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Abstract

In this paper, we introduce a method to prove existence of several rapidly
and slowly oscillating periodic oscillations of a delayed van der Pol oscillator.
The proof is a combination of careful pen and paper analytic estimates, the
contraction mapping theorem and a computer program using interval arithmetic.
Using this approach we extend some existence results obtained by Nussbaum in
[Ann. Mat. Pura Appl., 4 (101), 263-306, 1974].
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1 Introduction

In 1920, to model oscillations of some electric circuits, van der Pol proposed one of
the most influential system of nonlinear differential equations, see [1]. Since then,
variants of the so-called van der Pol oscillator have been proposed as mathematical
models of various real-world processes exhibiting limit cycles when the rate of change
of the state variables depend only on their current states. However, there are many
processes where this relation is also influenced by past values of the system in question.
To model these processes, one may want to consider the use of functional differential
equations, see [2, 3, 4, 5].
In [7], Grafton establishes existence of periodic solutions to

i) — ey —y* () +y(t —7) =0, &7>0, (1)

a van der Pol equation with a retarded position variable. His results are based on his
periodicity results developed in [8]. In [9], using slightly different notations, Nussbaum
considers the more general class of equations

i(t) —eg(t) (1 —y* () +y(t = 7) = ry(t) =0, &,7>0,KER, (2)
and establishes the following result.

Theorem 1.1 (Nussbaum, 1974). If k < 0, —k7 < € and —%m-Z < 1, then
equation (2) has a nonzero periodic solution of period greater than 27.
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We refer to (2) as Nussbaum’s equation. The techniques that Nussbaum uses are
sophisticated fixed point arguments, however, as he remarks, he has

to restrict the size of |k| in order to guarantee that the zeros of y are at
least a distance T apart, p. 287 of [9].

Moreover, he mentions that numerical simulations suggest the existence of periodic
solutions to (2) for a large range of x < 0. Thus, it seems natural to try to develop
a computational tool in order to establish existence results for periodic solutions to
(2) for parameter values seemingly inaccessible using Nussbaum’s methods. Before
formulating our results, we need the following definition.

Definition 1.2. Let y(t) be a periodic solution to (2) with the minimal period p.
Assume that 0 = 23 < 29 < ... < z, = p are so that y(z;) =0, i = 1,...,n. If
foranyi=1,...,n —1 2z;41 — 2; > 7 then y is a slowly oscillating periodic solution.
Similarly, y is said to be rapidly oscillating periodic solution if for any ¢ =1,...,n—1
Zit1 — 2 < T.

Our aim is to prove the following statements, whose proofs are a combination of
careful pen and paper analytic estimates and computer programming using interval
arithmetic.

Theorem 1.3. Let £ = 0.15 and 7 = 2. For each
k€ {—3.8521 + 1.5k x 1072 : k=0,...,266}

there exists a set B, containing a unique nontrivial periodic solution of (2). As for
the range of periods p of these solutions we have that p € [3.69,11.24].

Theorem 1.4. Let e = 0.25 and 7 = 5. Define the sets

Sy ={-4.8234+kx107*: k=0,...,19},

Sy = {-4.8214+ 2k x 1072 : k = 0,...,69},

Sy ={-4.6814+3k x 1072 : k =0,...,138},
Sy={-5114x 107 +5kx107*: k=0,...,49},
S5 ={-4.864 x 107" +kx107*: k=0,...,102}.

For each .
K€ U Sj,
j=1

there exists a set By containing a unique nontrivial periodic solution of (2). As for
the range of the periods p of these solutions we have that p € [3.15,5.26].

Remark 1.5. The norms of the computed solutions are shown in Figure 1 while their
periods are plotted in Figure 2. The right plot of Figure 2 suggests the existence of a
periodic solution of period 5 when the delay is 5. Indeed, for kK = —0.586912405465308
- using our method -, we computed a periodic solution of which period, ps, satisfies 5—
ps < 9x 10716, This is an impossible situation when first-order scalar delay equations
are considered. Also, some illustrative time profiles can be seen in Figure 3 and 4; these
figures indicate that, indeed, there are both slowly and rapidly oscillating solutions to
(2). Furthermore, our results relax the periodicity condition in Nussbaum’s theorem.



The trade-off here clearly is that our method applies to a given specific equation. Also,
unlike in the case of finite dimensional dynamical systems, see [6], we do not have
tools to address stability properties of these periodic solutions. Nevertheless, since
these periodic solutions are visible via numerical simulations suggests their stability.
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Figure 1: Left: The norm of the computed 267 solutions of Theorem 1.3 with respect

to the parameter k for 7 = 2 and € = 0.15. Right: The norm of the computed 383
solutions of Theorem 1.4 with respect to the parameter x for 7 = 5 and € = 0.25.
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Figure 2: Left: The period of the computed 267 solutions of Theorem 1.3 with respect

to the parameter x for 7 = 2 and € = 0.15. Right: The period of the computed 383
solutions of Theorem 1.4 with respect to the parameter x for 7 = 5 and € = 0.25.

The proofs of Theorem 1.3 and Theorem 1.4 are based on adapting ideas from
[10] and [11] to the context of second order delay equations with cubic nonlinearities.
Moreover, we would like to mention that Nussbaum considers in [9] a large family
of functional differential equations of which (2) is a particular member. Establishing
existence results of periodic solutions to other members of the family of equations
considered in [9] is an ongoing project.

2 Setting up a fixed point problem

If y(t) is a periodic solution of (2) with a period p > 0, then

y(t)= Y e, 3)

k=—o00
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Figure 3: Some of the computed 267 solutions with 7 = 2 and € = 0.15. On panel
(a), (b), (c) and (d), k = —3.8521, —2.5171, —1.1821 and 0.1379, respectively.
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Figure 4: Some of the computed 383 solutions with 7 = 5 and € = 0.25. On panel
(a), (b), (c) and (d), k = —4.8232, —1.6214, —0.4861 and —0.4761, respectively.

2w

where L = and the ¢ are complex numbers satisfying c_, = ¢, since y € R.
Denoting the real and the imaginary part of ¢ respectively by a, and by, one gets
that ap = a—r and by = —b_g. As a result, by = I'm(cp) = 0 and so it is not a
variable. An equivalent expansion for (3) is given by

y(t) = aop + 2 Z [ay cos kLt — by, sin kLt] .
k=1

(4)

As the frequency L of (3) is not known a-priori, it is left as a variable. Since periodic
solutions of analytic delay differential equations are analytic (e.g. see [12]), their



Fourier coefficients decay faster then any algebraic decay. This will motivate the
choice of Banach space in which we will embed the Fourier coefficients. Let

oy {(L,ao), k=0

(ak,bk), k>0 (5)

and z & (20,71, ., 2, ...)T, and denote the first and the second component of
xp by g1 and x 2, respectively. Given a growth rate s > 0, consider the weight

functions
R 1, k=0
k|°, k#0
which are used to define the norm

2]l = sup |zg]sowy, (7)
k>0

where |2 |00 = max{|zk 1|, |Tk2|}

Lemma 2.1. For a given s > 1, consider the space of sequences with algebraically
decaying tails
def
0° = {z = (xg,x1,22....) : ||z||s < 00}

is a Banach space. Moreover, assume that y(t) given by (4) is a solution of Nussbaum
equation (2) and consider the associated x given by (5). Then for any fized s > 1,
the space ° contains x.

Formally, using (3), we get

oo
y(t) = Z crikLet*
k=—o00
0 .
y(t) — Z _ckk2L2€szt
k=—o0
and
o0
y(t o 7_) — Z Ckefsz‘reszt.
k=—oc0
Thus (2) becomes
oo
Z [—k2L2 — ekl — K+ e—sz‘r} Ckeszt
k=—o00
o0 o o (8)
+e Z cp, et Z Cp ekt Z ChyikzLe*stt =0,
k1=—o00 ka=—00 ks=—o00

To obtain the Fourier coefficients in (3), one takes the inner product on both sides
of (8) with e?*'t k € Z, yielding

def

g = [KL? —eikL — i+ e " e +iel Y cx Crochyks =0.
kitkat+ks=k



Observing that

def
Sk = E Ck1€k2ck3k3
ki+ko+ks=k
kj €L

= Z Ck16k2ck3 (/C — kl — kQ)

ki+ko+ks=k
k; ez

=k Z CkqCloCls — 2Sk,

ki+ko+ks=k
kj €L

we get that

. ek L
gk = [-K°L? —eikL — k + e ] ¢f + 153 > ki Crary =0,

k1+ko+ks=k
k)j €L

which is a countable system of nonlinear complex-valued equations. Using (5), one
gets that

Re(gi)(z) =(—k*L? — k + cos kLT)ay, + (ckL + sin kL7)by,

ekl
=+ T Z —ag, akzbk3 — QCLkl kaakS + bk1 bk2bk3

ki1+ko+ks=k
kjEZ

Im(gr)(x) =(=k*L* — k + cos kLT)by, — (ekL + sin kLT)ay,

ekL
=+ T Z Ay Aoy Oy — 2ak1 ka bk3 — bk1 bkz Q-

ki+ko+ks=k
ki €L

For a periodic function y(¢) with expansion (3), let us define the map
(o)
h@) = y(0) = a0+ 3 .
k=1

Hence, the map f whose zeros correspond to periodic solutions (oscillating around 0)
of (2) is given component-wise by

, k=0;
fulw) = R@%@) ()

Re(g1)(x)
Im@wu>>’k>“

As in the case of z, denote the first and the second component of f;, by f; 1 and
fr,2, respectively. For the sake of simplicity of the presentation, let us introduce

(10)

Ru(L) aet [ —Kk*L? — k + coskLT ekL +sinkLt
A —(ekL +sinkLr)  —k?L? —k+coskLt |-

Also, for given three bi-infinite vectors a = (ax),cz, b = (br)pez and ¢ = (cx) ey, We
define the discrete cubic convolution term component-wise by

(axbxc) = Z ko OkyChy, k EZ (11)
ki+ko+ks=k
k;€EZ



to write

_ a ekl [ —(axaxb)y —2(axbxa), + (b*xbxDb)
fk(f)_Rk(L)< b: >+3< (a*a*a);—Z(a*b*b)kk— (b*b*a);f) (12)

for k > 1. In setting up our fixed point problem, the following is crucial.

Lemma 2.2. The operator f = {fx}r>0, defined component-wise in (9), has the
property that f : Q% — Q572,

Proof. Tt is not difficult to see that

sup [ (—k?L* — k + coskL7) ax + (kL + sin kL7) by, | w™* < o0
k>0

and
sup |(—ekL — sinkLT) ay, + (=k*L? — K + cos kL) b | wi™? < o0
k>0
for z € Q°.
To proceed, for vectors u,v € R™*" we introduce u < v to denote the fact that
Uij <5, t=1,...,m, j=1,...,n. Since x € %, by definition,

]ls
Wi

lag| <

Now, from Lemma 2.1 in [13], there are C} 1 and Cj 2 positive constants uniformly
bounded so that

—(axaxb)p —2(axbxa),+ (b*xbx*b)g 1 [ Cypa
’( (axaxa)—2(axbxb) — (bxb*a)g <<o.;§ Cr2 » k20
This implies that
1 @)lls—2 = sup | fie|oowy > < o0,
k>0

that is, f(z) € Q572. O

Remark 2.3. We want to emphasize that the idea of deriving a set of analytic esti-
mates to bound the truncation error term are originally used in [13, 15, 16] to develop
constructive proofs of existence of equilibria to partial differential equations. However,
in the present paper, we decided to write and prove all estimates explicitly to keep this
work self-contained.

The following establishes the correspondence between the periodic solutions of (2)
and the zeros of f.

Lemma 2.4. For a sequence x = (xg,x1,Z2,...) € Q° given in (5), f(x) =0 if and
only if y(t) in (4) is a solution to (2) such that y(0) = ag + 2> poy ar = 0.

Now, we rewrite f(x) = 0 as a fixed-point equation T'(z) = z in Q° where T is a
Newton-like operator. In order to define T, first consider f(™ : R?™ — R2™  a finite
dimensional projection f, whose k-th component is given by

IEM)(xOv"'>$m—l) = fk($07'~-;xm—17000)7 k:Oa"'amfla



where 0y = (0);50. Hereafter, we identify # = (L,ag,a1,b1,. .., @m-1,bm—1)7 with
(Z,000) if & € R?™ such that f(™ (%) ~ 0. Now we define the finite part of 7' using
numerics while its tail will be defined analytically. To define the finite part, consider
the later described computational parameter M = 3m — 2 (e.g. see Lemma 3.1),
and let Ay € R2M*2M he o numerical approximation of the inverse of D, f)(z).
Assume that

Iat = An DafO0 (@) o < 1, (13)

which implies that Aj; is an invertible matrix.

Furthermore, let
e 6fk _ Ok 5k
A, & 2Ry =
e = (% ),

where
def

o = —k?L? — Kk +coskLt
and
) B ~ &2 m—1 N
S 2 ekL +sinkLr — 2¢kL (20 + Y (ap, + bi)) -
k1=1

Since k < 1, a sufficient condition for the invertibility of Ay for all k& > M is

(),

m> - (14)

3

L
Indeed, (14) and k > M imply g < 0 and thus g} + 67 > 0 for all K > M. Define the
linear operator A : Q% — Q%2 by

A & {(AMl‘F)k, k=0,....M -1 (15)

Alzlmk, k > M.

In this definition,
Al 1 <Qk —5k>
P2+ \or or )’

Tp = (1‘071‘17""'7:M—1) € R2M

and

is the finite dimensional projection of € Q°. The conditions (13) and (14) imply the
invertibility of the operator A defined in (15).

Notice that m in (14) is an explicit lower bound on the dimension of the finite
dimensional projection for A to be an invertible linear operator. Now, we complete
the verification of the definition of A, that is, we show that A : Q% — Q2. Given
a matrix M denote by |M| the matrix whose components are the component-wise
absolute values of M.

Lemma 2.5. Let L > 0 and ag € R, and define

M2
def
= ——— —— >0

P = MR —(1- k)
and ~

L|1-25
= o P '02(6 HM?MF%)
pg (5L\1]‘;2S\ +ﬁ) P ;



where

Then for all k > M,

Thus A : Q% — Q5+2,
Proof. From (14),

_ _ - = 1-— k2
lok| = —coskLt + k*L* + k > =1+ k*L? 4+ k > k? <L2—H> =—.

M?2 p
Thus
1 < 1
Ea
and then
o [ lal_ 1 _ 1
on+onl T op okl T TR?

Finally, since € > 0, |0x| < ekL|1 — 25| + 1, we get that

O ekL|1 — 28|+ 1
03 + 62 0} + 62
5ki|1—25|—|—1
p?(ekL|1 — 25|+ 1)
< =
oL o(ebli-28 1
= p2f M M2
That is, for k > M,
eL|1-2S
AT < = P ”2(%‘42 ‘J’ﬁ)
k 2 pg (sL\1A22S\+ﬁ) P

Thus, for an x € Q°,

|AZ||s4+2 = max{ max  {|(Ayzp)k|sowi T}, sup {|Ak1xk|oowz+2}}
k=0 M—-1 E>M

Smax{ max {|(AMxF)k\oowZ+2},HE||OO sup {|xkoowi}}. O
o M—-1 k>M

The conclusion of Lemma 2.5 allows us to define the Newton-like operator T :
Q° — O° by

T(x)=2x— Af(x). (16)

By infectivity of the operator A, the fixed points of T' are in one-to-one correspon-

dence with the zeros of f. Therefore, we now focus on the computation of the fixed
points of T'. To achieve this new task, we use the radii polynomial approach.



3 The radii polynomial approach

Let - )
ror
B(r) = {—} (17)
/cE[o Wi Wi
be the ball of radius r > 0 in Q° centered at the origin, and

def

B:z(r) = Z+ B(r) (18)

be the ball centered at . In order to show that T is a contraction, we derive

component-wise bounds Yy = <Yk’1> AN (Zk’l) € R? for k > 0 such that

Yio Zi2
I[T(z) — z],| = [[-Af(@)],] < Yy (19)
and
sup |[DT(z+b)c|,| = sup [[DT(z+ ru)rv],| < Zi(r). (20)
b,ceB(r) u,v€B(1)

Lemma 3.1. For all k > M = 3m — 2, [Af(z)], = (0,0).

Proof. If ki, ko, ks € Z satisty ki + ko + ks = k > M = 3m — 2, then there exists
j € {1,2,3} such that k; > m. Since, ag = by = 0 for all £ > m, then

fe1(Z) =(—k*L? — k + coskL7)ay + (ekL + sin kLT)by,
ekL _ _ o
N > =Gk, kybry — 20k, bry kg + br, Drybry =0,V k> M.
Ky kot b=k

k; €L

A similar argument shows that f 2(Z) = 0. This implies that fi(z) = (0,0)7, for all
k > M. Finally, recalling (15), we get that

AF@)), = A fu@ = (0,07, ¥ k> M. O

A consequence of the previous result is that for k& > M, we let Y3, = (0,0)7.
Moreover, for k > M, assume that one may choose

Z4(r) = Zaa(r) (M)

S
Wi

where Z (1) € R? is independent of k. We justify this assumption in Section 3.2.

Definition 3.2. The 2M radii polynomials {po,p1,...,pnm} are defined by

1
Yi+ Zi(r) = & <1> k=0,...,M—1
def

pr(r) = )
ZM(T)_T<>, k=M.

wi \ 1

Once these polynomials are constructed, the existence of periodic solutions to (2)
can be established by using the following result, whose proof can be found in [10].

10



Lemma 3.3. If there exists v > 0 such that px(r) < 0 for k =0,..., M, then there
exists a unique T € Bz(r) such that T(Z) = &, or, equivalently, such that f(Z) = 0.

Therefore, the proofs of Theorem 1.3 and Theorem 1.4 are obtained by construct-
ing the radii polynomials of Definition 3.2, by verifying the hypotheses of Lemma 3.3
and finally by applying Lemma 2.4. The task is now construct the radii polynomials
associated to (2).

We use the components of

Ve = |Amfr(T)] (21)

to compute Yy, for k =0,..., M —1. To derive the bound Z, for b, c € B(r), let b = ur
and ¢ = vr where u,v € B(1), and consider AT : Q32 — Q° defined by

o J(DfOD k=0,...M -1
ATJZ def ( f xF)ka 07 (22)
Ay, k> M,
an almost inverse of the operator A. Now, we have
DT(% + ru)rv = [I — AATrv — A[Df(% + ru) — AJro. (23)

Since the first term is very small, for k¥ > 0 and ¢ € {1, 2}, to derive the bound Z, we
consider the expansion

4
[Df(Z +ru) — Allro = Z c,(cl’li)rll. (24)

=1

3.1 The bounds Zy(r), k € {0,...,M — 1}

For k € {0,..., M — 1}, we generated coefficients c,(f)li) using Maple. Bounds C’,(Cll) >0
(11)

| < C’,gll) can be found in Table 1. Before going any further, we make

. . 1
some comments on these bounds. First of all, since c(()% = 0, we can define

Con
0

1
Cy k=1,...,M—1

4
[DT(z + ru)rol|p < [[Inr — A DFOD @)]oplr + 3 [An| - CEVrh

=1

such that

Thus we get that

Also, notice that except the infinite sum >3, o\ —— , all other convo-
k1

wizwis
lutions involve the finite vector Z and thus are finite sums. These finite discrete
convolutions are computed by using discrete fast Fourier transformation, for details
on this see [14]. Finally, to bound the infinite discrete convolution in Table 1, one can

use the following result.

11



Lemma 3.4 (Quadratic estimates). For 1 < u< M —1 and v € Z, let

pt+r—1 1
P = kZ_I k(o +v— ko)
and
M
1 1 1 1
) = Pluw) +2 + - + :
(v g k12:1 We Witk WMty MGE=D(s 1) Wty
Then 1
—— < Q-
Z s s — V) (25)
k1+ka=p+v k1 Yk
Proof.
o) /l,—‘rl/ 1
o T2 o +— Z
k1+ko=p+v i k=1 kl #+V+k1 pt k=1 ,quV k1
M
-2 (z > L) o
ki=1 wkl IH‘V-‘rkl =M+1 k1 ;J,+y+k1 [L+D
M )
1 1 1
SQ(Z o "o > oo )+¢(u,u)
ki=1 1 ;L+l/+k1 M+14+p+v ki=M+1 kl ;L+V
M 1 o0 1
<2 Z + = / r”tdr + — + Ouw)
— W Witk Wr 1t ptr M Witw
k1=1 1M 1 F
M
1 1 1
=2 + + + Pup)-
(lﬂzzl Wh Wik, Whiprppgr MOV (s = 1) u+V> "

O

Remark 3.5. To simplify our notations, whenever one of the indices is zero in a
two-index notation, for instance in the case of ¢k ), we simply write ¢y.

Before using (25) to formulate an explicit bound of the infinite convolution, we
note that generic estimates are developed in [13] to bound higher order convolutions.

12



Lemma 3.6 (Cubic estimates). For 0 <k < M —1,
M_k-1

1
Y. oo S D
kl k2 k‘3 k-1:1 kl
1 )

s=1l(s—1)

k1+kot+ks=k

1
””f((M—k)s*(M—k)
M 1

+¢k+2<z Wi, Wkt
2 2

ko=1
+ ! L
(M+1+k)ysMs=Y(s—1) w;

k—1 1 M
+> o

¢(k,—k1) +2 z : UJS ws
ki=1 ko=1 ko k—kitks

1

" 1 1 n 1
Wik MED(s—=1)  wi_,,

M 1 1

1 - -

+1+ Z w}%s + ,7\{23_1(28— 1)
ka=1 2

M-1
1

+ 3 ag,
k=1 Whtky
+ S !
«
MAM + k)~ (M +k)GD(s—1)

)

Proof.
1 1 1 1
S g s b
2 3

o
S S S = S
Z Wi w Z w ws w
ko™ks k=1 F1 kothks=k+k, k2 k3  kytks=k

ki+kotks=k K1
k—1
1

—_

wS wS wS
1=1 K1 kotks=k—k; k2 k3
1 1
+ E E
k kytks=0
oo
1 1

+ 2
ws ws ws
ki=1 F+kt poqkg=k, k27 ks

S S
Wiy Wi

Now we bound each addend in (27).

13
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First,

> 1 1 1
Z Z w,ﬁzwzg - w; Z wiQwZS

wS
ki=1 K1 kotks=k+k, ki=1 K1 kot+ks=k+k;
Z 1
S S

—_

> 1

LY

ki=M—Fk+1 Wiy ko+ks=k+k, K2 K3
M—k 1 00 1
D D C R D Dl
ki=1 1 ki=M—k+1 1
M—k
1 (0374
< 5 Xk k) T -
= vk EeB (M = )1 (s = 1) (28)
M—k—1 1
S 5Otk k)
k=1 k1
(633 (633
TOr—k T =R - 1)

IA
(]
w|
2
5
=

Using Lemma 3.4, we get that
1

o < ok
kotks=k k2" ks

29
YD ppan ! NEA
2 YRk (M +1+k)sMs=1(s—1) wi )’

Now taking 4 = k and v = —k; in Lemma 3.4, we get that

k-1 1 k—1 M 1
Z Z < Pk, —ky) T2 Z
kr=1 WhaWhs 21 ¢

1

1
w, Who Wk —
ki ko+ks=k—ky 1=1 k1 ko=1 kaWk—k1+k2

(30)

+ 1 1 + 1 ):|
WMA14h—ks MED(s=1)  wip—g, /|

14



Also,
1 =1
=142 E —
+ w25

: : S S
“hy s ko=1 k2

ko+ksz=0 ko
— 1

M 1
=1+ Z w2s + Z 2s
ko=1 K2 ko=M41 k2
W (31)
<1+ —|—/ z %%dx
1;:1 wl%j M
M
1 1
=1 —_t .
M Z wps N M?=1(2s — 1)

ko=1

Finally, with 4 = k1 and v = 0 in Lemma 3.4, we get that
Moo 1

=1 1
Loy Loy
ki=1 F+kt poqpa—k, k27 ks ki=1 Kk+ki poyhg—k, ~ k2 ks
> 1 1
+ S S S
k=01 CRE oy ek, Yk Yk
Moy > 1
<Y tan D) s
=1 Yhtk by =M1 (k + k1)
M
1 (63.Y34
<Y ow -
&b, T MR- 1) (32
M-—1 1
< Qi
k=1 Whtky
Qr Qr
T TR0
M-—1 1
<
- Z w’i Cky
k=1 +k1
n 1 n 1
« .
MAM+E) " (M+E)6ED(s—1)
O

Clearly, (28)-(32) validate the statement.
Thus we can replace the infinite sums in Table 1 by (26). Also, the first infinite

sum in Table 1 can be estimated by

= 1
Lo WR (s —1)(3m — 3)(s—1)
With these substitutions, we get new upper bounds Cgl). Now, for k=0,...,M —1,
the k"-component of Z;(r) € R? can be defined as
4
Zp(r) = |[Ip = Ay DS @)oplr + Y | An] - R0, (33)
=1
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3.2 The analytic bound Zy,(r)

In this section, assuming k > M = 3m — 2, we develop bounds C*)| [; € {1,2,3,4},
1 =1, 2 satisfying

L~
< z;;:Z,C( 1)
Notice that these bounds depend neither on k nor ¢. To find these bounds, one can
use

(1)
‘Ck,i

Lemma 3.7. Let v € Z with k +v > M, and s > 2, and define

s _ 2 5—2
e d:ef2< k+v ) +[4ln(kz+v 2 6H 2 +1}

k+v—1 k+v 3 k+v 2
and o
def 1 1 1
Y FR AL SR—)
ki=1 kq
Then

> SEewt
s s — s—2 (M,v)-
k1+ko=k+v wklka k( )

Proof. Using Lemma A.2 from [15], we get

k+v—1

1
¢k,u = P
(k) klzzzl Kk +v—ky)®
1 k+v \° [4m(k+v—-2) =2-6][ 2  1]°°
< — 12 —
_WZ< (k+y—1) +[ E+v * 3 k+u+2
1 1

= <
wlsc fy(kv’/) — wz V(le’)

Now, since k + v > M, we get that

> S 2 :
s—ks’y(kvl’) : s

S < S
by kv VR ke =1 Yk Ykt ks v

S

—

1
T ik (s—1) T (k—i—u)S)

M

1 2 1 1

— = E e T S |

ks’y(]wv’/) + ks ( wz + 7\15_1(8 _ 1) + >
ki=1 1

IN

1

1 1 1
2 — 41
M2 {'7(1\/17”) + (Z Wi, + Ms—1(s — 1) + )}

ki1=1

Finally, we get the bound Zy;(r).
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Lemma 3.8. For k > M, define

Then

a3 (B ) St () o

IDT(E + ru)rols] < Zar(r) (1‘: ) . (35)

Proof. Using Lemma 2.5, we get

[[DT(Z 4 ru)rv]| = }— YDf(Z + ru)rv — ATro), |

<<Z|f

=1

4
<<Zi: L e (1) o
k2 fes—2 1

=1

= Zy(r) (f) O

Now we are in the position of formulating the radii polynomials for (2). Namely,

using

Definition 3.2 and recalling the bounds Yz, Zg(r) and Zy(r) in (21), (33) and

(34), respectively, we define

|AMfF( )i+ [[Ir — Ay D (@) |vpr

ll) ll r 1 _ .
i, +Z|A _W;‘i<1>’ k=0,...,M—1

- 11=1

1 ,(eLl1—25 1 Lo, o\ [1
S e - = M.
(MS (p“( v taE)) e oy o) !

4 Proofs of Theorems 1.3 and 1.4

In order to prove Theorems 1.3 and 1.4, we use the following procedure.

Procedure 4.1. The following steps validates the assumptions of Lemma 3.3.

1.
2.
3.

Fiz a decay rate s and a reduction dimension m.
Find Zp an approzimate solution of f(™ (zr) = 0 using Newton’s method.

Compute exactly D, fM)(zr). Compute an approzimate inverse Apy of Dy fM) (z).
Check conditions (14) and (13) using interval arithmetic. This ensure that the
linear operator A defined in (15), is invertible.

With interval arithmetic, compute the coefficients of Table 1 and 2 to complete
the construction of the radii polynomials p1,...,prn given in Definition 3.2.

Calculate numerically T = [r7, ] = ﬂ {r <0|px(r) <0}

17



0. o If T = then go to Step 8.

o IfT +# & then let r = % With interval arithmetic, compute pg(r). If
pi(r) <0 for all k =0,...,3m — 2 then go to Step 7; else go to Step 8.

7. The proof succeeds. By Lemma 3.3 T defined in (16) has a unique fized point
z= (i7d07d1751a2;62aa3a637 o ) e
within the ball Bz(r). Now, the existence of a periodic solution

g(t) =ap+2 Z [dk cos kLt — by, cos klzt}
k=1

to (2) with §(0) = 0 is guaranteed by invertibility of A and by Lemma 2.4.

8. The proof fails. Either increase M > 3m — 2 or increase m and go to Step 2.

4.1 Proof of Theorem 1.3

Consider k as a free parameter. We isolate parameters where the trivial solution of
(2) loses its stability via Hopf bifurcation. This can be done analytically see [17], [18]
and [19] or using numerical tools such as TRACE-DDE, see [20]. Then with those
parameters, we find a numerical approximation of a nearby periodic solution of (2).
This approximation of the periodic solution is an approximate zero of

f(z,k) =0, (36)

where f is defined in (9). Using this approximation as an initial point, we run the
pseudo arc-length continuation algorithm of [21] on finite dimensional projection of
(36) to generate other approximation of periodic solutions to (2). We then apply
Procedure 4.1 to each of these numerical approximation of periodic solutions to (2).

With m = 37 and s = 2.0015, Procedure 4.1 is applied to each numerical approx-
imations Tr to establish the existence of r = r(Zp) > 0 such that Bz, (r) contains a
unique zero of (36). Now, this zero corresponds to a non-trivial periodic solution ()
of (2). The steps are carried out in the MATLAB code TheoremI.m available at [23],
The code uses the interval arithmetic package INTLAB [22]. To prove Theorem 1.4,
we used m = 37 and s = 2.0015. The steps of the proofs are the same as Theorem
1.3, and are carried out in the MATLAB code Theorem2.m available at [23].

5 Future projects

As mentioned earlier, [9] considers a wide range of functional differential equations,
including neutral equations. An ongoing project is to develop rigorous computational
tools to study periodic solutions of equations of this type. Another project considers
equations with non-polynomial nonlinearity (i.e. trigonometric nonlinearities). We are
also working on developing computational techniques for state-dependent equations
of threshold type relevant to modelling the dynamics of infectious diseases.
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7 Appendix

— 1
1
Coil |2 >0 -
k=3m—3 F

ke{0,...,3m —2}.

e | lezle Y (2 |E““35’“2|+}5’“35’“2|+|‘1’“3“k2|>

wg w; w;
k1+kotks=k k1 k1 k1

w

2'5;‘ + 4'%;‘ +2K2L + K272 (x| + |be|)
ek Y Jars | + [brg |

(2) s s
Ci k1+katha=k k1 Yks
Ty i, i bic Gr. i
+2lelk > (2} a b | + | ksskz| n Iakss%l)
& - Wi Wi W,
1 4kot+ks=k 1 1 1
? ks | + [b
gy bl
C’,E3) Wk k1+ko+kz=Fk Wiy Wiy
= 1
+alelkl Y
Wi Wy W
ky+kotks=k k1 k2 k3
16 e| k 1
01534) ‘El S S s
k1 thotha—hk Ok1%ks ks
Table 1: The bounds C,gj ).
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Table 2: The bounds C’,gj ),
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L | 0.588585318380744 | ap | —0.000000000000000
a; | —0.380521566138099 | b1 | 3.503923479166242
as | 0.164599872387297 | bs | 0.469271975833406
as | 0.120614107179449 | b5 | 0.126650976002569
ar | 0.066862971952533 | by | 0.011940400142824
ag | 0.024740402097032 | by | —0.010005469307534
ai1 | 0.006333283564893 | b1 | —0.009564362214062
a1s | —0.000163178672466 | bys | —0.004751644954214
a15 | —0.001185254556411 | b5 | —0.001658623436357
ai7 | —0.000838094624751 | by7 | —0.000288091670132
a19 | —0.000365889550112 | byg | 0.000101927666928
a21 | —0.000107532896479 | byy | 0.000128211215654
as3 | —0.000006043995350 | bas | 0.000072878593114
ags | 0.000015839170424 | bys | 0.000027885631338
ao7 | 0.000012858268457 | bor | 0.000006134239246
ag9 | 0.000006187458022 | bag | —0.000001022010932
as1; | 0.000002012065977 | b3y | —0.000001933333716
ass | 0.000000241638643 | bgs | —0.000001223207372
ass | —0.000000215349058 | bgs | —0.000000524561647
Table 3: Approximate zero T at 7 =2, kK = —0.0695 and ¢ = 0.15.
L 1.256637061435918 | ag 0
ai; | 0.024710480202072 | b; | —1.000002063790588
as | —0.024488551145227 | b3 | —0.003663149316372
as | —0.000266911811260 | bs | 0.000987238321501
ar | 0.000044003554335 | by | 0.000017397754331
ag | 0.000001077740774 | by | —0.000002031596847
a11 | —0.000000094942364 | b11 | —0.000000064729206
ais | —0.000000003804078 | b13 | —0.000000003804078
a1s | —0.000000003804078 | b15 | 0.000000000220008

Table 4: Approximate zero &g at 7 =5, k£ = —0.586912405465308 and ¢ = 0.25.
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