LECTURE 2

Stronger NFT. Choose right coset representatives for C\ A, Cay,Cas,... and C\ B,
Cby,Cbs, ... This gives a unique normal form agbiasbs -+ or bgaibsag--- with
the property that each a;, b; is one of the coset representatives.

REMARK. This is not good either. It rather should be cagbiasbs - - -

Existence of “ordinary” normal forms: each g € A& B equals g1g2- - gk, gi €
AU B. Continually “combine like terms” (bjasasby — b1(agas)bs) and combine
elements of C' with neighboring elements (a1 ®5(c)az — a1Pq(c)az — (a1P4(c))az).

Existence of “stronger” normal forms: given an “ordinary” normal form ggg; - - - 9394
we continually replace g’s with suitable coset representatives, starting with g4:

ga€Cay g3ca €Cbs
9091 - g3ga —— gog1 - - - (g3€a)as ——— gog1 - - - c3bzas — ... — cagbi - - - bzaa

HNN Extensions. The idea is to construct something given
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Definition 1. The HNN extension (HNN stands for Higman—Neumann-Neumann)
associated to this data is the group Axg or Axg

<A,t|Ct — (I)(C)VC c Cl> [a] A % <t>/ <<ct@(cil);c c Cl>>

t is called stable letter.

NFT for HNN Extensions.

Theorem 1. FEvery element in Axc can be expressed as apt*ait®2ast® -- -, each
g; = £1, eacha; € A, and there is no appearance of t~'cit, ¢y € C1 and teat™, cp €
Cs.

Length of g is number of ¢’s in its normal form. Length is invariant.
A imbeds in Ax*c.
EXAMPLE. Let A= A;, 8= (12)(34), v = (123). Then (A,t|3! =) 2 Z.

Hopfian groups.

Definition 2. A group G is hopfian if every epimorphism G — G is a monomor-
phism.

EXERCISE. Finitely generated abelian group is hopfian.
EXERCISE. 7, F, are not hopfian. (Hint: kill one generator.)

Definition 3. BS (m,n) = (a,t|(a™)! = a™) (m,n #0). (BS stands for Baumslag—
Solitar.)
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G = BS(2,3) is not hopfian. Consider homomorphism ¢ : G — G induced by
t +— t,a — a? Then the relation [(a?)! = a®] — [(a*)! = a?], so ¥ is really a
homomorphism. Further, ¢ is surjective since ¢t = (t), a = ¥(a~'(a)?), but not
injective, since 1 # [a’,a] maps to 1. Show that.

[a’,a] =t ta~'ta" 't 'ata — is a normal form of length > 0.
[a',a] — [(a®)*,a?] = [a®,a?] = 1.

REMINDER. z¥ =y lay, [z,y] = 27y~ lay.

EXERCISE. BS(1,n) is hopfian, BS (n,n) is hopfian.

Constructions of amalgamated product and HNN extension are believed to be
“equally strong”. In the following example we present a group both as an amalga-
mated product and as a HNN extension.

EXAMPLE. G = (a,b,c,dlaba=tb"tede=1d—1)

® G%ngFQ%m,b)%(c,d), (Z:<[aﬂb]>:<[cvd]>)'
o G = Fyxy, given by

<b710dcfld71> @b Tede” TdT b <b>

~.

(b, ¢, d)
and stable letter a, that is (b= tedc™td=1)* = b1,

A Graph of Groups. Let I" be a directed graph. For each vertex v € I', we have
a group G,. For each edge e € I', we have group G.. An edge is attached at its
initial vertex i(e) and terminal vertex t(e).

Ge has monomorphisms to Gj(c), Gy(e)-

et : Ge — Gt(e)7 e 1 Ge — Gi(e)

From this data you can get a group m1 I, 71 (graph of groups).

Consider all combinatorial paths starting at some fixed vertex of the graph (see
figure): abc,abe=td=1,. ..

Equivalence relation is generated by removal of backtracks: abcc ™ le™! ~ abe™!.
So in our example, we get a subgroup (a, b, ¢, d, e|—) generated by (abe,dec™1).

Label each edge a “stable” letter t;, pick a base point.

Our group is the set of equivalence classes of “words” of the form hgsihysaho - - - hiSphgy1,
where each s; = some tjil.

If ht;h' is in the word, then h € Gy(.,), I € Gye,);

if h't;'h is in the word, then h € Giteys W € Gyey-

Equivalence relation is generated by “backtracks”:

i (gi)ti ~ tipi+(9:) Vg; € Gi = G,



