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ABSTRACT. For each n > 1, let d” = (d"(i),1 < i < n) be a sequence of positive integers
with even sum -7, d"(¢) > 2n. Let (G, Tn, ') be uniformly distributed over the set of
simple graphs G,, with degree sequence d", endowed with a spanning tree T}, and rooted
along an oriented edge I';, of G,, which is not an edge of T;,. Under a finite variance
assumption on degrees in G,,, we show that, after rescaling, 7T, converges in distribution
to the Brownian continuum random tree as n — oo. Our main tool is a new version of
Pitman’s additive coalescent [I8], which can be used to build both random trees with a
fixed degree sequence, and random tree-weighted graphs with a fixed degree sequence.
As an input to the proof, we also derive a Poisson approximation theorem for the number
of loops and multiple edges in the superposition of a fixed graph and a random graph
with a given degree sequence sampled according to the configuration model; we find this
to be of independent interest.

1. Introduction

By a rooted tree we mean a labeled tree t = (v(t),e(t)), with a distinguished root node
denoted r(t). A tree-rooted graph is a pair (g, t,7) where g = (v(g),e(g)) is a labeled graph,
t = (v(t),e(t)) is a spanning tree of g, and v = ww is a distinguished oriented edge with
{u,v} € e(g) \ e(t). We view t as a rooted tree by setting r(t) = u.

Throughout this work, we allow our graphs to have multiple edges and loops; in tree-
rooted graphs, the root edge is allowed to be a loop. We say (g, t,7) is simple if g is simple,
i.e., if g contains no multiple edges or loops.

For a node u of a rooted tree t, we write ¢ (u) for the number of children of u in
t. Given a rooted tree ¢t with v(t) = [n] := {1,2,...,n}, the child sequence of t is the
sequence ¢; = (¢(7),1 < i < n). Similarly, given a tree-rooted graph (g,t,v) with vertex
set v(g) = [n], the degree sequence of (g,t,7) is the sequence (dq4(i),1 < i < n), where
dg(i) is the number of endpoints of edges incident to i in g; here loops are counted twice.

For any sequence d = (d(1),...,d(n)) of non-negative integers, we define the degree
distribution pqg = (pa(k),k > 1) of d by letting pq(k) = #{i € [n] : d(i) = k}/n.

The following theorem contains our main result, which is an invariance principle for the
spanning trees in random tree-rooted graphs with a fixed degree sequence. To state it, two
further bits of notation are needed. Given a finite graph g = (v,e) and a constant ¢ > 0,
we write cg for the measured metric space (v, dist, 7) whose points are the elements of v,
with dist(x,y) := ¢ - disty(x,y), where disty(z,y) denotes graph distance in g, and with
7 the uniform measure on v. Also, for a sequence p = (p(k),k > 1) of real numbers, we

write i1 (p) = Zk21 kp(k) and pa(p) = Zk21 k*p(k).

Theorem 1.1. For each n > 1 let d" = (d"(i),1 < i < n) be a degree sequence with
miny<i<n d"(4) 2 1, with 32, d" (i) 2 2n and with 3 e, d" (i) even. Let p" be the degree
distribution of d™. Suppose that there exists a probability distribution p = (p(k),k > 1)
such that (a) p" — p pointwise, and (b) pa(p™) — p2(p) € (0,00). Then there exists
o =o(p) € (0,00) such that the following holds.

Date: August 27, 2020.
2010 Mathematics Subject Classification. Primary: 60C05, 05C80; Secondary: 05C05, 60F05.



2 LOUIGI ADDARIO-BERRY AND JORDAN BARRETT

Forn >1 let (Gpn,Ty,T'y) be chosen uniformly at random among all simple tree-rooted
graphs with vertex set [n] and degree sequence d"™. Then

o d
—nl/zTn —T

as n — oo with respect to the Gromov-Hausdorff-Prokhorov topology, where T is the Brow-
nian continuum random tree.

We refer the reader to [I] for a good discussion of the Gromov-Hausdorff-Prokhorov
topology aimed at probabilists. The technical insight underlying the proof of Theorem
is the fact that Pitman’s additive coalescent [I8] can be modified to yield a simple con-
struction procedure for random tree-weighted graphs with a given degree sequence. We
anticipate that this procedure has further interesting features to be plumbed.

1.1. Related work. The enumerative combinatorics of tree-rooted maps was developed in
the 1960’s and 1970’s [I7, 20]. The area has seen renewed attention over the last decade or
so [3H5]. Random tree-rooted maps can be interpreted as samples from a Fortuin-Kastelyn
model at zero temperature, and are an active object of study in the planar probability
community (see, e.g.,[2, [7, TOHI3] 15]).

There has also been some work on the typical number of spanning trees in uniformly
random graphs [8 [0, [14] with given degree sequences. (In such models, the underlying
graph is sampled uniformly at random from some set of allowed graphs; in our model, it is
the tree-weighted graph which is uniformly random, which means the underlying measure
on graphs is biased in favour of graphs with a greater number of spanning trees.)

Except in the setting of graphs on surfaces, we have not found any previous work on
tree-weighted graphs, random or otherwise.

1.2. Overview of the proof. We begin with a small number of facts and definitions that
are required for the overview. We say a sequence ¢ = (c(i),1 < i < n) of non-negative
integers is a child sequence if it is the child sequence of some tree. Note that c is a child
sequence if and only if ), ;. ¢(i) = n — 1, in which case

n—1 1 n!
#{rooted trees t : ¢; = ¢} = <c(1), . ,c(n)> =TT e (1)
see [16], Section 3.3.

Given any sequence ¢ = (c(i),1 < i < n) of non-negative integers, for k > 1 we write
Qc(k) = #{i € [n] : c(i) = k}. We call Q. = (Q(k),k > 0) the child statistics vector of c.
For a tree t with child sequence c;, we will sometimes write Q); = @), for succinctness.

Given a graph g, for an edge e € e(g) we write my(e) for the multiplicity of edge
e in g. Given a degree sequence d = (d(1),...,d(n)), the classical configuration model
[19, Chapter 7] produces a random graph G such that for any fixed graph g with degree
sequence d,

1

H?:l 2mo () HeEe(g) m!](e)! .

In Section [2| we define a sampling procedure, inspired by the configuration model and by
Pitman’s additive coalescent [18], which produces a random tree-weighted graph (G, T,T")
with the property that for any fixed tree-weighted graph (g,¢,v) with degree sequence d,

P{G =g} x (2)

21[’Y is a loop] . mgft(v)

P{(G,T.T) = (g9,t,7)} < = 7 )
[lim 2my—e(#) . Heee(g) mg—t(e)!

(3)
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where g — t is the graph with the same vertex set as g and with edge multiplicities given
by

myi(e) = {mg(e) if e € e(t)

mg(e) =1 ifece(t).

We call a random tree-weighted graph (G, T,T") with distribution given by a random
tree-weighted graph with degree sequence d. Note that in this case, conditionally given that
G is simple, (G, T,T) is uniformly distributed over simple tree-rooted graphs with degree
sequence d.

The sampling procedure we use has enough exchangeability that, conditional on its child
sequence, the resulting spanning tree 1" is uniformly distributed; that is, for any fixed child
sequence ¢ = (¢(i),1 < i <n), and any tree t with ¢; = c,

PAT=t]er=c}= (o(l)jl...,lc(n))l'

Now let (d",n > 1) be a sequence of degree sequences satisfying the conditions of
Theorem for each n let (G(d™),T(d"),I'(d™)) be a random tree-weighted graph with
degree sequence d". We prove (see Proposition that there is a probability distribution
q = (q(i),7 > 0) with p2(q) < co such that the child statistics vector Qp(gny satisfies that
nilQT(dn)(a) — ¢(a) in probability for all @ > 0, and moreover that ug(n*IQT(dn)) —
p2(q) in probability. It then follows from a result of Broutin and Marckert [6] that

o

—TRT(d") ST (4)
in the Gromov-Hausdorff-Prokhorov sense, where 02 = 1i2(q) — 1 and 7T is the Brownian
continuum random tree.

This is not quite the convergence claimed in Theorem[1.1] because (G(d™),T'(d"),T'(d"))
is a random tree-weighted graph with degree sequence d”, whereas Theorem concerns
random simple tree-weighted graphs. To obtain Theorem from , we show that there
is a € (0, 1] such that as n — oo,

P {G(d") is simple | T(d") } — « (5)

in probability. The value of ([5), informally, is that it implies that conditioning G(d")
to be simple has an asymptotically negligible effect on the law of 7(d™). Since the law
of (G(d™),T(d™),T'(d™)), conditional on the simplicity of G(d"™), is uniform over simple
tree-weighted graphs with degree sequence d”, we can then conclude straightforwardly.

We finish the overview with a brief discussion of how we prove . Our procedure for
constructing random tree-weighted graphs with a given degree sequence first constructs the
tree T'(d™), then randomly pairs the remaining half-edges as in the standard configuration
model. Viewing T'(d™) as fixed, this leads us to the following more general question. Let
G = (V, E) be a random graph with a given degree sequence generated according to the
configuration model, and let T'= (V| E’) be a fixed, simple graph with the same vertex set.
What is the probability that the union of G and T forms a simple graph (i.e. that G is a
simple graph and that F and E’ are disjoint)? We provide a partial answer to this question
by proving a fairly general Poisson approximation theorem for the number of loops and
multiple edges in the superposition of a fixed graph and a random graph drawn from the
configuration model (see Theorem . In order to apply Theorem 4.1}, we need that the
joint degree statistics in G(d") and in 7'(d™)) are sufficiently well-behaved; proving this is
the task of Section [3] We then state and prove Theorem [£.1]in Section [d] and finally put
all the pieces together to prove Theorem [I.1]in Section [5}
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FIGURE 1. An example of an execution path of Pitman’s additive coales-
cent. The forests Fi, Fo, F3 and Fy are displayed in successive rows.

2. PITMAN’S ADDITIVE COALESCENT WITH A FIXED DEGREE SEQUENCE

2.1. The sampling process. Let d = (d(1),...,d(n)) be a degree sequence, which is
to say that d(1),...,d(n) are non-negative integers. To be well-defined, the next process
requires that Elgign d(i) > 2n — 1 and that d(i) > 1 for all 1 <1i <mn.
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Pitman’s additive coalescent. The process has n — 1 steps, and at the start
of step k consists of a rooted forest Fy(d) = {Tf(d),...,T% _,(d)} with n +
1 — k trees. At the start of step 1, these trees are isolated vertices with labels
1,...,n. Vertex i has d(i) half-edges (i1,42,...,4d(:)) attached to it, and id(7) is
distinguished as the root half-edge.

Step k:

Choose a uniformly random pair (r, i), where ry is a root half-edge which is
not paired in Fi(d) and si is a non-root half-edge which is not paired in Fj(d)
and additionally belongs to a different tree of Fj(d) from 7.

Pair the half-edges 7, and s; to create an edge e connecting their endpoints;
this merges two trees of Fi(d). The root of the new tree is the same as the root
of the tree of Fj(d) containing si. In the new tree, the vertex incident to ry is
the child of the vertex incident to sy.

Define Fj1(d) to be the forest consisting of the new tree thus created, together
with the remaining n — k — 1 unaltered trees of Fj(d).

An example is shown in Figure [l Write 7'(d) = 77*(d) for the single tree in the random
forest F,,(d). Attached to the tree T'(d) there is a single pendant (unpaired) root half-
edge which is incident to the root of 7'(d), and if > ;" | d(¢) > 2n — 1 then there are also
other pendant half-edges. By ignoring pendant half-edges, we may view T'(d) as a random
rooted tree with vertex set [n].

It will be useful to additionally define two edge labellings of T'(d), denoted K and H.
We define K(e) to be the step at which edge e was added; so K(e) := k. We define H(e)
to be the non-root half-edge used in creating e; so H(eg) = sx. Note that K is a bijection
between e(7'(d)) and [n — 1]. Also, if i € [n] has epg)(i) = ¢, then H assigns c distinct
half-edges from the set {il,...,id(i)} to the edges between ¢ and its children in 7'(d).

We use the phrase “execution path” to mean a sequence of pairs (71, $1), ..., (-1, Sn—1)
which may concievably appear as the ordered sequence of pairs of half-edges added during
the course of Pitman’s coalescent.

The next proposition fully describes the joint distribution of 7'(d), K, and H. In its proof,
and in what follows, for a rooted tree ¢t and a node u € v(t)\ {r(t)} we write par(u) for the
parent of u in t. Also, we use the falling factorial notation (k) := k(k—1)-...-(k—{+1) =
El/(k— o).

Proposition 2.1. Let d = (d(1),...,d(n)) be a degree sequence with d(i) > 1 for all
i € [n] and with Y"1 d(i) > 2(n — 1), and write m = 3> 1, d(i). Then the following
properties all hold.

(1) For any fized rooted tree t with vertex set [n],

[1@(@) = Deugiy -

i=1

1

(2) Fiz any set H C \U;_ {il,...,i(d; — 1)} with |H| = n — 1. Conditionally given
that {s1,...,8n—1} = H, the triple (T(d),K,H) is uniformly distributed over the
((n — 1)N2 triples which are consistent with the event {s1,...,8,_1} = H.

(8) The sequence (S1,...,8n—1) of non-root half-edges, added by Pitman’s coalescent,
is uniformly distributed over the set of sequences of (n — 1) distinct elements of
Ui<i<nil, ... i(d(i) — 1)}. Consequently, {s1,...,Sn—1} is a uniformly random
size-(n — 1) subset of UJ;<;<, {i1,...,i(d(i) — 1)}.

(4) Finally, conditionally given that T(d) =t and given the set {s1,...,5,_1} of non-
root half-edges added by Pitman’s coalescent, the ordering (e1,...,en—1) of e(t) is
uniformly distributed over the (n — 1)! possible orderings of e(t).
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Proof. At step i of the process, there are n+ 1 —i components and m —n+ 1 — ¢ unpaired
non-root half-edges. We may specify the pair (r;, s;) by first revealing the non-root half-
edge s;, then revealing r;. Whatever the choice of s;, there are n — ¢ possibilities for r;,
so the number of distinct choices for the pair (r;,s;) is (2m —n+1 —i)(n —4). Thus, the
total number of possible execution paths for the process is

n—1

[[em-n+1-i)n—i)=(n-1)2m-n), 1. (6)

i=1

The execution path followed by the process is uniquely determined by the tree T'(d)
and the functions K : e(T'(d)) — [n— 1] and H: e(T(d)) — Ui, {i1,...,i(d; —1)}. To see
this, fix any k € [n — 1]. Then the edge ey created at step k of Pitman’s coalescent may
be recovered as e; = K~!(k); and, if e, = uv with v = par(u) then the half-edges paired
to create ey, are the root half-edge vd(v) incident to v and the half-edge H™!(ey).

Now, fix any tree ¢t with degree sequence d, any bijection k : e(t) — [n — 1], and any
function h : e(t) — N which, for all ¢ € [n], assigns ¢(i) distinct values from the set
{1,...,(d(i) — 1)} to the edges between ¢ and its children in ¢. Together with (6], the
observation of the preceding paragraph implies that

1
(n—D!2m—n)p_1
Having fixed the tree ¢, the number of possible values for K is (n — 1)! and the number
of possible values for H is [];c, (d(4) — 1)¢,(:)- It follows that
P (T(d) = 1} (n = D! TLigp (d(@) = D)eyiy _ [Ticin (d(@) = 1)e, i)
(n—1!2m —n)p_1 2m—n)p—1
which proves the first claim of the proposition.

Next, fix H as in the second assertion of the proposition, and any ordering of H as
(h1,...,hpn—1). Then the number of execution paths which yield that s; = hy for k € [n—1]
is precisely (n — 1)!. To see this, note that if s; = h; for 1 < j < k then, whatever the
choices of the root half-edges (r;,1 < j < k), the forest F]' has n+ 1 — k component trees
so there are n — k unpaired root half-edges in components different from that of si; any
such root half-edge may be chosen as 7. Since there are also (n — 1)! possible orderings
of H, the second assertion of the proposition follows.

To prove the third statement, fix a set # and an ordering (hi, ..., h,—1) of its elements,
as in the previous paragraph. For each 1 < k < n — 1, given that s; = h; for 1 < k <,
whatever the choices of (r;,1 < j < k) may be, there are n — k ways to choose 7y in a
distinct tree from hy. It follows that there are [[f_2(n — k) = (n — 1)! execution paths
with the property that s = hi for each 1 < k < n—1. Since this number does not depend
on H, it follows that each size-(n—1) subset of | J;.,«,,{i1,...,(d(i) — 1)} is equally likely.

Finally, fix both the tree ¢ and an unordered set H of non-root half-edges with |H N
{il,...,i(d(i) — 1)}| = (i) for all i € [n]. We consider the number of execution paths
which yield T'(d) = ¢ and {s1, ..., s,} = H. The number of choices of an ordering function
k : e(t) — [n — 1] consistent with these constraints is still (n — 1)!. Moreover, whatever
the choice of k, under the further constraint K = k, the number of possibilities for H is
[Licpy ct(9)!. To see this, note that for each i € [n], the constraints precisely imply that
HN{il,...,i(d@E) — 1)} = {s1,...,8n—1} N{il,...,i(d(i) — 1)}, and H is fixed once we
additionally specify which of these ¢;(i) half-edges is matched to which child of ¢, for each
i € [n]. It follows that the number of execution paths which yield that 7'(d) = ¢, that
K =k and that {s1,...,s,} =H is

P{T(d)=t,K=kH=h}=

Ct(l)' .
i=1
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As this quantity doesn’t depend on the choice of the ordering function k, the final assertion
of the proposition follows. O

We state a corollary of the above proposition, for later use.
Corollary 2.2. The tree T'(d) is a uniformly random rooted tree with child sequence cr.

The corollary follows since the formula for P {7T(d) =t} from Proposition only
depends on t through c;.

We now assume that >, d(i) > 2n and that > ;" | d(i) is even, and define a random
tree-rooted graph (G,T,T') = (G(d),T(d),T'(d)) as follows: First, let 7' = T'(d) be the
random tree built by Pitman’s coalescent, and let I't be its root half-edge. We refer
to T as the spanning tree-elect of a to-be-constructed tree-rooted graph. Next, choose a
uniformly random matching of the 2m — 2(n — 1) pendant half-edges attached to T', and
pair the half-edges according to this matching to create G = G(d). Then let I' be the edge
containing I'", oriented so that I'" is at the head. We call (G(d),T(d),T'(d)), or any other
graph with the same distribution, a random tree-rooted graph with degree sequence d. The
tree T has now taken office.

The next proposition describes the distribution of (G(d),T'(d),T'(d)). For a tree-rooted
graph (g,t,7),

Proposition 2.3. Let d = (d(1),...,d(n)) be a degree sequence with d(i) > 1 for all
i € [n], and write m = %Z?Zl d(i). Fiz a tree-rooted graph (g,t,7~) where g is a graph
with degree sequence d. Then

P{(G(d),T(d),I'(d)) = (g,t,7)} o

21[7 is a loop] . mg—t(’Y)
H?:l 2mg—+(i) . Heee(g) mg—t(e)! .
Proof. Proposition gives us a formula for P {T'(d) = t}. We next focus on computing
P{G(d) =g [T(d) =t}
Write r for the root of ¢, and v = gr for the oriented root edge of g. Given that T'(d) = t,
each i € [n] with ¢ # r(¢) has d'(¢) := d(i) — ¢t(i) — 1 pendant half-edges attached to it, and
r has d'(r) := d(r) — ¢:(r) half-edges attached to it. Conditionally given that T'(d) = ¢,
the graph G(d) — T'(d) is distributed as CM(d'), a random graph with degree sequence
d = (d'(1),...,d (n)) sampled according to the configuration model (so with distribution

as in ) Writing m’ :==m — (n—1) = 137 | d'(i) and ¢’ = (v(g),e(g) \ e(t)), it follows
that

P{G(d)=g |T(d) =t} =P{CM(d) = g'}

_ 27 (m)! [[i, d'(0)!
(2m/)' H?:l 2™y . HeEe(g’) mg'(e)!
_ 27 (m)! [, d'(0)!

(2m/)' H?:l ng_t(ii) : HeEe(g) mg*t(e)!
In the last equality, we use that mgy (ii) = mgy—¢(i%) since t is a tree so contains no loops,
and that mg (e) = my—¢(e) by definition when e € e(g’).

Given that T'(d) = t and that G(d) = g, in order to have (G(d),T'(d),I'(d)) = (g,t,7)
it is necessary and sufficient that I'(d) = «. This occurs precisely if y*, the half-edge of
~ incident to r, was matched with some half-edge incident to ¢. Since the matching of
half-edges in G(d) — T'(d) is chosen uniformly at random, by symmetry the conditional
probability that this occurred is mgy_s(y)/d’(r) if v is not a loop, and is 2mg_(7)/d'(r) if
v is a loop. We may unify these two formulas by writing

21[7 is a loop] mg_t(fy)

P{l(d) =~ |T(d)=tGd)=g}= )
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Combined with the formula for P {T'(d) = ¢t} from Proposition this gives
P {(G(d), T(d),F(d)) =(9,t.7)}

- 2m—n H

=1
o () T, )
@) T 20 Ly )
21[»Y is a loop] mg_t(’y)
d'(r)
ﬁ . 1 2m (n )( (’I’l . 1))' . 21[7 is a looplmg_t(’y) .
U (2m — n)! [Tisy 2=t - T e o(g) Mg—t(e)!
In the second equality we have used that (2m —n),—1(2m")! = (2m — n)!, that (d(i) —

D)e,iyd' (i) = (d(i) — 1)! for i # r, and that (d(r) — 1), d'(r)! = d'(r)(d(r) —1)!. The first
two terms on the final line do not depend on the triple (g,¢,7), so the result follows. O

3. CONCENTRATION OF DEGREES

Throughout this section, let (d”,n > 1) be a sequence of degree sequences satisfying the
conditions of Theorem and also let p” and p be as in Theorem Next, for n > 1
let T'(d™) be the tree built by Pitman’s additive coalescent applied to the degree sequence
d® = (d"(i),1 <i <mn). Let ¢" = (¢"(i),1 <1i < n) be the child sequence of T(d"), and
recall that an = (Qen(a),a > 0) is the child statistics vector of c™. Also, for 0 < a < b,
let P, = #{1 <i<n:d"(i) =0b,c"(i) = a}. Finally, let p:=1/(u1(p) — 1).

Proposition 3.1. Fora >0 let
oo

g(@):= > p(b)- P {Bin(b—1,p) = a}.

b=a+1

Then us(q) < oo and pz(n'Qen) — u2(q) in probability as n — oco. Moreover, for all

0<a<hb, ningfa prob p(b)-P{Bin(b — 1,p) = a}, and n~'Qcn(a) prob q(a), in both cases
asn — oo.

Let (G(d™),T(d™),T'(d")) be a random tree-weighted graph with degree sequence d".
Using Proposition[3.1], together with existing results from the literature, it is fairly straight-

forward to establish that (on~='/2)T(d"™) 4 T, with 0 = ua(q)—1, where 7 is the Brownian
continuum random tree. However, in order to show that such convergence holds for the
corresponding random simple tree-weighted graphs, we additionally need the next propo-
sition, which establishes that the number of pairs of tree-adjacent vertices in 7'(d") with
given fixed degrees is well-concentrated around its expected values. This will be used in
order to show that G(d™) is simple given T'(d") asymptotically behaves like a constant.

Write G_(d") = G(d") — T'(d™) and let d” = (d™(i),1 < i < n) be the degree sequence
of G_(d™). For integers k,¢ > 0, let

alk,l) = Z asp(l+az+1)P {Bin(¢ + az, p) = az}-p(k+a1+1)P {Bin(k + a1,p) = a1} .

ai,a2>0
(7)

Proposition 3.2. For integers k,£ > 0 let
Ak, 0) = [{uv € e(T(d"™)) : A" (u) = k,d™ (v) = £}].
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Then for all k,£ >0,
1

A" (k,0) 23 a(k, )

asn — 00, and also

1 n prob
EZMA(M > kla(k, ).
k>0 k>0

The proofs of Propositions and appear in Appendix [A]
To conclude the section, we observe that a(k,f) defines a probability distribution on
pairs of non-negative integers. Indeed,

ZZp(k+a1+1)P{Bin(k—|—a1, =a} = Z Z (m+ 1)P {Bin(m, p) = a}

k>0a1>0 m>0 k4+a=m
= pm+1)=1-p0)=1,
m>0
and

Z Z asp(f + ag + 1)P {Bin({ + a2, p) = az}

£>0 a2>0

= Z Z ap(m + 1)P {Bin(m, p) = a}
m>0f+a=m

=Y p(m+1)-mp= (ui(p) = (1= p(0)p = (m(p) - 1)p =1,
m>0

so by factorizing 3 ,~q a(k,{) we obtain

Za(k‘,é): Z (m+1) ZZ (m+1)-mp| =1,

k,¢>0 m>0 m>0m>0

the fact that >, ,~qa(k,¢) = 1 will be used in the proof of Proposition A similar
computation shows that

Zk@ a(k,?) Zmpm—i—l : Zme(m—i-l)p = p2(p) — 2 (p) +1 < o0,
k,>0 m>0 m>0
(8)
a fact we will use in bounding the probability of simplicity of G(d™).

4. POISSON APPROXIMATION FOR GRAPH SUPERPOSITIONS.

In this section we state a Poisson approximation theorem for the number of loops and
multiple edges in the superposition of a fixed simple graph and a random graph with a
fixed degree sequence; this in particular allows us to control the probability that such a
superposition yields a simple graph.

Let H be a simple graph with vertex set v(H) = [n]. Fix a degree sequence d =
(d(1),...,d(n)) whose sum of degrees is even, and let G be a random graph with degree
sequence d sampled according to the configuration model. For vertices u,v € [n] and
i € [d(u)],j € [d(v)], let 1}, be the indicator of the event that half-edge ui is matched
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with half-edge vj in G. Now write
L= L(G) = {(ui,uj) : u € [n],i,j € [d(u)],i < j}
M = M(G, H) = {((uir,vj1), (uizvj2)) : u,v € [n],uv & e(H),
Z.17Z.2 € [d(u)]vjij € [d(U)],U < Uvil < i?ajl 7é j?}v and
N =N(G, H) = {(ui,vj) : uv € e(H),i € [d(u)],j € [d(v)]},
and let
L= L(G) = Z 1[ui,uj] ’
(us,uj)eL
M = M(G,H) = > Luir 0] L(wizozz)] » and
((ui1,vi1),(uwizvja2))EM
N=N(GH) > 1y -
(ui,vj)ecC

Note that the graph with edge set e(G) U e(H) is simple precisely if L + M + N = 0.

Theorem 4.1. Fiz a sequence of graphs (hp,n > 1) withv(hy,) = [n] and max,¢cp,{degy, (v)} =
o(n) for allm > 1. For each n > 1 let d" = (d"(v),1 < v < n) be a degree sequence and
let p™ be the degree distribution of d™. Suppose that there exists a probability distribution
p = (p(k),k > 0) with p2(p) € [0,00) and p(0) < 1 such that the following holds.

First, p"™ — p pointwise and pa(p™) — pe(p). Second, there are non-negative numbers
(a(a,b),a,b > 0) such that for any a,b >0

a"(a,b) = % {uv € e(hy,) : d"(u) = a,d"(v) = b}| — «a(a,b),

and
> kla™(k,0) = Y kla(k,t) < oo (9)
E,0>0 k>0
Forn > 1 let Gy, be distributed according to the configuration model on graphs with
vertex set [n] and degree sequence d". Then with L, = L(Gy), M, = M(Gp,h,) and
N, = N(Gp, hy,), we have

|Dist(Ly, My, Ny,) — Poi(r/2) ® Poi(v?/4) @ Poi(n)| v — 0
as n — 0o, where v = pa(p)/u1(p) — 1 and n = #%(m D1 iiali, g).

In the statement of Theorem We have introduced the notation deg,, (v) for the degree
of vertex v in h,, and the notation || — v||py for the total variation distance between
probability measures. The proof of Theorem [4.I] appears in Appendix [Bl This theorem
has the following consequence for random tree-weighted graphs, which we will use in the
next section.

Corollary 4.2. Let (d",n > 1) and (p",n > 1) be as in Theorem[1.1], and for n > 1 let
(G(d™), T(d"™),I'(d™)) be a random tree-weighted graph with degree sequence d. Then

prob

P {G(d") simple | T(d")} == exp(—v/2 — v*/4 —n),
as n — o00.

Proof. First, the fact that Zk,£>0 kl - a(k,l) < oo appears in , above, from which it
is immediate that 7 < oo. Next, let G_(d") be the subgraph of G(d") with edge set
e(G(d™) \ e(T(d™)), and let d” be the degree sequence of G_(d™), as defined in Section [3]
previous to Proposition Finally, write L, = L(G_(d")), M,, = M(G_(d™),T(d")),
and N, = N(G_(d"),T(d")).
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Conditionally given T'(d"), the graph G_(d") is a random graph with degree sequence

d™. By Proposition [3.2| we know that o™ (k,1) prob a(k,l) for all k,1 > 0, and that

3 klam (k1) P3N kla(k, D).

k,1>0 >0

By Theorem applied with h, = T(d") and G,, = G_(d") = G(d") — T'(d"), it now
follows that conditionally given 7'(d"),

|Dist(Ly, My, N,,) — Poi(v/2) @ Poi(v?/4) ® Poi(n)||rv Pk g
as n — oo. If (L,M,N) is Poi(v/2) ® Poi(v?/4) @ Poi(n)-distributed, then we have
P{L=M =N =0} = exp(—v/2 — v%/4 — n); since G(d") is simple if and only if L, =
M, = N, =0, it follows that

P {G(d") simple | T(d")} =P{L, =M, =N, =0 |T(d")}
PRP{L=M=N=0}=exp(—v/2— 12/ —n),

as required. O

5. PROOF OF THEOREM [L1]

Let (d",n > 1) be a sequence of degree sequences satisfying the conditions of Theo-
rem For n > 1 let T(d™) be the tree built by Pitman’s additive coalescent applied to
degree sequence d”, and let ¢ be the child sequence of T'(d™). By Proposition (1),
conditionally given ¢", the tree T'(d™) is uniformly distributed over the set of trees with
child sequence c".

By Proposition the child statistics vectors (Qcn,n > 1) satisfy that, as n — oo, for
all a > 0,

n1Qen (a) plP—O>b q(a),

and moreover that po(n™1Qen(a)) — p2(q). Here ¢ = (q(a),a > 0) is as in Proposition
and in particular satisfies ps(q) < oo. Writing o = p2(q) — 1, it then follows by Theorem
1 of [6] that

— g d
in the Gromov-Hausdorff-Prokhorov sense[]

We aim to prove the same statement with 7'(d") replaced by T, := (o/n'/?)T},, where
(Gpn, Ty, T'y) is is a uniformly random simple tree-rooted graph with degree sequence d”.
To accomplish this, we use that the law of (G,,,T),,I',) is precisely the conditional law of
(G(d™), T(d™),['(d™)) given that G(d™) is a simple graph.

Writing K for Gromov-Hausdorff-Prokhorov space as in [1], for any bounded continuous
function f : K — R we have

E (f(T(dn)) ' 1[G(d") simple]) = E<E (f(T(dn)) ' 1[G(d") simple] | T<dn)) )
— E (f(T(d")) - P {G(d") simple | T(d")}).

ITheorem 1 of [6] is stated for plane trees with a fixed degree sequence, rather than labeled trees with
a fixed degree sequence. However, as noted by Broutin and Marckert [0, page 295], a straightforward
combinatorial argument shows that the same result holds for labeled trees. Also, as stated, the theorem
only yields convergence in the Gromov-Hausdorff sense; but the proof proceeds by establishing convergence
distributional of coding functions. As explained in [I] Section 3], such proofs immediately yield the stronger
Gromov-Hausdorff-Prokhorov convergence.
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prob

Since Ef(T(d")) — Ef(T), and P {G(d") simple | T'(d")} — exp(—v/2 — v?/4 — ) by
Corollary [4.2] it follows that
E (f(T(d")) - Lig(an) simpie) — exp(—v/2 = v* /4= mE(f(T)).
Furthermore,
P {G(d") simple} = E (P {G(d™) simple | T(d")}) — exp(—v/2 — v?/4 — 1),
and therefore

B (F(T(@) | 6(@) simple) = = ggi;;gfﬁ;i;jmml) ~ B (/(T))

Since

E (f(Tn)) =E (f(T(d”) ‘ G(d") simple) ,
the fact that T, 4 T now follows by the Portmanteau theorem. O

APPENDIX A. PROOFS OF PROPOSITIONS [3.1] AND [3.2]

Before beginning the proofs in earnest, we record the following fact, which will be

used multiple times below, and which follows straightforwardly from the assumptions of
Theorem [}

Fact A.1. Let (d",n > 1) be a sequence of degree sequences satisfying the conditions of
Theorem Then maxi<i<, d"(i) = o(n'/?).

Proof. If p" — p pointwise and p2(p) € (0,00), then for all € > 0 there is M such that
M

: : 2. n > .
hnniggf;k p"(k) > pa(p) — €,

80 Sup /> liminf, o Z]k,wzl k2p"(k) > pa(p). If also thereis § > 0 such that max<;<,, d(i)
on'/? for infinitely many n, then
M
lim sup p2(p™) > 62 + sup lim mfz E*p" (k) > pa(p),

n—o0 M>1 n—oo

so pa(p") 7+ pa(p). O

To prove Proposition we will also make use of the following lemma, which uses
the second moment method to control how subsampling affects degree distributions. The
proof of the proposition immediately follows that of the lemma.

Lemma A.2. For any integer b > 1 there exists ng such that for all n > ng the following
holds. Let d = (d(1),...,d(n)) be a degree sequence with d(i) > 1 for all i € [n] and
with Y d(i) > 2n—1, set S = J{i1,...,i(d(i) — 1)} and write s = |S|. Let U be a
uniformly random subset of S with |[U| =n — 1, and for 1 <i <n write U; = #{1 < j <
d(i): (i,7) € U}. For 0 <a<b, write Poo = #{1 <i<n:(d(i),U;) = (b,a)}. Then for
all € > 0,
2b*
P{‘Pba pra’ >6pra} < P
Proof. We fix 0 < a < b and compute the first and Second moments of Py ,; this makes
the calculations slightly easier to read than they would be for B, ,.
Fix indices k and ¢ with d(k) = d(¢) = b+ 1. Since U is a uniformly random subset of
S, by symmetry we have

pid=a=pgoi=a= (1) (70 ()

>



RANDOM TREE-WEIGHTED GRAPHS 13

and

b\ 2 s—2b s \ !
PAU = Ul = a} = a> .<n12a><n1> 7

so writing npy1 = #{1 <i <n:d(i) = b+ 1}, we have
and

b s—b s -t
Efbt1a = i1 <a) ' (n —1- a) (n — 1> (10)
Var { P11}

o) (205 () ) )

2 (n—1)a(s— (n— —a n— Z n— _a
:nb+1<nb+1—1>(2> (( 1>2<($)<2b D)oo _ 1)(@; )} )

The ratio of the first and the second term in the final parenthesis is
(TL - 1)2211 (3 - (’fL - 1))2(17 a) (S)g < (8)2 < (1 +
(=17 (s—=(n-1), ()~ (s)n

the last bound holding for b fixed and s large. This gives

b\N2202/ s—b \2/ s \ 2 2v?
Var {Pyi1,.} <= npp1(np1 — 1)( ) ( > ( ) < ?(pr+1,a)2v

a s \n—1—a n—1
and the lemma follows by Chebyshev’s inequality. O
Proof of Proposition[3.1. We first bound p2(q) by writing

=Y a’q(a)

a>0

_Z Zp -P{Bin(b—1,p) = a}
a>0 b>a

< Z b2p(b) - Z P{Bin(b—1,p) = a}
b>0 0<a<b

= p2(p)* < oo.

Next, since p" — p pointwise and ua(p™) — p2(p) < oo, for any € > 0 there is k such
that Yo, d*p"(d) < e and Yo, d?p(d) < e. If node i has a children in T(d") then
b™(i) > a+ 1, so it follows that

S @) g a0 ) =00 =)

a>k a>k b>a

oy HIS 0 = ad ) =)

b>k a<b n
=> bpb) <e
b>k

To complete the proof it thus suffices to show that n_ngfa — p(b) - P{Bin(b—1,p) = a}
in probability for all 0 < a < b and that n'Qw — ¢ pointwise in probability; the fact
that po(n=1Qen) — p2(q) in probability then immediately follows.

By the third statement of Proposition the set of non-root half-edges in 7'(d") is a
uniformly random size-(n — 1) subset of the set S™ := |J;;-, {i1,...,i(d"(i) — 1)}. We
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will apply Lemma to control the numbers of nodes with a given number of children
in 7'(d™). To make the coming applications of that lemma transparent, we write s :=

’S ‘ - Zl<z<n( )dn( )
We handle the cases p1(p) = 2 and p1(p) > 2 separately. If p1(p) = 2 then |[S"| =

> i<i<n(@™(@) —1) = (1 +o(1))n as n — oco. Note that in this case r = 1/(u1(p) —1) =1
so g(a) = p(a+1) for all @ > 0. For any a > 0, by (10) we then have

5220 = 0o+ () () () = 0o,

so by Lemma

.
Pa+17a pI‘Ob

— pla+1) =q(a).

It follows that o FPg4q1,/n — 1 in probability. This implies that >, , .4 Bl,/n — 0
in probability, so

n rob
Qolt) L5 pp, =iy 3 Jhaey ),

b>a b>a+1

and that for all b > a +1, B, /n — 0 = p(b) - P{Bin(b — 1, p) = a} in probability, as
required.

We now assume pq(p) > 2, so that r = 1/(u1(p) — 1) < 1. Since p = (pg, k > 1) is
supported on the positive integers,

> qla ZZ )P {Bin(b — 1,p) =a} = > _ p(b)

a>0 a>0b=a+1 b>1

Recalling that Qe (a) = >, By, to show that n1Qen(a) — q(a) in probability, it
therefore suffices to prove that B, /n — p(b+1)-P{Bin(b, p) = a} for all 0 < a <'b,
and we now turn to this.

)| = o(n)

Since pu1 (p") — p1(p), it follows that [ 377 d(i)" — pi(p)n| = nfu (p™) (p
as n — 00, 80 s = (14 o(1))n(u1(p) —1). Thus, for any b>1and 0 < a we have

() (i

—
<b

G
i (P) G (p) — 2y
= (1 =o() () (a(p) — D)y
__ 9\b—a
(1 o(1) (b> ) =B = (1= o(1)P (Bin(b.p) = a}.

Using we thus have
P10 = (1—o(1))np™(b+ 1)P {Bin(b, p) = a} = (1 — o(1))np(b + 1)P {Bin(b, p) = a} ,
so by Lemma [A.2] as n — oo,
P”;” Y (b + 1)P {Bin(b, p) = a} ,
as required. O

We now turn to controlling the joint degrees of pairs of tree-adjacent vertices in tree-
weighted graphs. Given a degree sequence d = (d(1),...,d(n)) and a tree ¢t with v(t) = [n],
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for integers b1, ba, a1, as let
Rb1,b2,a1,a2 (t7 d)
=#{uev(t)\{rt)}:du) =bi,d(par(u)) = be,c(u) = a1, c(par(u)) = az}
= Z [d(u) = by, c(u) = aq] - [d(par(u)) = by, cr(par(u)) = az] .
uev(®)\{r(t)}
If (g,t,7) is a tree-rooted graph and g has degree sequence d, then Ry, p, 4,4, (t,d) counts

the number of edges xy of ¢t with y = par(z) such that ¢(z) = a1, ¢(y) = a2 and
dg(z) = b1, dg(y) = ba.
Proposition A.3. Under the assumptions of Theorem [I.1], for any integers 0 < aj < by
and 0 < as < b, as n — oo,
R, by,a1,a2 (T'(d"),d"™)
n

— agp(be)P {Bin(bs — 1,p) = as} - p(b1)P {Bin(b; — 1,p) = a1}

in probability, where p = 1/(u1(p) — 1).

We introduce two pieces of notation before beginning the proof. For a half-edge h we
write v(h) for the vertex incident to h. Also, for r € R we write r4 := max(r,0).

Proof. First, if ap = 0 then the right-hand side is zero, and also Rp, p, a1 a,(7(d"),d") =0,
since if v = par(u) € T(d") then cpgny(v) > 1. The result thus holds trivially when
as = 0, and we assume hereafter that ao > 1. For the remainder of the proof we write
R, by.a1,a0 = Rby bo,ar,a0 (T(d"™),d") for succinctness.

Let #H be a fixed, size-(n — 1) subset of S™ := J;<;<,{i1,...,i(d"(i) — 1)}. Write
S™ = {s1,...,5,_1} for the (unordered) set of non-root half-edges of T'(d"). We now show
that for any half edge h € H and any root half-edge r not incident to the same vertex as
h,foralll1 <i<n-—1,

P{(ri,si)=(r,h) | S"=H} =P{(r1,s1) =(r,h) | S" =H} . (11)

To see this, note that by the second assertion of Proposition the number of execution
paths with S® = H is ((n — 1)!)2. We claim that for any i € [n — 1], the number of
execution paths with 8™ = H which additionally satisfy that (r;,s;) = (r, h) is ((n —2)!)%.
As this number does not depend on i € [n — 1], the displayed identity follows from this
claim.

To prove the claim, simply note that there are (n—2)! possible orderings of H consistent
with the constraint that s; = h. Having fixed such an ordering (hi,...,h,_1), for each
J € [n—1] with j # i, if s = hy for 1 < k < j then, excluding r; there are n — j — 1<)
unpaired root half-edges in components different from that of s;, and any such root half-
edge may be chosen as r;. Thus the number of execution paths with " = H and such
that (ri,s;) = (r,h) is (n = 2)'- [[icpoip gy (R — 7 — 1<) = ((n — 2)1)2.

Now fix a second non-root half-edge h’ # h and a second root half-edge r’ # r not
incident to the same vertex as h’. Then a similar argument to the one leading to
shows that that for any 1 <14 < j <mn,

P {(ri,si) = (r,h),(rj,s5) = (r',s") | 8" = 7-[}

=P {(7‘1,51) = (r,h), (ro,80) = (r',s") | 8" = ’H} ) (12)
In the current case, the number of execution paths leading to the events in both the left-
and right-hand probabilities is ((n — 3)!)2.

We will next use the above identities in order to perform first and second moment
computations. For any set H C S", for 0 < a < blet Vi (H) = {i € [n] : d"(i) =
b, [H N {il,...,i(d"(i) — 1)] = a}. Note that V" (S") is simply the set of nodes with
degree b in G(d") and with a children in T°(d"); so P!, = [V}, (S")].
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Fix a non-root node u € T'(d"), and let m € [n — 1] be such that e, = {par(u),u}.
Then v(ry,) = u and v(sy,) = par(u), so u € Ry, py a,.a, if and only if v(ry,) € Vi (8™)
and v(sm) € Vy) . (S™). By , it follows that

E (Rb1,b27a1,a2 | §" = H)
— (n— VP {0(r1) € W 1, (8™, 0(s1) € V0, (S7) | S" = H}. (13)
Likewise, by the second of the two displayed identities,

()i

= <n ; 1)P {v(r1),0(r2) € Vi) 1, (8™),v(s1),v(s2) € Vi 0, (S™) | ST =H}.  (14)

We develop the latter two identities in turn.

For integers 0 < a < b, the number of non-root half-edges h € 8" with v(h) € V" (S™)
is a- |V;" (8™)|, and the number of root half-edges h with v(h) € V;* (S™) is just [V, (S™)].
Conditibnally given that 8™ = H, the half-edge s; is a uniformly random element of H, so

n o (emy | on ag|Vy, o, (FO)I 2| Vi o, (H)]
P {U(Sl) S ‘/()27(12(8 ) ’ S" = ’H} — |23;_[T _ n2,_21 )

Having chosen sy, if v(s1) = v then v(r1) is a uniformly random element of [n] \ {v}, so

(Vi oy O = L1y a1 )=(b2,a2))) +

n—1

P {v(r1) € Vp) 0, (8") | " = H,v(51) € Vi, 0,(S")} =

Using these two identities in , it follows that

(’I’L - 1)E (Rb1,b2,a1,a2 | S" = H) = a2|‘/ggl,a2 (H)‘(“/b?,al (H)| - 1[(b1,a1):(b2,a2)])+ )
so since |V}, (8")| = By, for all 0 < a < b, by Proposition [3.1] we have

Rb ,b2,a1,a n 1 n n
E ( : ;L == S ) = n(n — 1)G2Pb2,a2(Pb1,a1 o 1[(61,(11):(122,(12)])
rob . .
P28 aap(bo)P {Bin(by — 1, p) = as} - p(by)P {Bin(b; — 1,p) = a;} .

(15)
For the second moment calculation, we need to additionally compute
P {v(r2) € V4, (S"),v(s2) € Vi, 0, (™) | " = H, v(r1) € Vi o, (8"), 0(51) € Vi 0, (S™) -}
Under the conditioning in the preceding displayed probability, the number of non-root
half-edges h € S" \ {s1} with v(h) € V7 . (H) is (a2 - |V ., (H)[ — 1)+, so
P {v(s2) € Vi, 0,(S") | 8" =H,v(r1) € Vi 4, (™), v(s1) € Vi 0, (S™)}
(a2 - [V o (H) = 1)
n—2 )
Now suppose that " = H,v(r1) € V7, (8"),v(s1) € V2, (S"), and that v(s2) €
Vi ay(H), and consider the number of possible values for r. We claim that the num-

ber of unpaired root half-edges i with v(h) € V , (S") such that v(h) is in a component
different from v(ss) is

(IVot s PO =1 = 11 a0)(b2.02))) +-
To see this, note that if (b1, a1) = (ba, a2) and either v(sy) = v(s1) or v(s3) = v(r1), then we
are precisely constrained constrained to choose h so that v(h) € Vi1 . (H) \ {v(r1),v(s1)}.
On the other hand, if (b1, a1) = (b2, a2) and v(s2) € {v(r1),v(s1)} then we are constrained
to choose h so that v(h) € V,! , (H) \ {v(r1),v(s2)}. Both cases agree with the above
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formula. When (b1,a1) = (b2, a2), the claim is straightforward, since in that case we are
only constrained to choose h so that v(h) € Vy7 . (H) \ {v(r1)}. It follows that

P {v(rz) € Vy) ,(S") | S =H,v(s2) € Vi, 4,(S"),v(r1) € Vi 4, (S™), 0(s1) € Vi 4, (S™) }

(IViy oy (FOI =1 = 15y a1 (b2 ,a2)) )+
n—2 ’

Combining the above identities with yields that

2(n—1)(n—2)E <(R"17b;“1"”2> | 8" = ”H>

= a2|Vyy 0y (H)|(a2|Vy; o, (H)] = 1)
(Vo (H)] = Lraneaa2))) - Vot oy Ol =1 = L1y a1 )b2.a2)])

so since ag > 1, Proposition [3.1] implies that

E <Rb1,bz7a1,a2 (Rbhbz,ahaz - 1) ’ Sn>

2
n
angé’az(agpgém - 1)+ ) (ani:al - 1[(b1»a1Hb2,a2)])+(PlZ,a1 —1- 1[(b17a1):(b27a2)})+

n(n—1) n(n — 2)
prob

P (agp(be)P {Bin(ba — 1,p) = ag} - p(b1)P {Bin(b1 — 1,p) = a1} )°.

Also, implies that E (n*QRbl’b%al’a2 ] S") ILOb 0, which with the preceding asymptotic

implies that

Rz1 b2 al,az n prob . . 2
E # | 8" | = (a2p(b2)P {Bin(b; — 1, p) = az}-p(b1)P {Bin(by — 1,p) = a1} )" .

Combining this with gives that

2 2
E ((Rbhbz,ahaz) | Sn) _ (E (Rbl,bmal,az | 5")) pr_°>b 0;
n n

the conditional Chebyshev’s inequality then gives that for all € > 0,

P{’}W—E<%\S”>‘>G\S”}W_O>bo_

n n

Taking expectations on the left of the previous inequality to remove the conditioning, and
again using , this time to replace the term E (W | S”) in the probability by

the constant C' := asp(b2)P {Bin(b2 — 1, p) = az} - p(b1)P {Bin(by — 1, p) = a1}, we obtain
that

P {‘Rblyb%al,aQ . C‘ > 6} -0,
n

as required. O
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Proof of Proposition . We may reexpress A" (k,¢) as
= 2 D Li@u)gussw)
a1,a220 uev(T(d™))
“ Ldn (u)=k+a1+1,c" (u)=a1]
: 1[d"(par(u))zﬂ—i—ag—‘rl,c”(par(u)):ag]

Y D paw=r(r(an)]

a1,a220 uev(T(dn))
-1 [d™(u)=k+a1,c™(u)=a1]
* Lan (par(u))=¢+az ™ (par(u))=az]

For fixed ay,az > 0, if we replace 1j.(7(an))g{u,par(u)}] PY Ljuzr(T(dn)) in the first double
sum, then the inner sum is simply Ri4q;+1,/4+as+1,a1,a0- It follows that

Ak )= Y Ritart1ttastianas

a1,a2>0
+ ) Z Lpar(u)=r(T(d"))]
a1,a220 uev(T(dn))
 Lian (w)y=k+a1,c" (u)=a1]
* Lian (par(u)=t+as.cn (par(u))=as]

- > Z 1[par(u>=r<T(dn>>}

a1,a2>0 uev(T
1[dn(u)=k+a1+1,cn(u)=a1]
" Lan (par(u))=t+az+1,c" (par(u))=az] -

But each of the last two double sums is bounded by ¢™(r(7'(d™))), since they both count
each child of the root at most once. Under the assumptions of Theorem by Fact
we have ¢"(r(T(d"))) < maxj<i<p, d"(i) = o(n'/?), so the preceding identity gives

A" (k é Z Rk+a1+1 l+az+1,a1,a2| — O(n1/2)'

ai,a2>0

Since

—1
n Rk+a1+1,€+a2+l,a1,a2

D0 1op(€+ az + 1)P {Bin(€ + az, p) = as} - p(k + a1 + 1)P {Bin(k + a1, p) = a1}

by Proposition and summing the right-hand side of the last expression over k,1 > 0
gives a(k,l), it follows that for any € > 0,

P {A"(k,1)/n > a(k,l) — €} — 1.

But also n~* > ko ANk D) = le(T(d"))| = (n—1)/n — 15 so since )y g alk,l) =1, we
must in fact have that -
An(k‘, l) prob

n

a(k,l)

for all k,1 > 0, as required.

It remains to show that n~! > ko KA (k1) — prob > ko kla(k,l). For this we will
exploit the exchangeability of Pitman’s additive coalescent. Recall the notation v(h) for
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the vertex incident to half-edge h. Note that for any M € N we have

DURIAME D)~ > KA D = Y d™ (w)d™ (V)L pnax(dr (u),dr (0)>M]
k>0 0<k,I<M uv€e(T™)

< Z dn(u)dn (’U)]-[max(d”(u),d"(v))>M}

uvee(T™)

= > d"(v(r))d" (0(55)) Lpmax(dn (o(rs)).dn (u(s0))) > M]-

Now, by Proposition (3) and the identity , for any 1 <4 <mn—1 we have
E (d"(v(r:))d"™ (v(5i)) L max(d® (v(r:)).dn (v(s:))) > M])
=E (d"(v(r1))d"™ (v(51)) L fmax(dn (v(r1)).d7 (o(s1))) > M]) »

and by the definition of Pitman’s additive coalescent we have

E (d"(v(ry))d" (v (81))1[max(d"(v(r1))d"(v(s1)))>M])
=) > A (w)d™ (0) L max(an (w).an () >mP {v(s1) = u,v(r1) = v}

u€[n] ven]

= > > d(w)d"(v) Lpmas(an (w).dn (0)> M) Tl _1
max(d”(u),d™ (v n — 1 9
ettt np(pt) n

where we have used that ;1 d" (i) = nui (p"). Next,

DD (@ (w)?d" (v) L max(an (u,dn (v)> M)

u€[n] ve[n]

< (( >oo@w?) Y ewm+( Y dw) Y (d"<u>>2) :

u€ln]:d™ (u)>M vE[n] vE[n]:d™(v)>M u€ln]
=nu(p")- Y (d"W)? + (Y)Y, d'(v).
u€[n]:dn(u)>M ve[n]:d™ (v)>M
Since p" — p, pw1(p") — wpi(p) and pa(pn) — pa(p), for any 6 > 0 we may choose M =
M () sufficiently large so that Zue[n]:d"(u)>M(dn(u))2 < 6nand 3 e panw)>a 4" (V) <
én, for all n > 1. For such M, the previous bound and the two identities which precede it
yield that

(Z KAk, 1) — ) kLA™K, 1) ) ( )(5nu1(pn) + dnua(p™)).

k>0 0<k,I<M

By Markov’s inequality, it follows that for all € > 0 there is M € N such that for all n € N,

{ZklA”kl > klA”kl)>en}<e

k>0 0<k,I<M

prob a(k,l), it follows that for all M € N we have

N kAR RS kla(k,l),

0<k,I<M 0<k,I<M

Finally, since n=1 A" (k, 1

~—

S|

so the preceding probability bound implies that
1 ro
= > kLA™K, 1) )2 fim kla(k,l) = > kla(k,1),

M —oc0
k>0 0<k,l<m k>0
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as required. O

APPENDIX B. PROOF OF THEOREM [4.1]

Let H be a simple graph with vertex set v(H) = [n], and let G be a random graph with
degree sequence d = (d(1),...,d(n)) sampled according to the configuration model. Recall
the definitions of L(G), M(G, H),N (G, H) and L(G),M(G,H),N(G, H) from Section
The first subsection will provide a quantitative approximation result for mixed moments
of L, M and N. In the second subsection, we will use this approximation to prove Theo-

rem (.11

B.1. Deterministic bounds on loops and multi-edges. Our arguments in this section
are based on and fairly closely parallel those from [19, Chapter 7]. We recall the falling
factorial notation (x)y = x(z —1)...(x — £+ 1). In what follows, it is convenient to define
()¢ =1if £ =0, and (x), =0if £ < 0.

Proposition B.1. Write m = 37 | d(i), and write dmax = max{d(1),...,d(n)}. For
any positive integers q,r,s € N,

(1£))q \M!) (IVDs
Hq+2r+s 1 ~1-9

E ((L)g(M)r(N)s) — < C(S1+ 52)

where C' is a constant depending only on q,r and s, S1 is defined by the following identity,

q+2r+s—1
s T1 m—1—20) =(£he (MDD, Y diw?
i=0 1<u<n
+ (1£Dg-1 (IMDr—1 (N >~ dlu
1<u#v<n
+ (1) g1 (IMDe(INDsr Y d(u)d(v
que(H)

+ (1LDg((MDr—2(Ns D0 d(w)d(v1)?d(v2)?

1<u#vi,v2<n

+ (1LDgIMDr—1(NDs1 Y d(u

que(H)

+ (LDGUIMD:(NDs—2 D d(w)d(v)d(v2),

uv,uve€e(H)

and Sy is defined by

q+2r+s—1—(2k—L) )

- (|£|)q(|N|)sZ M)r— k’zd?xfax H M —1— 2%
k=1

1=0

Proof. Throughout the proof, write
(x,y,2) = ((:El,...,xq),(yl,...,yr),(zl,...,ZS)) €LY x M x N*

to denote a generic element of £ x M" x N5, For (z,y,2) € LI x M" x N3, write

q T S
1 =1 =11 =11
=1 =1 =1
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We say (z,y,2) is non-repeating if x1,x9,...,z, are pairwise distinct, yi,y2,...,y, are
pairwise distinct, and z1, 23, ..., 25 are pairwise distinct. In what follows, write

-y

(z,y,2) ELIXMT XN
(z,y,2) is non-repeating

and, for S C L9 x M" x N, write

> >
S (z,y,2)ES
(z,y,2) is non-repeating

Note that (L)q(M)(N)s = > 111, so

E((L)(M);(N)s) = > P {111 =1} (16)

We say (z,y, z) is non-conflicting if the 2q + 4r + 2s half-edges appearing in z,y and
z are pairwise distinct, and otherwise we say (x,y, z) is conflicting. Since half-edges in G
are paired uniformly at random, for non-conflicting (x,y, z) we have

q+2r+s—1 1
Pligiyly=1t= I 5—— (17)
=0

Now, for a given (z,y, 2), let er(x,y, z) be defined as follows:

q+2r+s—1 1
er(z,y,2) =P {1111} —  [] 2m—1—2i
i=0

By (17), if (z,y, 2) is non-conflicting then er(z,y, z) = 0, so
q+2r4+s—1

E((L)g(M)r(N)s) = Z* H m + Z*er(x,y,z)
i=0
ULDq(MDr(INDs T

et Tlom —1—2i

er(z,y, z).

(z,y,2) is conflicting
By the triangle inequality this implies
(1£Dq(IM])r (IND)s

q+2r+s—1 92

B (L0 (N)2) ~ gty - | €

A

*

S el (8
(z,y,2) is conflicting
To bound the error terms, we must make a distinction between two types of conflicts. This
distinction is most easily understood by way of an example. On the one hand, suppose
r1 = (ui,uj1) and zg = (ui,ujz) for v € V(G) and distinct 4, j1,jo € [d(u)]. Then
1;;,11,) = 1 is the event that the half edge ui is joined to uj; and wjs simultaneously,
and P {1[171}1[@] = 1} = 0. On the other hand, suppose y; = (uiy,vj1), (uiz,vjs) and
y2 = (uiy,vj1), (uiz,vjs) for distinct u,v € V(G), distinct i1, 12,43 € [d(u)], and distinct
J1,32,33 € [d(v)]. Then 1p, 1, = 1 is the event that u and v are connected by a triple
edge, and P {1[y1]1[y2] = 1} > 0.

We say a conflicting triple (z,vy,2) is a bad conflict if P {1[1;}1[;/]1[4 =1} = 0, and
otherwise we say (z,y,z) is a good conflict. In the above examples, the first is a bad
conflict and the second is a good conflict. Let B = B(g,r,s) C L7 x M" x N* and
G = G(q,r,8) C L7 x M" x N* be the collections of bad conflicts and good conflicts
respectively. The rest of this proof is dedicated to bounding |B|, |G|, and er(z,y, z) for
(r,y,2) € BUG.

(Bounding |B|): If (z,y, z) is a bad conflict then one of the following must hold:
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(1) There exists 1 < a < b < ¢q, u € V(G) and distinct i1,42,i3 € [d(u)] such that
xq = (uir,uig) and xp = (uiy,uiz). Write By, for the set of (x,y,z) € B that
contain a pair (z,,zp) of this form.

(2) There exists 1 < a < ¢, 1 <b < r, distinct u,v € V(G), distinct i1, 12,43 € [d(u)],
and distinct j1,jo € [d(v)] such that x, = (uii,uis) and yp = (uiy, vj1), (uiz, vj2).
Write By, for the set of (x,y, 2) € B that contain a pair (z4,ys) of this form.

(3) Thereexists 1 <a<gq,1<b<s,uv € e(H), distinct i1, iz € [d(u)], and j € [d(v)]
such that x, = (uii,uiz) and 2z, = (ui1,vj). Write By, for the set of (z,y,2) € B
that contain a pair (x4, 2) of this form.

(4) There exists 1 < a < b < r, distinct u, vy, v2 € V(G), distinct i1, 12,13 € [d(u)], dis-
tinct j1, 72 € [d(v1)], and distinct k1, ko € [d(v2)] such that y, = (uir, v1j1), (uiz, v1j2)
and y, = (uir, v2k1), (uiz, vaka). Write By, for the set of (z,y,2) € B that contain
a pair (yq,yp) of this form.

(5) There exists 1 < a < r, 1 < b < s and distinct u,v;,v2 € V(G) such that
uvy € e(H), distinct 71,42 € [d(u)], distinct j1,j2 € [d(v1)], and k € [d(va)] such
that y, = (ui1,vij1), (wiz,v1j2) and 2z, = (uiy,vek). Write By, for the set of
(z,y,z) € B that contain a pair (y,, 25) of this form.

(6) There exists 1 < a < b < s, distinct uvy,uvy € e(H), i € [d(u)], j € [d(v1)], and
k € [d(v2)] such that z, = (ui,v1j) and z, = (ui,vak). Write B, for the set of
(x,y, z) € B that contain a pair (24, 2) of this form.

We next turn to bounding the sizes of each set, starting with B,,. The number of choices
for a and b is ¢(¢ — 1)/2. Having chosen these, for each possible choice of u € V(G), there
are less than d(u)? choices for i1,iy and i3. Then, having chosen these, we must choose
one of i1,io and i3 to be repeated in x, and xp. Lastly, we must choose the remaining
q — 2 entries for z, r entries for y, and s entries for z. Hence,

|Baal < (I€)g—2(IMD)r (N D)sala = 1)/2 ) 3d(w)’

1<u<n

u(IEDy 2 (MDD Y dl
1<u<n
where C1 = C1(q) = 3q(q — 1)/2. Note that B,, is empty if ¢ < 1, so [Byz| = 0. In this
case the right hand side is also zero by our convention that (k); = 0 for £ < 0. Therefore,
the bound also holds for ¢ < 1. The subsequent bounds can likewise be seen to hold when
the right hand side is zero, though we do not explicitly verify this in every case.

When building an element of B,,, the number of ways to choose a and b is ¢gr. Having
chosen these, for each pair u,v € V(G), there are less than d(u)3d(v)? choices for i1, ig, i3 €
[d(w)] and ji,j2 € [d(v)]. Then, there are a constant number of ways to arrange the half-
edges in x, and y,. Lastly, we must choose the remaining entries for x y and z. Hence,

[Buyl < Co(IL)g-1 (M) (VD)5 D d(u)’d(v
1<u#v<n
where Cs depends only on ¢ and r.
For an element of B, for each uv € e(H), there are less than d(u)?d(v) ways to choose
i1,72 € [d(u)] and j € [d(v)]. Hence,
1Bzl < C3(I£) g1 (MD-(NDsr D d(w)’d(v
que(H)
For By, for each u,vi,vs € V(G), there are less than d(u)3d(v1)%d(v2)? ways to choose
i1,12,13 € [d(w)], 71,72 € [d(v1)], and ki, ko € [d(v2)]. Hence,

[Byyl < Ca(ILDg(IMD)r—2(N s > d(w)*d(v1)?d(v2)?.

1<u#v1 #va<n
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For By, for each u, v1,v2 € V(G) such that uvy € e(H), there are less than d(u)?d(vy)?d(ve)
ways to choose 41,12 € [d(u)], ji,j2 € [d(v1)], and k € [d(v2)]. Hence,

1Bya| < C5(ILD(IMDr—1(IWDsm1 D d(u)*d(v1)?d(v2).
1<u#v] #vg<n
uvg€e(H)

Lastly, for B,,, for each uvy, uve € e(H), there are less than d(u)d(v1)d(v2) ways to choose
i € [d(u)], j € [d(v1)] and k € [d(v2)]. Hence,

1Ba:| < Co(ILDgIMDr (N Ds—z D d(w)d(vi)d(v2).

uvy,uve€e(H)

Note that the values of C1, Csy, Cs, Cy, C5 and Cg depend only on ¢, and s.

(Bounding ler(z,y, 2)| for (x,y,z) € B): If (x,y,2z) € B then P {111, =1} = 0,
meaning

q+2r+s—1 1
— - 1
|er(w7y7’z)‘ 7l:]IO 2m_ 1_2Z ( 9)

(Bounding |G|): Suppose (z,y,z) € G. Then (z,y,2) is conflicting, meaning a half-edge
appears more than once in z Uy U z. However, since P {lml[y]l[z}} > 0 for (z,y,2) € G,
it cannot be the case where 11;)11,,1,) contains the event that a half-edge is paired to two
different half-edges simultaneously. Hence, there must be a half-edge pair that appears
more than once in = Uy U z. Furthermore, this half-edge pair must appear more than
once in y, since the edges in y and z are disjoint. It follows that any (z,y,z) € G can be
constructed in the following way:

(1) Choose z and z arbitrarily. The number of choices here is (|£])q(JNV])s.

(2) Choose a set of indices 1 < a1 < ag < --- < ax < r and arbitrarily choose the
elements y, € y such that a # a; for all 1 < i < k. The number of choices here is
(IM|);— times a constant in terms of r.

(3) Choose 1 < by < --- < by < r such that {by,...,b;} C {a1,...,ar}. For each
1 <4 < ¢, build yp, by choosing a half-edge pair already in y, then choosing the
other half-edge pair arbitrarily. The number of choices for each i is less than d2, .
times a constant in terms of r.

(4) For each a € {ay,...,ax} \ {b1...,be}, build y, by choosing two half-edge pairs
already in y. The number of choices here is a constant in terms of r.

Since every element of G can be constructed in this way, we get

r—1
1G] < Cr)(ILDa(INT)s Y ( \M!)r_kzdffax
k=1 £=0

(Bounding er(z,y,z) for (z,y,z) € G): Let (z,y,2z) € G and suppose we can construct
(x,y, z) as above with a particular k and ¢. Then there are 2k — ¢ half-edge pairs that are
redundant when calculating P {1[111[1/ 2] = 1} Hence,

q+2r+s—1—(2k—0) )

P{lpglyly =1} = 11 a1
=0
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Therefore, for such (z,y,z2) € G,

g+ 2r+s—1 ) q+2r+s—1—(2k—0) 1
@yl =] Il 5=~ I si—w
=0 =0
q+2r+s—1—(2k—2) 1
_ 1 20
= 11 2m — 1 — 2i (20)

i=0
Finally, by , we know that

ULDIMDNDs | < S~ tera g e 3 fer(mnp )],

E ((L)g(M)r(N)s) = =575 1 | <
JEak o2m —1—2i (gD eB (oG

from which the result now follows by using the bounds on |Byz|, |Bay/|, |Bez|, | Byyl, |Byz|, |Bz=|
and on |G|, together with and O

B.2. The probability of simplicity for a random superposition of graphs. Before
proving Theorem [4.1], it will be useful to show some auxiliary bounds.

Lemma B.2. Under the assumptions of Theorem [{.1], we have

> d'(w) = O(n), .
vE[n]
> (@ @) = 0fm), -
ve[n}
S wd(v) = Ofm), -
uvee(hn)
and
sup Y d"(v) =o(n), <24)
u€ln] viuvee(hn)

Proof. Equations and follow from the fact that ui(p™) — pi(p) < oo and
w2 (p™) — p2(p) < oo. Indeed, we have

> d' ) =n) kp'(k) = nm(p") = O(n),
vEn] k>1
and
Do @) =n)_ kp"(k) = np2(p") = O(n).
vE[n] k>1

Equation follows from the convergence of 3, ., ija™(i, j). Notice that, by the
definition of o', -

Y dwdi) =Y > ij | = ijna(i, ).

uvee(hy) 1,721 \uwvee(hn):d™(uw)=i,d"(v)=j i,5>1

Hence,

(e

1
Lo o
0,2 PEOPE) S 3 i) <o

implying that
> dMw)d"(v) = O(n).
uvee(hy)
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We will prove the fourth bound by contradiction. To this end, suppose fails. Then
we can find ¢ > 0 and a sequence of vertices (u,,n > 1) with u,, € v(h,) such that for all
n sufficiently large,

Z d"(v) > cn. (25)

viunveEe(hn)
Write deg(uy,) = degy, (u,) and list the neighbours of u,, in hy, as Ny, (un) = {v7, ... ,vgeg(u")}
so that d™(v}') > d"(vf,) for all 1 <i < deg(un).
Next, fix D € N and let k = k(n) = max{i : d"(v]') > D}. Then

deg(un)

> dMw)) < (deg(un) — k)(D — 1) = o(n),

i=k+1
the last bound holding since deg(u,) = o(n) by assumption. Thus,

deg(un)

Yoo A= ) d'v
viupvee(hn) i=1
k
2

7

= (v) —o(n)
v: unvee(hn)
C

the last bound holding by @ Since D € N was arbitrary, it follows that

Z d"(v Z d"(v)? = w(n),

v€E[n] viunvee(hn)
contradicting . O

The next lemma is the last ingredient needed, and also assumes p(0) +p(1) < 1, i.e. an
asymptotically non-zero proportion of the degrees in G,, are 2 or greater. We will show
later that Theorem |4.1|is straightforward when p(0) + p(1) = 1.

v

&)
d" v)

Y

Lemma B.3. Suppose that p(0) + p(1) < 1. Then
|£(Gn)| = ©(n), (26)

and

|IM(Gr, h)| = @(TLQ), (27)

Proof. Let L, = L(G,), My, = M(Gyp, hy), and N, = N(G, hy,). By their definitions, we
have

|£n‘ = Z dn(v) (d;(v) — 1), and
vE[n]

M= Y P ) ) - 1),

2
{u<v:uvée(hn)}
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For the upper bounds, by Lemma, we have
d"(v) (d"(v) — 1) o2
Lol = 5 < Y d"(v)>=0(n), and

v€[n] vE[n]

2
{u<viuvée(hn)}

For the lower bounds, first notice that

)= Y MO

vE(n]

d"(v) (d"(v) — 1
- ¥ ()(;) )

vE€[n]:d™(v)>1
> |{v € [n] : d"(v) > 1}|
=n(l—p"(0) = p"(1))
Since p"(0)+p"(1) = p(0)+p(1) < 1 by assumption, this implies [{v € [n] : d"*(v) > 1}| =
©(n), and so
|Ln| > {v € [n]: d"(v) > 1}| = O(n).
Similarly, we have
(Ma| = [{(u,v) 1 u < v,uv ¢ e(hy) and d"(u),d"(v) > 1}|.
Notice also that since |e(hy)| = o(n?), we have
[{(u,v) 1 u < v,uv ¢ e(hy) and d"(u),d"(v) > 1}|
={(u,v) 1 u <v,d"(u),d"(v) > 1}| — o(n?),
and writing k = k(n) = [{v € [n] : d"(v) > 1}|, we have

{(u,v) 1 u < v,d"(u),d"(v) > 1}| = (S) = 0(k?) = 0(n?),

and hence, |M,| = O(n?). O

Proof of Theorem[[.1. Let m = m(n) = %Eve[n] d™(v), and let ¢,r and s be positive
integers. Also, in what follows write dJ},,, = maxj<i<, d"(i); by Fact we know that
d&ax - 0( 1/2)'

Assume for the time being that p(0) + p(1) < 1 and that n > 0. Notice that when n > 0
and p;(p) > 0 we have

Mol _ LS aryar (o) = 3 dja(0.5) + Y iga(ing) = mp)n > 0.
que(hn) 1,521 1,521

meaning [N,| = O(n).
We first claim that
OﬁD(M4DAMM%

E ((Ln)q(Mn)r(Nn)S) Hq+2r+s Tom — 1 — 22'(1 +0(1)).
From Proposition we know that
m@@M@MMM%ngﬁybﬂMm;ga&+&%

ot 2m — 1 — 2
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where 57 is defined by the relationship

q+2r4+s—1

Si- I @m-1-2i)

=0
= (I€n])g-2((Mal)r (INa])s D (d"(v))?

vE[n]

+ (1Lal)g-1 (M1 (Nal)s - D (d"(w)*(d"(v))?

1<u#v<n

+ (1Lal)g-1((MaDr(Nalsor Y (d(w))?d"(v)

uvee(hn)

+ (Lo MaDr—2(Nal)s D (d"(w)*(d"(v1))*(d" (v2))?

1<u#v1,v2<n

+(1Lag([MaDr-1(Nal)s-1 Y (@ (w))*(d"(v))?

uvee(hn)

+(Lalg(IMal)r(Wal)s—2 Y0 d"(u)d"(v1)d" (v2),

uvy,uvz€e(hy)

and Sy is defined by

r—1 q+2r+s—1—(2k—¢) 1

k
Sy = (’En‘)q(‘Nn’)s Z(‘Mnnrka(d&ax) H m;
=0

k=1 i=0
recall that we set (k)y = 0 if £ < 0. We now show that

51:()( (1aDg (M) (WD, > - 52:o< (£ Dg (Mol (NG, ) o

Hq+27‘+s 1( 1 21) Hq—l—?r—l—s 1( 1 21)

We will start by bounding S;. Since |Ly|, |[My|, |[Na| — 00 as n — oo, to prove the first
bound in it suffices to establish the following bounds:

Y (d'()? = o(|Lal),

vE[n]
Yo (@) (d"(©))* = of|Lal[Ma),
1<u#v<n
D (@ (w)?d"(v) = o(| LN, (29)
uve€e(hn)

Yo (@ (W) (0)A(d"(v2))* = o | Mnl),

1<u#vy,v2<n

Y (@) (v))° = o|Mu|[N]), and

uvee(hn)

Yo dMwd(v)d" (v2) = o([NL?).

uvy,uvz€e(hn)

Using Lemmas - B.2[ and [B.3 . together with the fact that d”,, = o(n'/?), we get the
following results:

D (@) < i Y (d'(0))? = 0(n'/?) - O(n) = o(n®) = o(|La]?),

v€[n] vE[n]
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Y (@A) Sdpae Y (d(w)*(d"(v))?

1<u#v<n 1<u#v<n
2
< dinax (Z (d"(v))Q) = o(n*) = o(|Ls||Mal),
vE(n]
Yo ([@W)d () Sdiax Y dM(w)d"(v) = diaxNa| = o(|Lal[Nal),
uvee(hn) uvee(hn)
Do @@ @)@ (0)? Sdiax Y (@ (w)(d (01)*(d"(v2))?
1<uz#v1,v2<n 1<us#vi,v2a<n
n 3
< dnax (Z (d”(v))Q) = o(n") = o(|Ma|?),
vE[n]
Do @) w)? < ()’ Y dM(w)d"(v) = o(n®?)No| = o(| My |ING),
uvee(hy) uvee(hn)
and
> d'(wd (v)d (v2) = Y d(w)d( > d'(w)
uvy,uv2€e(hn) uvee(hn) wuwee(hn)
Z d"(u)d"(v) - | sup Z d"(w)
uvee(hn) u€[n] wuwee(hy)
= [Nl - o(n)
= o(|Na?),
the last bound holding as N;,, = ©O(n).
To prove the bound on S from , first notice that
r—1 k q+2r+s—1—(2k—2) 1
SRR SIS B | R T

q+2r+s—1—(2k—¢)

_ (I£aD)g <wn\>s = LN 1
Hq+s Tom —1—9 ;(M’ﬂ‘)rk ;O(dmax> H om—1— 92

qts

Hence, it suffices to show the following:

12t s—1—(2k—0)
Z M) Z . 11 1 _ (M |)r
e r—k max o — 1 — 2Z Hq+2r+s 1 19 .

g+s q+s

Since r is fixed, we need only show that for arbitrary k € [1,7 — 1] and ¢ € [0, k],
q+2r+s—1—(2k—2)

(‘MNDT*k(dgax)% H

q+s

1 Y (M)
2m —1—2i [1E2 " om — 1 — 2

By cancelling out some terms, this follows if we can show that

" Mp|—(r—k
@ ) =0 (Hq“(”‘*s*' (r = k) )

gt2rts—(2k—p) 2 — 1 =21
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Now since m = O(n), |M,| = ©(n?), and r is a constant, this in turn holds, provided that

. n2k
(dmax) =0 <an_g>

o).

which holds since d?,, = o(n'/?).

Therefore, "
| ULnDg(IMnl)r([Nn])s
Sl+S2_O<Hq+2r+s 1 m—1— 2 )

which proves that
(I£n])q(IMn !)r(!/\fnl)s

Hq+2r+s 1 —1-9
Furthermore, since ¢,r and s are fixed, we obtain that
(1£n])q(IMy, !)r(Wnl)s
Hq+2r+s 1 —1-9

L] Mpy N’n s
= e (L o)

E ((Ln)q(My)r(Nn)s) = (1+0(1)).

T

_ IS M, NG >81+01
(ZUE[TL} dn(”)) (ZUE[n} dn(v)>2 (ZUE[TL} dn(v) ( ( ))

Next, we claim that

Ll M : A
= v/, — vo/4, and =—————~ — 1.
> vefn) 4"(v) (Zve[n] dn(v)>2 > vefn) 4" (V)
For the first of these three claims, we have
Lol _ 3 e T OEW) 1) 1 Zaepu (@ (0)) ~ Xl (V)
Dvep (W) > vefn 4" (V) 2 Zue[n] d™(v)
% ( )> — v/2.
For the second, we have
(M|
2
(Zve[n} dn(v))
_ % z{u<v:uv¢e(hn)} dn(u) (dn(u) - 1) dn(v) (dn(v) - 1)
(Eve[n] dn(v))2
2
= . ( {Z d™ () (d"( )] =D @ (w) (@ (v) = )
4 (Eve[n] dn(’l))) vE(n] vE[n]

— > d™(u) (d( 1)d"(v)(d”(v)—1)>.

uvee(hn)
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The second and third terms vanish in the limit since p;(p) > 0 and so

vE(n]

and

DA w) (@ (v) = D < (dpa)® D (@ (1)) = (diax) *np12(p") = o(n?),

v€[n] vE[n]
and

> dw) (@ (w) = 1) d*(v) (d"(v) = 1) < (dpay)® Y d™(u
uvee(hn) uv€e(hn)
= (dfhax) Nl
= o(n?).
Therefore,
[Soepm @) (@) ~1)]°
Mol L1l (1 +0(1)
(Zoep @) (Zoep @)
1 (p2(p) — pa(p))
4 ()’
=1?/4.
For the third claim, we have
’Nn| - Zuvee(hn) dn(u)dn(v) . Zi,jZl Zjan(lvj)
> e 4"(V) a > vefn 4" (V) B pa (p™)
Zi,jy ija(i, j) .
mp)
Therefore,
HILH;OE((Ln)q(Mn)T(Nn)S)
~ Jim I%qﬂQ'L(MlA DD (1 1 o) (30)

T

. g, ) M| AN
= lim —_ 1+ o0(1
oo (Zvew d”(”)> (Socp )’ <Zvew d"(”)> et
= (v/2)7 (V2/4)" ()°.

It then follows, by Theorem 2.6 of [19], that the random variables L, M,, and N,, converge
to independent Poisson random variables with parameters v/2,1%/4 and 7 respectively.
This proves the theorem in the case that p(0) + p(1) < 1 and n > 0.

Lastly we will deal with the cases that arise if p(0) 4+ p(1) = 1 or if n = 0. First, if n =0
then limy, o0 2, 551 1704, 5) = 32, j5q djai, j) = 0 Recall that for any two half-edges

wi and vj with u,v € [n], i € [d"(u)] and j € [d"(v)], P {105} = 52—5. So by ,
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since m = m(n) = nu1(p")/2 = O(n), we have that
Zuvee(hn) dn(u)dn(v)

E (Nn) = Z Z Z P {1iug} = m— 1

uv€e(hy) i€[d™(u)] j€[d™(v)]

n

- > ija"(i, 5) = o(1).

4,521

2m —

Hence, lim, o E (V) = 0. In this case, if p(0) + p(1) < 1 then a reprise of the argument
leading to gives that for all ¢,r > 1,

Jim B ((Ln)g(Ma)r) = (v/2)702/4)",

and therefore that L, and M, converge to independent Poisson random variables with
parameters /2 and 12 /4 respectively.

Lastly, we deal with the case when p(0) +p(1) = 1; In this case, ua(p) = pu1(p), so v = 0.
Furthermore,

%Zve[n] dn(v)(dn<v) - 1) . n
2m —1 C4dm -2
Since pa(p™) — p1(p™) — pa(p) — pi(p) = 0, we get that lim, oo E(L,) = 0, and an

analogous argument shows that lim,_,~ E (M,,) = 0. In this case, another reprise of the
argument leading to gives that for all s > 1,

lim E ((Ny)s) =17,

n—oo

E(L,) = (n2(p") — pa(p™))-

so N, is asymptotically Poisson(n) distributed. O
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