ON SMALL GAPS IN THE LENGTH SPECTRUM
DMITRY DOLGOPYAT AND DMITRY JAKOBSON

ABSTRACT. We discuss upper and lower bounds for the size of
gaps in the length spectrum of negatively curved manifolds. For
manifolds with algebraic generators for the fundamental group, we
establish the existence of exponential lower bounds for the gaps.
On the other hand, we show that the existence of arbitrary small
gaps is topologically generic: this is established both for surfaces
of constant negative curvature (Theorem , and for the space
of negatively curved metrics (Theorem . While arbitrary small
gaps are topologically generic, it is plausible that the gaps are not
too small for almost every metric. One result in this direction is
presented in Section 5.

1. INTRODUCTION: GEODESIC LENGTH SEPARATION IN NEGATIVE
CURVATURE

On negatively curved manifolds, the number of closed geodesics of
length < T' grows exponentially in 7. (We refer the reader to [Mar(04,
P-Pl, [P-S] for a comprehensive discussion about the growth and distri-
bution of closed geodesics).

The abundance of closed geodesics leads to the natural question
about the sizes of gaps in the length spectrum. In the current note
we present a number of results related to this question. In some sit-
uations we are able to control the gaps from below, while in other we
show that such control is not possible in general.

We note that a presence of exponentially large multiplicities in the
length spectrum of a Riemannian manifold (which can be considered
as a limiting case of small gaps) changes the level spacings distribution
of Laplace eigenvalues on that manifold, see e.g. [L-S].

For generic Riemannian metrics, the length spectrum is simple [Abr,
A2), so for any closed geodesic v, only 7! will have the same length.
So, by the Dirichlet box principle, there exist exponentially small gaps
between the lengths of different geodesics.
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2 D. DOLGOPYAT AND D. JAKOBSON

Accordingly, it seems interesting to investigate manifolds where the
gaps between the lengths of different geodesics have exponential lower
bound: there exist constants C, > 0, such that for any l; # [y €
Lsp(M) (length spectrum of the negatively curved manifold M), we
have

(1.1) o — 1y| > CePmax(niz),

This assumption is satisfied for arithmetic hyperbolic groups by the
trace separation criterion (cf. [Tak] and [Hej, §18]). In Section[2 we ex-
plain (see Theorem [2.6) why the assumption holds for hyperbolic
manifolds whose fundamental group has algebraic elements.

In particular, the surfaces satisfying form a dense set in the
corresponding Teichmuller space. On the other hand the existence of
arbitrary small gaps is topologically generic as is shown in Theorem |3.1
for surfaces of constant negative curvature and in Theorem for the
space of negatively curved metrics endowed with C"-topology, for any
r > 0.

While arbitrary small gaps are topologically generic, it is plausible
that the gaps are not too small for almost every metric. One result
in this direction is presented in Section [5| there we obtain an explicit
lower bound for the gaps valid for almost every hyperbolic surface.

Length separation between closed geodesics is relevant for the study
of wave trace formulas on negatively-curved manifolds: to accurately
study contributions from exponentially many closed geodesics to the
wave trace formula, it is necessary to separate contributions from geodesics
which differ either on the length axis, or in phase space. We remark
that a suitable version of always holds in phase space: small tubu-
lar neighbourhoods of closed geodesics in phase space are disjoint, as
shown in [JPT]. Since there exist metrics for which the size of the
length gaps cannot be controlled (Theorem [4.1)), the authors in [JPT]
established microlocal wave trace formula, and used the separation of
closed trajectories in phase space in the proof.

2. DIOPHANTINE RESULTS FOR HYPERBOLIC MANIFOLDS.

2.1. Distances between algebraic numbers. In this section we
consider gaps in the length spectrum for manifolds whose fundamental
group admits algebraic generators. But first we provide a few general
results about the algebraic numbers.
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Lemma 2.1. If a is a oot of P(x) = 2P +ap_12P~t +--- + aq then
|l

(122 sl

Proof. Let «; be the roots of P counted with multiplicities. We claim
that [a;| < R:=1+3_,|a;[. Indeed if [z| > R then since R > 1 we get

ol >

D-1-

D-1 D-1
P> = S ot P (1= S ) 0.
=0 =0
The result follows since [ o] = [ao|- O

Given a field K which is an extension of Q of degree d let (L, N, p)

be the set of all elements of K of the form % where 8 € O and for

each automorphism o; of K we have |0;(8)| < L.

Lemma 2.2. If0 # o € H(L, N,p) then
1
Ld—le.
d
Proof. Indeed |B8|L? > 1 because H lo;(8)] > 1. O

j=1
Let J(L, N,p, D) be the set of numbers which satisfy
o +ap @M+ tap=0
where £ < D and a; € H(L, N, p).

Corollary 2.3. If0# « € 3(L,N,p, D) then
o] > 1
~ L“INP(DL + 1)P-1
Proof. Since a # 0 we can assume after possibly reducing the degree

of the polynomial that ay # 0. Then the result follows by combining
Lemmas 2.1l and 2.2 O

Proposition 2.4. (see e.g. [vW| Section 5.8]) There exists constants
C' and q such that if ay, a9 € J(L, N,p, D) then oy + ag and o — ag
are in IJ(CLY, N, pq, D?).

Combining Proposition [2.4] with Corollary [2.3] we obtain

Corollary 2.5. If ay,a9 € J(L, N, p,d) then either ay = ag or
c
—ag| 2 [ald=1) N'pa [ D?"

o] =

|
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2.2. Manifolds with algebraic generators of 7. We now formu-
late the main result of this section.

Theorem 2.6. Let X be a hyperbolic manifold such that the generators
of m(X) belong to PSO,,1(Q). Then (1.1)) holds.

We remark that in dimension 2 groups satisfying the assumptions of
Theorem form a dense set in the corresponding Teichmuller space
T,. This can be established, for example, by the arguments of Section [5|

If n > 3 then |G-R, Theorem 0.11] building on earlier results of of
Selberg [Sel] and Mostow ([Most]) shows the conditions of Theorem
2.0 are satisfied for all finite volume hyperbolic manifolds. Hence we
obtain

Corollary 2.7. (1.1) holds for finite volume hyperbolic manifolds of
dimension n > 3.

The proof of Theorem is similar to the proof of Proposition 3 in
[GIS], where it is shown that the rotation matrices in SU(2) N M5(Q)
satisfy the Diophantine condition defined in [GJS]. Related results
for other Lie groups were established in [ABRS, Brill Var|. Related

questions were also discussed in [Glu].

2.3. Proof of Theorem 2.6l

Proof. Let v and ~, be two closed geodesics. Let [; be the length of
v, W; be the word fixing v;, B; be the matrix corresponding to W,
m; be the word length of W; and r; = [;/2. To establish it suffices
to show that

(28) ‘6” _ €T2| > C«e—émax(m,rz).

Without a loss of generality we assume that m; > 1. By ([Milnl
Lemma 2]) we know that

Slo) if trivial unless m; and my are comparable. Let us assume to
fix our ideas that ms > m;. By assumption there is a finite extension
K of Q and numbers L and N such that all entries of the generators
belong to $(L, N, 1). Accordingly the entries of B; belong to

H((L(n+1))™ N,m;).

Closed geodesics on X correspond to lozodromic elements of m(X) C
PSO,,; (also called boosts) that that fix no points in H" and fix two
points in OH". It is shown in the proof of [F-LJ, Thm. 1.5.1] that B;

has precisely two positive real eigenvalues oy ; = €7 and a9 ; = e7'7;
J J ,
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all other eigenvalues of B; have modulus one. Since the coefficients of
the characteristic polynomial of B; are the sums of minors we have

e € I((Lin + 1)) ™ (n 4 1)1 N, mj(n + 1)).

Reducing to the common denominator we see that both e™ and e™
belong to

J((L(n + 1))trtmz Nme=mi (4 1)1 N, my(n + 1)).
Now ([2.8]) follows by Corollary and ([2.9). O

Remark 2.10. In dimension two the proof can be simplified slightly
by remarking that 2cosh(l;/2) = trB; € K. An alternative proof of
Theorem could proceed by using explicit formulas for the lengths
of closed geodesics on hyperbolic manifolds (see e.g. [P-R], (3), p. 246])
and the estimates for linear forms in logarithms (see e.g. [B-W, Chapter
2]). The proof we give is more elementary, using only basic facts about
algebraic numbers and matrix eigenvalues; and fairly concrete.

3. SMALL GAPS FOR SURFACE OF CONSTANT NEGATIVE
CURVATURE.

Let
Gg == {(Al, e Agg) c (SLQ(R))29 . [Al, AQ][A3, A4] oo [Agg_l, Agg] = ]}
Theorem 3.1. The set of tuples (A1, Az ... Ayy) € G, where fails

15 topologically generic.

Proof. Let 74 denote the closed geodesic whose lift to the fundamental
cover joins ¢ and Aq. Let L denote the length spectrum of the geodesics
~v4 where A belongs to a subgroup generated by A; and A,. Note that
for a dense set of tuples it holds that for each ¢ there exists L such
that for [ > L the set [[,1 + ] intersects L. One way to see this is to
consider the geodesics v A A Their length have asymptotics

li(Ah AQ)k?)\l + m/\g

where eV is the leading eigenvalue of A;. Note that for typical A;, A
we have k(A;, Ag) # 0 and \; and Ay are non commensurable. Con-
sider a geodesic y = ya 4y where n is very large. By the foregoing
discussion there exists [ € L such that |l — Ls| < §. Now consider the

perturbations of Az of the form As(n) = ( [1) 717 ) As. Assume that
a b

A3AT = ( ¢ d ) . After applying a small perturbation if necessary
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we can assume that all entries of this matrix have the same order as
its trace. Then

tr(As(n) A7) = tr(AzAY) + e,

so by a small perturbation we can make L. Ag(man B close to [ as we
1

wish. Now the result follows by a standard Baire category argument

(cf. Section ). O

4. CONSTRUCTING METRICS WITH SMALL GAPS IN THE LENGTH
SPECTRUM

This section is devoted to the proof of the following fact.

Theorem 4.1. For any r > 3 for any negatively-curved C" metric
g, for any function F(t) (which we assume is monotone and fast de-
creasing), and a number § > 0, there exists a metric g, such that
15 — gllcr < § and there exists an infinite sequence of pairs of closed
g-geodesics V1 4, Va,; with Lg(y;;) — 00 as j — oo, and

(4.2) |Lg(71.5) — Lg(hey)| < min{F(Lg(71,5)), F'(Lg(r2,4))}-

This shows that, in general, one cannot obtain good lower bounds
for gaps in the length spectrum for a C" open set of negatively curved
metrics.

Theorem follows from the lemma below by a standard Baire
category argument.

Lemma 4.3. Given a metric g and numbers L and ¢ there is a metric
g such that ||g— g||cr < 6 and there are two g-geodesics v1 and o such
that

Lg(m) = Lg(y2) > L.
We also need the following fact

Lemma 4.4. Let g and g be two negatively curved metrics such that
llg — Glloo < 0 and v and 7 be two closed geodesics for g and g respec-

tively of lengths L and L. If v and & are homotopic then

Proof. Recall that for negatively curved there exists a unique geodesic
in each homotopy class and this geodesic is length minimizing. The
second inequality follows since the length of v with respect to g is at
most L(1 + ) and 7 is shorter. The first inequality follows from the
second by interchanging the roles of g and g. O
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Proof of Theorem[{.1. We claim that given metric g and numbers k €
N and 6 > 0 there exists a metric g such that ||g — g||cr < ¢ and for
each j = 1...k there are geodesics 7, ;,72,; such that

(4.5) Lg(vig) > 3, |Lg(n4) = Lg(r)| < F(max(Lg(1), Lg(r2,4)))-
It follows that the space of metrics satisfying is topologically
generic and hence dense.

It remains to construct g satisfying .

By Lemma we can find g; such that ||g — g1]|cr < & and there
are two geodesics 71,1 and s such that

Lg, (7i1) > 1 and Ly, (115) = Lg, (72,5)-
For j > 1 we apply Lemma [£.3] to find g; such that

. (0 i1 F(Lg(yy))+1)
lg; — gj-1llcr < min (E’ T L ()20

and there are two geodesics 7, j,v2,; such that
ng (71,]') = ng (’727j) > ]
Then g satisfies the required properties since, by Lemma [£.4] the

lengths of g;; have changed by less than F(Ly,(71,)+1)/2 in the process
of making consecutive inductive steps. O

Remark 4.6. In particular if we continue the above procedure for the
infinite number of steps then the limiting metric will satisfy the condi-
tions of Theorem [4.1]

The proof of Lemma relies on two facts. If v is a closed geodesic
let v, denote the invariant measure for the geodesic flow supported on
v. Let h denote the topological entropy of the geodesic flow. Let p
denote the Bowen-Margulis measure. Recall [P-P] that p the measure
of maximal entropy for the geodesic flow. It has a full support in the
unit tangent bundle SM.

Lemma 4.7. [P-P| Theorem 6.9 and Proposition 7.2] Lhe™t" > ()<L Y
converges as L — oo to p.

Lemma 4.8. For each qy € M there exists € such that for each L there
is periodic geodesic vy such that L(y) > L and 7 does not visit an e
netghborhood of qq.

Proof of Lemma[/.3 Pick a small § and large L. By Lemma there
exists a closed geodesic y; such that Ly(v1) > L and d(q(7(t)), qo) > €).
Let 7, be a closed geodesic such that L,(v1) < Ly(72) < Ly(y) + 6
and 7 spends at least time p(B(qo,€/2)/2Ly(71) inside B(qo,e/2) (the
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existence of such a geodesic follows from Lemma . Take g" =
(1—nz(q))g where z(q) = 1 on B(qo,¢/2) and z(q) = 0 outside B(qo, €).
We can choose z so that ||z||cr = O (7). Then ||g—§"||cr = O(n/e").
Let 4 be the closed geodesic for §7 homotopic to ;. Note that 77 is a
geodesic of §" for each n and L (v1) = Ly(71). Also

(B(g0,€/2)Ly(71)n
5 .

Accordingly there exists n < Wia/?)) such that Lz (7)) = Lgn(72)

as claimed. OJ

Ly (3) < Lyn(v2) < Ly(y1) + 6 — &

In the proof of Lemma {4.8 we need several facts about the dynamics
of the geodesic flow which we call ¢;. Recall [Al] that ¢; is uniformly
hyperbolic. In particular, there is a cone field K(z) and A > 0 such
that for u € K, ||do:(u)|| > e*||u||. Moreover the cone field K can be
chosen in such a way that if x = (¢,v) and v = (dq, 0v) € K(x) then

(4.9) 16q]| > cljav]| and £(3g,v) = 7

We call a curve o unstable if ¢ € . By the foregoing discussion if o is
un unstable curve then the length of the projection of ¢;(c) on M is

longer than ce.

Proof of Lemma[].8 We first show how to construct a not necessary
closed geodesic avoiding B(qo, €) and then upgrade the result to get the
existence of a closed geodesics.

The first part of the argument is similar to [B-S, [D]. Pick a small
rk > 0. Take an unstable curve ¢ of small length k. We show that
if k and e are sufficiently small then o contains a point such that
the corresponding geodesic avoids B(qo,¢). Let 77 be a number such
that |¢r,(0)] = 1 where ¢ denotes the geodesic flow. Note that 77 =
O(]Ink|). Also observe that due to there exists a number ry such
that if & is an unstable curve and = € & is such that d(q(z),q) < ¢
then for all y € ¢ such that Ce < d(y,x) < o we have

d(q(¢:y), @) > ¢

for |t| < ro where d denotes the distance in the phase space (just take
ro much smaller than the injectivity radius of ¢).
Thus the set

{y € o1, (0) : d(q(9—1y), qo) < € for some 0 <t < T}

is a union of O(|In k| /ry) components of length O(e/k*) for some a > 0.
Therefore if K < 1 and ¢ < k then the average distance between the
components is much larger than . So we can find o1 C ¢p,0 such that
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lo1| = &, and if y € oy then d(q(¢_1y),q0) > € for each 0 < t < T7.
Take T3 such that |¢pr,01| = 1. Then we can find oy C ¢r,09 such that
loa| = kK, and if y € o then d(q(¢p_1y), qo) > € for each 0 <t < Tp. We
continue this procedure inductively to construct arcs o; for all j € N.
Taking

o
v = (botrsmsny
j=1

we obtain a geodesic avoiding B(qo, €). To complete the proof we need

Lemma 4.10. (Anosov Closing Lemma) (see [H-K| Section 18]) Given
n > 0 there exists 6 > 0 such that if for some tq,ts such that |ty —t1] is
sufficiently large we have d(y(t1),v(t2) <  then there exists a closed
geodesic y such that |L(¥) — |ta — t1]| < n and for each t € [ty,ts] there
exists s such that d(y(t),5(s)) < n.

Take ¢ corresponding to n = ¢/2. Consider points y(jL) where

j = 1...K. By pigeonhole principle if K is sufficiently large we can
find jy, 72 such that d(y(ji1L),v(j2L)) < § and so there exists a closed
geodesic 7 avoiding B(qo,£/2). Since ¢ is arbitrary, Lemma [4.§] follows.
U]

Suppose now that dim(M) = 2. Let H,(M) denote the space of
C" metrics with positive topological entropy. This set is C" open ([K])
and dense. (If genus(M) > 2 then every metric has positive topological
entropy [K|. For torus the density of #H,(M) follows from [Ban| and
for sphere it follows from [K-W]).

Theorem 4.11. The set of metrics satisfying (4.2)) is topologically
generic in H(M).

Corollary 4.12. The set of metrics satisfying (4.2) is topologically
generic in the space of all metrics on M.

Proof of Theorem[{.11. By [K] if g € H,(M) then there is a hyperbolic
basic set A for the geodesic flow. Since Lemmas and
remain valid in the setting of hyperbolic sets the proof is similar to the
proof of Theorem . (In the proof of Lemma we need to take o
so that it crosses completely an element of some Markov partition II
such that all elements of IT have unstable length between s and Ck.
The number of eligible segments now is not O(1/k) but O(1/k*) for
some a > 0 but this is still much larger than |Ink|.) O
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5. SMALL GAPS FOR HYPERBOLIC SURFACES, CONTINUED

Here we show that for Lebesgue-typical hyperbolic surface the gaps
in the length spectrum cannot be too small. Our argument in similar
to [K-R]. Related results are obtained in [Var].

5.1. Small values of polynomials.

Proposition 5.1. (see e.g [M-H, Section 3.2]) Consider a degree D
polynomial P(z) = apx? + ap_ 1P~ + ... ag. Then
lap]

sup |P(x)| > ——.
sup [P(2)] 2 57

Corollary 5.2. Let 0 # P € Z[zy, 5. .. 2y, deg(P) = D then

1

sup |P(z)| > D1

[~1,1)"

Proof. By induction. For n = 0 or 1 the result follows from Proposition
LI

Next, suppose the statement is proven for polynomials of n — 1 vari-
ables. If P does not depend on z, then we are done. Otherwise let
k > 0 be the degree of P with respect to z,,. Then

P(z) = ay(z1, . .. ,xn_l)xi—i-ak_l(xl, . ,xn_l)xﬁ_l—i-- tag(zy, ..., Tpq)

where a;, is the polynomial with integer coefficients of degree D — k.
Let

(ZT1,...%p_1) = arg [_1}112?7)&1 lag(z1, ... 20 1))
Then
sup |P(z1,. .. Tpo1, )| > max |[P(Zy,...Tn_1,20)| > |a(Z, ..., 5,127
[—1,1]? zn€[—1,1]
> 21+k*D217k — 227D
completing the proof. O

Proposition 5.3. (REMEZ INEQUALITY) (see [B-G] or [Yom| Theo-
rem 1.1]) Let B be a convex set in R"™, Q C B, and P be a polynomial
of degree D. Then

sup |P| < Cpmes P (Q) sup |P|.
B Q

Corollary 5.4. Under the conditions of Proposition

sup | P|

mes(z € B:|P(x)] <¢) < (
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Proof. Apply Proposition with Q = {x € B: |P(z)| < e}. O

Corollary 5.5. If Py € Z[zy, s, ..., x,] are polynomials of degree Dy

and ey is a sequnces such that Zsl/DN < oo then |P(xq,...x,)| < en

N
has only finitely many solutions for almost every (zy ...x,) € R™.

Proof. Tt suffices to show this for a fixed cube B with side 2. Then
Corollaries [5.2 and [5.4] give

mes(z € B: [Py(x)] < en) < (C2P%ey) /PN = Cel/P™

so the statement follows from Borel-Cantelli Lemma. OJ

5.2. Polynomial maps on SLy(R).
Corollary 5.6. Let m be a fixed number.
(a) Let Py € Z((a1,b1,c1,d1), ..., (GQmy b, Cy di)) e polynomials of

degree Dy. For Ay, ... A, € SLy(R) with A; = < CCLJ Zj > let
i @

HN(Ala <o aAm> = PN((ala bla C1, dl)a SR (ama bma Cm, dm))
If ZE%((mH)Dw) < oo then |Hy(Ay...An)| < en for only finitely
N

many N for almost every (Ay,...A,) € (SLa(R))™.
(b) Given g € N let

Gg = {(Al, .. .Agg) c (SLQ(R))QQ . [Al,AQ][Ag,A4] Ce [Agg_l,Agg] = I}

Let Py € Z((ay,b1,¢1,d1), ..., (a2m, bom, Com, dam)) be polynomials of
degree Dy. Let

HN(Ala e >A2g) = PN((ala bi,ci, d1), ceey <a2g7 b2g7 Cag, dzg))-

Assume that Hy is not identically equal to 0 on G,. If Za%\’ < 00

N

where Oy = m then |Hn(A; ... Ay)| < en for only finitely

many N for almost every (Ai, ... Ayy) € Gy.

Proof. (a) It suffices to prove the statement under the assumption that

la;| > & for some fixed § > 0. Then d; = Z%% and so

a;

ﬁN((CLl, b17 Cl)7 L (ama bﬂ’u Cm))

d
H;'nzl a;"

H(Al,Am):
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where Py is a polynomial of degree d, < (m+2)dy. Thus if |Py| < ey
then |Py| < &y := M—%DN. Since

~] d 1 m
ZE%CIN < 5 ZE%( +2)Dn < 00
N N

the result follows from Corollary [5.5]
(b) Rewriting the equations defining G, in the form

[A1, Ag] .. [Aggs, AQg—Q]AQQ—IAQQAQ_gl_l = Ay,

we can express the entries of Ay, as rational functions of the entries of
the other matrices. Arguing as in part (a) we can reduce the inequality
’PN(Ala .. .Aggfl,Aggﬂ < € to ‘PN<A1, .. .Aggfl)‘ < é\N where Py is
the polynomial of degree (49 — 2)Dy. Now the result follows from part
(a). O

Corollary 5.7. For each nn > 0 for almost every Ay, ... A, € SLy(R)
the inequality

|W(Ay,...Ap) = I|| > (2m — 1>*|W|2(m+2+n)
holds for all except for finitely many words W.

Proof. If ||W(Ay,...A;) —I|| < e then all entries of W — I are ¢ close
to I. Conisdering for example, the condition Wi (A4, ... A,,)—1 we get
a polynomial of degree |WW|. Therefore, by Corollary it suffices to
check that

_ W2 (m+24n)
Z(zm —1)7 WD < oo
w
but the above sum equals to

D@m= 1)P(2m — 1) PO = N 9 — 1) 7P/ < 0o
D D

Corollary 5.8. For A= (A; ... Ayy) € G, let S4 be the surface defined
by A. Given a word W let [(W, A) be the length of the closed geodesic
in the homotopy class defined by W. Then for each n > 0 the following
holds for almost all A € G,

There exists a constant K = K(A) such that for each pair Wy, Wy
either

Z(Wl,/l) = l(WQ,A) or

(5.9) (W1, A) = 1(Wa, A)| 2 K(dg — 1) (Crratia-2mmas (i )
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Remark 5.10. Recall that [Ran] shows that for any hyperbolic surface
the length spectrum has unbounded multiplicity so there are many
pairs of non conjugated words there the first alternative of the corollary
holds.

Remark 5.11. Note that (2.9) shows that [(W;,.A) can be close to
[(W5, A) only if the lengths of W} and W5 are of the same order. Thus
(5.9) implies that for almost every A there are constants K, R such
that

L(Wy, A) — L(Wa, A)| > Ke BAFWLA),

Proof. Let Py (A) = tr(W(A)). Since Py (A) = 2cosh(I(W, A)/2), it
follows that if [(W7(A)) is close to I[(W3(A)) then

[(Wi, A) — [(Ws, A)| > C| Py, (A) — P, (A)]e” 1P,
Therefore it suffices to show that if (W3, A) # (W3, A)| then

| Py, (A) = Py, (A)| > Ke MIP (45 — 1)~ 1G94 Eg=2)+n max? (W], [Wal)
Since 7 is arbitrary, we can actually check that
P (A) = P (A)] 2 K (4g — 1)1+ Dlta-2 i mas W3 02,
To verify this we will show that for almost all A € GG,,, the inequality
| Py, (A) = Py, (A)| < (4g — 1)7 190 Eg=2) 40l max? (Wi | [W2])

has only finitely many solutions. Let Py, w,(A) = Pw,(A) — Py, (A).
It is a polynomail of degree max(|W1|,|Wa|). So by Corollary [5.6|(b) it

suffices to check that
_ [(2g+4) (4g—2)+n] max(|Wy |,|Wa )
§ (49 — 1) (d9—2)(9+2) < 00
W1,Wa

There are at most (4g — 1)%* pairs (W, Wy) with k = max(Wy, W) so
the last sum is estimated by

2(49 —1)%(4g — 1)‘% — 2(49 — 1)‘% < o0
k k

proving the result. O

6. OPEN PROBLEMS.

(1) A suitable version of Theorem should hold for other sym-
metric spaces. In particular, recall that arithmetic manifolds appear
as fundamental domains G/T" where G is a connected semi-simple al-
gebraic R-group without compact factors of R-rank > 2, and I' is a
lattice in G (cf. [Mar74, [Mar75, Mar77]). Thus we expect that a ver-
sion of Theorem should hold in higher rank setting. Note however,
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that for higher rank symmetric spaces closed orbits are not isolated but
appear in families.

(2) The proof of Theorem . 1| relies on localized perturbations. There-
fore it does not work in the analytic category. We expect that Theorem
[4.1] is still valid for analytic metrics but the proof would require new
ideas.

(3) It is likely that an explicit lower bound for the gaps in the length
spectrum could also be obtained for prevalent set of negatively curved
metrics (see [Kal| for related results) but we do not pursue this question
here.
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