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Abstract

In this paper we extend the ideas of the so-called walidated continuation technique to the
context of rigorously proving the existence of equilibria for partial differential equations defined
on higher-dimensional spatial domains. For that effect we present a new set of general analytic
estimates. These estimates are valid for any dimension and are used, together with rigorous
computations, to construct a finite number of radii polynomials. These polynomials provide a
computationally efficient method to prove, via a contraction argument, the existence and local
uniqueness of solutions for a rather large class of nonlinear problems. We apply this technique
to prove existence and local uniqueness of equilibrium solutions for the Cahn-Hilliard and the
Swift-Hohenberg equations defined on two- and three-dimensional spatial domains.

1 Introduction

Partial differential equations (PDEs) arising in fluid dynamics and material science are naturally
defined on two- and three-dimensional spatial domains. With the extensive use of PDE modeling
in engineering, developing new mathematical tools to study rigorously these equations is of central
importance in science. However, analytically finding solutions of nonlinear PDEs is generally an
extremely difficult problem. The availability of powerful computers and sophisticated software then
makes numerical simulation the primary tool for scientists and engineers confronted with nonlinear
problems. In particular, one of the most efficient methods for determining equilibria of a parameter
dependent PDE

uy = E(u,\), XeR (1)

is to use a predictor-corrector continuation algorithm. Since (1) is infinite dimensional, the numerical
method is applied to a finite dimensional approximation. This raises the natural question of the
validity of the output. How does one make sure that the truncation error term induced by computing
on a finite projection did not lead to spurious branches of solutions? In order to address this question,
several computer-assisted proofs of existence of solutions of nonlinear PDEs were presented in the
last decade (see for example [1, 2, 3, 4, 5, 6]). These proofs are based on local topological arguments
like the non vanishing of the Conley Index of a small isolating neighborhood of the solution or on
a contraction mapping argument, both of which rely on the fact that the linear part of the PDE
governs, at least locally, the behavior of the system. The most fundamental problem in developing
these rigorous numerical methods is to control the truncation error terms by building sharp enough
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analytic estimates so that the computer can be used to verify that the nonlinear part is locally
negligible. In the above cited papers, the bounds on the truncation errors are given in terms of
regularity conditions on the solutions. In [2, 3, 7, 6] and in [4, 5], such estimates are presented for
PDEs defined on one- and two-dimensional rectangular spatial domains, respectively. In this paper,
we present new analytic estimates for PDEs defined on d—dimensional spatial domains. To the best
of our knowledge, this is the first attempt to present general estimates in this context. We then
use these general estimates to extend the ideas of the so-called walidated continuation method to
the context of rigorously proving the existence of equilibria for PDEs defined on higher-dimensional
domains. It is important to mention that validated continuation was originally introduced as a
semi-rigorous numerical method, where some of the computations are allowed to be non-rigorous.
In this way, the results of the computations are not computer-assisted proofs due to round-off
errors (see [3]). In the present work, we extend the ideas of validated continuation to PDEs in
higher dimensions, and we make all computations rigorous by using interval arithmetic. In this
way we produce completely rigorous computer-assisted proofs. Hence, we refer to this method as
rigorous continuation. Although we present the theory in the context of finding equilibria of PDEs,
the method should be applicable to rigorously compute equilibria for systems of PDEs and time
periodic solutions of PDEs.

Validated continuation was introduced in [3] and later on improved in [8] to compute discrete
branches of equilibria of (1), when the PDE is defined on a one dimensional (interval) spatial do-
main. Combining the information obtained from the predictor-corrector steps with rigorous interval
arithmetic computations and analytic estimates, this rigorous numerical method verifies that the
numerically produced equilibrium solution for the finite dimensional system can be used to explic-
itly define a set which contains a unique solution for the infinite dimensional problem. In [9, 10, 11],
validated continuation was adapted to compute global smooth branches of time periodic solutions
of delay differential equations and ordinary differential equations. As mentioned earlier, the main
focus of the present work is to develop a set of consistent general analytic estimates in order to prove
existence of steady state solutions of (1). To make things more precise, we assume that E(-,\) is a
densely defined operator on a Hilbert space H, and is explicitly given by

P
up = L(u, \) + Z qnu” (2)
n=2

in a domain Q C R?, where A € R is a parameter, L = L(-,\): D(L) C H — H is a parameter
dependent linear operator, and g, = ¢,(\) € R are the coefficients of the polynomial nonlinearity of
degree p. We also assume that H has an orthogonal basis {1k }reza formed by eigenfunctions of L,
which are assumed to be independent of A\, and that the domain of L is given by

D(L) = Ju= Z ek € H Z LkCrtr  converges o,
kez kczd

where ur = pg(A) are the eigenvalues of L(-,\). Then the expansion of (2) in terms of the basis
{Yk }reza takes the form

p
C'k:MkaJqun Z Cpt + - Cgm, (3)

n=2 k1+.._.+kn:k
kiezd

with k = (k1,...,kq) € 2%, where k7 = (k],....k}) € Z% for 1 < j < n, and é, = Zcg. Defining
the vector of a priori unknown coefficients by ¢ := {¢g }reze, when looking for equilibrium solutions

of (3), we need to solve

p
fre(e, ) = pger + Z In Z Cpi e cgr =0, (4)

n=2 k1+~v‘~+kn:k
kiezd



for every k = (ky,...,kq) € Z%. Denoting f := {fr}reze we show, in Section 3, that solving the
infinite dimensional problem

f(@,A)=0 (5)
for  := {Tg}reze in a Banach space X*® of fast decaying coefficients is equivalent to looking for

equilibrium solutions of (2). The theoretical justification for this choice of Banach space lies is the
fact that the solutions we are looking for have sufficient regularity.

Remark 1.1. All the results presented in this paper are valid if the coefficients {ck ez in the
expansion (3) are complex. This is the case if the PDE (2) is complex or if we use complez-valued
functions as basis elements, like complex exponentials as Fourier basis for example. In that case we
can split ¢y, in its real and imaginary parts and define (4) for

e Re(ck)
ke Im(cg) )’
= [Re(fe)
Jii= <Im<fk>> |

In such case, the formulas presented in Section 8 have two components and the inequalities should
be understood as component-wise.

and define

Next we describe in detail the space X*, but first we need to introduce some notation. As
already suggested above, we use boldface type to denote multi-indices as in k = (ki,...,kq) € Z%.
We denote by |- | the component-wise absolute value, that is, |k| := (|k1,. .., |k4|). Given k,n € Z¢
we also use component-wise inequalities. So that k < n, for example, means that k; < n; for all
1 < j < d. Similarly for k < n, k > n, and k > n. Throughout this paper m = (my,...,mg) and
M = (M, ..., My) always denote computational parameters such that M > m, and M; > 6 for all
1<j<d. Alsos=(s1,...,sq4) always denote the “decay rate”, where each s; is the decay rate on
the jth-coordinate, and is such that s; > 2 for all 1 < 7 < d. We also denote the finite set of indices
of “sizes” m and M respectively by F, := {k € Z% | |k| < m} and Fpr := {k € Z% | |k| < M}.
Notice that Fy, = Fy,, X -+ X Fy,,, where Fy,, = {k; € Z | |kj| < m;}. Similarly for Fps.

We now describe the space X®. Recalling the definition of the one-dimensional weights w; in
(41) from Appendix A, we define the d-dimensional weights

d
s ._ Sj
=]
7j=1

which are used to define the norm
[z]ls = sup wg|zkl,
kezd

and the Banach space
X =A{z | [lzfls < oo}, (6)

consisting of sequences with algebraically decaying tails according to the rate s. We look for solutions
of (5) within balls B C X* of radius r (with respect to the norm || - ||s). The idea of rigorous
continuation is to construct a parameter dependent contraction Ty : B — B and to use a contraction
mapping theorem to conclude the existence of a unique solution of f(x, A) = 0 within the set B. The
contraction rate of T depends on the magnitude of the eigenvalues of L(-, ). The verification of the
contraction depends on a subtle balance between the growth of the eigenvalues and our control on
the truncation error, provided by analytic estimates. The slower the eigenvalues grow, the sharper
the analytic estimates on the nonlinear truncation error terms need to be. The construction of



the estimates is done in Section 2. In order to verify the hypotheses of a contraction argument
in a computationally efficient way, we recall the notion of radii polynomials [9, 10, 3, 8, 11]. The
independent variable of the polynomials is the radius r of the ball B. In essence, we solve for the
set B, by finding a radius r that makes all the radii polynomials simultaneously negative. A brief
discussion on these polynomials and the theory of rigorous continuation in done in Section 3. In
Section 4 we explicitly construct the radii polynomials for the case of a cubic nonlinerarity. Finally,
in Section 5 we present applications of the method to the Cahn-Hilliard and the Swift-Hohenbergh
PDEs defined on two- and three-dimensional spatial domains. It is worth emphasizing that for each
of the computed solutions, we have a computed-assisted proof of existence and local uniqueness of
an equilibrium for the PDE.

2 Analytic Estimates

One of the fundamental step for the computation of (steady state) solutions of partial differential
equations is to build sharp enough analytic estimates on the nonlinear terms. In particular, the
nonlinear part of (5) involves convolution terms of the form

(Cu)*...*cw) = ) ), (7)

k
klt o +k=k
kiezd

where each ) = {cgj)} kezd is a sequence of real (or complex) numbers indexed by k € Z%. As men-
tioned earlier, the bounds on the truncation errors are given in terms of regularity conditions on the
solutions. More precisely, assuming that each coefficient c(] ) goes to zero with a certain decay rate,
one shows that the convolution term (7) goes to zero with the same decay. These general asymptotic
bounds are presented in Section 2.1. In Section 2.2, we consider the computational parameter M
which provides a computational alternative to improve the general bounds of Section 2.1. More
specifically, for k € Fps one splits (7) into a finite sum of “size” M that we explicitly compute
using interval arithmetic and an infinite sum that we bound using analytic estimates. Finally, in
Section 2.3, we consider the case k € Fps and derive a uniform asymptotic bound for (7). Using
this uniform bound, the verification of the above mentioned contraction mapping theorem reduces
to a finite number of computations as is described in Section 3.

2.1 General Estimates

The goal of this section is to generalize the different one-dimensional estimates presented in [9, 2,
3, 8, 6] to the d-dimensional case. These new d-dimensional estimates are constructive and are
based on the rather sharp one-dimensional general estimates defined in [9]. These one-dimensional
estimates are presented in Appendix A. We present them because we introduce some modifications

(see Remark A.5) and also for the sake of completeness. Recalling the definition of oz,g") from
Appendix A we define

d
ozgcn) = agcn H s], (8)

The following bounds are given in terms of regularity conditions on the solutions.

Lemma 2.1 (General estimates). Suppose there exist Ay, As,..., A, such that for every j €
{1,...,n} and every k € Z?, we have that

Aj
< =2, (9)
Wi



Then, for any k € Z¢, we get that

‘(Cu)*...*c(n))k’é ﬁAj U (10)

Proof. We have that

, n A A,
‘(c(l)*~-~*c("))k‘ - o< S wsl"' .

w
kly.  4+rn=k kly. 4=k kl k™
kl,... krezd kl,.. knezd

n
1
= |14 > o e
j:l kly. 4=k kl k"
kl,... k"czd
n d
A 1
- 4| © ot
j=1 kel trn=k j=1 le k%

kl,“.,k"EZd

n d 1
= (AL X =

. . 1 wkn

j=1 j=1 k]lj—---+k;?:kj k3 i

n
kL. kTEL

n d a](cn) n a;@n)
< (4 | o= (1T4) 2

j=1 j=1 "k; j=1 k

where the last inequality follows from Lemma A.4. |

2.2 Refinement for the Case k € Fy,

We now present a possible refinement for the general bounds introduced in Section 2.1, by allowing
one to do explicit computations. Given sequences ¢() = {Cg)}kezd we define C%ZIE/I’ the finite part of

c) | component-wise by
(4)

(c(j) ) _ s ifke Fpp
) )0, ifkdFy
and consider the splitting

(C(l)*...*c("))k: (c;.lzd*---*cg;)/Jk—i- Z c;:l)---cgi), (11)

k1+~*+k"=k
{k',...k"}¢ Fas
where the first term is a finite convolution sum and is explicitly computed using the Fast Fourier
Transform (FFT) algorithm and interval arithmetic as described in [8]. We use the following results
to bound the infinite sum in the splitting above. Recalling the definition of 52") in (42) from
Appendix A we define
(n) 5

Qay, Wy

e =M (s, M) = _max 776,(;;)(%,M]») . (12)




Lemma 2.2. Given k € Fpy and assuming that the regularity condition (9) is satisfied, we have

Z cgl) e cgﬁ) </ H Aj; 55.:”)-
k1+v~v+k”:k j:l

{k',.. .k }Z Fnr

Proof. We have that

) n 1 1
Z c;ll) o CEC") < H A; Z w21 oo o

kli. . 1kn=k j=1 kli. tkn=k
(k1 k) Z Fag (k1 k) Fag

o
b Win

A
~
=
&
£l

j=1 kly. . =k
k'¢Fng
n d 1 1
<OV T4 ) mex 1T X oo Y. o
j=1 Jo=1,ees J=1 ply. g, Wy Wen Kl ootk —hs Wyttt Wen
i#io 1] o B B 0
- n 1
kj,...,kj €L ijOQF]ujO
n
. ol o
</ H Aj | max H 2 ks
Jo=1,..., ! 40
j=1 J=1 T k;
J#Jo
n (n) Sj n
=014 |7 max e b =¢ 4]
. U-’k j=1,....d (n) )
j=1 k; Jj=1
where the last two inequalities follow from Lemma A.4 and Corollary A.6, respectively. |

Corollary 2.3. Given k € Fur and assuming that the regularity condition (9) is satisfied, we have

‘(C(l)**C(n))k‘g‘(c(lg‘z/;**C(I?n)/z)k‘—"_n HAJ Egn)
j=1
Proof. The result immediately follows from the splitting (11) and Lemma 2.2. ]

2.3 Uniform Estimate for the Case k ¢ F)y

In this section we present a uniform estimate for the case k & Fps. For M € N, with M > 6 and
s > 2 we define
& = &\ (s, M) := max {a;m(s, M)|k=0,..., M} ,

and then

d
5[5&) = @gc[)(s, M) = joglla?.{. J 015\2)0 (Sjo?Mjo) H dS\ZJ) (Sj, M7) . (13)

We then have the following lemma.



Lemma 2.4. Given k & Fny and assuming that the regularity condition (9) is satisfied, we have

n ~(n)
‘(C(l)*...*c("))k’g []4; ] 2. (14)

ws
j=1 k

Proof. Since k ¢ Far, there exists jo € {1,...,d} such that |kj,| > M,,. From Remark A.1, this

implies that a,i?z < a%’}_zo, and therefore

d d
(n) _ (0 () (n) ~(n) - ~(n)
ak - akjo H ak]‘ S aMJ'o H an S aM :
j];jlo jJ;jlo
The result then follows from the general estimates given by (10). ]

3 Rigorous Continuation and Radii Polynomials

Using the general analytic estimates for discrete convolution sums introduced in the previous sec-
tions, we can generalize the ideas from the validated continuation method [9, 10, 3, 8, 11] to the
context of proving rigorously the existence of equilibria of PDEs defined on d-dimensional domains.
We refer to this as rigorous continuation. The essential ingredient of this method is the construction
of the radii polynomials. Their construction combines the analytic estimates introduced in Section 2
with a computational version of the Banach Fixed Point Theorem applied to subsets of X*° (see
Lemma 3.3). Hence, the fact that X*® is a Banach space is crucial. The proof of the following is
standard and it is omitted.

Lemma 3.1. X® ={z | ||z||s < oo} is a Banach space.

As mentioned in Section 1, we transform the problem of looking for equilibrium solutions of (2)
into the equivalent problem (5). The two problems are equivalent under regularity assumptions on
the solution of the PDE. The following lemma makes this precise.

Lemma 3.2. Assume the following regularity condition on the solutions of (2): If

u= Z Cer (15)

kezd

is a solution of (2) in H, then ¢ = {cg}reza € X°.
Under this assumption and assuming that {||{r||}gcze s a bounded sequence, finding equilibrium
solutions of (2) in H is equivalent to finding solutions of (5) in X*.

Proof. Assume that u is an equilibrium solution of (2) in H. Since u € H, it is given by (15) with
C = fﬁpfl‘rg Since by assumption ¢ = {cg }reze € X*, then from the construction in Section 1 it is
a solution of (5).

For the reciprocal, assume that ¢ € X* a solution of (5). Since the sequence {||¢x|}scza is
bounded, we can assume without loss of generality that {¢x}, ;4 is an orthonormal basis. We have

that wi|ck| < |l¢|ls < 0o, which implies that

(2)
«
D lerl® < ells Y (/W) < llellz—

Wo
keZd kezd

< 00,



where the second inequality follows from Lemma 2.1. Therefore the series (15) converges and we
can use it to define u. Combining Lemma 2.1 and the fact that ¢ is a solution of (5), there exists a
positive constant D such that

P D
|,Uk0k| = E qn E Cpt *++ Cpn | < o
n=2 ply.. yrn—p k

kiezd
for every k € Z?. We then have that
2

p
Solmer> =YD an Y e | <D*Y(1w})? < oo

| YA k€Zd |n=2 ply. . yrn—k keZd
kiezd

> okt

keZd

This implies that

and

P
D an D e [
keZd \ n=2 pli..qpn—p
kJiezZd
converge, and therefore w is in the domain of L. Therefore, from the construction in Section 1, u is
obviously a equilibrium solution of (2) in H. [ |

From now on, we assume that finding zeros of (5) is equivalent to finding equilibria of (2). To
study problem (5) in the context of one dimensional domains, the notion of validated continuation
was introduced in [3]. Using ideas from this method, we now introduce a rigorous continuation
method to prove existence and local uniqueness of equilibria of PDEs defined on d-dimensional
domains. The basic idea of the method is to find first a numerical approximation for a zero of (5),
then use this approximation to transform (5) into an equivalent fixed point problem, and finally use
this fixed point problem to prove the existence and local uniqueness of an equilibrium in a small
neighborhood of the initially computed approximation. In order to compute the initial numerical
approximation we first need to reduce the infinite dimensional problem (5) to a finite dimensional
one. This is obtained by means of a Galerkin projection.

Given x = {xg}reze we denote its finite part of size m and its corresponding infinite part
respectively by 2 g, := {Tk}kerF,, and o1, = {zk treF,,. Now consider a Galerkin projection of (5)
of dimension m given by f(™) := {f;im)}k:eFm, where f,gm): R™1™Md x R — R, is given by

P
W (@F ) = S0 08,), 0) = fikCl + Y G D Gt e Cn, (16)

n=2 k1+-_--+kn:k
k’cFp,

for k € F,,. Now suppose that at the parameter value \g, we numerically find Zp,, such that
f™)(zE, , \o) =~ 0. Defining z := (Zp,,,0r,) € X° we assume that f(Z,\o) ~ 0 and use Z to
define a fixed point problem equivalent to (5). For this purpose, assume that the Jacobian matrix
Df™)(Zp, , Ao) is non-singular and let .J;,.! be an approximation for its inverse. In the applications
in this paper we take J,.! to be a numerical approximation for the inverse of D f (m)(f F,.,Ao), but
in principle it could be any approximation. The only requirement is that .J,! is non-singular.



We then define the linear operator J ! on sequence spaces, which acts as an approximation for
the inverse of Df(Z, Ag). Where, for x = {xg }reza, it is defined component-wise by

I zE,)| , ifkeFp,
{Jfl(m)} — [ (wr, )L
k ,u,;lwk, if k¢ Fp,.
Using the above we define
T(x) =Ty, (z) =2 — J L f(z, \o).

We want to uniquely enclose fixed points of T into closed balls B(Z,r) in X*® centered at Z. One
can easily check that the closed ball of radius r in X?®, centered at the origin, is given by

mm:B@szIP:w.

kezd Wi Wi
The closed ball of radius r centered at z is
B(z,r) =&+ B(r).

As proved in Lemma 3.3, to show that T is a contraction mapping, we need bounds Yz and Zj for
all k € Z%, such that

[HOEEIRES? (a7

and

sup |[DT(z + b)c]k‘ < Zg. (18)

b,ceB(r)

The following Lemma is very similar to Theorem 2.1 in [7], but the Banach space X® involved in
the proof is different. Hence, we decide here to present the proof for sake of completeness.

Lemma 3.3. Fiz the parameter value A = \g. If there exists r > 0 such that
1Y +Z|s <, (19)

with Y = {Ye}reza and Z := {Zg}peze, satisfying (17) and (18), respectively, then there is a
unique T € B(Z,r) such that f(Z, o) = 0. Moreover, Z is in the interior of B(Z,r).

Proof. For given k € Z% and z,y € B(%,r), by the Mean Value Theorem, we have that
T(z) — Ti(y) = DT(2)(z — y)

for some z € {tx + (1 —t)y | t € [0,1]} C B(Z,r). Then

riz—y) |1 Z

Te(z) — Ti(y)| = | DIk(z)—| -z —ylls £ —||lz — y||s, 20

| Tis(w) = Tie()| Oy 77— vlls < T le -l (20)
and so

|Tk(l') - S_Ck| < |Tk(l’) — Tk(i’)| + ‘Tk(:f) - :fk,’ < Zp + Y.

Hence,

|T(z) — Z||s = sup wi|Tw(z) — Za| < sup wi|Zk + Ya| = ||Y + Z||s < (21)

kezd kezd

This implies that T'(z) € B(Z,r) and hence that T maps B(Z,r) into itself. From (20) we also get
that

|W@ﬁ—T@Ws=$£ﬁ¢UM@—TM@\SWZMﬁNx—MH



and since Yz > 0 and Zg > 0, it follows that ||Z]|s < ||Y + Z||s < r. We therefore have that the
Lipschitz constant of T on B(Z,r) can be estimated above by || Z]|s/r < 1, and so T is a contraction
mapping. Since the operator J~! is invertible, zeros of f correspond to fixed points of 7. An
application of the Banach Fixed Point Theorem yields the existence of a unique & € B(Z,r) such

that T'(Z) = & or equivalently that f(Z, Ag) = 0. By (21), & is in the interior of B(Z,r). |

In order to compute the upper bounds Y and Zj, we choose M € N¢ such that M > p(m—1)+1
component-wise, that is,
for all 1 < 5 < d, where p is the degree of the polynomial nonlinearity in (2). We have that
T(z) —z = —J 1f(Z,\o). Since Z is such that Z, = 0 for k ¢ F,, we get that fx(Z, o) = 0 for
every k ¢ Fpy. Hence we define Y = {Yj }pcza as

[T f™) (@ p,, M)l if K € Fim
Vie := S gt (2, Ao), if k€ Far\ Fom
0, if k& Fpy

Rather than give general formulas for the upper bounds Zg, we show explicitly in Section 4 how
to compute them for the case of a cubic nonlinearity. However, Lemma 3.4 shows that, as for Y%,
we can find a uniform upper bound for all k € Fjs, and hence only need to compute with Zj, for
k € Fpr. In order to define this upper bound, we first derive a general formula for [DT(Z + b)c]g
with k ¢ F,,. Using the notation

T n—1 — T oo (r _ n
[(x+b) *c}k.— S @A b)gr (T 4 D)gnic
klge kP =k
kiez

we have that ,
[Df('f + b7 )‘O)C]k = HECk + Z ngn [(g_j + b)n71 * C]kv
n=2

where pg = pr(No). Now assuming that k & F,,, and setting b = ru and ¢ = rv, for u,v € B(1), we
get, by the Binomial Theorem, that

12
DT(z+b = —— (2 4+ ru) !
[DT(z +b)c], Mknz:;nrq (@ +ru)" " x 0],

e iz per AN g

Lemma 3.4. Assume there is a uniform lower bound

fine < |pe|,  for all k & Far. (23)

Then we can find a uniform upper bound Znz, independent of k, such that

sup

[DT(@+0)e],| € == Zar for all k ¢ Far.
b,ceB(r) wk,

Proof. Notice that
1l

S
Wi

] <

10



for all k € Z¢. Applying Lemma 2.4 to equation (22), for k & Faz, we get

rl o« — (n)
DT(z +b)c ’ < —— ) nlg| ( )Inlj
I Wl = mk\,; | g el
n—1
1 n
< 2L Sual (S (") e a
Wi HM =0 J
Defining
n—1
= g i (2 (17 et e a1
n=2 7=0
we get the result. |

Using the above we define for {Zg }rgr,, by
Ly = TZM- (25)

Notice that Zps is a polynomial in r, independent of k. To define {Z}re Fng» Which are also
polynomials in 7, we need to compute upper bounds for ’ [DT(:ZZ +b) ] ’ This is done for the case
of a cubic nonlinearity in Section 4. In order to verify the existence of a radius r satisfying the
hypothesis (19), we introduce the following polynomials.

Definition 3.5. We define the finite radii polynomials {pg(r)}kery, by

r
pk(T) =Y+ 2 — — (26)
Wi
and the tail radii polynomial by ~
ﬁM(T’) = ZM — 1. (27)

Corollary 3.6. Assume that condition (23) in Lemma 3.4 is satisfied and consider the radii poly-
nomials {pk}rer,, and par given by (26) and (27), respectively. If there exists r > 0 such that
pr(r) <0 for all k € Fag and pag(r) < 0, then there is a unique & € B(Z,r) such that f(Z, ) = 0.
Moreover, T is in the interior of B(Z,r).
Proof. For k € Fyy, notice that pg(r) < 0 implies that

w,§|Yk + Zk’ <r.
For k & Fyy, since Yy, = 0 and pas(r) < 0, we get that

wz‘Yk + Zk’ = wpZk = rZm < T

Therefore we have
Y 4+ Z||s = sup wz|Yk + Zk’ = max{ max {w,ﬂYk + Zk‘} , TZM} <.
keczd keFyy

The result then follows from Lemma 3.3. [ |

11



Rigorous continuation is based on a classical predictor-corrector continuation algorithm [12]:
given, within a prescribed tolerance, a solution ug at parameter value Ay, the predictor step produces
an approximate equilibrium %, at nearby parameter value A\, and the corrector step, often based
on a Newton-like operator, takes %, as its input and produces, once again within the prescribed
tolerance, a solution u; at A;. Hence, at every step of the continuation algorithm, we build the radii
polynomials defined by (26) and (27) and look for the existence of r > 0 such that pg(r) < 0 for
all k € Fpp and pas(r) < 0. If we are successful at a given step, we obtain a proof of existence
and local uniqueness of a true equilibrium solution for the original PDE (1), and then we continue
to the next step. It is worth pointing out that the computation of the solutions and of the radius
r are done using standard numerical methods. Only the computation of the coefficients of the
radii polynomials and the check of the polynomial inequalities is made rigorous by using interval
arithmetic. This procedure hence yields a computer-assisted proof of existence of solutions. We
call this procedure rigorous continuation for equilibria of PDEs defined on d-dimensional spatial
domains. It is important to note that the main difficulty in the construction of the radii polynomials
is to compute the upper bounds Z.

4 Radii Polynomials for Cubic Nonlinearity

In this section we derive the formulas for the radii polynomials for the case of a cubic nonlinearity,
that is, for f of the form

fe(@, A) = ppar + g3 E Tp1 Tp2 T3 (28)
kl4k24Kk3=k
kiezd

In order to compute Zy it is convenient to denote jm =Df (m) (ZF,,, \o) and introduce the operator
k HEeTEk, if k g Fma

which acts as an approximate inverse for the operator J~!. We then split DT(Z + b)c as follows
DT (z + b)c = (1— J—lj)c— J‘l(Df(3?+b, o) — j)c, (29)

where the first term is very small for k € F,,, and is zero for k ¢ F,,,. For k € F,,, we have the
bounds 3
(=520 | <r (|1 = 5D @ 0|t = r2i?,

where wi® = {1/w} }keF,,, and | - | represents component-wise absolute values. As for the second
term in (29), we have that

[Df(i:—i—b,)\o)c]k:ukck+3q3[§32*c+2§3*b*c+b2*c]k,

and
Ueck + 3g3 Z Tp1Tp2cys, for ke Fp,
7, = e
HECl, for k ¢ Fm.
We now consider u,v € B(1) defined by b = ru and ¢ = 7v so that we can expand the expression
[(Df(z+b,Xo) — J)C]k: in terms of r as

(510 4030~ 7)), =50 (c80r + 2000 + 627),
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where
Z Lf’klij'Uki’», for k € Fm

klik24k3=k
(1) k1l k2€Fm, k3¢Fm

Ck
E fkljfk?’l]k&, fOI' k ¢ Fm7
kl4k24k3=k
k! k2€Fp,, k3czd
2 _ 3
C,(e) = E Tp1Up2Vgs, and C,(c) = E Up1 U2 Vg3 -
kl4k24+k3=kK kl4k24k3=k
kleFpy, k2, k3czd kiezd

We now want to find upper bounds Z,(el)7 Z,(f) and Z,(f) so that |C,(cj)\ < Z,(ej)7 for j = 1,2,3. Consider
the splitting

E ickuszvks + E fkljk20k37 for k € Fm
klik24k3=k klik24k3=k
(1) Kkl k2 €Fpm,, k3€Fps\Fm k1 k2€Fy,, kK3¢Fp,
Cp’' = o o
E Tp1Tp2Vp3  + E Tp1 Tp2Vp3, for k& Fp,.
kltk2tk3=k klik24k3=k
Kkl k2€Fym, k3cFps kl k2eFm, K3gF),

Using Lemma 2.2 for k € Fpy we set

S JallTe|(1/wis) + |3]2, for k€ Fp,

klik24k3=k
k1 k2 €Fpm, k3cFps\Fm,

> lEwllTel(l/wgs) + |73, for k€ Far\ Frn.

klik21k3=k
kl k2€Fpm, k3cFps

Z,(cl) =

For C,(f) and C,(f) we consider the splittings

2 j : _ j: _
C](C ) = l’kluk2vk3 + :Bk1uk2vk3,
kl4k24k3=k kl4k24k3=k
kleFm, k2, k3cFys kleFm, {k? K3} Fps
and
(3)
Ck = Up1 U2 V3 + Up1 U2 V3 .
klpk2+k3=k klik2+kd3—k
ki eFpg {k1, k2 K3} Fpy

We again use Lemma 2.2 for k € Fs to set

ZP = S Eal(/wl)(Lwgs) + 20|z]se)),  for ke Far,

kl4r24k3=k
kleFpm, k2, k3cFy,

and
z0 = Y (g win)(fwis) + 3¢, for ke Fa.
kltk24k3=k
kI eFpr

Finally, using (25) for the case k & Fpy, we have

Blasl ||| (ZEisr + 225002 + Z501°) | +20r, for k€ Fy

Ty 1= 3|q3||p,;1| (Z,(:)r + 221(62)7"2 + Z,(f)r?’) , for k€ Fp \ Foy
’r‘ ~
JISCZM, for k ¢ FM,
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where Zpz, defined in (24), is given by

~ 1 B o B
Znt = 5 —3lasl (172057 + 2alleafipr + o)

We then have that the radii polynomials, defined in Definition 3.5, for the general cubic problem
(28) are given, for k € Fy,, by

() = Yot (20 +3las] [| 71 2) ] — 1) v+
(6las| [ 282 ] ) 2 + (3las! [| 7t 24| ),

for k € Fpr \ Frn, by

3|q- Z(l) 1 6la- Z(2) 3lg- Z(3)
pr(r) = Vi + M_T r |93 2k 2 93125, -3
|| Wi |1k |1k

and finally,

~(3) = &3 =1253)
_ 3|g3|a 6 Z||scx 3 z|sa
oty Bosl6S] o Gllelaa? | Sl Iol2ag

Ant Anm Ant

~1L (30)

Remark 4.1. Note that pag, given by (30), always has two distinct real roots, since its discriminant

(3
equals 12'2% > 0. Hence, the only way we could fail to find a positive r such that ppr(r) < 0 is

=112 ~(3)
if Blaallzladnr 4 > 0. In practice, before starting the rigorous numerical computations of the radii

m
polynomials, we check if
3 —112~(3)
129.%
If condition (31) is not satisfied, we a priori know that the proof fails. Hence, we need to increase the

value of pipg, which, as shown in Section 5, can be done by increasing the computational parameter

M.

5 Applications

In this section we present applications to the Cahn-Hilliard and the Swift-Hohenbergh PDEs defined
on two- and three-dimensional domains. For all the examples in this section we arbitrarily choose
an interval for the continuation parameter and compute all the solutions bifurcating from the trivial
solution along that parameter interval. We then follow each branch of solutions for several steps
until the running time of the computations reaches a fixed maximum allowed time. No attempt is
made to compute the complete bifurcation diagram for the given PDE, nor to continue the solution
branches for larger values of the continuation parameter, since the goal is to show the applicability
of the method.

For all the computations in this section we use the projection dimension m, the computational
parameter M, and the decay rate s uniform component-wise, that is, we use m = (m,...,m),
M= (M,...,.M), and s = (s,...,s). In all the computations we use the projection dimension
m = 8 along the trivial branch u = 0 and m = 8 to start the branches bifurcating from this trivial
branch. At each step of the continuation algorithm if the proof is successful we proceed to the next
step along the branch using the same projection dimension. If, on a given step, the proof fails we
increase the projection dimension m by one, recompute the solution at that step and try to prove
existence again. We then repeat this process for all the steps in the computations. Using this
approach we proved the existence of all solutions presented in this section.

14



As for the computational parameters M and s, we choose them either arbitrarily or based on
experimentation. For the computations in this paper we choose M as the smallest integer such that
M > 3m — 2 and that condition (31) is satisfied.

5.1 Cahn-Hilliard Equation

In this section we apply rigorous continuation to the Cahn-Hilliard equation

u = —A(?Au+u—1u?), inQ

du  9Au (32)

—=—=0 o0

on on ’ on
where Q € R? is a bounded rectangular domain, € > 0 models the interaction length, and n denotes
the unit outer normal to 02, that is, we have no-flux boundary conditions for both u and Auw.
Equation (32) was introduced in [13, 14, 15] as a model for phase separation in binary alloys. The
model is mass preserving, meaning that, for any solution wu, the total mass

v
o:=— [ u(y,t)dy
 Jo

remains constant for all ¢ > 0, which introduces the additional parameter o. The equilibria of (32)
are given by the solutions of

e2Au+u—ud=c inQ

ou

— =0 o0

I on

which introduce yet another parameter

ci= ﬁ/ﬁ (u(y) — u(y)?) dy.

In this paper we assume that both alloys have equal concentrations, which means that the total
mass is equal to zero. We also consider only the case ¢ = 0. In this case, studying the equilibria of
(32) is equivalent to studying the equilibria of the Allen-Cahn equation [16]

w = e?Au+u—u?, in Q

33
@ =0, on Jf). (33)
on

Due to the Neumann boundary conditions, if we consider the domain as

d
Q=041
j=1

we can express the solutions in terms of a cosine basis {1k} rene given by

d
Yr(y) == H cos(k; L;y;),
j=1
where L; = w/{¢;, for j =1,...,d. Notice that we only need to consider the basis elements for k > 0.

However, if we use the expansion

u= Z IRU

kezd
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with the assumption that ajg = ax for k € 74, then the expansion of (33) takes the form

fk(aa)‘) = Ukl — Z Ap10p20Es3,

kltk24+k3=k
kiezd

where

1
ukzl—x(k%L§+~-~+k3L§>,

with A = 1/¢%, and we have that fik| = f&, for all k € 7. Therefore, we only need to solve fi =0
for k > 0. The remaining quantity needed to construct the radii polynomials of Section 4 is fipg
satisfying (23).

Lemma 5.1 (Construction of jips > 0). Assuming that

. 272
1r§nj1£1d {Mj Lj} > A, (34)
and defining
_ I 272
unI::X1r§nj12d{Mij}_l>0’ (35)

we have that
lpk| > fing,  for all k & Far.

Proof. Given k ¢ Fyy, there exists 1 < jo < d such that k;, > Mj,, then

L/iaro 272 Lo e L. 272
X(lel‘i“i‘ded) Z X(MjOLjO) Z Xlglgd{MjL]} > 17
where the last inequality follows from (34). Therefore we have
1 I N
|| = X(k%L’;’ Fot kﬁLﬁ) ~1> 3 min {MPL3} ~ 1= jiar. n

Remark 5.2. Notice that we can always ensure that condition (34) is satisfied by taking M large
enough.

We present some results for the Cahn-Hilliard equation in a two-dimensional rectangle in Figure 1
and Figure 2, and in a three-dimensional rectangle in Figure 3 and Figure 4.

5.2 Swift-Hohenberg Equation
In this section we consider the Swift-Hohenberg equation
up = vu — (14 A)u —u? (36)

with periodic boundary conditions on a rectangular bounded domain  C R?. Equation (36) was
introduced in [17] to describe the onset of Rayleigh-Bénard convection, and is widely used as a model
for pattern formation. The parameter v > 0 is the reduced Rayleigh number. In addition to the
periodic boundary conditions, we assume the following symmetry conditions

u(y,t) = u(|y"t)’ (37)

for all z € R?, where |y| := (Jy1|,---,|yal). This means that we are looking for solutions of (36)
that are even and periodic in each of the space variables. Due to this symmetry and the boundary
conditions, if we take the domain as
d
Q= ]l
j=1

16



1)

(6)

Figure 1: Some branches of equilibria for the Cahn-Hilliard equation in the 2D domain Q = [0, 7] X
[0,7/1.1]. We refer to these branches as branch 1 through branch 6 according to the labels above.
For A = 1/€? in the interval [11,19.5] all the bifurcations from the trivial solution are computed.
They occur at A ~ 11.89, 13.84, 14.89, 16, 17.21, and 19.36. The proof was successful for all the
points in each of the branches in the plot with s = 2.

(1)

(2 3)

0.2

0.1
S 0
0.1
02

28

0.2
0.1
3 0.
-0.1
-0.2

28

Figure 2: Solutions for the Cahn-Hilliard equation in 2D. Plotted are the solutions corresponding
to the last point of the respective branches in Figure 1. Plot (1) corresponds to the branch 1 and
is computed using m = 28 and M = 1090; (2) corresponds to the branch 2 and is computed using
m = 38 and M = 1352; (3) corresponds to the branch 3 and is computed using m = 38 and
M = 1400; (4) corresponds to the branch 4 and is computed using m = 13 and M = 1355; (5)
corresponds to the branch 5 and is computed using m = 15 and M = 1111; and (6) corresponds to
the branch 6 and is computed using m = 13 and M = 1387.
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Figure 3: Some branches of equilibria for the Cahn-Hilliard equation in the 3D domain Q = [0, 7] X
[0,7/1.001] x [0, 7/1.002]. We refer to these branches as branch 1 through branch 7 according to the
labels above. For A = 1/¢? in the interval (0,3.5] all the bifurcations from the trivial solution are
computed. They occur at A =~ 1, 1.002, 1.004, 2.002, 2.004, 2.006, and 3.006. For all the points in
each of the branches in the plot, the proof was successful using s = 2.

we can expand the solutions using a cosine basis {¢k }rene given by

d
Vi(y) == H cos(k;L;y;),
j=1
where L; = 2n/¢;, for j = 1,...,d. As in the previous section, we only need to consider the basis

elements for k > 0. However, if we use the expansion

u= > artr

kezd
with the assumption that aj = ax for k € 7%, then the expansion of (36) takes the form
fk(a,)\) = Q.  — Z Ap1Gp20E3,
kltk24k3=k
kI ezl
where

2
e = A= [1= (813 + -+ k313) |,

with A = v, and fjg| = fi, for all k € 74, Therefore, we only need to solve fi = 0 for k > 0. As in
Section 5.1, we need to compute jips satisfying (23).

Lemma 5.3 (Construction of ips > 0). Assuming that

: 272
1r£rlj1gd{Mj Lj} > 1+ V), (38)
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0.3515 0.3518

0.2108 0.2111

0.0702 0.0705

-0.0705 -0.0702

-0.2111 -0.2109

-0.3518 -0.3515

0.4065 0.395

0.2439 0.2369

0.0812 0.0789

-0.0815 -0.0791 -0.0787

-0.2441 -0.2372 -0.236

-0.4068 -0.3952 -0.3932

0.5689

0.3413

0.1137

-0.1139

-0.3416

-0.5692

Figure 4: Solutions for the Cahn-Hilliard equation in 3D. Plotted are isosurfaces of the solutions
corresponding to the last point of the respective branches in Figure 3. Plot (1) corresponds to the
branch 1 and is computed using m = 8 and M = 218; (2) corresponds to the branch 2 and is
computed using m = 8 and M = 218; (3) corresponds to the branch 3 and is computed using m = 8
and M = 212; (4) corresponds to the branch 4 and is computed using m = 8 and M = 182; (5)
corresponds to the branch 5 and is computed using m = 8 and M = 176; (6) corresponds to the
branch 6 and is computed using m = 8 and M = 176; and (7) corresponds to the branch 7 and is
computed using m = 8 and M = 170.
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and defining
2

I : 272
fn = 1r_<nj1£1d{Mij}fl —A>0, (39)

we have that
lpk| > fing,  for all k & Far.

Proof. Given k ¢ Fiy, there exists 1 < jo < d such that k;, > Mj,, then
272 272 2712 . 272
K{Ly + -+ kyLlg > M; L5 > 1I§nj1£d {Mj Lj} > 1,

which implies that
5 2
(2 ++k3L3) 1] > Lg& (M212} — 1] > A\
where the last inequality follows from (38). Therefore we conclude that
5 2
el = [1= (BL2+ -+ 1322)| =2 > [1 - min, {M]?Li}} — A= it n

Remark 5.4. Notice that, as for the Cahn-Hilliard equation, we can always ensure that condition
(38) is satisfied by increasing increasing M .

We present some results for the Swift-Hohenberg equation in a two-dimensional rectangle in
Figure 5 and Figure 6, and in a three-dimensional rectangle in Figure 7 and Figure 8.

4

Figure 5: Some branches of equilibria for the Swift-Hohenberg equation in the 2D rectangle Q =
[0, 27] % [0,27/1.1]. We refer to these branches as branch 1 through branch 7 according to the labels
above. For v in the interval [0, 20] all the bifurcations from the trivial solution are computed. They
occur at v =~ 0, 0.0441, 1, 1.4641, 9, 14.7456, and 17.7241. The proof was successful for all the points
in each of the branches in the plot using s = 2.
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Figure 6: Solutions for the Swift-Hohenberg equation in 2D. Plotted are the solutions corresponding
to the last point of the respective branches in Figure 5. Branch 3 corresponds to the trivial solution
u = /v — 1, and hence is not plotted. Plot (1) corresponds to the branch 1 and is computed using
m = 24 and M = 72; (2) corresponds to the branch 2 and is computed using m = 8 and M = 24;
(4) corresponds to the branch 4 and is computed using m = 8 and M = 24; (5) corresponds to
the branch 5 and is computed using m = 8 and M = 38; (6) corresponds to the branch 6 and is
computed using m = 8 and M = 32; and (7) corresponds to the branch 7 and is computed using
m =38 and M = 24.

Figure 7: Some branches of equilibria for the Swift-Hohenberg equation in the 3D rectangle 2 =
[0,27] x [0,27/1.1] x [0,27/1.2]. We refer to these branches as branch 1 through branch 8 according
to the labels above. For v in the interval [0,8] all the bifurcations from the trivial solution are
computed. They occur at v =~ 0, 0.0441, 0.1936, 1, 1.4641, 2.0736, 2.7225, and 7.0225. The proof
was successful for all the points in each of the branches in the plot with s = 4.
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0.4305

0.2583

0.6403 0.6479 0.0861

-0.6402 -0.648 -0.086

-1.9207 -1.9439 -0.2582

-3.2012 -3.2398 -0.4304

3.3621 3.1883 3.0267

2.0172 1.913 1.816

0.6724 0.6376 0.6053

-0.6725 -0.6377 -0.6054

-2.0173 -1.9131 -1.8161

-3.3622 -3.1884 -3.0268

1.5259

0.9155

0.3052

-0.3052

-0.9156

-1.5259

Figure 8: Solutions for the Swift-Hohenberg equation in 3D. Plotted are isosurfaces of the solutions
corresponding to the last point of the respective branches in Figure 5. Branch 4 corresponds to the
trivial solution v = /v — 1. Plot (1) corresponds to the branch 1 and is computed using m = 8 and
M = 48; (2) corresponds to the branch 2 and is computed using m = 8 and M = 48; (3) corresponds
to the branch 3 and is computed using m = 14 and M = 42; (5) corresponds to the branch 5 and is
computed using m = 8 and M = 36; (6) corresponds to the branch 6 and is computed using m = 8
and M = 36; (7) corresponds to the branch 7 and is computed using m = 8 and M = 34; and (8)
corresponds to the branch 8 and is computed using m = 8 and M = 24.
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6 Conclusion

The emphasis of this paper is on the presentation of the analytic estimates and on the presentation of
a new rigorous continuation for equilibria of higher-dimensional PDEs. As already mentioned at the
beginning of Section 5, no attempts were made to do more extensive computations. We plan next to
use our method to analyze the bifurcation structure of the PDEs considered in this paper, as well as
other model problems. In addition to that, we propose to apply the theory introduced in [10] to the
computation of global smooth branches of equilibria of higher-dimensional PDEs. As a consequence
of such a rigorous computation, we would have results about non-existence of secondary bifurcations
from the rigorously computed smooth branches of equilibria. To the best of our knowledge this
would be the first time that such a method is presented in the context of nonlinear PDEs defined
on spatial domains higher than one.
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A One-dimensional Estimates

In this section we present the one-dimensional estimates from [9]. First, let us recall some quantities
introduced in [9]. Consider a decay rate s > 2, a computational parameter M > 6 and define, for

k>3, )
) :_2[&}s+[4ln(lz—2)+w2;6} {Z#L;r | W)

Then, for k € Z, we define a,g = ozgc )(s, M) by

4+m, for k=0
o =4 224 F + F + gy | + S e for 1SS M -1
2{2+27+§+m}+’7k, fOI‘k?Z]\47
and for k£ < 0,
a,(f)::al(i‘)

We also define a,(cn) = a,(cn)( , M), for n > 3, by

(n—1) (" 1) 20 (n 1)
Qg +2Zk1 1 k2< + (M— 1)25 T(25—1)° for k=0

(n—1) s
Mk oy k Lo Vs 1 T 1
ki=1 B (ktki)® (M—k)*M° T (M=K L(M+1)%(s—1)
(n—1) at ke (n—1) M—1 ofr Uk
17 LS
O‘l(cn)': tay + ;ki) 1 E—m)s T % + 2 ko s (ktk1)®
. n

e for 1<k<M-—1

(n—1)
Qpg [2 +55 + 3 T 3oy T DT +7k}
(n—1)
n—1 M1
(() )+Zk1 1(%5 {1—'_(1\/[ kl)} for k > M
and for k < 0,
al(cn) = af:\)
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Remark A.1. For any k € Z with |k| > M > 6, we have that oz,(:) < ozg\?)

Proof. For k > 6, the fact that % < w implies that vx+1(s) < vx(s). By definition of a( ),

for |k| > M, one gets that oz,(f) < ag\?. The conclusion follows from the construction of ay,

k| > M.

We also define the one-dimensional weights

S

Wy 1=

()

, for

|

1, ifk=0 (41)
|k|®, if k#0.

The goal is to find asymptotic bounds for infinite convolution sums of the form

> o

K+ thn=Fk

k;€EZ

)

assuming that the sequences ¢/) = {Cg)}kez have decay rates of the form

First notice that

>

ki+-+kn==k
k;EZ

>

k14 tkpn=—k
k; €L

Ckl

and

(O

s
wkl

A
<=
Wi
(n) Al e An
Ckn S Z ws -ews ’
ki+-+kn=k k1 kn
k;EZ
1 Z 1
s s s
.wkn wkl .a.wkn

k1+-+kn=k
k; €L

Therefore for the rest of this section we just need to consider the cases k € N, and sums of the form

>
k‘]‘GZ
Lemma A.2. For s > 2 and k > 4 we have
3 < Yk
& R =)
Proof. First observe that
k—1 _ _
ks k
— = 2|——| +k!
klzz ks(k —k1)® |k —1] klek k: ki)s

_ i k—2

k k—k

= 2|— kst

] [Zk Y ey
- - k=2 k1:2
_ s k—2 k—2

k 1 1

= 2| — +/€S 1 + —

r Qs k—2 _

/{J ks 1
P ,2 E )




Using the above we define

d)(s) kz_f ksfl B 1 k—2 ks
kT =k 2 e R (k= R
We then obtain the following recurrence inequality
k—2 a1
() _ ki _ o2 (k—ky) + ks
% klzzks Tk — k1) Z KT )
. l i ksfl k—2 ksf2
k P ki*l(k _ k1)371 vt ks 2(/{ kl)
k—2 2
1 fs—1 1 Es—2 {2 1} —
) Y LU S
kklzz2 R (k= k) lezzz kT2 (k — ky)s—t k2| 7k

Applying the above inequality s — 2 times we get

o <o 23]

2
Also
o zci:z 1 _ k—2 1 . k—2 1
k P kq(k — k)2 P ky(k — k1) P (k —k1)?
k—2 k—2 k—2
1 1 1 1
k[zk1+ KT +Z(k—k1)2
k=2 k=2 ky=2
k—2 k—2
2 1 1 2 2
= — —<-In(k-2)+—-1
Pt sy
k=2 k=2
Using the above inequalities we get
k—1 ; s s s—2
ks k (s) k @2 1
—_ = 2|— 2 <2—— 2 -+ =
kzlkf(k—kl)Q [k—l] 207 < [k—l] 20 k+2
=

IN

k1" [4ln(k—2) =x2-6][2 1]°°
2 24 = v N
[k—l] J{ K3 H/f’z} T

Lemma A.3. Given s > 2 and M > 6, suppose there exist Ay, Ay such that for every j € {1,2}

and every k € Z, we have that ‘c,(cj) < A5 Then, for any k € Z, we have that
k

@) (@ a®

g h, )c,(c ) <A Ag—

k1+ko=k k
k€T
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Proof. For k =0 we have

1 Z 1 1 Z 1
S w«s = wS w«s + waS w«s S
ky+kho=0 k1~ k2 ki=—oc0 k1 k 070 k=1 k17 —k1
kJEZ
o0

Woo =1 Y Yk
oo
142 —1 4+ L
= E : 25 = 25—1
e ki 225—1(2 1)
For £ > 0 we have
-1 k—1 [e%s)
Z 1 1 2 n 1 1
s s - s s s, ,8 s s s s
ky trgek k1 %ka e oo YkiWk—k1 W%k T W Wk Tiag Yk Yk—ky
ijZ
e’} k—1 oo
Z 1 2 n 1 n 1
- s s s, ,8 s s s s
oim1 Pk Yhtk Yo%k T W Wk T Wk Ykks
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In the two inequalities above we used integral estimates to bound the infinite sums. Using these
inequalities and the upper bound % from Lemma A.2 we have the result. |

Lemma A.4. Given s > 2 and M > 6, suppose there exist A1,..., A, such that for every j €
c,(f)’ < 4 Then, for any k € Z, we have that

s
Wi

{1,...,n} and every k € Z, we have that

n (n)
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=1 k

kit tkn=k
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Proof. For k =0 we have

For k£ > 0 we have
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M — 1}. Since a,& U< a(" Y for all ky > M, we have
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Similarly,
0o (n—1) 1 M-1 a(n—l)ks a(nfl)

M
2 o T D)o

k1 Yk Ykt
From the definition of a,(cn) for k € {1,..., M — 1}, it follows that
1 algn)

Consider now k > M, then
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Using Lemma A.2, we get that
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Combining the above inequalities, we get
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Remark A.5. Note that the a,(cn) provides, for 1 < |k| < M —1, a slight improvement over the oz,(f)

defined in Section A.2 in [9]. The difference comes from the following upper bound

1 1
Z ks ( k+k1 = (M —k)sMs * (M —k)s" (M +1)5(s—1)°

In [9], the coarser upper bound

i i 1 + i + i + ;

sz k‘+k1 k‘ 38 35—1(8— 1)
ki=M—k

is used to construct a(p).
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The following corollary of Lemma A.4 gives better bounds for the cases 0 < |k| < M — 1. Given
s> 2 and M > 6 we define, for k > 0,

- n—1
M+k-1  (n=1)

D D (42)
b= Yk %Yki—k

2a§\271)
(s=1)(M —-1)s"YM + k)

z—:,&") — e (s, M) :=

1=

and for k£ < 0
5,(:)(5, M) := el(gl)(s,M).

Corollary A.6. Given s >2 and M > 6, forn >3 and 0 < |k| < M — 1 we have that

1 n 1 n n
>oa)dli<l Xl *”(HA’) i
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Without loss of generality, suppose that |k1| > M in the second sum. Then
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The result then follow from the definition of s,(c"). [ ]
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