Theorem. Let ¢ = XTAX be a quadratic form where A is an n xn symmetric
matriz, and let A1 be the least eigenvalue of A and Ao the greatest eigenvalue of
A. Then

1. min{g(X) | | X|| = 1} = M1, and q(vi) = A\ where vy is any unit eigen-
vector corresponding to Ap.

2. max{q(X) | | X|| = 1} = A2, and q(v2) = Ay where vy is any unit eigen-
vector corresponding to As.

One can read the proof in Nicholson, Theorem 5 of 4.8.3. Here is an example
of how to use this:

Example. Let q(z1,22,23) = 527 + 823 + 522 — 4dr129 + 870m3 + 42073,
Find the maximum and minimum values of ¢ on the unit sphere (i.e. where X
is restricted to having || X|| = 1), and a point where each value is achieved.

5 —2 4
Solution. Write ¢ in matrix form as ¢ = X7 AX where A = [ —2 8 2
4 2 5
We find that A has eigenvalues Ay =0, o = A3 =9, and
E\, = span{v; =[21 —2]"}
E\,, = span{vy=[1 —207,v3=[101]"}
Hence the minimum of ¢ on the unit sphere is 0 (the least eigenvalue) and is
achieved at py = itp = 221 — 2|7 (also at —p1). The maximum is 9 (the
greatest eigenvalue) and is achieved at any linear combination of ve and vs that
is a unit vector, for example py = 2 = %[1 -2 —0]T.



