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Abstract
We consider the problem of rigorously computing continuous branches of bifurcation
points of equilibria in the one-dimensional diblock copolymer model. We apply the
method both to fold points and to pitchfork bifurcations which are forced through
symmetries in the equation.

1 Introduction

Understanding the equilibrium structure of nonlinear partial differential equations lies at the
heart of many important applied problems. Unfortunately, there are no general techniques
which allow one to obtain a complete answer for any such problem. In some cases, maximum
principle methods can be used to obtain partial results, in other cases one can reduce the
problem to studying specific connecting orbits in associated ordinary differential equations.
The most general of these methods are restricted to the case of partial differential equations
on one-dimensional domains, but even in this case many answers remain elusive.

One alternative that has been developed over the last decades is the use of computer-
assisted proofs in the study of equilibrium problems of nonlinear partial differential equa-
tions. Part of the allure of these methods is their frequent insensitivity to the order of
the considered partial differential equation. For example, despite the fact that classical
maximum principle methods cannot generally be used for fourth-order partial differential
equations, rigorous computational methods have been successfully applied to the stationary
Cahn-Hilliard equation [11, 17, 18], the diblock copolymer model [27, 28, 29], as well as to
others.

Almost all equilibrium problems that arise in applications involve a number of parame-
ters, and one is generally interested in understanding how the structure of the equilibrium
set changes as these parameters are varied. In this context, precise mathematical methods
from bifurcation theory exist which can predict where changes in the solution set occur,
i.e., they address the location of bifurcation points. In addition, they can provide complete
local descriptions of emerging solution branches. Yet, these methods usually fail to pro-
vide information on the global structure of such branches. Also in this context, rigorous
computational techniques have successfully been used, see for example [9, 12, 23].
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Figure 1: Equilibrium bifurcation diagrams of the Cahn-Hilliard model (left image) and the
diblock copolymer model for o = 6 (right image). In both figures, u = 0. Most of the
shown branches actually correspond to two or more solution branches, since the L?-norm
of the associated solutions is used as the vertical diagram axis. The colors correspond to
the indices of the solutions. Along the horizontal trivial solution branch they increase from
zero (black) to five (cyan).

In the current paper, we show that rigorous computational methods can locate curves
in parameter space along which certain types of bifurcation points occur. Our interest in
this problem stems from recent work on the diblock copolymer equation, which for the
one-dimensional domain Q = (0, 1) is given by

1
subject to the mass constraint pu = / u(z)dx ,
0

as well as  u, () = Ugge(x) =0 for z=0,1.

where in the following we use the nonlinearity f(u) = uw — u®. This partial differential

equation is a model for microphase separation in diblock copolymers as described in [20]. In
its original form it was proposed by Ohta and Kawasaki [21] and Bahiana and Oono [1], for
more information regarding its derivation and the involved parameters we refer the reader
to Choksi and Ren [6, 7].

In [15] we combined rigorous bifurcation-theoretic results with numerical simulations to
shed light on the long-term dynamics of the diblock copolymer model in one dimension. It
is well-known that the model exhibits multi-stability, i.e., the coexistence of multiple stable
equilibrium solutions. Furthermore, the constant function v = p is always an equilibrium
solution for the diblock copolymer model, representing a homogeneous polymer blend. For
sufficiently large values of the parameter A this stationary state loses its stability, and one
is generally interested in the long-term behavior of solutions of (1) which originate close
to p. It was shown in [15] that the spatial periodicity of the long-term limit of typical
solutions changes along well-defined curves in the A-o-parameter plane. In fact, numerical
path-following computations suggested that these curves are the locations of very specific
secondary bifurcation points in the diblock copolymer bifurcation diagram.

The following is a somewhat related problem. One can easily see that the diblock
copolymer model is a regular perturbation, with respect to the parameter o, of the stan-
dard Cahn-Hilliard model, which corresponds to o = 0. The equilibrium structure of the



Cahn-Hilliard equation has been completely described by Grinfeld & Novick-Cohen [13] by
combining phase-plane analysis with transversality arguments, and this leads to a bifurca-
tion diagram as in the left image of Figure 1. The method of [13] relies on the fact that the
stationary Cahn-Hilliard problem in one dimension can be integrated twice, reducing it to a
second-order nonlinear boundary value problem. However, this is no longer the case in the
diblock copolymer model — which is certainly responsible for the fact that our knowledge of
its equilibrium structure is extremely limited. Nevertheless, as a regular perturbation prob-
lem the bifurcation diagram of the Cahn-Hilliard model changes in a continuous manner as o
is increased from zero. Part of this change was discussed in [15]. Namely, it was shown that
as o increases from zero, there is an infinite sequence of branch interactions near the trivial
solution line as the branches successively move to the right. These local interactions have
been rigorously described in [15] using analytical bifurcation-theoretic techniques. Further,
the local bifurcations are observed to combine with global bifurcations from infinity, leading
to different types of branch interactions at secondary bifurcations. Five of these secondary
bifurcation points can be seen in the right image of Figure 1, which shows part of the diblock
copolymer bifurcation diagram for o = 6. While one of these points is a regular saddle-node
type bifurcation point, the remaining four are of pitchfork type. Understanding the loca-
tions of these secondary bifurcation points in the A-o-parameter plane lies at the heart of
understanding how the complicated diblock copolymer bifurcation diagram is obtained from
the simple Cahn-Hilliard diagram. For more details, we refer the reader to the survey [28].

Motivated by the above discussion, in this paper we develop a rigorous computational
method to compute the location curves of secondary bifurcation points as above. For the
case of the saddle-node type bifurcation point this is accomplished by considering a standard
extended system which encodes both the existence condition for the equilibrium point and
the existence of a one-dimensional non-degenerate kernel of the linearization of the diblock
copolymer model at this equilibrium. This extended system will lead to a well-defined
continuation problem. However, for the remaining four secondary bifurcation points in the
right image of Figure 1 this extended system has a degeneracy. This is due to the fact that
these bifurcation points are pitchfork bifurcations which are forced by symmetries in the
model. In these cases we employ a method due to Werner & Spence [30] to derive a well-
defined continuation problem. While in this paper we concentrate on the case of the diblock
copolymer model, similar questions arise in the study of nucleation in the Cahn-Hilliard
model, as described in [2, 3, 4, 10]. We expect that the methods outlined in the following
can easily be applied to this situation as well.

The remainder of the paper is organized as follows. In Section 2 we present the functional-
analytic setting for our studies, showing how the results of [30] can be adapted to our
situation. In Section 2.1 we view the set of equilibria of a differential equation as the
zero set of a nonlinear mapping in an abstract function space. We use the Lyapunov-
Schmidt reduction technique to study the zero set of such a mapping. This section includes
the introduction of equivariant symmetry, with the goal of being able to treat symmetry-
breaking bifurcations. In Section 2.2, we then apply the Lyapunov-Schmidt method to
saddle-node bifurcations. We introduce an extended system consisting of the nonlinear
mapping whose zero set consists of equilibria, along with two other bifurcation conditions.
We then apply our abstract approach to the extended system to prove the existence of saddle-
node bifurcation points. Finally, in 2.3, we treat the case of pitchfork bifurcations. This
time we make assumptions of equivariance of the nonlinear mapping, and the existence of a
solution which is either symmetric or antisymmetric. This allows us to prove the existence
of symmetry-breaking pitchfork bifurcation points. In Section 2.4, we demonstrate that the
diblock copolymer equation satisfies all the assumptions necessary for our abstract setting.



Section 3 gives specific details of how to transfer the abstract functional-analytic existence
results into a rigorous computational method. In particular, we give existence results for
equilibrium solutions at regular and bifurcation points, where our solutions are proved to
be contained in a precisely defined small neighborhood of a function given in the form of
a truncated Fourier series expansion. Section 3.1 gives the function-analytic background
for rigorous bounds on manipulated functions given in terms of Fourier series expansions.
Section 3.2 details the method of sequentially validating the curve of equilibrium solutions
of the equation as a parameter is varied using the radii polynomial approach. Section 3.3
and Section 3.4 provide the detailed estimates and the bounds required to define the radii
polynomial associated to the saddle-node bifurcations and respectively to the pitchfork
bifurcations. Finally, in Section 3.5, the radii polynomial approach is combined with the
Lyapunov-Schmidt results in Section 2 in order to establish branches of saddle-node and
pitchfork bifurcations for the diblock copolymer equation.

2 Extended Systems for Locating Bifurcation Points

In this section we present the functional-analytic framework which will be used to study the
continuation of bifurcation points using rigorous computational techniques. As we anticipate
that our methods are applicable to a wide variety of settings, we formulate the results first in
a general Banach space setting, and apply them only later to the diblock copolymer model.

2.1 Lyapunov-Schmidt Reduction and Equivariance

We begin by recalling the basic functional-analytic tool which can be used to study the
equilibrium set of nonlinear equations in Banach spaces — the Lyapunov-Schmidt reduction.
The results of this section are all well-known and stated only to keep the presentation as
self-contained as possible. For more details we refer the reader to [8, 31]. We study nonlinear
operator equations of the form

FA\u) =0, (2)

where F': Rx X — Y is a smooth nonlinear mapping, and X and Y are real Banach spaces.
Throughout this section, we assume the following.

Assumption 2.1 (Fredholm Property). Let X and Y denote real Banach spaces, and
assume that the parameter-dependent nonlinear operator F' : R x X — Y is sufficiently
smooth. Suppose that the point (Ao, ug) s a solution of (2), i.e., that we have the identity
F(Xo,up) = 0. Finally, assume that the Fréchet derivative L = D, F(A\o,up) € L(X,Y) is a
Fredholm operator of index zero.

In addition, we will only consider possible bifurcation points with a one-dimensional
nullspace. This leads to the following second assumption.

Assumption 2.2 (One-Dimensional Kernel). Suppose that Assumption 2.1 holds. Assume
further that the linearization L = Dy, F(Ao,ug) has a one-dimensional kernel. Since it has
index zero, its range has co-dimension one. In this case, we have

N(L) =spanf[pg] and R(L)= N (¥5)

for some nonzero elements oo € X and g5 € Y™, where Y™ denotes the dual space of Y.
Finally, let X C X and Y C Y denote closed subspaces such that

X=NL)aX and Y=Y ®R(L).



The continuous linear projector P : Y — Y is defined via R(P) =Y and N(P) = R(L),
while the projector @ : X — X is defined via R(Q) = N(L) and N(Q) = X. Notice that
both P and QQ have rank one.

In the above situation, one can study the solution set of (2) in a neighborhood of (Mg, ug)
by solving an associated real-valued equation which involves only two real arguments, the
so-called bifurcation equation. It is the subject of the following proposition which describes
the Lyapunov-Schmidt reduction.

Proposition 2.3 (Lyapunov-Schmidt Reduction). In the situation of Assumptions 2.1
and 2.2 there exist a neighborhood Ao of Ao, a neighborhood Vo of vo = Qug € N(L), a
smooth function W : Ay x Vo — X, as well as a smooth real-valued function b which is
defined in a neighborhood of the point (Ao, 0) € R? such that the following hold:

(a) If (A, @) is sufficiently close to the point (A\o,0) € R? and satisfies b(\,a) = 0, then
we have
FA\u)=0  for w=wvy+ apg+ W (A\vo+ apg) .

(b) Conversely, if (A, u) is close enough to (Ag,ug) and solves F(A,u) = 0, then for «
defined via vy + apg = Qu we have b(A, @) =0 and u = Qu + W (A, Qu).

In other words, the solution set of b(\, &) = 0 in a neighborhood of the point (Ao, 0) € R? is
in one-to-one correspondence to the solution set of F(\,u) = 0 in a neighborhood of (Ao, ug)-

Proof. According to Assumption 2.2, solving the nonlinear problem (2) is equivalent to
solving the two equations

PF(\v+w)=0, as well as (3)
(I - P)F(A\v+w)=0. (4)

where v = Qu and w = (I — Q)u. If we use the abbreviation G(A,v,w) = (I — P)F(\,v+w),
then our assumptions readily imply that G : Rx N(L) x X — R(L). If we further introduce
the abbreviations vg = Qug and wy = (I — Q)ug, then G(Ag, vg, wy) = 0, and

DG, vo,wo) = (I — P)L|g = L|g € L (X,R(L)) .

According to our definition of X the continuous linear operator D, G(Ag, vg,wp) is therefore
one-to-one and onto, hence continuous with continuous inverse — and one can apply the
implicit function value theorem to solve (4) locally for w as a function of A and v. This
furnishes the function W as in the formulation of the theorem. Plugging W into (3) shows
that locally near (Mg, ug) a pair (A u) solves F(A\ u) = 0 if and only if (A\,v) = (A, Qu)
satisfies

PF(A\v+W(Av)=0.

If we now set b(\, ) = Y (PF (X, vo + apg + W (A, v + avpp))), then the result follows due
to our choices of g and P. O

Important for applications is the fact that one can easily derive a Taylor expansion for



Dyb(Mo,0) = s DAF (N, uo)
Dixab(Ao; 0) = 1§ DxuF (Ao, uo)[o]
+ g DuuF (Ao, uo) [P0, DAW (Ao, v0)]
Daab(Xo,0) = g DuuF (Ao, uo)[¢o, o]
Daaab(Ao,0) = Y5 Dy (Ao, to) [0, Pos ol
+ 316 DuuF (Ao, wo)[p0, Duw W (Ao, v0) [0, ¢ol] ,
LDAW (Ao, v0) = —(I — PYDAF(Ao,uo) ,

LD W (o, vo)[po, po] = —(I — P)DyuF (Ao, wo)[¢o, o] -

Table 1: Some of the partial derivatives of the bifurcation function b(A, v) at the point (Ao, 0)
up to order three, together with the required partial derivatives of W.

the bifurcation function b(\, &) near the point (Ag,0). One can show that

2 2

b(Ao + v, ) = v - Dyb(Ao,0) + % - Daxb(Xo,0) + av - Dyab(Xo, 0) + % - Daab(Ao,0)

3 2 2
+ % - Dxaxb(Xo, 0) + % “ Dxxab(Ao,0) + % - Dxaab(Mo,0)
O[S
+ E ' Daaab(/\07 O) =+ R(V7 a) (5)

with R(v,a) = O(||(v,@)||*), where the derivatives of b can be computed explicitly as in
Table 1, which also contains the necessary derivatives of W. Notice that the latter deriva-
tives are all obtained through solving an inhomogeneous linear equation which involves the
restriction of L onto X, which in this case is an invertible mapping.

The method of Lyapunov-Schmidt is one ingredient for our rigorous computational study
of bifurcation points in the diblock copolymer equation. In order to treat pitchfork bifur-
cation points, we also make use of symmetry methods. For the purposes of this paper, we
assume that symmetry occurs in the following specific form.

Definition 2.4 (Zy-Equivariance). In the situation of Assumption 2.1, suppose there exist
bounded linear operators Sx € L(X) and Sy € L(Y) such that

SX#Ia SY7éIﬂ S§:I7 5)2’:]3
as well as
F(\Sxu) = SyF(\u) forall XeR and ueX. (6)

Then we say that F is Zq-equivariant. Based in the symmetry operators Sx and Sy one
can also decompose the underlying Banach spaces into the symmetric elements and the
antisymmetric elements. More precisely, for the Banach space X we define

Xs={ueX : Sxu=u} and Xo={ue X : Sxu=—u},

and analogously one can define the subspaces Ys and Y, of Y. Then it is straightforward to
show that

X=X;9X, as well as Y=Y,9Y,.



In our applications below, the operators Sx and Sy are usually given by the same formula,
even though they act on different Banach spaces. We therefore simply drop the subscripts in
the following to simplify notation. It will always be clear from context whether S acts on X
oronY.

For the nonlinear equation (2), equivariance has immediate consequences regarding in-
variance of subspaces, both for the equation and for certain derivatives of F'. For example,
by differentiating the identity (6) with respect to u one immediately obtains

D, F (A, Sxu) [Sxv] = Sy Dy, F (A, u) [v] (7)

for all A € R and u,v € X. If one assumes in addition « € X§, then (7) furnishes the Zs-
equivariance of the Fréchet derivative D, F (A, u). The following lemma collects a number
of similar properties, which will be useful later on. The results are stated without their
straightforward proofs, see also [30].

Lemma 2.5 (Equivariance of Partial Derivatives). Suppose that Assumption 2.1 holds, and
that (2) is Zo-equivariant as in Definition 2.4. Then the following statements hold for all
parameters A € R, as long as we have u € Xg:

(a) We have both F(A\,u) € Yy and DyF(\ u) € Ys.

(b) Both the inclusions D, F(A, u)[X,] C Yy and D, F(\, u)[X,] C Y, are satisfied, as well
as Dy, F(A\u)[Xs] C Yy and Dy, F(\ u)[X,] C Y.

(¢) The inclusions Dy, F(\ u)[Xs, Xs] C Yy and Dy F (N u)[ X, Xo] C Ys hold, as well
as Dy F(\ u)[Xs, Xo] C Y.

The above lemma applies to the derivatives of F' at any point (X, u), as long as u € X.
If we consider in particular the point (Mg, ug) from Assumption 2.2, even more can be said.
The following result shows that both the eigenfunction ¢y and the element ) are symmetric
or antisymmetric. In addition, the complements X and Y in Assumption 2.2 can be chosen
such that they respect the symmetry operations as well.

Lemma 2.6 (Equivariance Effects of a One-Dimensional Kernel). Suppose that Assump-
tion 2.2 holds, that (2) is Za-equivariant as in Definition 2.4, and that ug € Xs. Then the
following hold:

(a) The eigenfunction o which spans the nullspace N(L) of L = D, F (Ao, uq) is either
an element of X or of X,, i.e., we have Sxpo = expo for some ex € {£1}.

(b) The element 1§ which characterizes R(L) is either symmetric or antisymmetric with
respect to the equivariance Sy, i.e., we have Sy} = ey§ for some ey € {£1}.

(¢) Ifin (b) we have ey = +1, then the image L[ X;] has codimension one in the symmetric
space Yy, and L[X,] = Y,. In contrast, if ey = —1, then L[X,] = Y;, and the
image L[X,] has codimension one in the antisymmetric space Y.

(d) The projectors P and Q in Assumption 2.2 can be chosen in such a way that they
commute with the symmetry actions, i.e., such that Sy P = PSy and Sx@Q = QSx.

Proof. According to Lemma 2.5(b) we have both LX, C Y; and LX, C Yy, i.e., the splitting
into symmetric and antisymmetric elements is respected by L. One can then easily see that
_ o+ Sx¢po o — Sx¢po

Yo = ¥o,s + Po,a € Xs® X, if ©o,s = f and ©Y0,a = 9



This splitting furnishes 0 = Loy = Lo s + Lo q, and therefore Lyg s = —Lpg,q, which
in turn implies that both Lyg s and Lyg . are contained in X N X, = {0}. Together, this
shows that both ¢g s and g, are in N(L), hence multiples of ¢g. Together this implies
that either we have ¢y € X, or ¢y € X, which is equivalent to Sx g = ¢ or Sx g = —¢o,
respectively. This completes the proof of (a).

In order to establish (b), note that since L is a Fredholm operator of index zero with
one-dimensional nullspace, the same is true for its adjoint operator L*, and the closed
range theorem then implies that N(L*) = span[i§]. The equivariance identity Sy L = LSx
immediately gives S% L* = L*S5.. As above, one obtains L*Y C X} and LY, C X, if the
symmetric and antisymmetric elements in the dual spaces are defined via the adjoints S5
and S%. The remainder of the proof of (b) proceeds completely analogous to the proof of (a)
above.

We now turn our attention to (c). If we assume that both L[X,] =Y, and L[X,] =Y,
are satisfied, then one can easily see that L[X] = L[ X;® X,] = Y; @Y, =Y. This, however,
contradicts the fact that the range R(L) has codimension one in Y. In other words, we
necessarily have Y, \ L[X,] # 0 or Y, \ L[X,] # 0, or both.

Now let 1y denote an arbitrary element in (Y, \ L[X]) U (Y, \ L[X,]) # 0. Since ¥y # 0
and Yo ¢ R(L) we can assume without loss of generality that this element is scaled in such
a way that ¥ (o) = 1. In addition, due to ¢y € Y; UY, there exists a sign k € {£1} such
that Sy vy = kiy. Then one obtains

k=g (Kbo) = Yo (Syvo) = (Sy¥g) (%) = ey g (tho) = ey

i.e., we have Sy vy = ey 1.

Now assume £y = 1. Then the above arguments readily show that Y, \ L[X,] = 0, and
this in turn implies Y \ L[X;] # 0. Therefore, the subspace L[X,] has codimension one
in Y;, and L[X,] = Y,. The case ey = —1 can be treated analogously and leads to the
opposite configuration.

It remains to establish (d), and we begin with the statement concerning the projection P.
As in the proof of (c), let 1y denote an arbitrary element in (Y, \ L[ X]) U (Yy \ L[X,]) # 0,
and we can again assume without loss of generality that ¢§(¢) = 1. In addition, one
automatically obtains Sy ¥y = ey 1y. Now define Y = span[iy], and let P be the associated
projector as in Assumption 2.2. Then Py = 9§(y)o, and this implies for all y € Y the
identity

Sy Py = g (y)Sy o = ey s (y)bo = (Sy45) (¥)vo = ¥4 (Syy) o = PSyy ,

i.e., the operators P and Sy commute.

In order to prove the remaining statement for @, choose any ¢* € X* with ¢*(pg) # 0.
One can then write ¢* in the form ¢* = ¢} + ¢, where Sy ¢ = ¢% and Sk ) = —¢. Due
to the inequality ¢*(¢g) # 0, we can therefore find an element ¢f € X* with ¢f(¢o) = 1
and S ¢§ = kpj for some k € {£1}, as well as

k= rpp(wo) = Sxeo(vo) = ©5(Sx o) = ¢olexwo) = x

i.e., we have Skl = exyl. If we now define Qr = ¢f(z)po and X = N (p5), then one
finally obtains

SxQz = ¢o()Sx o0 = expp(x)po = Sxpo(2)po = o (Sxx)po = @Sxx

and the proof of the lemma is complete. O



Using these results, we can now show that equivariance also leads to the following sym-
metry properties in the method of Lyapunov-Schmidt.

Proposition 2.7 (Equivariant Lyapunov-Schmidt Reduction). Suppose that all the as-
sumptions of Proposition 2.3 are satisfied, and that F is Zs-equivariant as in Definition 2.4.
Finally, assume that ug € X, and suppose that the projections P and @Q are chosen as in
Lemma 2.6(d). Then the following hold:

(a) The nullspace N(L) of L = D, F(Xo,ug) is invariant under Sx, and the range R(L)
s invariant under Sy .

(b) The mapping W appearing in the the Lyapunov-Schmidt reduction in Proposition 2.3
is Zio-equivariant, i.e., we have

WA Sxv) =SxW(\v) forall MNeR and ve N(L).

(¢) The bifurcation function b(\, ) satisfies
b\, exa) =eyb(A, ) forall (A a) close to (Ng,0),
where ex and ey encode the symmetry properties of po and v, respectively, as shown
in Lemma 2.6.

Proof. The invariance of N(L) and R(L) follows immediately from (7) and Sxuo = ug. To
show (b), for arbitrary A € R and v € N(L) the equivariance of F, combined with the
construction of W in the proof of Proposition 2.3 and Lemma 2.6(d) show
(I —P)F(\,Sxv+ SxW(\v))=({I—P)SyF(A\ v+ W(\v))
=Sy (I -P)F(\v+W((\w)) =0,

=G(A0,W(Av))

which implies that w = SxW (A, v) solves G(\, Sxv,w) = (I — P)F(A,Sxv + w) = 0. Due
to the uniqueness property of W guaranteed by the implicit function theorem, this furnishes

SxW(Av) =W(A\ Sxv),

i.e., the mapping W is Zs-equivariant. Finally, to show (c), for all (A, 0) € R? close to (g, 0)
we have

eyb(\, @) = ey hg PF(A, vo + apo + W (A, vo + o))
= S Ui PF (A vo + apo + WA vy + app))
= Y5Sy PF (A vo + agpg + W (A, vg + agpp))
=Yg PF (X vo + aSxpo + W (X vo + aSx o))
= YsPF(\ vy + aexpo + W(A v + aex o))
=b(\exa),

where we have used the fact that Sxvg = SxQug = QSxug = Qug = vg. This completes
the proof of the lemma. O

While in general it does not seem to be the case that ex and ey have to be related,
there are special situations when they have to coincide. One such situation is outlined in
the following lemma, and it will be important for the application to the dibock copolymer
model.



Lemma 2.8 (Forcing Sign Equality). Suppose that all the assumptions of Proposition 2.8
are satisfied, and that F is Zo-equivariant as in Definition 2.4. Assume that ug € Xg,
suppose that the projections P and Q are chosen as in Lemma 2.6(d), and let o and ¥
define the nullspace and range of the linearization L = D, F (X, uo) as before. Furthermore,
suppose that there is a linear mapping J : X — Y which satisfies JSx = Sy J, as well as

Jpo & R(L),  or equivalently  §Jpo #0 .

Then the signs ex and ey defined via Sxpo = expo and Sy 5 = ey satisfy ex = ey,
1.e., they necessarily coincide.

Proof. The assumptions immediately imply

ex - PoJwo = Yod (expo) = Y5 JSx o = Yo Sy Jpo = Sy wo = ey - Yoo ,
and dividing both sides by ¥§Jyo # 0 furnishes the result. O

Notice that if Lemma 2.8 holds, then part (c) of Proposition 2.7 is particularly useful. In
the nontrivial case, one has ex = ey = —1, which immediately implies that the bifurcation
equation b(A, ) = 0 is odd with respect to v — and therefore forces the existence of a
trivial solution. This situation will correspond to symmetry-breaking bifurcations discussed
further below.

2.2 Saddle-Node Bifurcation Points

We now turn our attention to the first type of bifurcation considered in this paper — the
saddle-node bifurcation. In generic systems, this is the only type of bifurcation point that
can be observed. For this, assume that we have a solution (Ao, ug) of the problem (2), and
that Assumption 2.2 holds. Then the condition

Yo DAF (Ao, ug) # 0 (8)

is generically satisfied, and in this case one often refers to (Ao, uo) as a simple saddle-node
bifurcation point, see for example [30]. In fact, the left-hand side of (8) is the first term
in the Taylor expansion (5) of the bifurcation equation. In combination with the implicit
function theorem this shows that under condition (8), the bifurcation equation b(A,a) =0
can be solved for A in a neighborhood of (Ag,0). While this could lead to a situation where
no bifurcation actually occurs, for example if the solution curve is monotone with respect
to «, by assuming an additional generic condition one can guarantee a true saddle-node
bifurcation point.

Proposition 2.9 (Existence of Saddle-Node Bifurcations). Suppose that Assumption 2.2 is
satisfied and that (8) holds. If in addition the generic condition

Yo Duu (Ao, uo) [po, o] # 0 9)

is true, then the nonlinear problem (2) undergoes a saddle-node bifurcation at (Ao, uo).
Furthermore, if 1§Dy F (X0, uo) @0, ©ol/V§DrF (Ao, ug) > 0, then the bifurcating solutions
exist for A < Ao close to the bifurcation point, and if the ratio is negative for A > Xg.

Proof. Proposition 2.3 shows that characterizing the solution set of (2) in a neighborhood
of (Ao, up) is equivalent to solving the bifurcation equation

b(Ao +v,a) =0 (10)
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in a neighborhood of (0,0) € R?, where the Taylor expansion for b is given in (5). Due to (8)
and the implicit function theorem there exists a smooth function v = h(«) which is defined
in a neighborhood of 0 and whose graph contains all solutions of (10) in that neighborhood.
In particular, we have h(0) = 0. Differentiating the identity b(Ag + h(a), &) = 0 twice with
respect to a and then setting o = 0 furnishes

Dyb(Ag, 0)R'(0) + Dyb(Xg,0) =0,
Dyb(Xo, 0)R"(0) + Darb(Xo, 0)2/(0) + 2D 0b( X, 0)A'(0) + Daab(Xg,0) =0 .

According to Dab(Ag,0) = 0 and Dxb(Ag,0) = g DaF (Ao, ug) # 0 the first equation im-
plies 1/(0) = 0. Together with the second equation we finally obtain

_Daab()\OaO) _ _’(/}E)kDuuF<)\Oau0)[(p07<p0]
Dxb(Xo,0) Y5 DAF (Nos uo) 7

B'(0) =

which completes the proof of the lemma. O

While the above result provides generic conditions that guarantee a saddle-node bifur-
cation, we need to reformulate these to make them amenable to a rigorous computational
approach which involves Newton’s method. In other words, we need to derive a nonlinear
system with an isolated zero which corresponds to the bifurcation point. For this, we follow
the approach in [19] and consider a suitable extended system. More precisely, we supple-
ment the nonlinear parameter-dependent equation (2) by another equation which forces
the existence of an eigenfunction v of the appropriate Fréchet derivative, together with a
normalizing condition on this eigenfunction. This leads to an extended system of the form

F(A\u)=0,
D, F(\u)[v] =0, (11)
Lv)—1=0,

where ¢ € X* is a fixed element of the dual space of X. We abbreviate this system as
F(A\u,v)=1(0,0,0), (12)

where
F . {RXXXX - RxY xY

Nu,v) = (L) =1, F(\u), DyF(A\u)v)])

Then the following result is analogous to [19, 24]. Since in this paper only operators acting
on one Banach space are considered, we present the straightforward extension to mapping
between different Banach spaces in detail.

Theorem 2.10 (Saddle-Node Bifurcations via Extended Systems). Suppose that Assump-
tion 2.1 is satisfied. Then the following two statements hold.

(a) If the nonlinear operator F satisfies Assumption 2.2, as well as both conditions (8)
and (9), and if £ € X* is any functional such that £(pp) = 1, then the Fréchet deriva-
tive D(xu,0)F (Ao, Uo, o) is invertible, i.e., the solution (Ao, uo, o) of the extended
system (11) is an isolated non-degenerate zero of the mapping F.

(b) Conversely, if there exists an £ € X* and a pg € X such that F (Ao, uo, o) = (0,0,0),
and if the Fréchet derivative D(Ayuyv)}'()\muo,gao) 18 tnvertible, then the nonlinear
operator F satisfies Assumption 2.2, as well as both conditions (8) and (9).
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In other words, the nonlinear problem (2) undergoes a saddle-node bifurcation at (Ao, ug) in
the sense of Proposition 2.9, if and only if the triple (A, uo, o) is a non-degenerate zero of
the nonlinear map F which defines the extended system (11).

Proof. (a) One can easily see that the Fréchet derivative of F is given by
Dy FAos o, 90)[A, @8] = (€5), X+ DAF(Ao, o) + L,

5\ . D)\uF()\OaUU)[SOU] + DuuF()\Ou 'LLO)[QO(),’LNL] + Lﬁ) )

where we again use the abbreviation L = D, F'(\g, ug).
To begin with, we show that the Fréchet derivative is one-to-one. Assume that

D()\,u,v)]:(A(% U, 900)[5\7 ﬂw ID] = (07 03 0)

We will now show that this implies (5\, a,7) = (0,0,0). Applying ) to the second component
of the Fréchet derivative of F, together with R(L) = N(¢¢), yields

0 = X-iDAF(No,u0) + 5L = X- i DaAF (Mo, uo) ,
N————
#0

and this in turn furnishes A = 0. Substituting this identity into the second component one
obtains La = 0, i.e., there exists a constant v € R such that @ = ~ypo. Applying 1§ to the
third component of the Fréchet derivative of F then implies

0 = Yo DuuF(No,u0)[wo, @) + Yo L0 = 7 - Yy DuuF (Ao, uo) [0, ol »
£0

implying v = 0, as well as u = vy = 0. Now the third component reduces to Lv = 0, which
gives U = npp. The first component then yields 0 = 4(0) = - £(vp) = 7, i.e., we have ¥ = 0.
Thus the Fréchet derivative of F is one-to-one.

It only remains to show that the Fréchet derivative is onto. Let (7,y,2) € RxY xY
be arbitrary. If we define A = 9%y /1% Dy F(Xo, uo), then there exists a unique @ € X which
satisfies L =y — XDAF()\O, ugp), and for every v € R we have

A+ DyF (o, uo) + Ll + o] = y -
Now let v = 4 denote the unique solution of the equation

(0} (5\ - D)o F (Ao, u0) 0] + DuuF (X0, uo) [0, T + 7900]) =Yz,

which exists due to 1Dy F'(Ao, u0)[0, wo] # 0. Then there exists a unique & € X such
that for all n € R we have

A+ DxuF (X, uo) 0] + DuuF (Mo, uo) [0, @ + Fepo] + L[T +1po] = 2 -
If we finally define 77 = 7 — £(¥), then one can easily verify that
D(A,u,v)}—<>‘0a Uo, 900)[5‘3 u+ ’?5007 0+ 77800] = (7—7 Y, Z) )

and this completes the proof of (a).
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(b) Now assume that there exists an £ € X* and a ¢y € X such that (Ao, uo, o) is a
non-degenerate zero of F. According to the form of the third component of F we know
that ¢o € N(L). Assume there is another element ¢; € N(L) which is linearly independent
of ¢p. Then one can immediately verify that for all numbers a € R the linear combination

Vo =1 —al(pr)) po+ apr; satisfies  £(py) =1

and is of course also in the kernel of L. This in turn implies that for all scalars @ € R we
have F (Ao, uo, (1 —al(p1))po +ap1) = (0,0,0), i.e., the zero (Ao, ug, o) is not isolated and
therefore the linearization of F at this point cannot be invertible. Thus, the operator F
satisfies Assumption 2.2.

Now assume that (9) is not satisfied, i.e., we have D, F (Ao, uo)[¢o, po] € R(L). If we
even have Dy, F (Ao, u0)[©0,p0] = 0, then one can easily see that (X, @, 0) = (0, g,0) is
a nontrivial element in the kernel of the linearization Dy 4, .)F (Ao, %o, o), which violates
its assumed invertibility. On the other hand, if D, F (o, uo)[¢o, o] # 0, then there ex-
ists a function o ¢ N(L) such that Lo = —DyuF (Mo, u0)[po,w0]. In this case, one can
verify that (A, @, 0) = (0,0, — £(0)pg) is a nontrivial element in the kernel of the lineariza-
tion D y,0)F (Ao, Uo, ¢o), which again violates the assumed invertibility of the Fréchet
derivative. This implies the validity of (9).

Finally, assume that (8) does not hold. This shows that DyF'(Ag, ug) € R(L), and there
exists a function @ such that Li = —DyF (A, ug). Thus, for all « € R we have

DxF (Ao, uo) + Lli + aspo] = 0 .
Due to the already established validity of (9) and
DixuF (X0, uo)[po] + Duul (Ao, uo)[po, @ + apo] =

DiuF(Xo, uo) o] + Duut' (Ao, uo)[po, 4] + @ - DuuF (X0, o) [0, ¢o
we can find a value & € R such that

U5 (DauF (Aos uo)[wo] + DuuF (Ao, uo)|po, @ + dpo]) =0,
and therefore there exists a function v € X such that

DixuF' (Ao, u0)lpo] + DuuF (Ao, uo) o, @ + épo] + Lo =0 .

This implies that the triple (5\, w,0) = (1,4 + &po, 0 — £(0)pp) is contained in the kernel
of the linearization Dy 4, .)F (Ao, o, o), violating the assumed non-degeneracy. Thus, (8)
holds and the proof of the lemma is complete. O

The above lemma shows that generically, one can use standard path-following techniques
to follow simple saddle-node bifurcation points as zeros of the system (12), as long as this
system has an additional free parameter. This will be the case in our applications to the
diblock copolymer model. Notice also that we do not have to separately establish the non-
degeneracy conditions (8) and (9), as long as we can guarantee that the zero of the extended
system is non-degenerate.

2.3 Pitchfork Bifurcation Points Forced by Symmetry

We now turn our attention to the case of pitchfork bifurcation points. Of course, such
bifurcation points are non-generic in general systems. Nevertheless, our numerical path
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following results presented in the introduction clearly indicate that they do in fact occur in
the diblock copolymer system. Unfortunately, however, at such pitchfork bifurcations the
linearization of the extended system F defined in (12) in the previous section is no longer
invertible — which prevents the use of Newton’s method to locate them via a computer-
assisted proof.

To remedy this problem we need to understand why these non-generic bifurcation points
frequently do occur in partial differential equations. As it turns out, pitchfork bifurcations
are usually forced through inherent symmetries. For the purposes of this paper, we assume
that the symmetry occurs in the specific form introduced in Definition 2.4, i.e., via Zo-
equivariance. It was shown in Proposition 2.7 that by choosing appropriate projections in
the method of Lyapunov-Schmidt, equivariance propagates to the function W, and in some
sense also to the bifurcation equation b(\, ) = 0 through the signs ex and ey introduced
in Lemma 2.6. If both of these signs are negative, we are in the situation of a symmetry-
breaking bifurcation, and we have the following result.

Proposition 2.11 (Existence of Symmetry-Breaking Pitchfork Bifurcations). Suppose that
Assumption 2.2 is satisfied and that F is Zy-equivariant as in Definition 2.4. Furthermore,
assume that

Sxup=uy, Sxpo=—po, aswellas Syuvi=—-v;, (13)
that the projections P and @ are chosen as in Lemma 2.6(d), and that

¥ DauF (Ao, o) [po] + 16 DuuF' (Ao, uo) [0, So] # 0 (14)
where &y denotes the unique solution of the equation
Dy F(Xo,uo)[éo] + (I — P)DrF (Ao, u0) =0 with & € X . (15)

Then the nonlinear problem (2) undergoes a pitchfork bifurcation at (Ao, uo). Locally at this
point the solution set of (2) consists of a smooth solution curve parameterized by A, together
with a parabolic curve which is tangent to po at (Mg, ug). Consider the ratio

_ wéDuuuF()\Oz UO)[‘P& $o, 900] + SwgDuuF()\O; uO)[WOv CO]
g DauF (Mo, uo) o] + U5 DuuF (Mo, uo) [0, €o) ’

where & was defined in (15) and (o € X, is defined by
Dy F(Xo,u0)[Co] + (I = P)Dyu F'(Xo,u0)[0, o] =0 .

If the ratio o is positive, then the solutions on the parabolic branch exist for A\ < A\ close to
the bifurcation point, if o is negative then they exist for A > Ag. If 0 = 0, either half of the
parabolic branch could lie on either side of \g.

Proof. The assumptions of the proposition show that both Proposition 2.3 and Proposi-
tion 2.7 hold. In particular (13) implies that ex = ey = —1. Thus, the left-hand side of the
bifurcation equation b(\, ) = 0 satisfies

b(A,—a) = =b(\, ) forall (A «) closeto (Ag,0),

which immediately implies that b(\,0) = 0 as well as Dyob(\,0) = 0 for all A close to Ag.
Now define a function r in a neighborhood of (A, 0) by setting

A @) for a#0,
r(Aa) = a

Dy,b(A,0) for a=0.
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Then in a neighborhood of (Ag,0) the mapping r is smooth. Furthermore, it satisfies the
identity b(A, @) = a - r(\, &) — and this in turn shows that the bifurcation equation has
the trivial solution branch o = 0. From Proposition 2.3(a) this trivial branch gives rise to
the smooth solution curve A — vy + W(A,vg) which is parameterized by A and uses the
projection vg = Qug. The mapping W is defined in Proposition 2.3, and Proposition 2.7(b)
implies that W is equivariant.

In order to find the second solution branch, we need to solve the equation r(A, ) = 0.
For this, notice that the definition of » and (5), together with the fact that b(\,0) = 0 for
all A close to Ag implies Dyxb(Ag,0) = 0 for all k > 1, lead to the expansion

l/2 av
7“()\0 + V,Oé) =VU- D)\ab()\o,0> + ? . D)\)\ab()\o,0> + 7 . D)\aab()\o,())

=X

(™)

+ % . Daaab(AOa 0) + RT(V7 Oé)
with R, (v,a) = O(||(v,a)||?). We clearly have r(\g,0) = Dob(),0) = 0, and (14) implies
with Table 1 that Dyr(Ag,0) = Dxab(Ag,0) # 0. The implicit function theorem then yields
a smooth function o — h(a) which is defined near oo = 0, satisfies h(0) = Ag, and such that
in a neighborhood of (0,0) one has

r(A,a) =0 ifand only if A= h(a).

This establishes the second solution branch a — vg + ag + W (h(a), vo + app).

In order to finish the proof, we only have to verify the tangency statement regarding the
second solution branch, as well as its opening side. For this, one just has to differentiate
the identity r(h(a), o) = 0 twice with respect to A. One differentiation implies

Dyr(h(a),a)h’(a) + Dor(h(a),a) =0,

which for (A, &) = (Mg, 0) gives Dxr(Ag,0)h'(0) + Dyr(Ag,0) = 0. Due to Dr(Xg,0) # 0, in
combination with D,r(\g,0) = 0, this implies #'(0) = 0. Computing the second derivative
of r(h(a),a) = 0 with respect to o and letting o = 0 finally implies

Dr(Ao, 0)h" (0) + Daar(Xo,0) =0,

and therefore
h//(o) _ _Daar()\mo) _ _Daaab()\mo) _ _Q
D)(f'()\o,()) 3D)\ab(>\0,0) 3 ’

where we also used Table 1. This completes the proof of the proposition. O

In order to rigorously determine the location of symmetry-breaking bifurcation points,
we would like to consider an extended system similar to the one defined in (11) and (12).
Unfortunately, if we were to consider this system as is, while the point (Ag, ug, ¢o) would still
be a zero, it would no longer be isolated and therefore preclude the use of any Newton-type
method for its solution.

The prevalent role of symmetries in the formation of the pitchfork bifurcation allows
for a simple adjustment. For this, we still consider the extended system as defined in (11)
and (12). This time, however, one component of the map F, induced by the system is
restricted in domain and range to subspaces of X and Y, respectively. That is, we consider
the restriction of the full system F given by

r {RXXSXX - RxY,xY

hwo) s () — 1, FO\u), DuF(u)]) (16)

15



i.e., we restrict the argument u to the space of symmetric elements, and consider the image
of the second component only in the symmetric subspace of Y. Notice that this restriction
to Ys in the image is justified by Lemma 2.5(a). Then the following result holds, which is
in the spirit of a related result in [30], and extended to the case of different Banach spaces
in domain and range.

Theorem 2.12 (Symmetry-Breaking Pitchfork Bifurcations via Extended Systems). Sup-
pose that Assumption 2.1 is satisfied and that F' is Zs-equivariant as in Definition 2.4. Then
the following two statements hold.

(a) Suppose that all assumptions of Proposition 2.11 are satisfied, and let £ € X* be a
functional such that £(@o) = 1. Then the Fréchet derivative Dy y ) Fr(Xo,uo, p0) of
the mapping defined in (16) is invertible, i.e., the solution (Ao, uo, o) € R x Xg x X
of the extended system

Fr(Au,0) = (0,0,0) (17)

is an isolated non-degenerate zero.
(b) Conversely, if there exists an £ € X* and a ¢y € X, such that (Ao, ug, po) s a zero of

the nonlinear map F., and if the Fréchet derivative Dy . ) Fr (o, to, @o) is invertible,
then the nonlinear operator F' satisfies all assumptions of Proposition 2.11.

In other words, the nonlinear problem (2) undergoes a symmetry-breaking pitchfork bifurca-
tion at (Ao, uo) in the sense of Proposition 2.11, if and only if (Ao, uo, v0) € R x X x X,
is a non-degenerate zero of (17).

Proof. (a) As before, the Fréchet derivative of F,. is given by
D()\,u,v)]:r()‘(% uo, @0)[5‘7 ﬂ/v ’6] = (Z(ﬁ)7 5‘ . DAF()‘O’ U’O) + La’
X+ DxuF (Mo, u0)[o] + DuuF (Mo, o) [0, @] + Lﬁ) )

where we use the abbreviation L = D, F (Ao, u). In the following, we assume that the
projections P and @ have been chosen as in Lemma 2.6(d).

We begin by showing that the Fréchet derivative Dy y,)Fr (Ao, to, o) is one-to-one. For
this, assume that Dy v ) Fr (Ao, vo, @0)[5\, @,9] = (0,0,0), and then show that this implies
(:\,ﬂ,fz) = (0,0,0). To begin, suppose that A # 0 — which will lead to a contradiction.
Due to Lemmas 2.5(a) and 2.6(c) we have DyF(\g,up) € Y; = L[X;] C R(L), and together
with N(P) = R(L) this implies PDyF(Ao,u9) = 0. Therefore the second component of the
Fréchet derivative leads to

A(I = P)DyF(Ao,uo) + Lii =0,

which in turn implies &y = 11/5\, where £ is defined in (15). Plugging this into the third
component of the Fréchet derivative yields

DiuF(Xos u0) o] + DuuF (Mos wo)[po, o] + LT/A =0,
and applying ¢, together with N(¢g) = R(L), results in
$6 D (Ao, o) o] + 15 DuuF' (Ao, uo)[0, §0] = 0.
Since this last identity contradicts (14), we must have A = 0. The second component of

the Fréchet derivative then implies L@ = 0, and therefore & € N(L) N X = {0}. Now the
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third equation reduces to Lo = 0, which gives © € N(L), i.e., we have 0 = n¢o. The first
component finally yields 0 = ¢(0) = n - ¢(vg) = 7, i.e., we have © = 0. In other words, the
Fréchet derivative of F,. is one-to-one.

It remains to show that the Fréchet derivative is onto. For this, let (1,y,2) € Rx Y, xY
be arbitrary. Since y € Y; C R(L) and N(L) N X, = {0} there exists a unique @ € X, such
that

Lu=vy.
Now choose A via

V52 — V5 DuuF (Ao, uo) [0, U]
g DauwF (Nosuo)[po] + ¥ DuuF (Nos wo) [0, €0

Then in combination with Lemma 2.5(b),(c) and R(L) = N(¢3) one can show that

5\:

z = Dy F'( Ao, uo)[po, 4] — A+ (DxuF (X0, uo)[@o] + Duut (Ao, uo)[po, o)) € R(L) ,
and therefore there exists a ¥ € X such that for all n € R we have
X+ DxuF (Mo, u0)[po] + DuuF (Mo, o) [0, @+ Aéo] + LIT + ngo] = 2 -
Furthermore, due to Lu = y we have
A DaF(Xo,uo) + L[i + Aéo) = =X - L& + L[+ M) = L =y .

If we finally define 7 = 7 — £(9), then employing the two previous identities one can easily
verify that 5 3
D()\,u,v)]:r()‘O» Ug, @O)[Av u+ )‘507 0+ ﬁQOO] = (T7 Y, Z) )

and this completes the proof of (a).

(b) We now turn our attention to the proof of (b), and assume that there exists an ¢ € X*
and a triple (Mg, ug, o) € R x X x X, such that F,.(Ao,uo,90) = (0,0,0), and that the
Fréchet derivative of F,. at this point is invertible. Due to the specific form of the third
component of F, we have ¢y € N(L). If there were another element ¢, € N(L) which is
linearly independent of ¢g, then one can immediately verify that for all & € R the linear
combination ¢, = (1 — al(p1))po + ap; satisfies £(p,) = 1, and it is clearly also in the
kernel of L. Thus, we have F, (o, uo, (1 — al(p1))po + ap1) = (0,0,0) for all o € R, i.e.,
the zero (Ao, ug, o) is not isolated and therefore the linearization of F,. at this point cannot
be invertible. Thus, the operator F, satisfies Assumption 2.2.

From our assumptions, we already know that Sxug = ug, that Sxpg = —pg, and we
can choose the projections P and @ as in Lemma 2.6(d). In addition, we have S} 9§ =
ey for some as of yet unknown sign ey € {£1}. Finally, since the projection I — P
maps X, into Y; N R(L) and since N(L) N X, = {0}, Lemma 2.5(a) shows that there exists
a unique & € X, which solves (15).

In order to establish ey = —1, we first show that in fact L[X] = Y;. For this, let z; € Yj
be arbitrary. Since the Fréchet derivative Dy 4, .)Fr (o, uo, wo) is invertible, there exists a
triple (5\711,17) € R x Xs x X such that D(Ayuyv)Fr()\o,uo,goo)[S\,ﬂ,f}] = (0,0, z5), which in
turn implies the identity

X - Dy F (Mo, u0)[p0] + DuuF (Mo, uo)[wo, @) + Lo = 2 .

If we now decompose ¥ € X as 0 = 05 + 9, € X5 @ X,, then Lemma 2.5(b),(c) implies

Loy + Lia =z — (A DxuP (%o, w0)[po] + DuuF (Mo, to)[ip0, ) ,
—~ —~~
€Y €Ya €Y

€Y,
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and together with Y =Y, @Y, this leads to L5 = z;, i.e., we have L[X,] = Y;. In view of
Lemma 2.6(c), one therefore has to have ey = —1, i.e., the equalities in (13) hold.

It remains to be shown that the inequality (14) is satisfied. For this, let z € Y\ R(L) be
arbitrary. Then the assumptions of (b) imply that there exists a triple (A, @, 7) € Rx X x X
such that R

D(/\,u,v)]:T(AOaumQOO)P"fLaf}] =(0,0,2) . (18)

Assume for the moment that we have in fact A = 0. Then the equation for the second
components of (18) implies L& = 0, which in turn gives & € N(L) N Xy = {0}. But in this
case the last component of (18) reduces to Lo = z ¢ R(L), which is impossible. Thus, we
necessarily have to have A # 0, and the second component in (18) implies in combination
with DyF' (Ao, uo) € Ys C R(L) = N(P) the identity

(I — P)DxF (o, uo) + L[/ N = DaF (X, uo) + L[a/N =0 ,

i.e., according to (15) one obtains 4 = M. Substituting this expression into the last
component of (18) finally yields

AD ) F (Ao, u0)[00] + DuuF (Mo, o) [0, Ao] + Li = 2,
and applying 13 to both sides leads to

A - (03 DauF (Nos u0) [90] + 8 D F (Mo, o) [0, €0]) = Y52 # 0,

due to YL = 0 and z ¢ R(L). This establishes (14), and therefore all assumptions of
Proposition 2.11 are satisfied. This completes the proof of the theorem. O

Remark 2.13 (Alternative Expressions for & and (). The proof of the above theorem
shows that the functions & € Xs and (o € X, defined in Proposition 2.11 can equivalently
be defined as solutions of the two identities

Dy F(Xo,u0)[éo] = —DrF(Xo, uo) ,
DuF(AOaU’O)[CO] = _DuuF()\OaUO)[@07<p0] 3

which no longer include the projection P.

As in the previous subsection, the above theorem shows that generically, one can use
standard Newton-type techniques to determine symmetry-breaking pitchfork bifurcation
points as zeros of the system (17). This time, however, the system is restricted to symmetry
subspaces, and this will in fact lead to significant reductions in dimensions later on.

To close this section, let us briefly contrast the reduced system (17) to the one considered
in [30]. As we mentioned earlier, this reference is concerned with a numerical method for
computing the location of symmetry-breaking pitchfork bifurcations, and it employs the
even further restricted system F..(\, u,v) = (0,0,0), where

P {RstxXa - RxY,xY, (19)
” Nu,v) = (L) —1, F(\u), DyF(X\u)v)])

i.e., they restrict the argument u to the space of symmetric elements, and the argument v
to the space of antisymmetric elements. From a purely computational point of view, this
system leads to a reliable method. We would like to point out, however, that it cannot
easily be used in a computer-assisted proof setting. As the following example shows, even if
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the system F..(A, u,v) = (0,0,0) has an isolated zero, this does not guarantee the existence
of a symmetry-breaking pitchfork bifurcation as in Proposition 2.11. The reason for this
surprising behavior lies in the fact that even for an islated zero of this further reduced
system, the Fréchet derivative D, F(XAo,up) does not necessarily have a one-dimensional
kernel, it could be higher-dimensional. While this precludes a computer-assisted proof, it
does work in a purely numerical setting, since in this setting the kernel is almost-surely
one-dimensional.

Example 2.14 (Degenerate Symmetry-Breaking Bifurcations). In this example we show
that even if the reduced system F,..(\,u,v) = (0,0,0), with 7, as in (19), has an isolated
zero, this does not mean that the Fréchet derivative of the underlying map F has a one-
dimensional kernel. To see this, consider the class of functions suggested in [30], which are
of the form

F()‘3 (x13x2)) = (f(Aaxl)vf(A7:L'2)) )

where f : R? — R will be specified later on. If we let X =Y = R2, then one can easily see
that the mapping F': R x X — Y is Zs-equivariant with respect to the symmetries

0 1
SX:SY:<1 0>7

and the symmetric and antisymmetric subspaces are given by
Xs ={(z1,22) :z1 = a2} and X, ={(z1,22) 121 = —x2} .

Based on the form of F, if there is a curve (A, (X)) such that f(A,z(\)) = 0 holds, then we
automatically have F(\, z(A),z(X)) = (0,0). Consider now the specific function

A
ANY)=y— ——.
FAy)=y—1— "
Then one can easily see that f(\,y) = 0 whenever we have A\ = y — y3. Moreover, if we
define Ay = +2/(3v/3) and x4 = +1/+/3, then

0
87{ (A, 24) =0,

which in turn implies

0 O
Dy o) F(As, 24, 204) = ( 0 0 > ~

Thus, the Fréchet derivative D(I17I2)F()\i, z4,24) has a two-dimensional kernel on X, and
a one-dimensional kernel on X,. One can show that despite the fact that (Ay, x4, 24) are
isolated solutions of the extended system F,..(A, u,v) = (0,0,0), the bifurcation at these two
points is not a pitchfork bifurcation in the sense of Proposition 2.11. Rather, at each point
we have a degenerate bifurcation point. See also Figure 2. The same type of degenerate
bifurcation occurs for the coupled cell reaction model with an Arrhenius reaction rate term
in Example 4.1 of [30] with & = 0. These simple examples illustrate the general problem that
we cannot determine the kernel of the linearization by only looking at the antisymmetric
part of the space.
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Figure 2: Two degenerate symmetry-breaking bifurcations as described in Example 2.14.

2.4 Application to the Diblock Copolymer Equation

In this section we demonstrate how the diblock copolymer model (1) fits into the framework
described above. For more details we refer the reader to [15]. Rather than studying the
model in the form described in the introduction, we apply the transformation u — u 4+ u so
that in the following we always consider the mass constraint zero and have incorporated pu
into the equation. After this transformation, finding equilibrium solutions of the evolution
equation is equivalent to solving the nonlinear operator equation

FAu) = —(uge + Af(n+1u)),, —Aou = 0, (20)

where F' is a parameter-dependent operator F': R x X — Y on the Holder-type spaces

1
X = {u€C4’g[O,1} : / u(z)dxr =0 and
0

Uz(o) = Uzmm(o) = Ur(l) = urxr(l) = 0}7 (21)

Y:{UECO’Q[O,I] : /Olu(x)da:20} ,

and with nonlinearity f(u) = u —u3. In order to keep our notation uniform throughout the
section, we only emphasize the parameter A in the definition of F, since this is our primary
bifurcation parameter. However, the secondary parameter o will prove to be essential in
order to find location curves of bifurcation points in the diblock copolymer model. Notice
also that for every choice of the parameters A, o, and p the constant function u = 0
satisfies (20). This solution is referred to as the trivial solution.

The bifurcation diagram of (20) in a neighborhood of the trivial solution has been com-
pletely described in [15] using a standard Lyapunov-Schmidt approach. In order to describe
these results, note that the eigenvalues and eigenfunctions of the negative Laplacian —A
on the one-dimensional domain ©Q = (0, 1) and subject to homogeneous Neumann boundary
conditions, are given by

k= k1% and  @i(z) = V2coskmx for keEN. (22)

Since the space X contains a mass constraint, the constant eigenfunction with eigenvalue
zero will play no role in the following and has therefore been omitted. Using this notation,
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it was shown in [15] that the bifurcation points from the trivial solution of (20) are given by

2
Kk

b ) = O =

(23)
where ¢ > 0. Since we are only interested in bifurcation points at positive A-values, the
indices k have to satisfy xx > o/f’(u), and one needs to assume that f'(u) > 0, i.e. the
total mass i has to be in the spinodal region.

It was shown in [15], and briefly described in the introduction, that most of the solution
branches of (20) which bifurcate from the trivial solution undergo a variety of secondary
bifurcations. Studying these secondary bifurcation points using rigorous computational
techniques is the main subject of this paper. For this, we need to first show that the nonlinear
mapping F' defined above satisfies all the conditions of the abstract results described so far.
This will be accomplished in the following proposition.

Proposition 2.15. Consider the nonlinear operator F defined in the diblock copolymer
equilibrium equation (20), and let the Banach spaces X and Y be defined as in (21). Fur-
thermore, assume that (Mg, ug) € RY x X s arbitrary, and that 0 = 09 > 0 and p = pp € R
are fixed. Then the following hold.

(a) The Fréchet derivative L = D, F (Mg, uo) € L(X,Y) is a Fredholm operator of index
zero.

(b) The kernel N(L) is spanned by n € N linearly independent solutions ¢q, . ..,on—1 of
the linear elliptic problem

Lv = — (Vgz + Xof' (1o + o)), — Aooov =0 with ve X,

i.e., the functions py, solve this linear differential equation subject to the zero mass
constraint and Neumann boundary conditions as in (1).

(c) If Yo,...,¢n_1 € C*2[0,1] denote n linearly independent solutions of the adjoint
problem
L*w = —Wgzazx — )\Of/(,U/O + UO)wmm — Xooow =0,

subject to the Neumann boundary conditions wy;(0) = Wypz(0) = Wz (1) = Were(1) =0,
but without imposing any integral constraint, then the range of L is characterized by

1
R(L) = {w ey : / Yp(z)w(x)de =0 for all kzO,...,n—l} .
0
Proof. Rather than considering X and Y directly, we first consider the standard Hoélder
spaces without mass constraint given by
X ={ueC"0,1] : uy(0) = gz (0) = uy(1) = tgza(1) =0},
Y={uecC™,1]} .

Then F : R x X — ) is a smooth nonlinear operator. In fact, standard elliptic theory
shows that in this setting, the operator F' is a Fredholm operator of index zero: For any
choice of Mg, 00,10 € R and any uy € X the linearization L = D, F'(Ao,up) is an elliptic
operator with principal term —vgz... The latter operator is Fredholm with index zero, since
in the associated Sobolev setting it is in fact self-adjoint. Since the additional terms in L
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are of lower differentiation order, they are a compact perturbation, and (a) follows for L,
but with X and Y replacing X and Y. For more details we refer the reader to [31, pp. 259ff].

We now turn our attention to the operator F' restricted to the spaces X and Y which
impose the zero mass constraint. To begin with, it is easy to see that for any A\ € R
and ug € X one has F(\g,ug) € Y, i.e., considering F' as an operator from R x X into Y
is well-defined. Similarly, we have L(X) C Y. But even more is true. If v € X is arbitrary,
then

1 1
/ Lv(z)dx = — Aoy - / v(z)dx
0 0

due to the imposed boundary conditions and integration by parts. The latter identity,
together with our assumptions A\g # 0 and og # 0, furnishes:

For every v € X\ X we have Lv € Y\Y . (24)
This identity will prove to be essential below. Now let
N (L|x) = span[po, ..., pn-1] C X
denote the nullspace of L|y considered as operator between X and ), and let
N (L*|x) = spanftb, ..., tn 1] € X

denote the nullspace of L*|y considered as operator between X and ). Due to our above
discussion, both nullspaces have to have the same finite dimension n. Furthermore, prop-
erty (24) immediately shows that

N(L|ly)Cc X, ie,wehave dimN (L|x)=dimN (Ljx)=n.

We now turn our attention to the characterization of the range of L. According to the closed
range theorem, the operator L|y : X — ) satisfies

1
R(L|X):{we)/: Y (x)w(z)dr =0 for all k:(),...,n—l}. (25)
0

It is clear from the form of the adjoint operator L*|x that the functions 1y are in general
not elements of the space X. Thus, we choose ag, . ..,a,—1 € R and vy, ...,¢,_1 € X such
that ¢, = oy + 1y, for all k = 0,...,n — 1. We claim that the functions vy, ..., ¥,_1 € X
are linearly independent. To see this, assume that vg,...,7,—1 € R are such that

n—1

n—1 ~ n—1 n—1
0=> w-tr=2_ v (k—ar) =D W — Y Ttk -
k=0 k=0 k=0 k=0

Applying L*|» on both sides, together with the fact that every constant function is an
eigenfunction of L*|x with eigenvalue —\goy, then furnishes

n—1 n—1 n—1
0= L'y —L" > ykar = Xooo- > Ve ,
k=0 M k=0 k=0
=0
N—_——
=const

which due to Agog # 0 finally implies
n—1 n—1
D otk =Y war=0.
k=0 k=0
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The assumed linear independence of vy, ...,%¥,—1 then yields vy = ... = y,-1 = 0, and
therefore also the reduced functions vy, . ..,%¥,_; are linearly independent.

After these preparations we can now easily complete the proof of Proposition 2.15. With
the help of (24) one can show that

R(L|x)=R(Llx)NY,

and this furnishes with (25) the identity

1
R(LX){wGY : / Yr(z)w(x)de =0 for all kO,...,nl}
0

1
:{weY : / Yr(z)w(z)de =0 for all kzO,...,n—l}.
0

Since the functions %y, ...,%,_1 are linearly independent in Y, the range R(L|x) C Y
therefore has codimension n in Y, which equals the dimension of the nullspace N(L|x) C X.
This completes the proof. O

The above proposition shows that despite imposing the mass constraint both in the
domain and in the range of the nonlinear operator, we retain the crucial Fredholm property.
We would also like to stress again the point that the solutions )y, ...,%,_1 of the adjoint
problem, which are used to characterize the range of L, do not in general satisfy the zero
mass constraint. Finally, if in Proposition 2.15 the kernel is one-dimensional, and if we
define a functional 15 € Y* via

1
i (w) = / Yol@yw(z) dr

then one can readily see that R(L) = N (1), i.e., we are exactly in the situation of Assump-
tion 2.2.

Proposition 2.15 enables us to apply the general results of the previous sections to the
diblock copolymer model. For example, we can use the nonlinear system (11) to determine
saddle-node bifurcation points via a standard Newton iteration, see also Theorem 2.10.
Examples of such saddle-node bifurcation points are shown in Figure 3.

Similarly, we can use symmetry methods to establish the location of symmetry-breaking
pitchfork bifurcation points via the solution of the extended system (16) using Newton’s
method, see also Theorem 2.12. For this, of course, we need to specify suitable symmetry
operations. Consider for example the symmetry operators Sx and Sy defined via

(Su)(z)=u(l—z) for weX or wey,

i.e., via the same formula in both X and Y. Since X C Y is embedded via the identity
map, we can apply Lemma 2.8 with J = I. This implies that if o ¢ R(L), then the
signs ex and €y in Lemma 2.6 necessarily have to agree. In the right column of Figure 4,
two equilibrium solutions of the diblock copolymer model are depicted in orange, along
with the kernel functions of the Fréchet derivative D, F'(Ag,uo), which are shown in blue.
These solutions are symmetry-breaking pitchfork bifurcation points which lie on the second
and fourth bifurcation branches from the trivial solution curve shown in the right image of
Figure 1. The equilibria are symmetric elements with respect to the above symmetry S,
and the associated kernel functions are antisymmetric. Thus these solutions satisfy the
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Figure 3: Equilibrium solutions ug (in blue) of the diblock copolymer equation for og = 6,
together with their associated kernel functions (g (in orange). These two distinct stationary
solutions are both saddle-node bifurcation points at the same parameter value A\ ~ 262.9
and the same L2-norm close to 0.562. In fact, the entire non-trivial portion of the bifurcation
diagram is multiply covered. These equilibria are rigorously proved in Theorem 3.7.

symmetry conditions needed for a symmetry-breaking pitchfork bifurcation, and in both of
these cases, Proposition 2.15 will enable us to use Theorem 2.12 to rigorously prove their
existence.

But what about the pitchfork bifurcation points on the first, third and fifth branches
shown in the right image of Figure 17 In these cases, the solutions on the branch are no
longer symmetric elements. If instead we consider pg = 0 and define a new symmetry

operator via
(Su)(z)=—u(l—2) for weX or wueY,

then the pitchfork bifurcation points are again symmetric elements. The corresponding
solutions for the first and third branch are shown in the left column of Figure 4 along
with their associated kernel functions. Since the kernel function in the upper left panel is
antisymmetric with respect to this new symmetry, this is a symmetry-breaking bifurcation
point which can be treated using Theorem 2.12, but with respect to the new symmetry. In
contrast, the solution and kernel function of the third branch solution in the lower left panel
are both symmetric with respect to the new symmetry. This implies that our symmetry-
breaking pitchfork bifurcation result no longer applies. In fact, this bifurcation is not a Zs-
symmetry-breaking bifurcation, but rather a symmetry-breaking bifurcation with a different
equivariance group. Thus a different approach is needed to treat this bifurcation, and we
will address this in a future paper.

3 Rigorous Verification of Bifurcations

As already mentioned in Section 2.4, Proposition 2.15 enables us to study saddle-node and
pitchfork bifurcation points via Theorem 2.10 and Theorem 2.12, respectively. In particular,
by Theorem 2.10, proving existence of a non-degenerate isolated zero of (12) implies the
existence of a saddle-node bifurcation, and by Theorem 2.12, proving existence of a non-
degenerate isolated zero of (17) implies the existence of a pitchfork bifurcation.
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Figure 4: Equilibrium solutions ug (in blue) and associated kernel functions ¢ (in orange)
of the diblock copolymer equation for og = 6, with A9 &~ 142.1,53.6,203.1 for top left, top
right, and bottom right, respectively. All four solutions are pitchfork bifurcation points.
They are the first bifurcation points on the first four branches bifurcating from the trivial
solution in the right image sof Figure 1. Note that as in Figure 3, the bifurcation diagram
is a double cover; corresponding to each of these four solutions, there is another solution at
the same point in the bifurcation diagram. See also Theorems 3.13, 3.14, and 3.15.

In this section, we use the tools of rigorous computing (e.g. see [25]) to verify existence
of bifurcations in the diblock copolymer equation. In order to do so, we begin by presenting
the equivalent of (11) in the space of Fourier coefficients.

Consider the steady states diblock copolymer equation (20) with f(u) = v — u® and
w =0, that is

F(\u) = — (uga + Mu — ug))m — Aou = 0.

Plugging the cosine Fourier expansion

u(z) = Zakeik” =2 Zak cos(kmzx), (ax €R, a_p=ar, agp=0) (26)
kez k>1
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in F(\,u) =0 leads to ngeik” =0, with

keZ
g\ a,0) = (N, 0)ar — M2 r2(a®)y, (27)
where
e = (N, 0) = —kint 4 M2 = o, (28)
and

def
@)k = D0 kgl

ky+kot+kg=Fk

ki €Z\{0}
The relations ax, € R, ag = 0 and a_; = ay imply the new relations g, € R, g_x = gx and
go = 0. Hence, we only need to solve g = 0 for k > 1. Set g = (98)k>1-

Now consider the kernel equation associated to the steady states diblock copolymer
equation:
Dy F(\u)[v] = = (vaw + A(v — SuQU))m — dov =0.

Plugging the cosine Fourier expansion of v

v(x) =Y bpe™™ =2 bpcos(kmx), (bp €R, b_p =Dy, by=0), (29)
kez E>1

in D, F(X\, u)[v] = 0 leads to Z hpe*™ = 0, with
kez

hi(Ma,b,0) = pp(X, 0)be — 3AE22(a2D)y, (30)

where
def
@0k 2 D Ay Dl
kq+ko+kz=k
ki €Z\{0}
As above, the relations hy € R, h_; = hy and hg = 0 implies that we only need to solve
hy =0 for k > 1.
Let a = (ap)i>1, b = (bp)is1, 9 = (gk)rs1 and b = (hg)p>1.
Recall the definition of the extended operator F given in (11). We re-order the entries
and consider
l(v) —1
F(Au,v) = F(Au)
D, F(\ u)[v]

where ¢(v) = 1 fixes the phase of the eigenvector v. Denote the vector of unknowns by
x = (A a,b).

Moving to Fourier space, and recalling (27) and (30), the functional equation F (A, u,v) =0
becomes, for a fixed parameter value o € R,

» n(b)
fz,0) = g\ a,0) , (31)
h(>\’ a7 b’ O—)
where 1
n0) = by, 1, (32)
ko
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where the condition 7(b) = 0 implies that we fix the ko-th component of the eigenvector
to be equal to a fixed value by, as n(b) = 0 is equivalent to by, = by, The corresponding

element ¢ in the dual space is £(b) = i) €k - b, where (eg,); = Okg.j-
0

The Banach space on which we study the zeroes of f defined in (31) is

X = Rx L x, (33)
endowed with the norm
def 1
lzllx = max 3 <IA] [laflw, bl ¢ (34)
where § > 0 is a weight and where
0, = {e={extrzr ¢ el < o0}, (35)

is equipped with a “weighted ell one norm”

el =23 fenle® = > le™, (36)

k>1 kez\{0}

for some fixed weight v > 1.

We solve the problem f(z) = 0 using the field of rigorous numerics (e.g. see [25]). This
requires recalling some basic tools from functional analysis. Since all the results of the
section are classical and can be found for instance in [14], we omit the proofs.

3.1 Functional-Analytic Background

We note that £} defined in (35) is a Banach space and moreover has the property of being
a Banach algebra under discrete convolution defined as

a*xb= Z a‘k1|b|k2‘ s a={ak}k21,b={bk}k21 eé},.

kq,ko €Z\{0}
ki1+ko=k E>1

More explicitly, we have the following.

Lemma 3.1. Ifv > 1 and a,b € £}, then axb € £} and
lla bl < llalliy bl (37)

For a sequence of real numbers ¢ = {c, }2°; define the v~ !-weighted supremum norm

ot 1 \"
el Gl (1) (39)

and let
def
2 = {e={eatnls t llelloo -1 <00}

From the definition of the norm in (38), it follows that given ¢ € £52,,

len| < 20" ¢)| o -1, Vo >1 (39)
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Then, given a € £, and ¢ € £5°,, we conclude by (39) that

> evar] < lerllar] < llelloop— {2 lawlv® | = llelloc,p-1 llall1.v- (40)

E>1 E>1 k>1

This bound is used to estimate linear operators of the following type. Denote by B(V, W)
the space of bounded linear operators acting between a Banach space V' and a Banach space
W, and denote | - || g(v,w) the operator norm.

Corollary 3.2. Let M("™) = {Mgn}ten=1,. m-1bean (m—1)x (m—1) matriz, {pm}2,,
be a sequence of numbers with

lin| < |ptml,
for alln >m, and M: {5 — {% be the linear operator defined by
M (m) 0 pm)
Hm b
Mb = 0

Hm+1 @n+l

Here b™ = (by,...,by_1)T € R™™L. Then M € B({L,0L) is a bounded linear operator and

M| Bey,e1) = max (K, [pml), (41)
where .
def
K= 1<n<m 1y Z | Mol (42)

Lemma 3.3. Givenv > 1, k> 1 and a € £}, the function [X: {1 — R defined by

ls(h) dZEf (a*h)k = Z a|k1‘h‘k2|

ki+ko=k
ky.,kg €Z\{0}

with h € (L, is a bounded linear functional, and

1 G A s
[ = sup |UF(n)| < upw_ (43)
2]l <1 2 j>1 Vi

Fix a truncation mode to be m. Given h € £1 set
R = (g hyy1,0,0,..) € £
A Ly pm) e gt
Corollary 3.4. Let N € N and let a = (ay,...,ay,0,0,...) € £L. Suppose that 1 <k <m
and define & € (¢1)* by

by e _ — I
B @xh Dy = N g hl).
ki+ko=k
k1,ko €Z\{0}

Then, for all h € €% such that ||h||1, <1,

A o | |aj—j|
1% (h ‘ <V of |7j — . 44
alh)| < ¥r(a) max mgrjr'lg]}\(ffk VI m<rjn<alz(+N VI (44)

28



3.2 The General Rigorous Computational Method

In this section, we present a general method to prove existence and compute global smooth
solution curves of f(z,0) = 0 in the Banach space X as defined in (33). The method is
based on the radii polynomial approach, first introduced in [9]. The version of the approach
we use here is a direct application of the work [5] and is strongly influenced by the rigorous
branch following method of [26]. The idea is to compute a set of numerical approximations
{Zo,...,2;} of f(xz,0) = 0 at the parameter values {og,...,0;} by considering a finite
dimensional projection, to use the approximations to construct a global continuous curve
of piecewise linear interpolations between the Z;’s and to apply the uniform contraction
theorem on tubes centered at each segment to conclude about the existence of a unique
smooth solution curve of f = 0 nearby the piecewise linear curve of approximations.

3.2.1 Construction of a Piecewise Linear Curve of Approximations

To construct a piecewise linear curve of approximations of f(z,0) = 0, we consider a finite
dimensional projection f(™ of f whose dimension depends on m. Given ¢ = (c)p>1 € £,
denote by ™ = (c1y...yem_1) € R™™1 a finite part of ¢ of size m — 1. Denote z(m =
(A, a™, (™) € R*™=1 In the remaining of the section, (-)(™ denotes considering this
finite dimensional projection. Reversely, when we have some finite dimensional vector z (™),
x denotes the infinite vector obtained by completing ("™ with zeros.

Consider a finite dimensional projection f™) of (31) given by

n(z(m))
fom (m(m)’ o)=1 g™ q) |, (45)
h(m) (x(m)’ o)

where g™ (2(™) o) € R™™! (resp. h(™)) corresponds to the finite part of g (resp. h) of
size m — 1. We have that f(™) : R**~1 x R — R?>"~! Assume that using a standard
parameter continuation (i.e. a predictor-corrector algorithm based on Newton’s method) in
o, we compute a set {Zo,...,Z;} of approximations at the parameter values {oyg,...,0;}
respectively that defines a piecewise linear approximation curve (see Figure 5). The next
step is to show existence of a unique smooth solution curve C of f = 0 nearby the piecewise
linear curve of approximations, as portrayed in Figure 5. This task is twofold. First, one
shows the existence of a unique portion of solution curve C() in a small tube centered at the
segment {(1 — $)Z; + sTi+1 | s € [0,1]}. This is done in Theorem 3.5. Second, one shows

that
j—1

c=Jc®
=0

is a global continuous solution curve of f(z,o) = 0.

3.2.2 Uniform Contraction and the Radii Polynomial Approach

Let us define what is required to prove existence of some portion of curve C. Without
loss of generality, let us introduce the idea to prove the existence of C(?) that is the piece of
curve close to the segment [Zg, Z1]. For any s in [0, 1], we set

Ty = (1 —8)To + sT) = To + sAZ, where AT = 7 — Iy (46)

oy & (1 —s)og + so1 = 09 + sAo, where Ao = 01— 00 (47)

L8
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Figure 5: Piecewise linear curve approximation (in black) constructed using parameter continuation
and existence of a global solution curve C of f = 0 (in blue) nearby the approximations

Then we define, still for s in [0, 1], the Newton-like operator
Ts(x) = T = Af(xvo's)v (48)
where A is an injective linear operator approximating the inverse of D f(Zo,00). Denote
Zo = (Ao, a0, b0). In the sequel, we use the notation z = (z1,2z9,23) with 1 = X\, 23 = a
and x3 = b. To obtain the operator A, assume that
e the Jacobian matrix Df(™) (%, 0¢) has been computed;

e an approximate inverse A™) of Df(™)(Z,00) has been computed;

e AU is injective. In practice, showing that ||[I — A™) D f(™)(zy, 00)|| < 1 is sufficient
to prove that A(™) is injective.
Denote A(™) block-wise as
A Ap) A
Am) _ AéT) Ag;“) Aé?) € R@m-1)x(2m~-1) (49)
A AL AR

with A7) € R, A" € RM¥0n=1) for j — 2,3, AT € RO"DX1 for j — 2.3 and AT €

71
Rm=1x(m=1) for 2 < 4, j < 3. The operator A which acts as an approximate inverse for

OAn(o) Dan(zo) Dyn(Zo)
Df(zo,00) = |0r9(Z0,00) Dag(Zo,00) Dyg(Zo,00)
Orh(Zo,00) Dah(Zo,00) Dph(Zo,00)

is given block-wise by

A A Asgs
A= | Ay Az Ass |, (50)
Az Agzy Asg

where
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A11 = AgT) S ]R,

Ay €B (E,lj,R) for 2 < j < 3: for x; € 0L Arjzy = Agg-n)wg-m) € R;

A € gll, for 2 <4< 3: for a7 € R, A1 = (AET).’L‘hOOO) S f,lj,

Aij EB(ZI fl) fOT2§i,j§3: for T Egll,,

vyTr

(A X ) (A%lll(;n)zgm))h k:l,...,m—l,
i)k =

g 5i,j ’qu(,_\O 0'0) (zj)k, k> m,
where d; ; equals 1 if ¢ = j and 0 otherwise.

Combining the above, A is a linear operator which acts on = = (x1, x2,z3) € X component-
wise as

3
(Az)i =) Aija;,
j=1

with (Az); € R and (Az); € £}, for i = 2,3.
Moreover, define the linear operator

0 o0 Al
At = A%l A%Q 2 :
A31 A32 A33

which acts on ¢ = (c1, ¢2, ¢3) component-wise as

(Afe)y = AJ{303 = Dyn(zo)es

3
(ATe)y = ZAgjcj 069" (o, 00)c1 + Alyeo

J=1

3
(ATC>3 = ZA;J-C]‘ &t 8)\h(m)(i‘0, 0'0)01 + A;zcg + A§303
j=1

where for i, 5 = 2,3, A;jcj is defined component-wise by

(m) (= (m) <
(ALQCQ) _ (Dag ($0100)C2 )kv 1 = k<m
k (Ao, 00)(c2)r, k>m

Doh(™ (3 (’”)) 1<k
(Ahger), = | (D @0,000E™), 1Sk <
k 0, k>m

(m) ( (m) <
- (000, 151
k ik (Xos00)(e3)k, Kk >m.

The operator A acts as an approximation for D, f(Zo,00), and is used in the radii
polynomial approach, which we now present.
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Theorem 3.5 (Radii Polynomial Approach). Recall the definitions of f, Ts, o5 and A,
given respectively in (31), (46), (47) and (50). Let Yy, Zo, Z1, Z2 > 0 be bounds satisfying

[Af(Zs,04)[x < Yo, Vs€[0,1] (51)

11— AAT| pxx) < Zo (52)

|A[Dq f(Zo,00) — ATl pxx) < Z1 (53)

|A[D, f(Zs +b,05) — Dy f(Zo,00)| | Bcs) < Z2(r), Vb€ B(0) andV s €[0,1]. (54)
Define the radii polynomial

p(r) = Zo(r)r + (Z1 + Zo — 1)r + Y. (55)

If there exists rg > 0 such that
p(TO) < Oa

then there exists a C'*° function
#:00,1] > |J Brl(zs)
s€10,1]

such that
f(@(s),05) =0, ¥V sel0,1].

Furthermore, these are the only solutions in the tube (J ¢ (g 1) Bro (Zs)-

Proof. The idea is to prove that for every s € [0, 1], the operator T, defined in (48) satisfies
first that Ts : B (Zs) = By, (Zs) and then that T is a contraction. For each s € [0,1], the
contraction mapping theorem implies the existence of a unique Z(s) € By, (Zs) such that
f(&(s),05) = 0. The fact that the function Z(s) follows from an application of the uniform
contraction principle on the mapping

7. { [0,1] x B,(0) — B.(0)
N (s,w) — T(s,w) L w— Af(w+ Zs,04). O

3.3 The Radii Polynomial for Saddle-Node Bifurcations

Recall that by considering a Galerkin projection _f(m) (R xR — R*™1, one computed
two solutions Zo = (g, @o, bo) at og and 1 = (A1, ay,b1) at o1 such that ™) (zg,00) = 0
and f")(z1,01) =~ 0. Denote

AT = T1 — Tg = (5\1 — /_\Q,C_Ll — (_Io,l_)l — Bo) = (AS\,A(_Z, AE) and Ao = g1 — 0g.

In order to apply the radii polynomial approach (Theorem 3.5) to the problem (31), we
compute the bounds Yy, Zy, Z; and Z5(r) satistfying (51), (52), (53) and (54), respectively.

3.3.1 The bound Y,

Recall that the bound Yj satisfies (51). Denote £ = (), @s, bs, 0s) and € = (A, a,b, o). Since
& =& + s(&1 — &), then using Taylor’s theorem

Af(fs, US) = Af(&S) = Af(fO) + 3AD§f(€O)(£1 - 50) + R(fs),
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where f(&) = f(Zo,00), Def(€0) (&1 — &) = Dy f(Zo,00)AZ + 2L (20, 00)Ac, and
2
[ R(&s)]lx < sup HiADEf(&)(& —&0,&1—&)llx = ! sup [|ADZf(&) (&1 —&o. &1 —&o)llx
sitel0,1] 2 2 tefo,1]

Recalling (46), (47), &1 —& = (A1, @1, b1, 01)— (Ao, o, bo, 00) = (T1—To,01—00) = (AT, Ao).
Note that

0
DEf(&) (&1 — 0.6 — &o) = ( Dgg(ft)(& —&0,&1 — o) ) ) (56)
Dgh(&:) (& — &0, &1 — &o)

where

(Dgg(ft)(fl —&0,&1 — 50))k = —2ANA0(ay), + 2(E272AX — Aoy — Aoky)(Aa)y,
— 6k*® (AN (@] Aa), + A(Ad’ay))

(Dgh(ft)(ﬁl —&0,& — fo))k = —2ANAG (b)) + 2(E*m2 AN — AXay — Ao ) (Ab)y,
— 6k%m* (AX(@; Ab)k + A (Aa®by)k)
— 12k 7% (AN(@be Aa) g + Ae(ar AGAD)y) .

Using interval arithmetic, one can easily compute bounds YO(O)7 Yo(l) and Y0(2) such that

1A (€o)lx < Y3©
| AD¢ f(€0) (&1 — &o)llx < Yo(l)

5 sup [ADZF(E)(E ~ 0,61 — @)llx < ¥§®
t€(0,1]

and finally set
Yo 2 Vi” + vV + v, (57)

3.3.2 The bound Z,

def

Let B = I — AA", which we express as

Bii B2 Bis
B = |By DBy B3
B3, B3z Bss
Setting
LB 3
Zo % max IBnlJrgZQIIBuHoo,u—l , max 5||Bz'1\|1,u+Z;||BMHB<ZL,Q> (58)
j= j=

satisfies the bound (52).

3.3.3 The bound Z;
Given h = (h17 hg, h3) S Bl(()) C X let

z=2(h) = [Dyf(Zo,00) — Allh,
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which we denote as z = (21, 22, 23). Note that z; = 0 and that

—3Xok?72 (agth) L 1<k<m
(z2)k = B b (59)
—3Nok?n? (a3hs), — k2n? (@), b1, k>=m
—3hok?72 (aghg”) — 6Aok?n? (aoboh;D) L 1<k<m
(23)k = - - 'k Tk
—3>\0k‘27'(2 (d%hg)k — 6)\0]{7271'2 (dobohg)k — 3k272 (@(2)b0)k hi, k>m
(60)

Using Corollary 3.4, we get that for 1 < k < m,

|(22) k]
|(23) |

The following elementary result is useful to bound the tail quantities involved in zo and z3.

(22)c = 3[Aolk?n® Uk (Jaol®)

< (%
< (Za)k = 3Aolk*m® (Wi (jaol®) + 2Wk(Jaobol*)) -

Lemma 3.6. Let v > 0 and v < 0. Assume that the projection dimension m satisfies

Vo

m > ——. (61)
7r
Then, for all k > m,
2,2
NETTT A e < mo_ (62)
ik (Xo, 00) m2r? — Ao

Proof. Since m > \/%, for all & > m, |ux(Xo,00)| = E*7* — Xok?72 4 Agoo. Then,

s

’71]?2772 + 72| |’Ylkj2ﬂ'2 + 72| . |’Yl + k;frz < 71 O
(Ao, 00) kit — XNok272 4+ Aooo k272 — \g + ig;‘rg T m?r?— Ao

Combining Corollary 3.4 with Lemma 3.6, and under the assumption (61), we get that
for any h € B1(0) C X,

1 o 1 m ~(m 1 e 1 m ~(m
Sz <G = < L4§2)"Zé ) and slALszs(h) < Gs = 5 L413)"Z§ )
and for i = 2,3,

_ 2
def (m)y a(m) k (”aOHLV) 3 =
lipzlle < Go =2 |(AB)E™) |v g (3%l +3laol)

k=1
m—1 _
e m ~Alm 3 a v kY —
[Aiszs(h)in < G =2 (ATDYE™) | ok +5i,3“"LOJL&T’(|>\0|||a0 1u
) 2.2
prt k m2m2 — Xg

+2|Xollboll1, + 6llaoll1,.

lboll1,..) -
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Using the previous bounds, we conclude that

|A[D. f(Z0,00) — ATlllpxx) = sup [|A[Daf(Zo,00) — A'lhl|x
hEBl(O)
= sup [[Az(h)[|x
hEBl(O)
S sSup max g ZAl,ij(h) s ZAQ’ij(h) s ZAg’ij(h)
heb (0) j=2 J=2 1,v J=2 1,v
<7z = Jmax, (Gi2 +Gi3) 5 (63)

3.3.4 The bound Z,

Recall that we look for a bound Zs satisfying (54). Fix b € B,(0) and s € [0, 1]. Applying
the Mean Value Inequality three times yields
IA[Dyf(Zs +b,05) — D f(Zo,00)]l| Bx.x)
< NA[D2f(Zs +b,05) = Dy f(Zs,05) | Bex) + |A[D2 f (5, 05) — D f(Zo0, 05)]|| B x)
+ [|A[Dy f(Zo,05) — Da f(Zo, 00)]|| Bx.x)
< sup  [|ADZf(w,00)(u,v)|xr + sup ] |ADZ f (24, 05) (u, v) [/l 21 — Zollx

weBy(Ts) s,t€[0,1
u,v€B1(0) u,v€ By (0)
s€[0,1]

+ sup ||AD, . f(Zo,00)v]x|o1 — 00l
tE[O,l]
ve By (0)

Define A the (unbounded) diagonal operator
(Aa)k = k271'2(lk. (64)
Given u = (A%, a%,b%),v = (\?,a",0"),w = (A¥,a",b¥) € X, a straightforward compu-
tation yields that D2 f(w, os)(u,v) € X satisfies
(D2f(w,04)(u,v)), =0
(Dif(wv Js)(uv ’U))2 = Dazrg(wv US)(u’ 'U)
= (A —osI)(A\"a’ + A?a")
—3A (A" (a¥)?a” + A" (a)?a" + 2X"a"a"a")
(D:%f(wv JS)(uv ’U))3 = Di’h(w7 US)(U’7 U)
= (A — o, I)(ND” + AVbY)
—3A (\*(2a"a’b" + (a®)?b") + A"(2a"a"b" + (a*)*b"))
— 6ANY (a"a’b" + a*a™b’ + a™a’b").
Hence, for i = 1,2, 3, and given u,v € B1(0) and any w = (A%, a",bd") € X,

def

[ 4; 2 D2g(w, 04) (1, v)[| ) < g0 (w) £

| 4s.5 D2h(w, o) (u, v)]|“

IN

1 2 w w w
260y + 607 [|a® (|1, (8]la® |1, + [A¥])
dis(w) = 200l + 30 (46]1a® |10 ][6% 11,0

+20]la” |13, + 202 [(16" |10 +2[la*[[1.))

IA
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where ||-| = | -] and ||-| ) = | - |}, for i,/ = 2,3, and where

o) & sup [ AL(A — ouD)ll af?) = || AL A

5 wolo oco,v—1
s€[0,1]
1 e def
of) = sup A ;A —oDllpn ey o) = AA g o) -
s€[0,1] vy vy
so that
IADZ f(w, 05) (u, v)[[x < max_ (i 2(w) + dis(w)).
Moreover,

(Dx,af(fm Ut)v>1 =
(D:c,af(fm o—t)’U)Q = Dm,ag(fim Jt)v
(Dz,af(an O't)U)S = Dzﬂh(i’o,dt)’[} = 7/\’Ub0 — Aobv.

Hence, for i = 1,2, 3,

| Ai 2Dz 09(Z0, O't)'UH(i) < Bi,2 = Bi2 (||flo||1,u + |5\0D
14i.3 D 0 h(@0, )0 < Bis = Bis (IBolliw + [Rol)

where
def def .
Bri = lArill,— and Bij = [Aijlgen, forj=2,3.
Define
N f — > f 3 def Y
0% sup |agll, b A sup ||
s€[0,1] s€1[0,1] s€[0,1]

and assuming that r < r,, we can conclude that

sup  [|AD? f(w,04)(u,0)[lx < sup  max (@ 2(w) + diz(w))
wE By () wEB,(7,) =1,2:3
u':eefogﬁ(]o)

. 1
< ZéQ) < max (622(21), ZéZQ), Z(Q)) ,
where

1,

752 = 250l + 603 (a +r.)(6a + A+ 20r)
)

+200) + 301 (4 ( 5@+ )b+ 7)) +20(a + 1) + 207+ 6r.) (20 + b+ 37"*)> .

Moreover,

« 1 -
sup [ AD2f (@1, 0.) (u,0) |zl — ollx < 25" & aX(aZé?f, 53&2&2) 21— o]l
s,t€[0,1]
w,v€B1(0)

where

Z5) = 250l + 60l a(da + A) + 280l + 30l (45ab +26a% + 2A(2a B)) .
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Setting

. La A 3 3y 2 3 3
7 < max (5 (51,2 + 51}3) s Bo2+ Pas , Baa+ 33,3) lor — oo,
we let
2 2005 20+ 70 )

which is by construction a bound satisfying (54).
Combining (57), (58), (63) and (65) leads to the radii polynomial

p(r) = Zy(ryr — (1 — Zy — Z1)r + Yo (66)
=702 — (1= 20— 20— 28" = Z0)r 1+ Y5

Recall that the radii polynomial approach consists of applying Theorem 3.5, that is to
find a radius ro > 0 such that the radii polynomial (66) satisfies p(rg) < 0. This implies
the existence of a C*° function @ : [0,1] = Ueo,1] Bro(Zs) such that f(i(s),0,) = 0, for
all s € [0, 1]. Using the radii polynomial (66), we present in Section 3.5.1 computer-assisted
proofs providing existence of three smooth global branches of saddle-node bifurcations in
the (o, A) parameter space.

3.4 The Radii Polynomial for Pitchfork Bifurcations
We consider two symmetries Sq,.S2 given by
(S1u)(y) = —ul—y)  and  (S2u)(y) = u(l —y) (67)
and for ¢ = 1, 2, define
XD ={ueX : Su=u} and XD ={veX : Swv=—v}.

The corresponding Banach spaces in Fourier space are given by

XM= {a = (ar)k>1 €4, : az; =0, forall j > 1}

X ={b= (by)r>1 €L} : byj_1 =0, forall j > 1}
and

XS(Q) = {a = (ag)r>1 € 0 aszj—1 =0, for all j > 1}

XP ={b=(by)r>1 €LL : byj =0, forall j >1}.
Given i € {1,2}, define the Banach space

X0 =R x X0 x ¢}

endowed, given a weight § > 0, with the weighed norm

1 i
el = mae (1AL el Il ) (69)
where )

22|a2j71|1/2]71» i=1

i 1>1

lall{), =23 larl* = 2 ,

= 2 " Jag;|v, i=2.

j=1
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Recall that for & > 1,
def

pr(A) =~k + M2 — Ao
and recalling from (27) and from (30),

gx(A,a) = pp(Nag — )\k27r2(a3)k
hk(/\, a, b) = Mk()\)bk - 3/\k2772(a2b)k.

Let 2 = (A, a,b) € R x X x ¢, then define f, by

n(b)
fr(@) =1 g(\a) |, (69)
h(\, a,b)

where 7(b) = ﬁbko —1, that is n(b) = 0 implies that the ko-th component of the eigenvector
0

b equals the fixed value by, .
Given a € Xs(l), that is @ = (ax)g>1 such that as; = 0 for all j > 1, then

92 (N, a) = pgj(N)ag; — M2j)*7?(a%)y;
= poj(Naz; — M25)°7> D @y @y k| = 0,

k1+ko+k3=2j
k;€Z\{0}

since for any (ki, k2, k3) € (Z\ {0})3, the relation k; + ks + k3 = 2j implies that there must
be i € {1,2,3} such that k; is even, and so i, = 0.

Similarly, given a € XS(Q)7 that is @ = (ax)g>1 such that as;_1 = 0 for all j > 1, then

g2j—1 (N @) = paj_1(N)azj—1 — A(2j — 1)*7%(a®)2;—1
= poj—1(Nagj—1 — M(2j — 1)°x Z Ak | A k2| A k5| = 0,

k1+ko+kz=2j—1
ki, €Z\{0}

since for any (ky, k2, k3) € (Z\ {0})3, the relation ki + ko + k3 = 2j — 1 implies that there
must be ¢ € {1,2,3} such that k; is odd, and so ), = 0.

To verify rigorously a pitchfork bifurcation, we use the general approach of Section 3.2,
as in the case of saddle-node bifurcations. All estimates are similar as in the case of saddle-
node bifurcations, expect that in this case we consider the norm || - ||x«) given in (68), where
the index ¢ depends on the symmetry of the bifurcation. This implies that all expansions
are the same, but the norms are replaced by (68). Using these new expansions, we define
the equivalent radii polynomial

p(r) =202 — (1= Zy— 2y — 28V — 28 1+ 4. (70)

3.5 Results

For all the computer-assisted proofs, the weight § in the definition the norm of the Banach
spaces is fixed to be equal to the numerical value \g. This choice of weight ¢ is used to
compensate the fact that the variable A\ sometimes has several orders of magnitude more
than the |la;, and ||b]|1,. All proofs are performed using MATLAB codes available at
[16] and use the interval arithmetic package INTLAB [22].
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3.5.1 Saddle-Node Bifurcation Points

We begin by presenting three theorems of existence of saddle-node bifurcations at the fixed
parameter value o = 6, which we proved using the radii polynomial (66) and Theorem 3.5.

Theorem 3.7. At og = 6, the nonlinear diblock-copolymer equation (1) undergoes a saddle-
node bifurcation at a point (Xo,ao), where Ao € Ao & r[—1,1] with Ay = 262.9276507797089
andr =1.1x10710. The point wg is given by to(y) = 2>, >, ak cos(kmy), with ||[a—all1,, <
r, where the Fourier coefficients of a are given in Table 9. Moreover, ||ig — tgllco <
1.1 x 10710, where to(y) = 2 _;~, ax cos(kmy).

The saddle-node bifurcation point of Theorem 3.7 is portrayed in Figure 3.

Proof. Fix v = 1.01 and m = 48. The Fourier coefficients associated to the numerical
approximation Zg € R?"~1 = R% are given in the MATLAB datafile ptO_sn.mat. The
MATLARB script script_proof_sn_pt0.m computes the coefficients of the radii polynomials
and verifies that for = 1.1 x 107!, the radii polynomial satisfies defined in (55) p(r) <
0. Therefore by Theorem 3.5, there exists a unique & = (Ag,a,b) € B,(Zg) C X such
that f(Z) = 0 where f is given in (31). The solution & corresponds to an isolated non-
degenerate zero (5\0, g, Do) solving the equation F (A, u,v) = (0,0,0). By Proposition 2.15,
Theorem 2.10 and Proposition 2.9, it follows that (1) undergoes a saddle-node bifurcation
at (5\0, ’EL()). O

Theorem 3.8. At o¢ = 6, the nonlinear diblock-copolymer equation (1) undergoes a saddle-
node bifurcation at a point (N, o), where Ao € Ao £ r[—1,1] with \g = 681.3850215638124
andr = 6.2x 10713, The point g is given by to(y) = 2> >, ak cos(kmy), with ||[a—all1,, <
r, where the Fourier coefficients of a are given in Table 10. Moreover, |Gy — Uollco <
6.2 x 10713, where tig(y) =24~ ak cos(kmy).

The saddle-node bifurcation point of Theorem 3.8 is portrayed in the left part of Figure 6.

Proof. The proof is similar to the proof of Theorem 3.7. In this case v = 1.01, m = 89,
and the MATLAB script script_proof_sn_ptl.m computes the coefficients of the radii
polynomials with interval arithmetic and the Fourier coefficients associated to the numerical
approximation Zo € R?"~! = R!77 are given in the MATLAB datafile pt1_sn.mat. O

Theorem 3.9. At o¢ = 6, the nonlinear diblock-copolymer equation (1) undergoes a saddle-
node bifurcation at a point (Ao, Uo), where A\g € A\g £ r[—1, 1] with \g = 1343.284789160779
and r = 1.1x 10712, The point 1y is given by tg(y) = 23 p>q ks cos(kmy), with |la—all1,, <

7. Moreover, |[ig — tiollco < 1.1 x 1072, where tig(y) = 2 )"~ ax cos(kmy).

The saddle-node bifurcation point of Theorem 3.9 is portrayed in the right part of Fig-
ure 6.

Proof. The proof is similar to the proof of Theorem 3.7. In this case v = 1.01, m = 121,
and the MATLAB script script_proof_sn pt2.m computes the coefficients of the radii
polynomials with interval arithmetic and the Fourier coefficients associated to the numerical
approximation zo € R?™~! = R?4! are given in the MATLAB datafile pt2_sn.mat. O

Using the radii polynomial approach, we proved the following three results.

Theorem 3.10. There is a branch of saddle-node bifurcations parameterized by the param-
eter o € [4.6762,8.8812]. The global branch contains the point of Theorem 3.7 and is a
C™ function of the parameter o. The continuous range of parameter \ of the saddle-node
bifurcations over the branch contains the interval A € [98.72,1808.99].
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Figure 6: Equilibrium solutions ug (in blue) of the diblock copolymer equation for og = 6,
together with their associated kernel functions (in red). On left A\g ~ 681.4, on right
Ao ~ 1343.3. These two distinct stationary solutions are both saddle-node bifurcation
points. The equilibrium on the left (respectively right) is rigorously proved in Theorem 3.8
(respectively Theorem 3.9).

The branch of saddle-node bifurcations proven in Theorem 3.10 is portrayed in red in
Figure 7.

Theorem 3.11. There is a branch of saddle-node bifurcations parameterized by the param-
eter o € [4.8634,9.4444]. The global branch contains the point of Theorem 3.8 and is a
C* function of the parameter o. The continuous range of parameter \ of the saddle-node
bifurcations over the branch contains the interval A € [259.18,2264.67].

The branch of saddle-node bifurcations proven in Theorem 3.11 is portrayed in green in
Figure 7.

Theorem 3.12. There is a branch of saddle-node bifurcations parameterized by the param-
eter o € [5.2595,9.5322]. The global branch contains the point of Theorem 3.9 and is a
C™ function of the parameter o. The continuous range of parameter \ of the saddle-node
bifurcations over the branch contains the interval A € [508.539, 2360.55].

The branch of saddle-node bifurcations proven in Theorem 3.12 is portrayed in blue in
Figure 7.

3.5.2 Pitchfork Bifurcation Points

We begin by presenting three theorems of existence of pitchfork bifurcations at the fixed
parameter value ¢ = 6, which we proved using the radii polynomial (70) together with
Theorem 3.5.

Theorem 3.13. At oy = 6, the nonlinear diblock-copolymer equation (1) undergoes a
pitchfork bifurcation at a point (S\O,ﬁo), breaking the symmetry Sy defined in (67), where
Ao € Ao £ 7[—1,1] with Ay = 142.0626439889047 and r = 2.37 x 10~'. The point g is
given by the expansion to(y) =23, Gzj—1 cos((2] — 1)my) with ||a—al|1,, < r, where the

Fourier coefficients of a are given in Table 11. Moreover, ||iig — iip||co < 2.37 x 10711, where
Uo(y) =23 5, Gzj—1cos((2j — 1)my).
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Figure 7: Three global C* branches of saddle-node bifurcation points of the diblock copoly-
mer equation. The red (respectively green, blue) branch is proven in Theorem 3.10 (respec-
tively Theorem 3.11, Theorem 3.12).

The bifurcation point of Theorem 3.13 is portrayed in the top left plot of Figure 4.

Proof. Fix v = 1.01 and m = 46. The Fourier coefficients associated to the numerical
approximation o € R3"/2 = R% are given in the MATLAB datafile pt_032.mat. The
MATLARB script proof_thm1 pitchfork.m computes the coefficients of the radii polyno-
mials and verifies that for » = 2.37 x 107!, the radii polynomial satisfies defined in (55)
p(r) < 0. Therefore by Theorem 3.5, there exists a unique & = (\o,a,b) € B,(Zo) € X1
such that f,(Z) = 0 where f, is given in (69). The solution & corresponds to an isolated non-
degenerate zero (Ao, U, Po) solving the equation F,.(A, u, ¢) = (0,0,0). By Proposition 2.15,
Theorem 2.12 and Proposition 2.11, it follows that (1) undergoes a pitchfork bifurcation at
(Mo, To). O

Theorem 3.14. At oy = 6, the nonlinear diblock-copolymer equation (1) undergoes a
pitchfork bifurcation at a point (S\o,ﬁo), breaking the symmetry So defined in (67), where
Xo € Ao £ 7[—1,1] with Ao = 53.58536646961630 and r = 3.28 x 10~13. The point i is
given by the expansion to(y) = 23 ;54 G2; cos(2jmy) with ||[a—all1,, < r, where the Fourier
coefficients of @ are given in Table 12. Moreover, ||iig — tig[lco < 3.28 x 10713, where
to(y) =2 Zj21 aoj cos(2jmy).

The bifurcation point of Theorem 3.14 is portrayed in the top right plot of Figure 4.

Proof. The proof is similar to the proof of Theorem 3.13. In this case v = 1.1, m = 29,
and the MATLAB script proof_thm2 pitchfork.m computes the coefficients of the radii
polynomials with interval arithmetic and the Fourier coefficients associated to the numerical
approximation Zy € R3m~1/2 = R*3 are given in the MATLAB datafile pt_105.mat. [

Theorem 3.15. At oy = 6, the nonlinear diblock-copolymer equation (1) undergoes a
pitchfork bifurcation at a point (5\0,&0), breaking the symmetry So defined in (67), where
Xo € Mo £ 7[—1,1] with \g = 203.0932198783432 and r = 1.88 x 10712, The point g is
given by the expansion to(y) = 2}, Ga; cos(2jmy) with [|@ — all1,, < r, where the Fourier

41



56 -

400

350 - 54

300+
52+t

~ 250 ~ .

200 i

150 48 -

100} a6l

50 : : : ; . -
7.7 7.75 7.8 7.85 7.9 7.95
g a

Figure 8: (Left) Global C> branches of pitchfork bifurcations points of the nonlinear
diblock-copolymer equation (1). The red (respectively green, blue) branch is proven in
Theorem 3.16 (respectively Theorem 3.17, Theorem 3.18). (Right) Zoom-in of the branches.

coefficients of @ are given in Table 13. Moreover, ||iiy — tolco < 1.88 x 10712, where
to(y) =2 ZjZl G cos(2jmy).
The bifurcation point of Theorem 3.15 is portrayed in the bottom right plot of Figure 4.

Proof. The proof is similar to the proof of Theorem 3.13. In this case v = 1.01, m = 57,
and the MATLAB script proof_thm3_pitchfork.m computes the coefficients of the radii
polynomials with interval arithmetic and the Fourier coeflicients associated to the numerical
approximation Zy € R3(m~1/2 = R85 are given in the MATLAB datafile pt_174.mat. [J

Theorem 3.16. There is a branch of pitchfork bifurcations (breaking the symmetry Si)
parameterized by the parameter o € [4.98384,7.8852]. The global branch contains the point of
Theorem 8.13 and is a C*° function of the parameter o. The continuous range of parameter
X of the pitchfork bifurcations over the branch contains the interval A € [49.5782, 456].

The branch of pitchfork bifurcations of Theorem 3.16 is portrayed in red in Figure 8.

Theorem 3.17. There is a branch of pitchfork bifurcations (breaking the symmetry Sa)
parameterized by the parameter o € [0.04618,7.813]. The global branch contains the point of
Theorem 8.14 and is a C*° function of the parameter o. The continuous range of parameter
X of the pitchfork bifurcations over the branch contains the interval A € [49.497,210.735].

The branch of pitchfork bifurcations of Theorem 3.17 is portrayed in green in Figure 8.

Theorem 3.18. There is a branch of pitchfork bifurcations (breaking the symmetry Sa)
parameterized by the parameter o € [0.8353,9.28807]. The global branch contains the point of
Theorem 3.15 and is a C* function of the parameter o. The continuous range of parameter
X of the pitchfork bifurcations over the branch contains the interval A € [167.791,415.757].

The branch of pitchfork bifurcations of Theorem 3.18 is portrayed in blue in Figure 8.
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k ag

1 3.425518079006526 x 10~ 0T
3 —1.974141656767766 x 10—01
5 3.282914954203388 x 10~02
7 —2.113767170849276 x 1092
9 6.009282870770884 x 10~93
11 —2.511019989454085 x 1093
13 9.094914470604478 x 10—04
15 | —3.384556275954580 x 10~94
17 1.276639504135262 x 10~94
19 | —4.725661956005324 x 10~9°
21 1.774095811379435 x 10795
23 | —6.609023152112926 x 1026
25 2.470638409851695 x 10~96
27 | —9.226037848187633 x 1097
29 3.445645075514765 x 10~07
31 | —1.287116825741538 x 1097
33 4.807038316262538 x 10098
35 | —1.795559964584755 x 1008
37 6.706444497377878 x 1099
39 | —2.504938910570366 x 1099
41 9.356049310264420 x 10~10
43 | —3.494257722696195 x 1010
45 1.304418365890033 x 10— 10
47 | —4.874587773792928 x 1011
>48 0

Figure 9: The cosine Fourier coefficients of the saddle-node bifurcation point from Theo-
rem 3.7. We show a; for k > 1. Note that all even coeflicients are 0.
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ag
—3.322748897308590 x 10~ 0T
5.964807310189380 x 1092
1.098656423542226 x 1001
—7.147163509374215 x 10—92
9 4.621259346913079 x 1002
11 —1.499847066658469 x 1092
13 2.771825017383096 x 10~93
15 1.361700989591935 x 1093
17 | —1.209183257116878 x 10~93
19 4.001695298106526 x 1094
21 1.012053583674478 x 10~94

N Ot W |

23 | —2.188388273353959 x 1004
25 1.583392405367557 x 10~94
27 | —7.312323758516202 x 1095

29 1.946946540531770 x 10~95
31 1.490247191381953 x 1096

33 | —4.856412723117526 x 1006
35 2.675779467405178 x 1096
37 | —4.983777798680973 x 1007
39 | —4.341948283537669 x 1097
41 5.122942462431431 x 10~97
43 | —3.029210231609401 x 1097
45 1.114997949387757 x 10~97
47 | —1.399986292600402 x 1098
49 | —1.413350705303663 x 10—98
51 1.234615338731550 x 10~98
53 | —4.811188646022121 x 1099

55 7.635825922534573 x 10~ 11
57 1.346542437697546 x 10—99

59 | —1.114761302006941 x 10~99
61 5.360571766016584 x 1010
63 | —1.403428779571979 x 1010
65 | —1.984767195915526 x 10— 11
67 4.496258857946458 x 10~ 11
69 | —2.598922926741918 x 10— 11

71 6.827356566319794 x 10~12
73 2.040570417154504 x 10~12

75 —3.518846286971038 x 1012
7 2.242152802281248 x 10~ 12
79 —8.494640661551343 x 1013

81 1.000445609992326 x 10~ 13
83 1.237989407717937 x 1013

85 | —1.097953126715571 x 10~13
87 4.696530654231161 x 1014
>88 0

Figure 10: The cosine Fourier coeflicients of the saddle-node bifurcation point from Theo-
rem 3.8. We show a; for k¥ > 1. Note that all even coefficients are 0.

45



k ag
1 3.543753443245022 x 10~ 01
3 —1.006781087499776 x 10—01
5 1.774717239183692 x 1092
7 —4.253838897909598 x 1093
9 9.487830638572718 x 1004
11 | —2.154147796091226 x 10~ 94
13 4.890289353907032 x 1095
15 | —1.110225418059996 x 1095
17 2.521609074712272 x 10~96
19 | —5.727445161875873 x 10~97
21 1.300994133620561 x 10~97
23 | —2.955313733270058 x 10098
25 6.713369627113701 x 10~99
27 | —1.525046630395195 x 1099
29 3.464409773915803 x 1010
31 | —7.870055534981058 x 10~ 11
33 1.787837280778145 x 10— 11
35 | —4.061433389832354 x 10~ 12
37 9.226383862676367 x 1013
39 | —2.095966548542377 x 10~ 13
41 4.761431600794773 x 10~ 14
43 | —1.081662061453402 x 10— 14
45 2.457248823477995 x 10~15
>46 0

Figure 11: The cosine Fourier coefficients of the pitchfork bifurcation point from Theo-
rem 3.13. We show aj, for k£ > 1. Note that all even coefficients are 0.

k ak

2 1.932032148778461 x 10~ 0T
6 —1.228415125053532 x 1093
10 7.745221377996015 x 10~96
14 | —4.899802649253310 x 1098
18 3.101012396194486 x 10~10
22 | —1.962774847496414 x 10—12
26 1.242372383052349 x 10~ 14
>97 0

Figure 12: The cosine Fourier coefficients of the pitchfork bifurcation point from Theo-
rem 3.14. We show a;, for k& > 2. Note that all other coefficients are 0.

k ak

4 2.491592573155594 x 1001
12 | —2.427167305846578 x 107093
20 2.379666082383739 x 10~9°
28 | —2.334882400787356 x 1007
36 2.291173981628420 x 10~99
44 | —2.248336688870471 x 10~ 11
52 2.206286704017840 x 10—13
>53 0

Figure 13: The cosine Fourier coefficients of the pitchfork bifurcation point from Theo-
rem 3.15. We show a;, for k& > 2. Note that all other coefficients are 0.
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