let @ |
_\ def Alk—j|
Pi(@) = NI SheN 200 (28)
then,
5| < wia). (29)

Proof. This follows from the identity 1%(h) = > isn(@k—j| + apgj)hy. The details are left to the
reader. O

The bound Z; will be assembled, using the triangle inequality, from bounds

z) > Z | Asir[Da, Fir(@) — A} Jhyllx,  withd,j=0,1,2,3,
=0
uniformly for |2 x; < 1. In what follows we will estimate each term separately:
|Aiir [Da, Fir (@) = AL 10l x, = Airyirsllx, < Ay forall [[hyllx, < 1. (30)
It is immediate from the vanishing of the corresponding partial derivatives D,; F;: that
Aioz = Aoz = Aino = Airz = Aizo = Aiz1 = Aiz2 =0 fori=0,1,2,3.
To determine the nonzero terms, let us start with

l Aooyooll1,w.. Z|Aooy00 )il 1 —Z\Aooyoo )il 1 + Z WE—1) |(yoo) | 1.
k=DM+1

12



We estimate each term separately. First, recalling that (yoo); =0 for j =0,2,..., M,

M M
|(Aooyoo) k| 1" = Z| (Aooyoo)x| 1" *Z Z (A00)k,n (Yo0)n | 15 =D |(Ao0)k,1 (w00 )1 | 1"
k=0 = k=0 [n=1 k=0
1(A00):,1 11,0,
< Z (ho)ns| - [(Ao0):1ll1 0, < M

n'>M+1

where (A;;).x represents the vector composed of the elements of the (k + 1)t column of A;;. Second,
recall that A = (X, 0,0, ...) which we now interpret as an element of Z}uT. Then

k‘(b *h )k — (Jb * ho)k + (52(/\(h0)k_2 + 2((_10 * ho)k_2|
ko | 0 k
Z kk—1) | (oo )k 1* < Z k(k— 1) H
k=M+1 E>M+1
- 6% holliw, b holliw, — O2I(X 4 2a0) * holl1.w p?
- M M(M+1) M(M+1)
LG, G 82X+ 2ao |1,

*M M(M+1) wM(M +1)

We set - -
Aggg 1(Ao0):alltw,  C1 LG 62X + 24010,
pM+1 M M(M+1) w2M(M +1)
Using the same method, but simpler since there are no tail terms, we find
k ||(A00):, W def
00%01|1,w. 00)k,n|(Yo1 n’ S 001-
| Aooyou ZZIA | (gor)nl " <2Z Z Yo ¥ < VN+1 = A
k=0n=0 k=0n/=N+1

Next we consider

M N
ZZ |(Ao2)k,nl| (Y20)n 1" <KZ Z |(Ao2)k ol (ho)n |1

=0n=0 k=0n'=M+1

K(M + 1)[[(Ao2): 0l 1.0y aer
T

= Aop20.

Here we have assumed that M + 1 > (log ) ~t. Analogously, we find, for i = 1,2,3

e et K(M +1)[|(Ai2): 0ll1,0s o et [[(Aio):1 11,06 Lo et [1(Aio): 111w
20 = M 00 = T AT 01 = TR

We now turn attention to the terms i’,7 = 1,2, 3. As a representative case, we consider i =i’ = j = 2:

N o)
[[A22y22 (11,0, = Z <|(A22)k,0(y22)0| + Z [(A22) ko, (T 222)n| + Z |(A22)k,n(7522)n|> (We ) k-

k>0 n=1 n=N+1

Here we have used that Ags is block-diagonal with a finite part ASQVW) and a diagonal operator in the
tail, as well as that 7T is tridiagonal. Let us look at each of the three terms individually. The first term
is bounded by

N
((w2)ol D 1(Azdeol(wo)s = 28| D (=1)7(ha)s) - (A2l
k=0 J>N+1
209
<20 3 |(ho)sl o - 1 (A22):olli g
J>N+1
26]|hs

6
< THCH(AE):,O < WH(Azz):,

13



The third term is bounded by

2 Z Z [(A22) ke (T Z22)n| k_ o Z ( Z92) k41 k(zgg)kﬂ)yk

E>N+1 \n>N+1 k>N+1
2K
<o o (I(@s * ho)g+1] + [(@z * ho)e—1|) v
SN
K 1 _ v _ _
S m E Z |(CL3 * h2)k+1|2yk+1 + 5 Z |(a3 * hz)k,1|2Vk 1
E>N+1 E>N+1
K(%H(_Zg*hg c —|—V||C_l3*h2||17wc)
<
- 2(N+1)
K (v+ 1) llas]l1.w,
- 2(N +1)

The second term is bounded by

N N N+1 N N+1| N
Z Z Z A22 (222 < Z Z Z A22 k n'T’ |<222)n| (WC)]C
k=0 |In'=1 n=0 k=0 n=0 [n’=0

)

where we have used that the first row of 7 vanishes, absolute values are to be interpreted component-
wise, and we have somewhat abused the notation of restricting operators on and elements of Eic to

finite dimensional projections, e.g. TN+ € My, vio(R). We then use Lemma 29 to estimate
(222)n = K (a3 * hé”)n and we obtain

[Jaggremaen| |4 < Rl AmT o0

where AT |1 ¥(az) should be read as an abbreviation for |Aé]2v’N)T(N*N+1)|\I'(&3)(N+1). Combining
these three parts, we set

K (I/—|- %) H(_lgHLwc

1)
Are =l (Az)iollieg + KllAnTINT @) e + ——577 77

All other terms can be estimated similarly. We find

0
Aozo = WH(Aoz) ol + KA TINT W (s) 11w,

der 0
Aoz = m”( i2):,

+ K|||A22T\N+1\I/(a3)||1,wc for i = 173.

Furthermore
Ao = %||(A01):,0||1,%7 A = %H( i1):0ll, fori=1,2,3.
where we have assumed that N + 1 > 2(logv)~!. The remaining constants are
Auss ™ [ (Aus)oll oy + 2K A TN 8 (a3) 1,
A = Lol + 2K A T W@ + +]$)+”f3”1’“0

e 1 —_ .
Ajzg & m||(Ai3);70||1,wc + 2K || A TIN T 0 (@s) |l w, fori=1,2,
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and

Aozt & K2||[Ape TIN T (N + 2a1) 11,0,
K2 (v+ 1) Ix+2a,

Agor 2 K[| Age TINTY TN + 2a1) |10 Lo
221 [[A22T [N ¥ (A + 2a1)1,0, + (N +1)
A1 & K2||[ApTINTO(A 426110, fori=1,3,
and
Aozs = K[| ApxTIN T (a2)|1
K (v+ 1) [laz]h
def N+1 _ v Wo
= K||A v w
Agos A2 T | W(a2)[1w, + 3N +1)
Aizg = K[ AnTIN (@)1, fori=1,3,
and
def ]-
Aoz = 2VT_HH(AOl):,N Lwp
1 (v+1)
A e (A N v/
2 = ooxmy [(An)iv e + 2N+ 1)
def ]- .
Az = WH(AM):,NHLWC for i =2,3.
Having constructed the bounds A;;/; satisfying (30) we define
3
Zl,(jU =3 Ay ford,j=0,1,2,3.
=
Finally, we have
3
1
Z, ST —zW . 31
R P LD B 3
Following the approach proposed in [3], let us briefly describe the choice of the weights ay, . . ., a3 in order

to minimize the bound Z;. This is done by using a result from the Perron—Frobenius theorem. We see
that the matrix

1 1 1 1
A A
1 1 1 1
def Z£O) ZEI) Z£2) Zf?))
Mz = M L0 L) L) (82)
Zyy Ly Ly Zas
1 1 1 1
Zio 2y 2y 24
is non-negative. Thus, according to the Perron-Frobenius theorem, Mz, has a largest real eigenvalue p
with the corresponding eigenvector v, and by the Collatz-Wielandt formula, if v, is positive, then it is

the solution of
( . (]\421 ’U)i )
max min ——*—
v i€{0,1,2,3} Vs

over all positive vector v € R*. For our problem this means that we simply need to compute the dominant
eigenvalue p and corresponding eigenvector v, of Mz, and setting a; = 1/(v,);.

Note that the above choice of « allows us to minimize the bound on Z;, but it will also have a negative
impact on the other bounds. Y; will be the one that loses the most in the process. So at that point it is
a case by case problem where we have to experiment with the «; to find the perfect balance.

3.4 The bound Z,

We recall from (18) that Z, satisfies

[A[DF(c) = DF(a)]l|lpx.x) = B [A[DF(c) = DF(a)lh|x < Zor
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for all ¢ = (co, 1, ¢2,¢3) € By(a) and all r > 0. We define d = (dg, dy,da,ds) € X such that d; = ¢; —

and thus ||d;||x, < &-. Also, since the derivative is linear, we have DF(d) = DF(c) — DF(a).
We have /
3 3
I(ADF(d)h)illx, < Y Ay (DF@h);lx, < Y 1 Ailsex, xo l(DF(@h);lx,
Jj=0 j=0

where we can bound [|4;;]p(x,,x,) using similar bounds as the K; ; presented in Section 3.2.
We set

Boo  Boi  Bo2  Bos
TBiw TBu TBiz2 TBhBis
TBosgy TBsy TBay TDBos
TBsy TBsi TDBsx 7TBss

DF(d) =

with 7 defined at (10) and where

0 for k= 0,1

262(do * ho)k_o for k > 2,

(Borhi)x = (Bozha)x = (Boshs)r = 0,

(Bioho)x = (Buhi)i = (Bisha)x = (Bishs)r = 0,

(Borhi) aer 0 for k =0,
—2K2(dy x hy),  for k> 1,

[}
e

(Booho)k

(Bashs) det 0 for k =0,
22N2) =
—K(d3 * ha) for k>1,

0 for k =0,
—K(dy x h3)r for k>1,
(Bsoho)x = (Baihi)x = (Bazha)r = 0,

(Bashs)r =

(Bsshs) o 0 for k =0,
3313 )k —
—2K(d3 * hg)k for k > 1.

Thus, we have

3 3
1757;,
I(DF@R)ilx, < 3 || Da Fi s, < 1Tl 3 11Biihsllx,.
7=0 =0

where ||T'|| g2 y < 2v by Lemma 3.1.
“c
First, we start by bounding

I Booholl1, = Y [26%(do * ho)k—2| "
k=2

=26°? Z |(do * ho)g—a| "2
k=2

= 2622 dy * holl1,w..
< 26% 13| doll1 w7011 o

o () ()
(%)) (7))

16
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Using the same ideas, we compute the remaining bounds

r
||B21h1||1,wc < 2K? <>

r
[ Ba2ha|l1,w, < K () (
Qa3 (65

r 1
[ B2shs 1w, < K () (
(65) Q3

T 1
||333h3||1,wc <2K () ()
asg asg

252/L2
(7

Then, if we set

2
75 = [4ooll Beez,_)»
2 2 2
Z(g1) = Z(()z) = Zés) =0,

2 2 2 2
Zfo) = Zl(l) = Ziz) = Z§3) =0,

Z% =,
2
2 2K l
Z21 = 7@1 <l/ + 21/) HA?lHB(%C)’
K /1
7Z@ -2 (424
2 = o (V + V> [422] By, )
K /1
Z(Q) =— (=42 A 1
23 o (l/ + V) || 23||B(€wc)7
2 2 2
Z?(,o) = Z:§1) = :gz) =0,
@2 2K (1
7= %0 (5 + ) Msloce,
the bound Zs is given by
3
: 1
Zy X Sz . 33
I T DBy )

J=0

4 Presentation of the results

In this section, we first introduce in Section 4.1 a bifurcation analysis to compute branches of solutions
(parameterized by \) bifurcating from the trivial solution w = 0. Then in Section 4.2, we show how
to perform a continuation to numerically compute branches of solutions, which are then validated using
Theorem 2.1 using the bounds presented in Section 3.

4.1 Bifurcating from the trivial solution

Recall that (3) describes rotationally invariant symmetric solutions of the elliptic problem Au-+A\u+u? = 0
on the sphere. It is well-known that the eigenfunctions of the Laplacian on the sphere are given by
spherical harmonics. To compute asymptotic approximations of the bifurcating solutions, we can perform
the following explicit computations. First we note that the substitution z = cos 8 and v(x) = v(cosf) =
u(@) transforms (3) into

(1 — 22" (z) — 220" (2) + M(z) +v(x)?2 =0 for z € [0, 1],
(34)
v'(0) = 0.
We solve the linearized problem
(1 — 2" (x) — 220" (z) + M(z) =0 (35)
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by plugging in a power series
oo
v(z) = Z apz®,
k=0

with a3 = 0 due to the boundary condition in (34). This leads to a recurrence relation

N (k:(k +1)— A (36)

k+2)(k+1)
where one may set ag = 1 in view of linearity of (35). The power series breaks off after k = 2n when
def

A=\, = 2n(2n+1), for any n € N,

in which case one finds a polynomial solution
n
vn(z) =D agma®™ (37)
m=0

To determine the (asymptotic) amplitude of the solution near the bifurcation point, we set
A=A\, +e,
and expand v(x) in terms of € as
v(x) = A, () + w(z) + O(e),

where A,, € R is unknown at this stage, and so is w(z). By substituting the expressions above into (34)
and using that (v,, \,) solves (35) we find at order €2 the following equation for w:

(1 — 2w (z) — 22w () + Mw(z) = —A2v,(2)? — A,v,(2). (38)
The linear operator in the left-hand side has a nontrivial kernel. To find the solvability condition we

multiply Equation (38) by v,(x) and integrate over [0, 1]:

/ (1= 2®)w" (z) — 22w’ (z) + Ayw(2)] vy (2)da = —/ [A203 (z) + Apvn(z)?]da. (39)
0 0

Integrating by parts in the left-hand side of (39) we find after some manipulation that
1
/ [(1—2*)w"(z) = 22w (z) + Apw(z)] v, (z)dx
0
1
= / [(1—2®)vll(z) — 220, (z) + Aoy (z) |w(z)dz = 0, (40)
0
since (vn, An) solves (35). This is not accidental: the linear operator involved is self-adjoint. By combin-
ing (39) and (40) we find
1
o Jy vn(x)de
A, & T (41)
fo v (z)3dx
so that for small e the bifurcating solution of (3) at A = A, + ¢ is well approximated by

u™(0) = eAnvp(cosh). (42)

4.2 Computational details

Using the bifurcation analysis of the previous section, we produce an initial point on a branch of solutions
as follows. We fix an integer n > 1, ¢ > 0 and let A = A\, + ¢ = 2n(2n 4+ 1) + . Using the explicit
recursion formula (36), we compute the sequence (agm)p,—o- Then, using v,(x) defined in (37), we
compute A, in (41). Based on this, Equation (42) provides a function u(")(#) which approximately

solves the BVP (3). We extract the Taylor coefficients aéo) of u(™(st) for t € (0,1], the Chebyshev
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Figure 2: Bifurcation diagram of all proven solutions in this paper.

coefficients al” of u(™ (Kt+ T+ 2) and the Chebyshev coefficients al?) of Ly (Kt+ T +2). Also,
denote by ago) and the Chebyshev coefficients of cot (K t+ 1+ g) Finally, set

a® = (aéo),ago),aéo),a;(go))7

which is used as an input for Newton’s method at A\(9) = 2n(2n+1) + ¢ to produce a point a(® such that
F (@®,\0) ~ 0,

From there, we compute branches of solutions with a standard predictor-corrector continuation al-
gorithm. We computed numerically 16 branches (n = 1,...,16) of solutions (see Figure 4.2). For each
of these numerically produced solutions, we applied Theorem 2.1 to verify that close to the numerical
solution, there exists an exact solution with rigorous error bound.

Since we computed more than 200 solutions, we will only present the details for the two proofs at
both ends of the two branches n = 1 and n = 16. These results have all been obtained using the weights
pu = 1.1 and v = 1.2. Other computational parameters can be found in Table 1 for the four particular
solutions, and in the code available at [23] for all other solutions. Both solutions on the n = 1 branch
are depicted in Figure 3, while the ones on the n = 16 branch are shown in Figure 4.

We note that we were able to prove the existence and local uniqueness of solutions on 16 branches,
whereas [2] was only able to prove results on 2 branches. In addition, the total numbers of Taylor and
Chebyshev coefficients needed for our results is significantly lower than the number of Taylor coefficients
in [2] for results with the same parameters. We also mention that choosing the weight «; as described
at the end of Section 3.3 allowed us to have a better control over the the bound Z7, which needs to be
less than one for Theorem 2.1 to be successful. Indeed, choosing the «; in a way that minimize Z; is
essential to prove some of the results. However, using the optimal a; that minimizes Z; is not without
sacrifice, as it can have detrimental effects on the size of the Yy and Z5 bounds.

Finally, looking at the bifurcation diagram of our solutions (see Figure 4.2), we can see that, for most
branches, computing the solutions for A < \,, are harder to prove than those for A > \,,. Using a pseudo
arc-lenght branch following technique in future studies could be a good idea to prove more solutions for
these kinds of problems.
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n
5.6172 451.0710 1055.3153 1057

) 0.3 0.3 0.1 0.1

M 80 80 90 90

N 80 110 180 180

Yy 7.6854 x 10711 5.5146 x 108 8.1020 x 10 3.1482 x 10~*
Zy 1.0868 x 10~8 1.5306 x 10~10 2.1409 x 10~4 4.4249 x 1075
Z 0.1154 0.21536 0.1597 0.1851

Zy 66.4698 1.1704 165.8340 108.2655

a | [2.2299,2.1083,1.32,10°%] | [10%,9.6736,1.0054,10%] | [103,17.376,1.0017,10°%] | [10%,17.3724,1.0017,10°]
Tmin 8.6883 x 10~ 7.02831078 9.8353 x 10753 4.0855 x 1074
Timax 1.3308 x 10~2 0.67040 4.9674 x 1073 7.1175 x 1073

Table 1: Parameter values, computational constants and bounds for the solutions depicted in Figures 3
and 4.

A =5.6172 5 A =5.6172
2
2
| - ‘
1
1 N
- 05 .
0
0
) 1 .05 y
\\ —
\\\ 0 1
0 ~ )
y A 0 05 1 1.5
A =451.071 A =451.071
200 ' '
100
1 0
-100
w 0 -200
-300
-400
-1 -
1 -500
-600
0 0.5 1 15

Figure 3: Solutions on the branch bifurcating at Ay = 6. (Left) The solution of (1) on the unit sphere
S2? ¢ R3. (Right) The corresponding numerical solution of the BVP (3) with Taylor expansion in blue
and Chebyshev expansion in orange.
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A =1055.3153

A =1055.3153
40

20
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-30 ‘J
/
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Figure 4: Solutions on the branch bifurcating at A;g = 1056. (Left) The solution of (1) on the unit sphere
S? ¢ R3. (Right) The corresponding numerical solution of the BVP (3) with Taylor expansion in blue

and Chebyshev expansion in orange.
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