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the flow map using a combination of the Characteristic Mapping (CM) method [1] the
gradient-augmented level-set (GALS) method [2]. The flow map possesses a semigroup
structure which allows for the decomposition of a long-time deformation into short-time
submaps. This leads to a numerical scheme that achieves exponential resolution in linear

;iﬁ:voggiamics time. Error estimates are provided and conservation properties are analysed. The computa-
Euler equations tional efficiency and the high precision of the method are illustrated in the vortex merger,
Characteristic Mapping method four-modes and random flow problems. Comparisons with the Cauchy-Lagrangian method
Gradient-Augmented Level-set method [3] are also presented.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

The numerical simulation of incompressible fluids is an important mathematical problem with many scientific and in-
dustrial applications. The study of the incompressible Euler equations in two-dimensional (2D) space poses many challenges.
It is well known that solutions of the 2D Euler equations, although smooth, have fast growing gradients. The growth of the
sup-norm of the vorticity gradient can be bounded by a double exponential in time [4], this bound was proven to be sharp
in the case of smooth initial data on a disk [5]. Furthermore, on a flat periodic 2-torus, it has been shown that for an
arbitrary time interval, there exists a vorticity field whose gradient exhibits exponential growth within the chosen interval
[6]. For a summary on the advances in mathematics for the Euler equations, we refer to a 2013 review by Bardos and Titi
[7]. These theoretical results suggest that the spatial discretization for the numerical solution of the Euler equations can be
challenging. As the gradient of the solution grows, the numerical resolution required to correctly capture the solution also
increases. The resources necessary to avoid excessive spatial truncation errors can thus become prohibitive for long time
simulations. On the other hand, allowing for spatial truncation errors by undersampling the solution can generate numerical
dissipation akin to a viscosity term which qualitatively affects the simulation. In some cases, truncation errors resonate with
the solution, creating spurious oscillations and numerical instability. This phenomenon is analysed in detail by Ray et al. [8]
in the case of a conservative Fourier-Galerkin scheme, and a wavelet regularization technique has been proposed by Pereira
et al. in [9].
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Existing numerical methods for fluid simulation lie in the spectrum from fully Lagrangian to fully Eulerian formulations.
Eulerian methods use fixed spatial meshes to represent evolving quantities. This gives easy access to the relevant simulated
quantities. The spatial features generated by large fluid deformations can be represented as long as the grid has sufficient
resolution. However, finer scale features are lost resulting in artificial dissipation. Examples of Eulerian methods include
the Fluid-in-Cell [10] method and the Marker-in-Cell method [11], where fluid quantities are associated to fixed spatial
subdivisions and updated in time using the evolution equations. In Lagrangian methods, particles or grid nodes follow
the movement of the flow, resulting in less dissipative schemes. However, with the particle or moving grid frameworks,
the evaluation of Eulerian quantities is difficult and less accurate. Furthermore, large fluid deformations can be difficult to
resolve and often require frequent remeshing or resampling routines. Examples of purely Lagrangian methods include the
Smooth Particle Hydrodynamics [12,13] and the Vortex blob [14] methods, where fluid quantities are transported using a
particle method. More recently, Bowman et al. [15] developed a fully Lagrangian scheme for the advection and advection-
diffusion equations, exploiting the relabelling symmetry of the incompressible advection and Euler equations. This scheme
does not require costly remeshing routines and is void of artificial dissipation; in particular, the algorithm preserves all
Casimir invariants of the equations. Many numerical solvers use a mix of Lagrangian and Eulerian descriptions to exploit
the advantages of each approach. For instance, Arbitrary Lagrangian-Eulerian [16,17] methods use reference coordinates that
are neither fully Lagrangian nor fully Eulerian to describe the fluid configuration. Another large family of numerical solvers
are the semi-Lagrangian methods. In these methods, relevant quantities are represented on an Eulerian frame, however,
the evolution equations are discretized from a Lagrangian description. Methods of this type include the Cauchy-Lagrangian
method [3] where the vorticity field is evolved by transport along a moving mesh following the flow, the result is then
periodically projected back on an Eulerian grid. Level-set methods are another popular semi-Lagrangian framework used
for fluid simulation and implicit interface tracking, e.g. [18]. In these methods, characteristics are traced backwards in
time and Eulerian interpolation schemes are used to update the solution. A level-set formulation of the 3D incompressible
Euler equations was recently studied by Deng et al. [19] through the use of generalized Clebsch variables. This theoretical
framework provided new global existence results for the solutions of the 3D Euler and Lagrangian-Averaged Euler equations
under certain assumptions, and existing level-set methods can potentially be applied to generate efficient schemes for fluid
simulations in 3D space. Semi-Lagrangian schemes have also been used to generate fast simulations intended for computer
graphics [20,21]. One main property of the semi-Lagrangian approach is that it tries to capture the characteristic structure of
the equations. In particular, in 2D inviscid flow, the vorticity field is transported along characteristic curves, hence accuracy
and stability can be improved by taking the geometric approach of following these characteristic curves in order to propagate
the solution in time.

In this paper, we present a method where the evolved numerical quantity is the deformation map of the domain gen-
erated by the fluid velocity. This approach is geometric and fully exploits the characteristic structure of the fluid flow. We
construct numerically a characteristic map which identifies a point on an arbitrary characteristic curve to its initial position
through a spatial transformation. Advected quantities, in particular vorticity, can then be constructed as the function compo-
sition of the initial condition with the characteristic map. This method stems from the semi-Lagrangian Gradient-Augmented
Level-Set (GALS) [2] and Jet-Scheme methods [22] and constitutes an extension of the Characteristic Mapping (CM) method
for linear advection [23,1] to the self-advection in 2D incompressible Euler. The CM method for Euler splits the evolution
equations into the advection of the vorticity and the computation of the velocity through the Biot-Savart law. These two
parts are connected in that the advection provides the vorticity field for the Biot-Savart kernel, whose resulting velocity
field is then used to advect the CM map. In doing so we achieve a separation of scales: under the assumption that the flow
is governed by large scale features of the velocity field, the characteristic map can be accurately evolved on a coarse grid.
Furthermore, since the vorticity solution is constructed through the pullback of the initial condition by the characteristic
map, the functional definition of the solution provides arbitrarily fine spatial resolution.

One main issue in inviscid fluid simulation is the artificial viscosity incurred from the spatial truncations during the
evolution of the solution. Some methods such as [3] approach this problem by designing high order methods in order to
take extremely large time steps, hence minimizing the accumulation of the diffusive error. Others employ an adaptive multi-
resolution mesh refinement to efficiently resolve fine scale features [24-27]. One unique property of the CM method for 2D
Euler demonstrated in this paper is that it eliminates artificial viscosity by never directly evolving a discretized vorticity
field: the vorticity changes as a consequence of the evolving characteristic map used to compute the pullback. In particular,
a straightforward consequence is that the extrema of the vorticity field are conserved for all times. Additionally, in order to
correctly represent the arbitrarily fine scales generated by the flow, we use a time decomposition of the characteristic map
based on its semigroup structure. This allows the CM method to represent exponentially growing vorticity gradients while
only computing on a fixed coarse grid. The resulting scheme achieves arbitrary subgrid resolution, high long term enstrophy
conservation and is non-dissipative.

The rest of the paper is organized as follows: in section 2 we lay out the mathematical framework for the CM method
and carry out some heuristic analysis of its properties. In section 3, we present in detail the numerical implementation of
the method and provide some error bounds. Section 4 contains several numerical tests and discussions on the accuracy and
qualitative properties of the solutions. Finally, we make some concluding remarks and propose future directions of work in
section 5.
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2. Mathematical framework

In this section, we present the mathematical framework behind the CM method for 2D incompressible Euler. The section
is organized as follows: first, we present the equations with the advection/Biot-Savart splitting used in the method. Then we
look at the CM method for the advection equation along with its intrinsic semigroup structure. We will next examine the
advection-vorticity coupling of the equation through the Biot-Savart law. Finally, we will put everything together to write
the modified equation which naturally arises from a numerical CM method for the Euler equations.

The equations governing the motion of a perfect fluid in two-dimensional space are:

oou+ (u-Vyu=-Vp *xt)elUxRy, (1a)
V.-u=0, (1b)
u(x,0) =uo(x), (1c)

where U is some fixed star-shaped spatial domain, u is a vector field describing the instantaneous velocity of a fluid
element and p is the pressure. For this paper, we assume for simplicity that U is the flat 2-torus and hence there are no
boundary conditions. In general, for a boundary dU, the non-penetration boundary condition for inviscid flow is u-n =0 on
oU where n is the normal vector to the boundary. This will require further extensions to the framework and is not covered
in this paper.

Define w = V x u the scalar vorticity of the fluid, and taking the 2D curl of (1), we obtain the vorticity equations:

oow+ (u-Vo=0 *,t)eU xRy, (2a)
V.u=0, (2b)
w(x,0) = wo(X). (2¢)

Using the incompressibility assumption, u can be obtained from w by solving a Helmholtz-Hodge problem, u is then given
by the Biot-Savart law

u=—A""Vxo. (3)

Given a solution u(x, t) of (1), we make the observation that w solves the advection equation (2a) under the velocity field
u. The approach presented in this paper consists in splitting the vorticity equations (2) into the coupling of the advection of
the vorticity by (2a) and the Biot-Savart law (3). The advection equation is solved using the Characteristic Mapping method
and the Biot-Savart law is applied in Fourier space. We present details on these two methods in the following sections.

2.1. Characteristic mapping framework
The Characteristic Mapping approach consists in finding the solution operator for the advection equation associated to

some transport velocity. A more detailed exposition of this approach can be found in [1,2,23].
Consider a linear advection equation with a divergence-free transport velocity u

o+ (u-V)g=0 x,t)eU xRy, (4a)
¢ (x,0) = do(x). (4b)
The method of characteristics for advection equations implies that ¢ satisfies
d
afﬁ()’(t),t):O, (5)
or equivalently
¢y ). =do(¥o), (6)
for any characteristic curve y solving
%}’(t)=u(}’(t),t), (7a)
Y0 =y, (7b)

The smoothness of these characteristic curves in the case of the Euler equations is proven in [28].

Therefore, we look for a solution operator X : U x R — U such that X(p(t),t) =y, for all characteristic curves y (t)
associated to the velocity u. For any fixed t, the map X(-,t) : U — U is the inverse of the t-time flow map of the velocity
u. We call X the backward characteristic map since it “traces back” a particle at time ¢ to its initial position y . Assuming

3



X.-Y. Yin, O. Mercier, B. Yadav et al. Journal of Computational Physics 424 (2021) 109781

N
25 ?sg
) l\- En
AN @RI

7%
T
Wi
W

,
L5
LD
0
\

[/]
/]

S

[]]]]

{]
771771

A5

{7

<R

W77
- N\ l’lln%&
(a) Initial condition. (b) Domain deformation from (c) Pullback of the initial
characteristic map. condition by the map.

Fig. 1. Evolution of the characteristic map acting on the initial condition. (For interpretation of the colours in the figure(s), the reader is referred to the web
version of this article.)

smooth divergence-free velocity, the flow map is a diffeomorphism, hence, we can write X as the solution to the following
vector-valued advection equation:

¥X+@-V)X=0 V@& t)eUxRy,, (8a)
X(x,0) =x. (8b)

One can check that %X(y(t), t) =0 and hence X(p (t),t) = X(¥(,0) = p,.

Remark 1. Wolibner proved in 1933 [29] that for an L! initial vorticity field (with appropriate decay at infinity), the
corresponding velocity field (which is log-Lipschitz) solving the Euler equations generates a Holder continuous forward
characteristic map. That is to say, the transformation ®(-,t): yp  y(t) is a Holder continuous homeomorphism for all ¢.
The existence, continuity and area-preservation of the backward map X follows since X(-,t) = ®~1(-, t).

The solutions to the advection equation (4) can be then computed as the pullback of the initial condition by this back-
ward map using (4)

¢x.1) =¢o (X(,1)). (9)

In fact, for any initial condition ¢, the corresponding advection equation has solution ¢ o X (see Fig. 1). The character-
istic map is independent of the advected quantity, it captures the deformation of the space induced by the velocity u and
acts as a solution operator of all quantities transported by u. In particular, if # is a solution to the Euler equations (1), then
its vorticity field must satisfy

wX,t) =wo (X(x,1)). (10)

2.1.1. Semigroup structure

The treatment of incompressible inviscid flow from the point of view of differential geometry and geodesic flow on the
group of volume preserving diffeomorphisms was initiated by Arnold in 1966 [30]. The backward characteristic maps are the
inverse maps of the elements of the one-parameter semigroup of these volume preserving forward flow maps parametrized
by t. Hence, they inherit the same semigroup properties.

Definition 1. We denote by Xitrto: U > U the characteristic submap of the time interval [to, tf]. The endpoints of the
interval in the subscript [t, to] are inverted to reflect the fact that X [tf.to] is the characteristic transformation of the domain
mapping U at time ty back to time tp. The submap is given by the following equations:

X"+ @ -vx'=o, (11a)
X'(x,to) = x, (11b)
Xit;.01®) = XT(x, tp). (11¢)
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One can then check that given arbitrary times tg <t < tz, the submaps satisfy the semigroup property:

Xits,t01 = Xit1,601 © Xitz,t11- (12)

This is in fact true without the tg < t; < t; assumption and would involve forward characteristic maps. This paper will only
focus on the use of the backward maps.

This semigroup structure is at the heart of the CM method. The time evolution of the characteristic map is defined
though this map composition rather than through the usual PDE. We can see the evolution of X as given by

X(,t+ At) =X, t) o X{tyate- (13)

The numerical approximation of X relies on discretizing the above using some small time step At.

We also make use of this semigroup property to adaptively adjust the numerical resolution of the map. In particular, a
backward characteristic map X(-,t) for the time interval [0, t] can be split into arbitrarily many submaps in the following
way:

We subdivide the interval [0, t] into m subintervals [tj_1, Tj] with 0 =19 < T1 <--- < T, =t. One can then check that
the following decomposition holds:

X0 = Xi1,00 = X[11,00 © X[15,111° *** © X[tyy_1,7n 1 © X[t, 711 (14)

Each of the submaps X r;_,1 can be computed individually and stored. The global time map is then defined as the com-
position of all the stored submaps. This decomposition will provide several important numerical advantages which we will
discuss in section 3. In particular, each submap has the identity map as initial condition and the subdivision allows for
dynamic and adaptive spatial resolution without changing the computational grid.

In 2D incompressible Euler, the vorticity gradient can grow exponentially in time. Using the characteristic map, we can
write

o, t) = wo(X(%,1)). (15)
We observe from this that the advection operator is responsible for the formation of high vorticity gradient since
Vo(x,t) = Vg - VX(&,t). (16)

In cases where the vorticity gradient grows exponentially, we infer that VX must also grow exponentially. The semi-
group decomposition is analogous to the exponential function in one variable, where the natural instantaneous evo-
lution is multiplicative instead of additive in the sense that exp(c(t + At)) ~ (1 + cAt)exp(ct) is more natural than
exp(c(t + At)) ~ exp(ct) + cAtexp(ct) (the latter requiring tracking an integrand which grows exponentially). Similarly,
taking the gradient of equation (14), we have

VXit,00 = VXir,0 VX111 VX1, i1 VXt 5011 (17)

This means that an exponential growth in gradient can be achieved by the composition of submaps each having bounded
gradient.

2.2. Advection-vorticity coupling

We use the backward characteristic map to rewrite the vorticity equation (2a) as the following coupling of u, w and X:

w(X,t) = wo(X(X,1)), (18a)
u=-A"'"Vxo, (18b)
(Or+u-V)X=0. (18c)

Equation (18b) is known as the Biot-Savart law and can be obtained from V -u =0 and the definition of the vector
Laplacian:

AF=V(V-F)—Vx (VxF) (19)

for F a R?2 — R2 vector field. We let u = F and commute A~! and Vx in (18b), the velocity is then obtained from the
stream function :

v=—A""w, u=Vxiy. (20)

The CM method for Euler equations then consists of numerically evolving X in time using equation (18c); the velocity
and vorticity are defined using (18a), and (20). Additionally, if we employ the submap decomposition from the semigroup
property, we would solve equation (18c) for the submaps X[ ;) for t € [7;, Ti+-1] and initial condition X\, 7;1(X) = X; the
pullback (18a) would be computed from the composition of all submaps.

5
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2.3. Modified equations

In order to qualify the properties of the numerical solution obtained from this method, we look at the modified equa-
tions.

Let X" be the numerical characteristic map at time step t,. Let " = wo(X™) and let u" be the velocity field associated
to o". This velocity u" is used to advance the map to time t;; from which we obtain the velocity u™*! from pullback
and Biot-Savart; the process continues so on. Here, we look at the modified equation which arises from replacing the true
velocity u by some modified & which is better approximated by the discrete evolution of the characteristic map.

We look at a modified velocity it defined at all times which approximates the velocities u™ at discrete time steps t,. The
corresponding modified equation for the characteristic map is then

%X+ (@@-V)X=0. (21)

From here on, we will use the notation tilda for variables associated to the modified equation. Discretized variables will be
denoted by script letters with a superscript n referring to the corresponding time step t.
We will estimate the difference between the true solution X and the solution to the modified equation X. This is a
useful strategy as it will allow us to estimate the error of the numerical solution X using | X — X| < |X — X+ X - X
Consider the evolution of X and X in some time interval [to, t] (for to <t). We can write X and X in integral form:

fo

Xitto1(X) =%+ f u(Xe.r(®),r)dr, (22a)
t
to

Xit.o)(X) =X+ / (X (%), r)dr. (22b)

t

By Gronwall’s lemma, we have that
Xitt01®) = Xit01®)| S (¢ = )0 u — i o, (23)

for some C ~ ||V so.

Heuristically, we note from this that if a numerical solution X approximates well the solution X of the modified equa-
tion generated by the discretized velocity field i (or some approximation of it), that is, if the scheme is “self-consistent”,
then it is sufficient to control the difference between # and the true velocity u. This tool makes the error analysis more
straightforward and allows us to obtain better bounds on the error in the conservation of various advected quantities. In
particular, we can write the modified equation approximated by the numerical vorticity solution:

8 (wpoX)=Vawy - X =—-Vag-(@@1-V)X=—(1-V)(wgo X). (24)

That is, the numerical vorticity approximates an advection equation under the modified flow generated by u#, making the
error “advective” rather than diffusive. The exact nature of the modified equation is unclear and depends on the leading
order term of u — u. In cases where spatially truncation errors dominate, we shall see that this is closely related to the
Lagrangian-Averaged Euler equations.

2.3.1. Multiscale evolution

Due to the presence of different scales in the solution and to limited computational resources, we need to make choices
on the degree of spatial truncation appropriate to each evolved quantity. In particular, the Biot-Savart law implies that u has
a faster decay in its Fourier coefficients compared to w and X. Therefore, it can be represented on a coarser grid without
incurring excessive L* error. In this method, we make a similar assumption as in Lagrangian-Averaged Euler (LAE-«), that
is, that the low frequency features of the velocity dictate the global evolution of the flow and high frequency small features
do not need to be solved for exactly: it is sufficient to resolve the coarse scales of the velocity field as long as the fine
scale features of the transported vorticity are not lost. With this assumption in mind, we design a method where the
representation of the instantaneous velocity as well as the short time deformation map (by “short time”, we refer to the
submaps in the decomposition (14)) are done on a grid much coarser than the fine scales present in the vorticity solution.
However, since the vorticity is defined as the pullback/rearrangement by X, all scales in the vorticity are preserved and
coherently transported under the smoothed velocity field. Indeed, in the CM method, w is defined as a function wg o X
over the entire domain and evolves in time as a consequence of the changes in the deformation map X. The absence of
a grid-based discretization of @ means that we do not incur a dissipative error due to spatial truncation and preserve all
small scale features. As a result, the CM method can achieve arbitrary resolution on the vorticity field and allows us to
separate the scales involved in the problem: the large scales are computed and accurately represented whereas small scales
are preserved and passively transported.
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Fig. 2. 1D Hermite cubic basis functions.

Here we make a parallel between the CM method and the LAE-« equations. The LAE-« equations aim at modelling the
flow of an incompressible inviscid fluid on a spatial scale larger than « by taking a Lagrangian average of the velocity field.
For more details on the LAE-o and LANS-« formulation, readers can refer to [31-33]. In its vorticity form, the LAE-o can
be written as

dw+ @ Vyo=0, (25a)
u=-VxA'1-ar)lw. (25b)

The above equation also models the flow of a second-grade non-Newtonian fluid; an analysis of the relation between
second-grade non-Newtonian fluids, the vortex blob method [14] and the LAE-« equations can be found in [34].

We see from (25) that the vorticity is transported by u and that u is obtained from the Biot-Savart law on a smoothed
vorticity field (1 — @ A)~'w. This smoothing effect can also be achieved by a spatial filter during the same Biot-Savart
computation in CM, resulting in a smoothed modified velocity @1 (see section 2.3). The difference is that the quantity of
interest in LAE-« is the averaged velocity whereas in CM, we are interested in the vorticity field which contains arbitrarily
fine scales. It remains that in cases where the sampling of the velocity in CM corresponds to the (1 —a A)~! smoothing in
LAE-«, the flow maps from both formulations are the same and hence generate the same dynamics.

3. Numerical implementation

We present in this section the numerical framework for the CM method. First, we present the Hermite interpolation
structure used for spatial discretization as well as the spatial definition of the discretized velocity field. We then provide a
time semi-discretization of the equations and make the link to the modified equation in 2.3. The space and time discretiza-
tions are combined to generate the CM solver for the Euler equations for which we then give some error estimates. Finally,
we describe the remapping method which aims to adaptively resolve increasingly complicated spatial features.

3.1. Spatial discretization

We review in this section the definition of Hermite cubic interpolants which is at the heart of all spatial computations
in this method. We then present the spatial discretization of the velocity field.

3.1.1. Hermite cubic interpolation

We assume that the computational domain U is discretized in a rectangular meshgrid G. In 2D, G consists of grid points
x; j and has cells C; j with corners ¥; j, X1 j, Xi j+1 and Xj41 j+1. We assume for simplicity that U is a flat torus and G is
a square grid with uniform cell widths Ax.

The space of Hermite cubic functions on G, Vg, is a finite dimensional subspace of C!(U) consisting of functions that
are bicubic in each C; j. To construct the basis functions, we take a tensor product of the 1D cubic basis (see Fig. 2):

Qo(x) = (1+2x)(1 — |x])? xe[-1,1], (26a)
Q1 () =x(1—|x)? xe[-1,1], (26b)
Qo) =Q1(x) =0 x¢[—1,1]. (26¢)

These functions have the property that 9°Qy|y, = 8,&33 for c,k € {0,1} and y € {—1,0, 1} and are cubic in [—1, 0] and [0, 1]
and are everywhere continuously differentiable.
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We define the 2D basis functions on the grid G for ¥ = (x!, x2) using tensor products:

.. xl—x.l. xz_x.zA
Hg1® = Qu ( e 2 vl LS (27)

These basis functions satisfy

dCDHy f(xa b) = 8787555 (28)

Each H,Z’{ is supported on 4 cells C;_1 j_1,Cj j—1,Ci—1,j and C; j. It is bicubic in each cell, everywhere C! with continuous

mixed derivative (1D It has continuous normal derivatives and C* tangential derivatives on cell boundaries.
The interpolation operator is the projection operator Hg : C1(U) — V¢

@ =33 @, (29)
i,j k|l
where %/ = 9% f (x; j) for f eC' (V).

It is well known that for f € C*(U) the interpolation is order 4:

If = HelFlloo < clID? Flloo AX*, (30)
for some constant c.
Furthermore, we see that if the grid data f I are perturbed by €, then the perturbation of the interpolant is
1161 —Hel fellloo = Oe AX T, (31)
Therefore, in order to obtain a 4th order accurate interpolant of a function f, it is sufficient to know the (k,[) derivative

of f to order O(Ax*~k+D)y,

3.1.2. Spatial representation of the velocity field

In 2D Euler, the vorticity field solves a transport equation under the velocity u. Assuming we have the global time
characteristic map, X(-,t), and that the initial condition for the vorticity wg is given analytically, we have that the vorticity
at time t is given by

w(X,t) = wo(X(X,1)). (32)

This evaluation is necessary at every time step for the Biot-Savart law. Numerically, the spatial resolution is limited by
the grid’s Nyquist frequency resulting in a spatial filter when defining the velocity u. Instead of filtering by a coarse grid
sampling (undersampling), we define

Ue = Ne % U, (33)

where 7, is a mollifier supported in a ball of radius €.
Commuting mollification with derivatives, we have that

U=V x e for Ye=nc=xy, (34a)
Ve=—Alwe for we =ne xw. (34b)
Finally, using @ = wp o X, we can write the pullback of the convolution
We (X, tn) = / Ne (X — y)wo (X(y,tn))dy (35)
Be(®)

= / Ne®— X1y, tn))wo ()] det(VX)|~'dy
X(Be (%).tn)

= / e (X (X, tn), Y)wo(¥)dYy = [T * W0l x(x1,) »
X(Be®),tn)

where fe(X, ¥) = ne(X71(x, t) — X1 (y, tn))|det(VX(x, t;))|~'. The last line above can be verified by plugging in x =
X7, ).
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During simulations, when sampling the vorticity at discrete locations x;, we pick a mollifier such that 7, form a
partition of unity of the domain. This further guarantees that the numerical average vorticity is equal to the true exact
average up to quadrature and Jacobian determinant errors. Given a numerical approximation X" of X(-, t;), we define the
mollified numerical vorticity at time step t, to be

ol (%) := 1] * a)g]xn(x) , (36)

for n?(x, ¥) = e (XM~ 1) — (X" ~1(y))|det(VX™(x))|!. Note that the numerical evaluation of ! is performed by
quadrature on the deformed cells X™(C;;) and requires no computations of the inverse or Jacobian determinant of A™.

Remark 2. We only use this mollified vorticity to generate a mollified velocity, the true numerical solution is still defined
as " =wpo X"

The velocity field can be obtained from ] through the stream function as in equation (20). Numerically we will solve
this using a spectral method with Fast Fourier transforms. Let F denote the Discrete Fourier transform operator, we have:

yli=-F 1o Flol]], (37)

where the above A~! solves the Poisson equation in Fourier space and is a diagonal operator.

The divergence-free property of the velocity should be preserved in order for the characteristic map to be volume pre-
serving. Therefore u™ should be defined as the curl of some scalar function. To achieve this, we use a grid U for the
representation of the velocity field and define

ul =V x Hy [y (38)

This definition guarantees that u} € curlVy) C {f € CO(U) | V- f =0}. Indeed, u" is C* in each cell and continuous
across cell boundaries, its divergence is however continuous everywhere and identically 0 due to the continuity of the
mixed partials 8(1’1)Hu[1ﬂ? ]. As a result, the numerical flow is also divergence-free which allows us to control the error on
the volume-preserving property of the characteristic map.

Remark 3. The grid U and the parameter € used to represent the velocity field are independent of the grid used for the
evolution of X, the interpolant is also not restricted to Hermite cubics. Consequently, U can be made arbitrarily fine and
€ arbitrarily small such that u} approach the exact Biot-Savart velocity associated to the numerical vorticity @" = wg o X.
Furthermore, it is important to have a fine enough U so that the interpolation of ] does not create new extrema from
undersampling, as this can cause spurious oscillations and pollute the solution. In fact, choosing a fine grid does not require
large computational resources as it only involves an inverse FFT of a zero-padded 1/}2

3.2. Time discretization

Section 3.1.2 gives us a discretization of the velocity field at time ¢, given the characteristic map. In this section, we
provide the time discretization for the evolution of the characteristic map based on this ul.

The characteristic map can be evolved using the semigroup property (13). Let t; be the discrete time steps, with At =
th+1 — tn, we have

Xitns1.01 = X1t,00 © X[ty 41,81 (39)
In order to approximate the one-step map Xp,,, ], we extend the velocity u} to the time interval [t,, t;11] using an
order p Lagrange polynomial in time. This is similar to a multistep method. Let
p—1
ax. 0= LU ), (40)
i=0

where [; are the Lagrange basis polynomials for time steps t,_;. We note that for each fixed time t, 4 is a linear combination
of u?~!. In particular, this implies that if V- u?~# =0 then V -# =0.

The one-step map X, ¢,] is then approximated from (22b) by a k-stage Runge-Kutta integration of the velocity u along
characteristic curves, for At backward in time:

S
Xty ®) =x— ALY bjk;, (41)
i=1

with
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-1
kj:fl X—Atzajmkm,tn+1—6jAt , (42)

m=1

and ko := 0. The coefficients a, b, c are those of the Butcher tableau corresponding to the explicit Runge-Kutta scheme.

Remark 4. The smoothness of it is required for the convergence of RK schemes. However, the Hermite cubic definition of
ug in section 3.1.2 is €Y. Nonetheless, this does not pose a problem since Huyly]] is a piecewise polynomial approximation
of ¥, which is smooth: the moduli of smoothness for u} scale with the cell width of U (in the limit of infinitely fine grid

U, u? is smooth). Therefore, by appropriately scaling U with At the lack of smoothness does not affect the convergence.
3.3. Characteristic Mapping method for 2D Incompressible Euler

We combine the time and space discretizations in the previous sections to generate the Characteristic Mapping method
for 2D Euler. The evolution of X o) at discrete time steps t, is given by (39). We construct the numerical approximation
of X by evolving a map in the space of Hermite cubic C! diffeomorphisms in the sense that each coordinate function is a
piecewise Hermite cubic polynomial defined on some grid M. We use the same evolve-project strategy as the CM method
for linear advection to advance the characteristic map [1]:

Xn+‘1 = HM [Xn o X[t11+11t11]] ’ (43)
X0 =x, -

where the one step map X, r,] is given in (40) and (41). The velocities u} required to define the one step map are given
by (36), (37) and (38). The velocities uQ‘i at previous time steps used in (40) are stored until no longer needed (for p steps
where p is the order of the Lagrange polynomial chosen to represent i).

3.3.1. Error estimates
We give some estimates on the characteristic map error:

EM = X (R, t) — X" (®)loo- )

First, we consider some given numerical solutions X" for n=0, 1,...N for some unspecified N. The characteristic map
at each time step t, generates a velocity field ul. We take the velocity field (%, t) given in (40) to be the velocity field
of the modified equation (21). We notice that the numerical solution X is exactly the CM discretization of the advection
operator X for the velocity i (taking i as given). That is X is a CM method approximation of the advection operator
generated by the modified velocity it engenders.

Theorem 1. Using an s-stage explicit RK integrator with Hermite cubic spatial interpolation, the numerical characteristic map X™(x)
is consistent with X (x, t,) to order

ID% (X (%, tn) — X" (%)) |loo = O(tn(AX*~*Imin(At, A At + AL)), (46)

for o € {0, 1)2.

Proof. Taking u1 as a fixed velocity, X is simply CM method applied to i1. The error estimates are given in [1]. It is a property
of jet-schemes with Hermite cubic interpolants that we lose one order of convergence for the first mixed derivative only in
the spatial error term. This is because time integration in jet-schemes computes the function values and mixed derivatives
of degree 1 in each dimension and all functions evaluated in the method are at least everywhere C!.

We note that the velocity field u is smooth in space (see Remark 4), however it may be discontinuous in time at t;.
This does not cause an issue as the smoothness of the velocity is only required in the time step intervals [ty,t;+1]. The
local truncation error estimates still hold for the one-step maps X',,, ¢,] and X(t,,, r,1; the global truncation error can be
obtained from the composition and Hermite interpolation of the one-step maps. O

Remark 5. The above error bounds are valid within the stability requirements that the modified velocity &1 remains regular
and bounded independently of Ax and At. In the CM method for Euler equations, the spatial and time grids used to
define u are in fact independent of those for the map X. It is possible stabilize the flow to various degrees by choosing
an appropriate spatial resolution and smoothing for u to control the numerical behaviour of i1. Again, this is akin to the
a-regularization of the velocity in the LAE-« equations.

Corollary 1. The CM method for 2D incompressible Euler conserves enstrophy to order O(tp(Ax> min(At, Ax> At~1) + At%)).

10



X.-Y. Yin, O. Mercier, B. Yadav et al. Journal of Computational Physics 424 (2021) 109781

Proof. Since ii is by definition divergence-free, we have that X is a volume preserving map, i.e. det(VX) = 1. We get by a
change of variable that, with U = X(U),

[ renndc= [ @kt detv X tande= [ fon ko tix, (47)
U i((U) U

for any measurable f. Therefore, we have
[ rnnaix— [ f@na [ 9 oon@n® - Xa s (48)
U U U

< |IV(f o)l 2|X™ = X (-, ta) | 2 = O(ta (AX> min(At, AX2At™1) + AL5))

In particular, taking f(w) = w? gives us conservation of enstrophy, and for higher order monomials, this implies that the
moments of the vorticity are conserved, as they are in the continuous setting. O

Remark 6. In other words, Corollary 1 shows that the discretized map reproduces with controlled error the relabelling
symmetry in the solutions of 2D Euler equations, and hence the method can achieve accurate conservation of the Casimir
invariants. This could be of interest for the study of 2D turbulence in the zero-viscosity limit of the Navier-Stokes equations.
It is conjectured that higher-order Casimir invariants also exhibit turbulent cascades in their energy spectrum. However, due
to larger aliasing error incurred in spectral methods for these higher order terms, it is generally difficult to obtain numerical
evidence. One computation of the cascades in the fourth-order Casimir invariant appeared in [35], where the author used a
specialized implementation of the FFT convolution routine to tack the scale transfers and provided numerical evidence for
the presence of a direct transfer to small scales.

To obtain a full error bound, it is sufficient to bound the difference between the true characteristic map and the map
from the modified equation. Let

EM = || X (X, tn) — X(X, ty) ]l oo- (49)

From Theorem 1, we then have that
E" < EM 4+ Oty (AX* min(At, A At™1) + ALS)). (50)
Theorem 2. From the above error decomposition we can deduce that the global truncation error for the characteristic map is

=0 (Ats + A% min(At, AX*AEY) + AtP) . (51)

Proof. It is sufficient to control the evolution of £". We note that Xi,.0; = Xz, ;.01 © Xity.t,1] and Xie,.01 = Xz, 1.0] ©
Xitn.tn_q]» hence

Xita,01 = Xits,01 = (X{t1,00 = Xit_1,01) © Xitn,ta—11 + OXity,t011 = Xitn,ta11)- (52)

From our estimates in (23), we have that Xy, . ] — Xpt,.c,_1] = O(At|[tt — ii]lo). Given that w(x,ty 1) — 0" (x) =
O(E™ 1), we have

X[tnatn—l] - X[tn,tn—]] = O(Atgnil + Athrl)’ (53)
where we incurred an extra order p + 1 error from the Lagrange interpolation.
Therefore,
EN < E1 L O(ALE™! 4 AtPHT) (54)
=140 (Até’” + At(ta(AX> min(At, A At™1) 4+ ALS)) + AtP“) , (55)

which implies that
=0 (sz min(At, AR AL + AL + AtP) . (56)
Together with (50), we obtain the desired error estimate. O

11
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Fig. 3. Map and vorticity error and conservation errors of enstrophy and energy for the Characteristic Mapping method without remapping.

Remark 7. Equation (53) in fact omits a sampling error incurred when defining uf, due to sampling the vorticity at discrete
points. In this method, we define w? by convolution with a pullback mollifier instead of directly evaluating wg o X" at
sample points. This allows us to justify a Fourier truncation at low number of modes, however, we incur an error term
which is second order in the width of the mollifier. This is omitted from the analysis since the sampling grid for o} is
independent of the computational grid for the map, hence the sampling error can be controlled separately.

3.3.2. Convergence tests

We provide here some numerical evidence for the error estimates derived above. We will more extensively test the full
method in section 4.

We use a standard four-modes initial condition (66) to test the convergence. For the spatial error, we fix At at 1/512
using third order Lagrange interpolation in time and third order explicit Runge-Kutta for time-integration. We then vary
the spatial grid size between 32 to 512. To test the error in the time variable, we fix the spatial grid at 1024 and vary At
between 1/8 and 1/128. This time, we test both a second and third order Lagrange interpolant while keeping the same
Runge-Kutta scheme as before. This aims to show the independence of the conservation error from the solution error. For
all tests, we sample the vorticity on a 1024 grid and represent the stream function as a piecewise Hermite cubic interpolant
on a 2048 grid. We run the simulation to time t =1 and calculate the errors in the following quantities:

Map error = || X" — X(-, tn) lloos (57a)

Vorticity error := [|0" — @(-, tp) |l o, (57b)

Enstrophy conservation error := [|" ||, — [lwoll7,. (57¢)
Energy conservation error := ||u”||%2 - ||uo||%2. (57d)

Conservation errors are calculated directly, the sup-norm map and vorticity errors are estimated by comparing each
result to the Ax =1/1024, At =1/512 test. The functions are evaluated on a 2048 grid, both the L> and L? norms are
approximated by their discrete variants on this grid. The results are shown in Fig. 3.

Figs. 3a and 3b are both time convergence plots, the difference is that one uses a third order Lagrange interpolant for
the definition of u and the other, second order. We see that as expected, the enstrophy conservation error is independent
of the choice of Lagrange interpolation and is third order in both cases due to the use of RK3 integration for u1. The error
on the map values and vorticity however, do depend on the accuracy of # and have third and second order convergence for
the respective tests.

Fig. 3c shows the convergence with respect to Ax. Our error estimates suggest a convergence between O(AtAx?) and
O(At~1Ax%). For a fixed At, this is between second and fourth order. This ambiguity comes from the time stepping in GALS
methods. The grid data at time t,,1 are obtained by evaluating the time t, Hermite interpolants at X, r,](Xg) for X; a
grid point; X, ,.¢,1(Xg) is commonly called the “foot-point”. The interpolation error depends on the location of the foot-
point relative to grids points. In each dimension, Hermite cubic interpolation errors scales quadratically with both closest
grid points. This implies that the interpolation error is O(Ax?>At?) if At <« Ax and O(Ax*) otherwise. This is consistent
with the third order convergence we see in Fig. 3c.

The experiments in this section suggest that the CM method with Hermite cubic spatial interpolation, third order La-
grange time interpolation and RK3 time integration yields a globally third order method. This is to provide some support for

12
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the error estimates in section 3.3.1. In practice, since a faithful representation of fine scale features in the velocity field does
not contribute very much to the global dynamics and deformation of the domain, we use a coarse grid to represent short
time characteristic maps in order to improve efficiency. In this regard, the remapping step presented in the next section will
play an important role in maintaining an accurate resolution of the fine scale features in the deformation map generated by
long term advection. We will then provide more numerical results and benchmark tests in section 4.

3.4. Adaptive remapping and arbitrary resolution

In the absence of a viscosity term, solutions of Euler equations tend to develop arbitrarily small scale spatial features.
As a result, a fixed grid for representing the characteristic map is only valid for a limited amount of time before spatial
resolution needs to be increased. Changing the computational grid during simulations can be cumbersome and adversely
affect the speed of all computations thereafter. We use instead a decomposition method based on the semigroup property
of the characteristic map mentioned in section 2.1.1. Numerically, the time t characteristic map can be constructed as the
composition of several submaps of time subintervals:

X 0) = Xig,010 Xiry, 110 0 X(gy_1,1m 21 © X[t 1115 (58)

for some subdivision 0 < 71 < T3 < --- < Tjy—1 < t. Each of these submaps are computed using the CM method described in
previous sections. We initialize X'[; ;) with the identity map at T = 7; and evolved until a remapping time t = tj;1 which
can be determined dynamically. Once the remapping time is reached, we store X7, r,) in memory and start computing
the map for the next subinterval.

Heuristically speaking, each of the subintervals [7;, 7i+1] should be short enough such that the grid used to discretize
X[1,,,5) can correctly represent the deformation generated by the velocity @ in this interval. Here we should point
out that the intervals [7;, 7iy1] are different from the [t,,t;+1] from previous sections. The latter has length At and
is used to discretize the one-step maps X|,,, ) these are immediately composed and projected through &’ b 1] =
Hm [X[[”ﬂ] oX[th,tn]], they are used to evolve the maps. The intervals [7;, 7;+1] on the other hand are longer, each
X, 7,41 comprise of several At steps. Once computed, they will be stored in memory.

In this implementation, we use the error in the Jacobian determinant

el = det VA" — 1[0 (59)

as a measurement of the map quality, based on which we choose the remapping times. We pick an error threshold 8ge¢
for the submaps. The ith submap is initialized with the identity map. After each time step, we compute the Jacobian
determinant of X[y 1na¢,7;) at off-grid sample points. If for some n, the Jacobian error exceeds 8g; for the first time, we
define 7;1 := 7; +nAt and store X[y, ;. The same process is repeated for the i + 1st submap using ;41 as initial time.

Although || det VA" — 1|o0 < 84et does not constitute a proper bound on the error in X, we can use this as an approx-
imate a posteriori error estimate for the gradient of the map compared to that of the map from the modified equation.
Indeed, since || X — X||s is the error from using the CM method on the velocity i1, it is globally third order when Ax ~ At.
Assuming that VX — VX is small, we can justify the following first order expansion

eqer = || det VX — det VX || ~ Htr (V)T1 (VX — Vi()) H —O(|VX = VX|x) (60)
o0

Choosing the remapping times such that for each subinterval, we have eget < 8get implies that each submap has
O(AxX8qer) error with respect to X and hence volume preservation and enstrophy conservation error of the same order.
In turn, since the error is 0 at the initial time and we remap at the first time step where this threshold is exceeded, we
know that we can assume the error to be small enough to justify the above first order expansion (at least for all previous
time steps).

This remapping technique is key in the accurate, dissipation-free resolution of the vorticity field. Qualitatively speaking,
there are two types of errors in this method, one is dissipative in nature, and the other, “advective”. Dissipative error refers
to artificial diffusion (or diffusion-like) terms that we incur from spatial truncation of the solution. When we represent an
evolving quantity on a fixed spatial grid, the high frequency features of the solution, namely those above the grid’s Nyquist
frequency, are lost. When these spatial truncations are directly applied to the Euler equations, we get artificial dissipation
of w or u resulting in loss of enstrophy or energy. In the case of Fourier-Galerkin truncation, the dissipative errors can
resonate with the solution resulting in numerical artefacts and spurious oscillations [8].

Due to the discrete nature of numerical computations, truncation errors are somewhat inevitable. In the present method,
the evolution of X" (and only X™) contains a diffusive type error since during each GALS update step, the Hermite cubic
interpolation consists of a 4th order averaging of grid values. The leading order error is a 4th order spatial derivative acting
like a squared Laplacian. Over time, this accumulated averaging error artificially smooths out the map and resists fine scale
deformations which might be present in the true solution. However, since @" = wg o X", the error in the vorticity is not
dissipative in nature. The vorticity is not directly obtained from the previous step "~! and there is no averaging involved.

13
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Instead, the error occurs only at the evaluation of w" and is produced by evaluating wg at a wrong position. In fact, since
X and X" are both diffeomorphisms of €2, there exists a diffeomorphism ¥ = (X™)~1o Xt,,01 such that

X[tn,o]:Xno\I’n. (61)

The error for @" can then be seen as an advective error in the sense that

(X, tn) = 0" (V' (x)), (62)

where w on the left-hand side refers to the true solution.

This means that qualitatively speaking, the global dynamics of the solution are not obtained from a viscous approxima-
tion: the numerical fluid is still inviscid. We make an error on the position of the vortices, controlled by the error of the
characteristic map. In particular, it is a straightforward consequence that the numerical solution has the correct L°-norm.
Moreover, all LP-norms for 1 < p < oo are controlled by || X — X||«. Essentially, the CM method places the inevitable diffu-
sive truncation error on the deformation map so that by composition with wyg, the dissipative error in X manifests itself in
w as an advective error, hence preserving the inviscid quality of the numerical solution.

Going back to the remapping routine, we apply the same principle. In limiting the length of the submap intervals
[ti, Ti+1] by choosing a small 84e¢, we limit the amount of artificial diffusion a single submap can accumulate. This prevents
the dissipative error from smoothing out the map and smearing out the fine scale deformations generated by the advection:
the global time map is constructed by composition of the short time submaps, also resulting in an advection type error for
the map.

In practice, we can interpret the choice of 8ge; in several ways. On one hand, since the use of a smoother uf velocity
can be seen as coarse scale discretization of the fluid velocity in the sense of the LAE-a and non-Newtonian fluid equations,
we can view the choices of the remapping threshold 8qe¢ as control on the artificial elasticity of the numerical flow due
to spatial truncations. In this sense, the CM method does not make an error on the viscosity, rather it allows for some
small controlled elasticity in the fluid. On the other hand, 84e¢ controls the error on the volume preserving property of the
map. The numerical deformation map is not exactly volume preserving, hence the characteristic paths approximate those
of a fluid that is slightly compressible. Therefore, the CM method avoids numerical dissipation by allowing for a small
compressibility in particle paths. It is important to note however that the vorticity field is still advected and is not stretched
by the compressibility relaxation of the characteristic map.

Lastly, one can also look at the spatial resolution of the remapping routine from the point of view of the gradient
of the represented quantities. Heuristically speaking, the maximum gradient that can be accurately represented on a grid
of cell width Ax is O(Ax™1), that is, the gradient scales roughly with N, the number of grid points per dimension. It
follows that for an exponentially growing vorticity gradient, the required grid size to avoid excessive truncation errors
grows exponentially also. For methods where the evolution of w is carried out additively, i.e. methods of the type

" =" + Atdo", (63)

it implies that computations for ;™ must be carried out on an exponentially growing grid.
On the other hand, w is not evolved additively in the CM method, the gradient is instead generated by the characteristic
map:

V(- tn) = Vao VXY, 0 (64)

Here, the exponential quantity is VX™. This growth is however a natural property of the characteristic map (the map being
itself the exponential flow map of the backward time velocity). In fact, the semigroup decomposition (17) is the intrinsic
generating process of the gradient just as multiplication is the generating process of the exponential function. We have

m
VX0 = [ VX000 (65)
j=1

where the ¢2 operator norm IVX|;,r;_s1ll2 of each submap gradient is expected to scale exponentially with Atj =7;—7;_1.
Therefore, by appropriately choosing the remapping criterion, one can make At small enough that the gradient of each
submap is bounded of order 1+ O(ATt), hence representable on a coarse grid. This means that through the semigroup
property, we can generate exponential growth in the vorticity gradient without having to do computations on an expo-
nentially growing grid. As we shall see in the next section, this yields a computationally efficient method which captures
arbitrarily fine scales and arbitrarily large gradients in the solution.

4. Numerical tests

In this section we present some numerical tests using the CM method for 2D Euler to simulate incompressible flows
starting from some given initial condition. All computations are done on Matlab using double precision. However, the GALS
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Fig. 4. Contour plot of the 4-modes initial vorticity and its Laplacian. Isolines are shown for 9 values uniformly distributed in the range of each function.

Fig. 5. Contour plot of the vorticity using 128 grid for X", 5122 grid for representing ", At =1/32 and 84e; = 1074

method for evolving the characteristic map uses a 4th order e-difference method to replace the analytic chain rules involved
in map updates. This simplifies implementation, but with our choice of € =5 x 1074, it effectively limits the machine
precision for the characteristic map to around 10~13,

4.1. “4-modes” test

We test the CM method for 2D incompressible Euler using the “4-modes” initial condition. We use the tests performed
in [3] as reference. The initial vorticity is given by:

wp(x, y) = cos(x) 4+ cos(y) + 0.6 cos(2x) + 0.2 cos(3x). (66)

This flow can roughly be characterised as two vortices of opposite signs partitioning a flat torus. The contour plot of wg and
A wg are shown in Fig. 4, all contour plots in this paper show 9 isolines at values uniformly distributed in the range of the
plotted data. For this flow, we used a 1282 grid for the evolution of the maps with a 5122 grid to represent ii. The time
step At was set at 1/32 and the remapping determinant error threshold to 10~4. The simulation was run to times 3.5 and
4 for the enstrophy spectrum plot in Fig. 16, and for several times until t = 8 for the long time simulation in Figs. 5 an 6.
The same tests were performed in [3] up to time t =5 using the Cauchy-Lagrange method of various truncation order
in time on spatial grids up to 81922. This was necessary due to the presence of large high frequency components in the
vorticity at large times and to the necessary anti-aliasing routines in Fourier pseudo-spectral methods. On the other hand,
one can justify using a coarser 1282 grid for the submap evolution in the CM method since the submaps are remapped and
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Fig. 6. Contour plot of the Laplacian of the vorticity using 1282 grid for X™, 5122 grid for representing ¥", At =1/32 and ger = 1074,

Table 1

Number of remaps and CPU times for the 4-modes test.
t 1 2 3 4 5 6 7 8
Number of remaps 1 4 14 30 47 65 88 105
Total CPU time 20s 41 s 66 s 100 s 145 s 202 s 274 s 359 s

reset to identity before large high frequency features can form. Furthermore, these maps are evolved using the velocity field
u which, by the Biot-Savart law, has a faster decay in its Fourier coefficients than the vorticity field.

The simulations in this section were carried out on Matlab on a computer with an Intel Core i5-2320 3.00 GHz 4 cores
processor and 8 GB of RAM. For the current simulations, we have not used any parallelization routines. However, almost all
the computational time is spent on Hermite interpolations. Parallel and GPU implementation of these operations are stan-
dard and could drastically improve the speed of the simulations. Parallelization and application of domain decomposition
techniques may be of interest for future work.

Figs. 5 and 6 show the contour plots of the vorticity and its Laplacian at length 1 time intervals between 0 and 8. The
characteristic maps are computed on a coarse gird, we only use a fine grid sampling of the vorticity to generate the figures.
Table 1 shows the number of remaps and total computational times required to reach the various plotting times.

From Figs. 5 and 6, we see that for larger times, the flow forms very thin vortex sheets where the two vortices meet.
These regions have high vortex gradient and present increasingly fine scale features. For methods employing a fixed grid to
represent the solution w", these fine features will eventually become smaller than the grid resolution after which they are
lost. This can be interpreted as numerical diffusion or hyper-diffusion associated to the grid size and eventually destroys
sharp features of the solution. In the case of conservative high resolution methods such as [3], the truncation of high
frequency modes can provoke resonance in the solution leading to a type of spurious oscillations called “Tygers”: essentially,
for a given spatial resolution the numerical solution will reach a time after which numerical artefacts become visible and
the solution becomes unstable.

The CM method circumvents this issue by obtaining the solution as a “rearrangement” of the initial condition using the
backward map. The lack of spatial resolution due to the discrete representation of the map does not result in a dissipative
error in the vorticity. This can be observed in Figs. 5 and 6 where we can see that for large times, the solution still contains
fine scale features and there are no spurious oscillations. There is however some numerical dissipation in X akin to an
artificial elasticity term. From the point of view of vorticity, the effect of this dissipation in the map is that the vorticity
will be transported along a less violent flow. This error is controlled by the remapping routine. Normally, if we evolve a
single characteristic map on a 1282 grid, the accumulated diffusive error will prevent sharp deformations to form. Using the
remapping method with 84er = 10~* we limit the amount of diffusive error in each submap. The global map is constructed
from the composition of the submaps and hence is able to represent large shears and the formation of thin vortex sheets.
Indeed, we can see from the results that the vorticity develops scales much finer than the 1282 grid used for the submap
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Table 2

Conservation errors for the 4-modes test using the CM method.
t 1 2 3 4
Enstrophy 1.35.1076 2.75-1076 4.39.10°6 6.13-10°6
Energy —3.21-1078 —4.14-1078 —5.17-1078 4.66-1078
t 5 6 7 8
Enstrophy | 7.90-107 9.76-10~6 1.17-107° 1.37-107°
Energy —351-1077  -1.64-10® -3.98.10°¢® —7.51.10°%

(a) 0,1] x [0, 1] (0) [2, 5] % [, 2]

Fig. 7. Gradual 64x zoom on the vorticity at t =4.

(2) [0,1] x [0, 1] (b) [, 751 % [45> 75

Fig. 8. Gradual 64x zoom on the Laplacian of the vorticity at t = 4.

evolution. These scales were absent in the initial condition and are generated from the domain deformation represented by
the composition of several submaps.

Another advantage of the remapping routine is that it offers some control over the growth of the enstrophy conservation
error. Indeed, since each additional submap transports the vorticity at the previous remapping time, we incur the conser-
vation error in Corollary 1 with respect to the enstrophy at the previous remapping. This means that the enstrophy error
accumulates additively when remapping. The error from each submap is controlled through the choice of the remapping
tolerance d8get, thereby providing better long term conservation. The enstrophy and energy conservation errors are shown in
Table 2.

Compared to a direct grid based representation of the vorticity, this growth is much slower. Indeed, in [3], using the 8th
order Cauchy-Lagragian method on a 10242 grid, the enstrophy error increases from 10~14 to 10~12 to 10~ for times 1, 3
and 5, whereas for the CM method, the enstrophy error seems to grow linearly with time.

The remapping method combined with the functional representation of the characteristic map offers the possibility of
arbitrary spatial resolution of the solution. Indeed, since the interpolation structure of the submaps implies that the global
map X0y can be readily evaluated anywhere in the domain, it follows that the vorticity of any quantity transported by
the flow can also be evaluated anywhere. With the accuracy control provided by the remapping method, this means that
solutions can be faithfully represented at an arbitrary resolution. We illustrate this property by gradually zooming into the
solution at times 4 and 8.

Figs. 7, 8, 9 and 10 demonstrate the arbitrary spatial resolution provided by the characteristic map. Each zoomed plot is
sampled with the same number of sample points, providing the same image resolution on gradually smaller subdomains. We
observe that when we zoom in, we recover additional small scale features not visible on the original plot. The undersampling
from the [0, 1] x [0, 1] plot fails to represent the complexity of the contour lines inside the thin vortex sheet (see Figs. 9a
v.s. 9d). These features are recovered when using a finer sampling. This in fact shows that the solution provided by the CM
method is not bound to a fixed set of sample points. Whereas in most methods, once a grid is chosen, any detail finer than
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(a) [0, 1] x [0, 1]

(a) [0,1] x [0, 1] (c) [75, 15] %[5 761 (d) 137, 831 x 58, &4l
Fig. 10. Gradual 64x zoom on the Laplacian of the vorticity at t = 8.

this grid is lost, the CM method does not compute the solution on a fixed grid, rather it provides an algorithm to sample
the vorticity field " = wg o X™ defined as a function over the whole domain. This means that the solution can be evaluated
anywhere, providing arbitrary spatial resolution. In practice, in case wy is given numerically, this implies that we maintain
the same resolution as that of wg throughout the entire simulation: there is no loss of spatial features.

4.2. Random initial conditions

In this section, we perform the same tests as in section 4.1 on a randomly generated initial condition. The procedure to
generate the random initial condition is given in [8]. In short, the vorticity is defined in Fourier space, which is divided into

lattice shells, each containing all modes k = (k1, k) such that ,/k% +k§ € [K, K + 1). The Kth shell contains N(K) modes,

and for each of these modes, we assign a vorticity Fourier coefficient @ of fixed modulus 2K7/2 exp(—K?/4)/N(K) and
a phase picked randomly from [0, 27r) with uniform distribution. This guarantees that the total vorticity in the Kth shell
decays like 2K7/% exp(—K?2/4). Further, to ensure that the vorticity is real, opposite wave vectors (i.e. @, and ®_) are given
opposite phases so that the resulting Fourier expansion is Hermitian. The same test was performed in [3] until t =1 using
the Cauchy-Lagrange methods with 20482 spatial Fourier modes.

Since the CM method does not work directly with the Fourier transform of the initial vorticity, we defined our initial wg
as follows: we first generate @ as described above, we then sample the Fourier series on a 5122 grid to obtain a Hermite
cubic interpolant which we use as wg. We used total of 32 lattice shells, i.e. K =0,1,...32; in fact, due to the prescribed
decay rate of the coefficients, || is already well below machine precision for |k| =32 and is below machine underflow for
64. Using more shells would have no consequence on our wp. The initial vorticity and its Laplacian are shown in Fig. 11.
We ran the CM method on this initial condition using a 2562 grid for the map, 10242 grid to represent ", At =1/64 and
Sqet = 10™4. Contour plots of the vorticity field and of its Laplacian are shown at 0.5 time intervals in Figs. 12 and 13. The
number of remaps and CPU times required are shown in Table 3. We also include a zoom of the vorticity and its Laplacian
in Figs. 14 and 15.

As in the 4-modes test, we also observe slow growth in conservation errors for the random initial data in Table 4. In
comparison, the enstrophy error for the 8th order, 20482 harmonics Cauchy-Lagrangian method grows from 1014 to 10~13
to 10~8 for times 0.2, 0.6 and 1.

4.3. Spatial resolution

The vorticity solutions in both tests in this section are observed to have increasingly finer spatial features as time
progresses. One way to quantify the evolution of the spatial scales is through the Fourier expansion of the solution, in
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Fig. 11. Contour plot of the random initial vorticity and its Laplacian.

(a) tkk: 0.5 (b) t\: 1 (c) \t =1.5

Fig. 13. Contour plot of A" for the random initial condition test using 2562 grid for &A™, 10242 grid for representing ", At =1/128 and 84er = 1074

particular, we look at the decay of the magnitudes of the high frequency coefficients. This can be seen from the enstrophy
spectrum obtained by integrating the square of vorticity over circular shells in Fourier space. That is, let @y be the k =

(k1, k2) coefficient of the Fourier transform of w and denote |k| = ‘/k% +k§, we have

1 .
Eo(K) = Z |Or|%. (67)

K<|k|<K+1

We compare the enstrophy spectrum from the CM method to that of the Cauchy-Lagrangian (CL8) method presented in
[3]. Fig. 16 shows the overlay of the vorticity spectra obtained from both methods. The vorticity fields are sampled at times
3.45 and 3.95 (due to the nature of the time steps in the CL8 method, the times presented in [3] did not land exactly on
t=3.5and 4).!

We see that in Fig. 16, the enstrophy spectra obtained from the CM method match almost exactly, up to double precision,
the high-fidelity results obtained from the 80962 harmonics Cauchy-Lagrangian simulation (the curves are on top of each

1 The Cauchy-Lagrangian method employs variable length time steps. The enstrophy spectrum presented in [3] is computed at the last time step before
reaching times 3.5 and 4. The final times turned out to be approximately 3.45 and 3.95. In this figure, the final times for the CM method are taken to be
exactly 3.45 and 3.95.
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Table 3

Journal of Computational Physics 424 (2021) 109781

Number of remaps and CPU times for the random initial condi-

tion test using the CM method.

t 0.5 1 15 2
Number of remaps 3 18 38 69
Total CPU time 233 s 499 s 822 s 1226 s
Table 4
Conservation errors for random initial condition test using the CM method.
t 0.5 1 15 2
Enstrophy error | —2.40-107%  1.36-1076 5.95.1076 9.36-10°°
Energy error —-7.74-1077 —471-107%  -379.10° —-9.36-10">

D
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(o) 133, 35] x [53, 8]

(a) [0,1] x [0, 1]

(b) [§, 8] x [5, 1]

(@) [, 8] <[5, &

Fig. 15. Gradual 64x zoom on the Laplacian of the vorticity at t = 2.

other. The plots are provided in vector-graphics format, zooming in the tail of the spectrum shows some discrepancies
between the two curves. This is in large part due to the two simulations not having exactly the same final times). This
suggests that small time deformations can be accurately represented on a coarse 1282 grid and the fine scale global time
deformations can be reconstructed by the composition of the submaps without loss of resolution.

One measurement of the asymptotic decay of the Fourier coefficients is the radius of analyticity. The decay rate of the
enstrophy spectrum at high frequency modes indicates the spatial scales present in the solution. Asymptotically, the decay
of the enstrophy spectrum is typically

Ew(K) ~ K%K, (68)

The rate of the exponential, §, is the radius of analyticity and governs the spatial truncation error. For a grid which resolves
a maximum frequency of kmax, the spatial truncation error scales like e~5max,

Fig. 17 shows the evolution of the radius of analyticity in time for both numerical tests. The radius is estimated at
various times by taking a least-squared fit of the logarithm of the tail of the enstrophy spectrum log(E., (K)) with respect
to the quantities log(K), K and 1; we extract § from the fitted coefficient for K. We see that the reduction in the radius of
analyticity is exponential. This implies that in order to maintain a certain level of spatial truncation, the maximum resolved
frequency kmax must grow exponentially. In particular, for the 4-modes test, at time 8, a grid size of order 10* would be
needed to properly resolve the solution. We see that the CM method allows us to evolve the solution for long times without
having to use such large grids: through the submap decomposition, only local time coarse grids computations are required,
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Fig. 16. Decay in the enstrophy spectrum at times 3.5 and 4.
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Fig. 17. Radius of analyticity §(t) vs. time.

the fine scale details can be recovered by the composition of the submaps. The CM method in fact dynamically adapts
to the spatial resolution necessary to the problem. Through the remapping process, the available numerical resolutions
autonomously grow as the spatial features in the solution increase.

4.4. Illustration of the arbitrary subgrid resolution

Finally, in this section we provide an illustration of the power of the semigroup decomposition approach in achieving
high subgrid resolution of the solution. For this, we simulate a 2 vortex merger problem. We use two identical Gaussian
blobs of variance 0.07 placed 0.3 apart in a periodic domain of width 1 (see Fig. 18). The two vortices both have clockwise
spins and are expected to start spinning around each other and almost merge into a single vortex blob. Due to the lack of
viscosity, the vortices do not become a single vortex and will generate instabilities as time goes on.

The fine scale features produced by this flow require a high amount of spatial resolution to evolve and represent. We
performed the simulation using the CM method on a 512 grid for the map with time step 1/128 until t = 20. The results
are shown in Figs. 19 and 20.

The final frame (Fig. 19) at time 20 is obtained using a composition of 605 submaps. This allows for the representation
of a tremendous amount of fine scale subgrid structures. To illustrate this, we take a gradual zoom towards the position
(x,¥y) = (13/32,13/32) in the last frame. Fig. 21 shows the zoomed view on the t = 20 vorticity field. Each subfigure is
obtained by evaluating the submap compositions on the subdomain corresponding to the zoomed view. Since the charac-
teristic map has a functional definition, we can use the same number of sample points to generate each picture, therefore
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Fig. 18. Initial vorticity for the vortex merger simulation.

Fig. 19. Vorticity field at time t = 20.

obtaining high resolution images of arbitrarily small regions in the domain. For instance, Fig. 211 shows the vorticity field
in a region of size 1/8192 x 1/8192. The image is generated using 7682 sample points, providing an accurate depiction of
the details seen at the fine scale level.

The numerical experiments in section 4 showcase several advantageous properties of the CM method for the 2D incom-
pressible Euler equations. Firstly, the submap decomposition using the semigroup property of the characteristic map allows
for quick and accurate computations on a coarse grid, circumventing the usual requirement of increasing spatial resolution
due to exponential vorticity gradient growth. As evidence, solutions from a 1282 grid CM solver achieve the same enstrophy
spectrum as an 81922 grid direct vorticity solver (see Fig. 16). Furthermore, due to the volume preserving property of the
characteristic map, the CM method achieves high accuracy enstrophy conservation for all times. Whereas other methods
experience a spike in enstrophy error when the vorticity fields become complicated, the enstrophy conservation in CM is
independent of the current time vorticity and is a direct result of volume preservation. This allows the enstrophy error
to grow only linearly in time, regardless of the complexity of the vorticity field. Lastly, the functional definition of the
numerical vorticity through composition with the backward map allows for an arbitrary spatial resolution of the solution.
Furthermore, the submap decomposition generates the correct scales of gradients, ensuring that the increasing fine scale
features in the vorticity solutions are properly represented as the resolution increases. This property is evidenced in Figs. 7,
8,9, 10 and more thoroughly in 21 in section 4.4, where we zoom in on the solution to show the arbitrary spatial resolution
achieved by the CM method.
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Fig. 20. Evolution of the vorticity field in the vortex merger simulation.

5. Conclusion

In this paper, we have presented a novel numerical method for solving the 2D incompressible Euler equations. The work
in this paper is an extension of the CM method for linear advection and is based on the GALS and Jet-Scheme frameworks.
This method is unique in that it solves for the deformation map generated by the fluid flow and captures the geometry
of the problem; all evolved quantities of interest can be obtained from this transformation. As a result, this scheme is
characterized by the arbitrarily fine subgrid resolution it provides on the solutions and a lack of artificial dissipation. Several
key observations have led to the development of this method. Firstly, the arbitrarily fine scales typically generated by an
inviscid flow lead to the functional representation of the vorticity field though the pullback by the characteristic map,
this approach not only preserves fine scales but more importantly avoids spatial truncations of the vorticity field hence
eliminating artificial dissipation. These properties are demonstrated in the tests in section 4, in particular in the zoomed
view of the solutions. Secondly, the possible exponential growth in the vorticity gradient lead to the use of the semigroup
structure of the flow maps to decompose the characteristic map: exponential growth can be generated by a composition of
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Fig. 21. Gradual zoom on the t =20 frame (Fig. 19), each subfigure is a 2x zoom on the previous.

maps of fixed resolution. Lastly, the assumption that the dynamics of the fluid is mainly governed by the large scale low
frequency features of the velocity allowed us to carry out the characteristic map computations on a coarse grid, improving
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the efficiency of the method. We drew a parallel between the use of coarse scale velocity and the Lagrangian-Averaged Euler
equations.

The use of the characteristic map for the simulation of inviscid fluids opens many new possibilities for future research.
The next step is to include the vorticity-stretching term in order to generalize this 2D method to three-dimensional prob-
lems. Another possible direction would be to use the level-set formulation by Deng et al. [19] to reduce the 3D Euler
equations to a system of scalar advection equations: the solutions of all advection equations would then be provided by
the same characteristic map. There is also a possibility of including forcing terms by tracking an integral quantity along
characteristics and potentially extensions to the method which deals with forcing terms while maintaining the character-
istic structure. In the CM method, the assumption of a transport structure does not apply to equations with a diffusive
source term such as the incompressible Navier-Stokes equations. In cases where solutions do not exhibit arbitrary fine
scales, the source terms integrated along forward characteristics need to counteract the fine scales created by the advection,
resulting in additional numerical difficulties. Direct grid-based integration of such source terms is not desirable with the
current framework as it undermines the advantages the CM method. We are currently examining various approaches to
the advective structure of the deformation maps to better manage the viscous term in the Navier-Stokes equations. Lastly,
the implementation of boundary conditions and the application of the method to complex geometries is also an important
problem to study. These are the current directions of our research as we believe that the CM method provides a unique and
appropriate framework for solving more general problems in computational fluid dynamics.

CRediT authorship contribution statement

The research was conducted by the following students: Xi-Yuan Yin, Olivier Mercier, and Badal Yadav.
The research was initiated and directed by the following faculties: Kai Schneider and Jean-Christophe Nave.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

The work by X.-Y. Y. was partially supported by FRQNT B2X (Fonds de recherche du Québec - Nature et technologies) and
by Hydro-Québec. The work by O.M. was partially supported by NSERC CGS-M (Natural Sciences and Engineering Research
Council of Canada). K. S. acknowledges support by the French Research Federation for Fusion Studies carried out within the
framework of the EFDA (European Fusion Development Agreement). The work by J.-C. N. was partially supported by the
NSERC Discovery and Discovery Accelerator programs. K. S. also thankfully acknowledges the kind hospitality at McGill Uni-
versity in the fall of 2012. We also wish to thank the authors of [3] for providing the energy spectrum data for comparison
in Fig. 16.

References

[1] O. Mercier, X.-Y. Yin, J.-C. Nave, The Characteristic Mapping method for the linear advection of arbitrary sets, SIAM ]. Sci. Comput. 42 (3) (2020)
A1663-A1685.
[2] J.-C. Nave, R.R. Rosales, B. Seibold, A Gradient-Augmented Level Set method with an optimally local, coherent advection scheme, ]. Comput. Phys.
229 (10) (2010) 3802-3827.
[3] O. Podvigina, V. Zheligovsky, U. Frisch, The Cauchy-Lagrangian method for numerical analysis of Euler flow, J. Comput. Phys. 306 (2016) 320-342.
[4] V. Yudovich, The flow of a perfect, incompressible liquid through a given region, in: Soviet Physics Doklady, vol. 7, 1963, p. 789.
[5] A. Kiselev, V. Sverak, Small scale creation for solutions of the incompressible two-dimensional Euler equation, Ann. Math. 180 (3) (2014) 1205-1220.
[6] S.A. Denisov, Infinite superlinear growth of the gradient for the two-dimensional Euler equation, Dyn. Syst. 23 (3) (2009) 755-764.
[7] CW. Bardos, E.S. Titi, Mathematics and turbulence: where do we stand?, J. Turbul. 14 (3) (2013) 42-76.
[8] S.S. Ray, U. Frisch, S. Nazarenko, T. Matsumoto, Resonance phenomenon for the Galerkin-truncated Burgers and Euler equations, Phys. Rev. E 84 (1)
(2011) 016301.
[9] R. Pereira, R. Nguyen van yen, M. Farge, K. Schneider, Wavelet methods to eliminate resonances in the Galerkin-truncated Burgers and Euler equations,
Phys. Rev. E 87 (3) (2013) 033017.
[10] R.A. Gentry, R.E. Martin, BJ. Daly, An Eulerian differencing method for unsteady compressible flow problems, J. Comput. Phys. 1 (1) (1966) 87-118.
[11] EH. Harlow, J.E. Welch, Numerical calculation of time-dependent viscous incompressible flow of fluid with free surface, Phys. Fluids 8 (12) (1965)
2182-2189.
[12] R.A. Gingold, ].J. Monaghan, Smoothed particle hydrodynamics: theory and application to non-spherical stars, Mon. Not. R. Astron. Soc. 181 (3) (1977)
375-389.
[13] J.J. Monaghan, Smoothed particle hydrodynamics, Rep. Prog. Phys. 68 (8) (2005) 1703.
[14] AJ. Chorin, Numerical study of slightly viscous flow, ]J. Fluid Mech. 57 (4) (1973) 785-796.
[15] ]J.C. Bowman, M.A. Yassaei, A. Basu, A fully Lagrangian advection scheme, J. Sci. Comput. 64 (1) (2015) 151-177.
[16] C.W. Hirt, A.A. Amsden, ]. Cook, An arbitrary Lagrangian-Eulerian computing method for all flow speeds, ]. Comput. Phys. 14 (3) (1974) 227-253.
[17] J. Donea, S. Giuliani, J.-P. Halleux, An arbitrary Lagrangian-Eulerian finite element method for transient dynamic fluid-structure interactions, Comput.
Methods Appl. Mech. Eng. 33 (1-3) (1982) 689-723.
[18] S. Osher, R. Fedkiw, Level Set Methods and Dynamic Implicit Surfaces, vol. 153, Springer Science & Business Media, 2006.
[19] J. Deng, T.Y. Hou, X. Yu, A level set formulation for the 3D incompressible Euler equations, Methods Appl. Anal. 12 (4) (2005) 427-440.

25


http://refhub.elsevier.com/S0021-9991(20)30555-6/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib87AC62D82261E9154C76FF4199D82BA9s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib87AC62D82261E9154C76FF4199D82BA9s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib742D42597682AEFB4C8AF193CDFB184Ds1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib9EF6C2DEBD336206B863C25BB51CDA56s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibDDEBAE5FAA26774E650B0B2DD97909B7s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibBA76339B73EABE61C03828C6808CD833s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibF30E117B1BBDC67D30DFDA28CD7BF68Fs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibD3CF63FAEE120008054BE0BEE9A4A4B7s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibD3CF63FAEE120008054BE0BEE9A4A4B7s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibBF1A32E64A7D782C2D1658613248F48Es1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibBF1A32E64A7D782C2D1658613248F48Es1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibE32D9C3D1A71CE9E7005DDA0FC610252s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibA67838C35E2E97E3A8BB081157A981A3s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibA67838C35E2E97E3A8BB081157A981A3s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib78EB5B1880063FC84DD4FF86F03FF446s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib78EB5B1880063FC84DD4FF86F03FF446s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib2C73E80D9E0B03967B3845E2F340957Ds1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibC4685E029D7FE4D837C8E016C61F60A9s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibA3835513A6C5F26209FE8B1AF31C1E20s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib8EE9907C2645D37584D4DC3539E31B01s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibE00BA3A6E085D147AF744180267F2C9Ds1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibE00BA3A6E085D147AF744180267F2C9Ds1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib4B3455DE7048A36995FC74B81B5DA2FAs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib02806459018299FF92BDEC56123E75BBs1

X.-Y. Yin, O. Mercier, B. Yadav et al. Journal of Computational Physics 424 (2021) 109781

[20] J. Stam, Stable fluids, in: Siggraph, vol. 99, 1999, pp. 121-128.

[21] N. Foster, R. Fedkiw, Practical animation of liquids, in: Proceedings of the 28th Annual Conference on Computer Graphics and Interactive Techniques,
ACM, 2001, pp. 23-30.

[22] B. Seibold, J.-C. Nave, R.R. Rosales, Jet schemes for advection problems, Discrete Contin. Dyn. Syst., Ser. B 17 (4) (2012) 1229-1259.

[23] H. Kohno, J.-C. Nave, A new method for the level set equation using a hierarchical-gradient truncation and remapping technique, Comput. Phys.
Commun. 184 (6) (2013) 1547-1554.

[24] R. Deiterding, M.O. Domingues, S.M. Gomes, K. Schneider, Comparison of adaptive multiresolution and adaptive mesh refinement applied to simulations
of the compressible Euler equations, SIAM ]. Sci. Comput. 38 (5) (2016) S173-5S193.

[25] D. Kolomenskiy, J.-C. Nave, K. Schneider, Adaptive Gradient-Augmented Level Set method with multiresolution error estimation, J. Sci. Comput. 66 (1)
(2016) 116-140.

[26] A. Guittet, M. Theillard, F. Gibou, A stable projection method for the incompressible Navier-Stokes equations on arbitrary geometries and adaptive
Quad/Octrees, ]. Comput. Phys. 292 (2015) 215-238.

[27] M. Theillard, F. Gibou, D. Saintillan, Sharp numerical simulation of incompressible two-phase flows, J. Comput. Phys. 391 (2019) 91-118.

[28] P. Constantin, V. Vicol, . Wu, Analyticity of Lagrangian trajectories for well posed inviscid incompressible fluid models, Adv. Math. 285 (2015) 352-393.

[29] W. Wolibner, Un théoréme sur I'existence du mouvement plan d'un fluide parfait, homogéne, incompressible, pendant un temps infiniment long, Math.
Z.37 (1) (1933) 698-726.

[30] V. Arnold, Sur la géométrie différentielle des groupes de lie de dimension infinie et ses applications a I'hydrodynamique des fluides parfaits, Ann. Inst.
Fourier 16 (1) (1966) 319-361.

[31] J.E. Marsden, S. Shkoller, The anisotropic Lagrangian averaged Euler and Navier-Stokes equations, Arch. Ration. Mech. Anal. 166 (1) (2003) 27-46.

[32] K. Mohseni, B. Kosovi¢, S. Shkoller, J.E. Marsden, Numerical simulations of the Lagrangian averaged Navier-Stokes equations for homogeneous isotropic
turbulence, Phys. Fluids 15 (2) (2003) 524-544.

[33] J.E. Marsden, S. Shkoller, Global well-posedness for the Lagrangian averaged Navier-Stokes (LANS-«/) equations on bounded domains, Philos. Trans. R.
Soc. Lond. Ser. A: Math. Phys. Eng. Sci. 359 (1784) (2001) 1449-1468.

[34] M. Oliver, S. Shkoller, The Vortex Blob method as a second-grade non-Newtonian fluid, Commun. Partial Differ. Equ. 26 (2001) 295-314.

[35] J.C. Bowman, Casimir cascades in two-dimensional turbulence, in: Advances in Turbulence XII, Springer, 2009, pp. 685-688.

26


http://refhub.elsevier.com/S0021-9991(20)30555-6/bibF0C5BE26E19A79780E1D2A076175C28Cs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib58E9F0DE18E022C1E93E84CD0B32570Bs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib58E9F0DE18E022C1E93E84CD0B32570Bs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib46A4E45D8F74C35400208A7867D089D0s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib04A625043C01D653A923FD048C38A64Fs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib04A625043C01D653A923FD048C38A64Fs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib6A4B63EA14AB8106E061506E03E0189As1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib6A4B63EA14AB8106E061506E03E0189As1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib7F120E745AE90017A884205D0934BAC8s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib7F120E745AE90017A884205D0934BAC8s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib1AC0D5A0A2F093C2529147EB1ABAF151s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib1AC0D5A0A2F093C2529147EB1ABAF151s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibF5B1680AB17986DFE841DDE339ACA538s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib72D4A6E4BACED13D6CC9DECC27952E93s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibE82A22D20BD59BC8CDA5DF0420E0FD83s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibE82A22D20BD59BC8CDA5DF0420E0FD83s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibF5EDD1A86DA8C8A022FF5E6086BB83CFs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibF5EDD1A86DA8C8A022FF5E6086BB83CFs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibEE4174B4609769E3CA96DB2FC2685C69s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibD0AA86D35E26E4E105669A7108013B36s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibD0AA86D35E26E4E105669A7108013B36s1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibFC8BD571F10CF2A1332DA32AFAA6B2BCs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bibFC8BD571F10CF2A1332DA32AFAA6B2BCs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib5FA965E4C936B796323102733BEDF0CEs1
http://refhub.elsevier.com/S0021-9991(20)30555-6/bib6EEA61979190B88BAE63A7763491C28As1

	A Characteristic Mapping method for the two-dimensional incompressible Euler equations
	1 Introduction
	2 Mathematical framework
	2.1 Characteristic mapping framework
	2.1.1 Semigroup structure

	2.2 Advection-vorticity coupling
	2.3 Modified equations
	2.3.1 Multiscale evolution


	3 Numerical implementation
	3.1 Spatial discretization
	3.1.1 Hermite cubic interpolation
	3.1.2 Spatial representation of the velocity field

	3.2 Time discretization
	3.3 Characteristic Mapping method for 2D Incompressible Euler
	3.3.1 Error estimates
	3.3.2 Convergence tests

	3.4 Adaptive remapping and arbitrary resolution

	4 Numerical tests
	4.1 ‘‘4-modes’’ test
	4.2 Random initial conditions
	4.3 Spatial resolution
	4.4 Illustration of the arbitrary subgrid resolution

	5 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


