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UNIFORM ESTIMATES FOR THE SOLUTIONS OF THE
SCHRODINGER EQUATION ON THE TORUS AND REGULARITY
OF SEMICLASSICAL MEASURES

TAYEB ATsSIoU, DMITRY JAKOBSON, AND FABRICIO MACIA

ABSTRACT. We establish uniform bounds for the solutions e*2u of the Schrédinger

equation on arithmetic flat tori, generalising earlier results by J. Bourgain. We also
study the regularity properties of weak-* limits of sequences of densities of the form
|e**Auy,|? corresponding to highly oscillating sequences of initial data (u,). We obtain
improved regularity properties of those limits using previous results by N. Anantharaman
and F. Macia on the structure of semiclassical measures for solutions to the Schrédinger
equation on the torus.

1. Introduction
Consider the Schrodinger flow e on the arithmetic flat d-dimensional torus T¢ :=
R?/277Z¢%. That is, given any u € L*(T%), the function ¢ (z,t) := e"®u(x) is the
solution to:

(1) iO(x,t) + Ap(z,t) =0, (-, 0) = .
In this article we are be interested in those regularity properties of ¢ that can be
expressed through the quantity:
2
[ (z, )7,
which a priori, is a continuous function of ¢ € T (as the Schréodinger flow is periodic)
taking values in the set of positive elements in L' (']I‘d). By conservation of energy,

the total mass of |¢ (-, t)|* equals ||u||ig(w) for every t € T.

Given u € L? ('H“’l)7 denote by b, (I, s), with (I,s) € Z% x Z, the Fourier coefficients

2
of [
. 2 .
|eztAu (IE)‘ _ Z by (17 S) ez(l,s)~(m,t);
(1,8)EZAXZ
note that b, is a quadratric quantity in u. We shall prove the following.
Theorem 1.1. There exists a constant Cy > 0 such that:
2

(2) [1bulljassza+ry < Callullzzcpay
for every u € L? (Td).
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When d = 1, Theorem 1.1 has been proved by Bourgain [3], using the methods
developed by Cooke [6] and Zygmund [12]. Note that in that case, estimate (2) is
equivalent to:

(3) |

When d > 2, Bourgain has proved in [3, 5] frequency-dependent generalizations of
estimate (3) that are optimal in many cases. When the initial datum wu(z) is an
eigenfunction of A:

(4) Au+ru=0, |ulpzqe=1;

1/2
LT, XTs) < (G lullpzery -

a2
enazu’

then ey = e~ y, which implies |e?*®u|? = |u|?. For that class of initial data, the
Fourier coefficients b, (1) only depend on | € Z? and the exponent in estimate (2) can

be improved to:
(5) 1bullya(zay < Ka,

where the constant K is independent of the eigenvalue \. This result was established
in [6, 12] for d = 2 and in [8, 11, 1] for d > 3.

Theorem 1.1 shows that as a function of space and time, e**“u is more regular
than being merely a function in C' (T; L? (Td)), but this regularity is only expressed
in terms of the summability properties of the Fourier coefficients of its modulus square.
The proof of Theorem 1.1 relies on ideas in [8]; it is presented in Section 2, along with
a straightforward generalisation to the density-matrix Schrédinger equation (Theorem
2.2).

A

Next, we state our second result. Suppose (u,) is a bounded sequence in L? (T%).
Then the sequence

; 2
(le"4ual*) < € (1521 (1)),
is uniformly bounded. It is always possible to extract a subsequence (u,/) such that
that the |6”Aun/|2 converge to some positive measure v € L>® (’JI‘;M+ (Td)) in the
weak-* topology, i.e.

(6) lim ¢ (t)a(x) |eimun/ (x) |2 dtdx = /T » o (t)a(x)v(dx,t)dt,

n’—o00 JryTd
for every ¢ € L (T) and every a € C (T%). In what follows, we shall say that a

measure v is a weak-x accumulation point of the sequence of densities (|6”Aun| ) if

(6) holds for some subsequence.

Our next result deals with the regularity properties of those measures v that arise
as weak-* accumulation points of sequences of densities of orbits of the Schrédinger
flow. A result by Bourgain [4] asserts that in fact all weak-+ accumulation points v
are absolutely continuous with respect to the Lebesgue measure, i.e. one always has
ve L™ (’]I‘; Lt (Td)). This result was further generalised by Anantharaman and Macia
[2] to the case of the Laplacian plus a potential; moreover, these authors deduced a
propagation law for v (-, ¢) and clarified the dependence of v on the sequence of initial
data (uy) (these results generalise those in [10]).

We have denoted by M4 (Td) the set of positive Radon measures on T,
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In addition, because of estimate (2) one easily sees that such a v also satisfies
[7ll1a+1(za+1y < 00, where U (L, s), (I, s) € 7% x Z, stand for the Fourier coefficients of
v. These two facts express that the regularity properties of v are as good as those of
“Aun|2. And this cannot be improved at this level of generality, since
itA

the densities |e
if a sequence (u,) converges strongly to some u in L? (T?) then v (-,t) = ‘e u’Q.

However, the regularity of the weak-* accumulation points can be improved if we
restrict ourselves to sequences (u,) that are highly oscillating. This is for instance
the case when (u,) consists of eigenfunctions of the Laplacian (4) corresponding to
eigenvalues A = A\, — oo as n — oo. If

v(z)= Z v(l)elt®

lezd

is an accumulation point of ({eimunf) = (\un\2) then v is more regular than a

priori expected. It is constant if d = 1; it is a trigonometric polynomial if d = 2, as
shown by Jakobson [8]; and for d > 3 it satisfies (see again [8]):

[V]la-2(zay < 00,

which is an improvement by two in the summability exponent with respect to the
corresponding estimate (5) for eigenfunctions.

Here we shall deal with sequences of initial data that are more general than eigen-
functions but still exhibit oscillating behavior around some characteristic frequencies.
More precisely, we shall assume that the sequence of initial data (u,) satisfies the
following condition:

(S) There exists a sequence of positive reals (h,) that tends to zero such that:

(7) limsup Y i, ()* =0, asd— 07,
n—oo
|U1<6/hn
and
(8) limsup > |un ()° =0, as R — oo.
n—oo
>R /R

Above, u, (1), | € Z4, are the Fourier coefficients of u,. This condition ensures
that the L?-norm of u,, asymptotically localised on frequencies of the order of 1/h,,.
Condition (S) has been introduced in [7] (in the context of R?) under the name of
(hp)-oscillation. We refer the reader to example 2.3 of [7] for the construction of a
sequence weakly converging to zero in L2 (Rd) such that the Euclidean version of
property (S) fails.

Theorem 1.2. Suppose that (u,) is a bounded sequence in L> (']Td) that satisfies
condition (S) above. Let v € L (']I‘;L1 (']I‘d)) be a weak-x accumulation point of

(|e“Aun|2>. If v (l,s), (I,8) € Z% x 7 are the Fourier coefficients of v (t,x) then:
[Vl za+ry < oo

Therefore, if one imposes condition (S) on the sequence of initial data, the ac-
cumulation points v enjoy more regularity than that a priori expressed by Theorem
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1.1. The proof of this result is presented in Section 3; it is based on two ingredi-
ents: estimate (2) in its matrix-density version; second, the results on the structure
of semiclassical measures for the Schrédinger flow in [10, 2] that allow us to lower the
dimension by one.

If one consider sequences of initial data that satisfy conditions that are more re-
strictive than (S) it is possible to show additional regularity properties on the cor-
responding weak-* accumulation points. This is the scope of Theorem 3.1, which is
stated and proved in the second part of Section 3.

2. Uniform estimates for the Schrodinger flow

We first prove Theorem 1.1; then we state a straightforward generalization of this
result to solutions to the density-matrix Schrodinger equation that will be used in the
proof of Theorem 1.2.

2.1. Proof of Theorem 1.1. Let u € L? (Td) given by
u(z) = Z ape* e
kezd
to lighten our writing, we shall use the following normalization of the L2-norm:

2 L 2 2 dx
s = 3 lawl” = | Juta) ot

kezd

Consider the following set of lattice points:
Pi={ (k= IKP) : kez?} cz

this is precisely the set of lattice points contained in the paraboloid of R%*+! obtained
as the graph of — |x|2 for z € R%. We shall denote a generic point in Z*! as (k,n)
with k € Z¢ and n € Z.

The orbit of the Schrédinger flow corresponding to u is:

(9) B (z) = 3 ape T I) = ST g itk ()
kezd (k,n)eP
and,
|e“Au (x)|2 = Z by (1, 5) elb3) @)
(1,8)€zZ4+1
where, for (I,s) € Z*! we have set:

10) bhs)= 3 wm= 3 adg

k—g=L, (k,n)—(3,m)=(L,s),
|51%—1k|"=s (k;n),(3,m)€EP

note that the range of the sum above might be empty, in which case we set b, (I, s) :=
0. Clearly

(11) by (0,0) = [[ul|F2(pay,  bu (0,8) =0 for s € Z\ {0},
We start by making some elementary geometric remarks. Let j € Z¢ and suppose

that there exist (I, s) € Z41\{(0,0)} and k € Z% such that k—j = [ and |j|”—|k|* = s.
This is the same as saying that (I, s) is a chord of the discrete paraboloid P with origin
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at (7, —| j\2). We can rewrite the condition on the squares of the lengths of k£ and j
as:

(12) s=—l-(k+j)=—1-(1+2))=—l" =25

Therefore, the set of all j € Z% such that (j, — |j]?) is the origin of a chord (I, s) on
the paraboloid P is equal to

l 1/s
Hyg=4j€Z : j-—=—= (7 +|l
) {Jg aal 2(|l|+")}’

which is the set of lattice points that lie on a certain hyperplane of R? which is
orthogonal to ! and at whose distance from the origin is determined by |I| and s.
Note in particular that
H(l,s) N H(l,s/) #* ) o s=25.

We summarize the preceding geometric discussion as:

Let (k,n),(j,m) € P and (I,5) € Z4 with 1 # 0. That (k,n) — (j,m) = (I, s) is

equivalent to j € H( 5y where s is given by (12) and k = j + L.
Now, by (11),

d+1 2(d+1 d+1
(13) ST bl = ulEn Y b s) T
(1,s)€zd+1 (1,5)€ZF1,1#0

Our goal will be to estimate the second term in the above sum by ||u||2L(2d($; We have

proved above that, for [ # 0, we can rewrite (10) as:

by (I,s) = Z 5410y,
JEH (s
and therefore,
d+1
(14) b (1, 5)| 7 < > 1T s, 105, -

J1se-sJa+1€H 1,y 0=1

Let 6 > 0 be an integer. For any 7 € {0,1,..,6 — 1} denote by V? the set of the
(j1y s Gs+1) € ZOFD) such that ji, ..., js41 span an affine variety in R? of dimension
r. We can rewrite (14) as:

d—1 d+1
b (L)< > I 125, +1a5.1-
r=0 (.7'1,~-<7jd+1)€(H(z,s))dHﬁVﬂ o=l

Therefore, in order to have a bound for Hbu||zidt11 it suffices to estimate, for each

r=20,1,...,d — 1, the term:
d+1
(15) Tpa(u):= > > T 125,05, 1.

dt1 . ) dt1 =
(l,s)&%* 7(]17-'-,Jd+1)€(H(l,s)) Ty o !

which involves only indices ji, ..., j4+1 that span an affine variety of dimension r.

This is a consequence of the next lemma, which is slightly more general than what
is needed at this point, but that will also be needed in the proof of Theorem 2.2 in
the next paragraph.
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Lemma 2.1. Let § and r be integers with 0 < 6 < d and 0 < r < § — 1. For every
u e L? (T?) given by u () = Y4 cpa are’™® define:

o+1

(16) Tps(u):= Y > 11 las. 1a5.1-

(l,S)GZd+1, (J1 ...,j5+1)€(H(l,s>)6+1ﬂVf o=1
1#0
Then

d 2(6+1)
T < (7) 135D

Proof. The case r = 0 is simple to estimate. Notice that given (k,j) € Z¢ x Z¢ with
k # j there exist a unique (I,s) € Z4! with I # 0 such that j € H, ) and k = j + 1.

Therefore:
5+1
Tos(u)= > lajia4)
(I,s)ezitt JeH 1 )

140
2
6+1 o+1 2(6+1
= Y akg <D < Jlull 3o -
(k,j)eztxzs JjEZ
k#j

Now suppose 1 <r < § — 1 and consider a fixed summand in (16):

o+1
(17) 1T laj, 05,1,
o=1
corresponding to some (ji, ..., js+1) € V?; denote by £ the r-dimensional affine variety
spanned by the j,’s. Choose the least indices 1 = a3 < ... < a1 < d + 1 such that
Jars s Jarys span L, and denote by 8; < ... < 85—, the remaining indices. We now
r+1

estimate (17) by:
1 r+1 ) S—r 2 9 é—r 9
(18) 5 <H}%i I1 ’%ﬁl‘ + 1 lee 4l H‘ajm )
i=1 i=1 i=1 i=1

We shall perform our analysis focusing on the first summand. It will be clear that
the second summand can be dealt with in a completely analogous manner.

Given (j1,...,7541) € V? we define (51, ...,35+1) € V7§+1 as follows: set j; = Ja, for
i=1,..,r+1and j = jg, + 1 for i =r+2,...,0 +1. Thus, we can put the first
summand in (18) as:

5+1 )

~ ~ S
H %‘ . for some (j1,...,js41) € Voi1-
i=1

In order to estimate T} 5 (u) by a sum of terms of this form over indices in V2., we
should take into account the following:

1. A (6 + 1)-tuple (3’1, ...,55+1) € Vf,_H is obtained from (j1, ..., js+1) € V2 by applying
a permutation that maps monotonically the indices 1 = oy < ... < ay41 into 1,..,7 +
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1)
1 and the indices fi,...,Bs—r into r + 2,...,0 + 1. Note that there are ( ) such
r
perrnutautions.~ R
2. Suppose (ji, ..., jo+1) is obtained from (ji,...,j54+1) € V2. Then there exists a

unique (I,s) € Z*1 1 # 0, such that (ji,...,7541) € (H(lys))(”l. This is due to
the fact that that [ is a direction contained in the (r + 1)-dimensional affine variety
spanned by ji, ..., jr+2 and that [ must be orthogonal to

L :=span{ji,...,js41} = span {j1, ..., jrs1} -

Therefore, it must coincide with the orthogonal projection of, say, 5T+2 — j1 onto the
variety that is orthogonal to £ and contains j; = j;. Once [ is determined uniquely
so is s, by (12).
As a consequence of this, we deduce the bound:
r+1 6 r
> > IT la..[” TT Jass
i=1

dr1 . ) 1
(l,S)liZO+ ’(]1)~~'7J5+1)€(H(l,s)) " V‘” !

() = 0 Jos.| < (0) Il

(31,~ 7]5+1)6V‘5 o=1

’ 2

The same estimate can be established for the sums corresponding to the second sum-

mands in (18); therefore:
0 (5+1
70 < (7) Il

Now, applying Lemma 2.1 with § = d we obtain:

d 1 (d+1 (d+1
Yo b ||L2(L§+ZTM < 2 Juf 350
(l,s)ezd+t

which concludes the proof of Theorem 1.1.

2.2. Estimates for the density-matrix Schrodinger equation. Denote by EL
the set of symmetric, non-negative, trace-class operators on L? (Td). Every operator
A € LY is defined by an integral kernel p € L? (T* x T%),

~ ik —
«Ty)ZE :Pk,jez T ,—ijy
k.j

The self-adjointness of A implies that p is symmetric:

p(z,y) = p(y,z),

and from the fact that A is non-negative and trace-class we deduce that
)= X e
k,j

is a non-negative function in L' (Td).
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When no confusion arises, we shall use p to refer both to a generic operator in £1+
and to its integral kernel. Note that, since operators p € L} are non-negative and
symmetric, their trace norm is given by:

ol 21 :=Tr (p) = ||tp||L1(qrd) :

Moreover, if p(z,y) = u(z)u(y) is the orthogonal projection on a function u €
L% (T?) then p € £} and t, = |u|*. Usually, one refers to the elements of L1 as
density matrices.

The Schrédinger equation for density matrices (also known as the Heisenberg-Von
Neumann equation) is:

(19) DA+ (A AM] =0, A(0)=pe L],
where [+, -] denotes the commutator bracket. Clearly,
A (t) — eitApefitA’
so, as "2 is unitary, A () € £L and ||A ()| 2 = ||pll: for every ¢t € R . Note that
A (t) is 2nZ-periodic in t.

When p (z,y) = u (z) u (y), the integral kernel of e**2 pe "2 is ¢ (x, 1) v (y, t) where
V() i= e"Pu, and toia pe-ita = |e”Au|2. Therefore, the dynamics of equation (19)
reduce to those of (1) in that case.

For a given p € L}, we shall denote by b, the Fourier coefficients of Leita pe—ita:

teitApe—itA (Z‘) = Z bp (l’ S) e’i(l,s)-(m,t).
(1,8)EZIXZ

We now introduce some special classes of initial data in 'C}r' Let A be a submodule
of Z%, let tk A denote the rank of A. We define £1 (A) as the set consisting of the
pE /.3_1‘_ such that the integral kernel of p is invariant by translations in directions in
A+ (this is the linear subspace orthogonal to A); in other words:

(20) plz+v,y+w)=p(zy), Yo, w € At

Clearly, the classes £ (A) are invariant by the dynamics of (19). The following result
holds.

Theorem 2.2. Let A C Z% be a submodule with Tk A > 0. Then there exists a
constant Cyycp > 0 such that:

||bp||lrkA+l(Zd+1) S CrkA ||tp||L1(']I‘d) ’
for every p € L1 (A).

Proof. Let (u,) be an orthonormal basis of L? (']I‘d) consisting of eigenfunctions of p.
One has

p(z,y) = Z Antin (2) un (y),

with A, >0, n € N, and 37%; Ay = Tr (p) = [[tp| 11 (pay- Clearly,

(21) b= 3" A

n=1
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moreover, since p satisfies (20) and A is a submodule of Z? necessarily each u,, is of

the form:
Un () =Y ape™,
keA

and by, (I,s) = 0 whenever [ ¢ A. Note moreover that for [ € A\ {0} one has that
AN Hg s spans an affine variety of dimension strictly less than rk A (since {nl}

is not contained in H(; )). This implies that (A N H(l,s))rk Al Vikd = () and

rk A—1 rk A+1

b, (1, 5)" AT < Z Z H la? ,af |

= . . rk A+1 —
r=0 (ﬂl7---7]rkA+1)€(AnH(l.s)) * nyrka @ !

neE”Z

With this in mind, one can apply Lemma 2.1 with § = rk A to conclude, as in Theorem
1.1:

rkA—1
Z |bun (178)‘rk/\+1 =1+ Z Tr,rkA (Un) < 2rkA.
(1,s)ezt+? r=0

leA
Therefore, using (21) we obtain the estimate:

o0 o0
||bp||lrkA+1(Zd+1) S Z )\n ||bu" lrkA+1(Zd+l) S CrkA Z )\n = Urk A ||tp||L1(Td) .

n=0 n=0

3. Regularity of the limits

We start by giving the proof of Theorem 1.2, which relies on Theorem 2.2 and the
results from [2].

3.1. Proof of Theorem 1.2. Without loss of generality, we can assume that (6)
holds for the whole sequence (u,). Let (h,) the sequence appearing in property (S).

Denote by v the weak-+ limit of (|6”Aun|2>. Theorem 3 in [2] ensures that,
(22) V(@,t) = teap,cua (x),
A

where the sum ranges over all (primitive) submodules of Z?, and the operators py €
L1 (A) only depend on the sequence of initial data (u,). Because the functions ¢,
are non-negative, we have:

ZA: Eonll 1 ray = XA: [teies pre-iea|| 1 gay = v (T%1) < lim sup |72 ey -

We claim that if hypothesis (S) holds, then pz« = 0. In that case, only submodules
of rank strictly less than d appear in the sum (22). Therefore, we can apply Theorem
2.2 and find:

||/V\||ld(Zd+1) S Z ||pr||ld(Zd+1) S CZ ”tPA”Ll(Td) < o0.
A A
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We finally show that pza = 0. Hypothesis (S) implies that any limit pg € M (Td X Rd)l
of the sequence of Wigner distributions w/» (in the notation of [2]) satisfies:

po (T x {0}) = 0.

The reader may find the standard argument in, for instance, [7]. One can then apply
Corollary 30 in [2] and conclude the proof.

3.2. Additional regularity results. It is possible to replace (S) by a family of
stronger conditions that ensure additional regularity on the weak-x accumulation
points of orbits of the Schrodinger flow. In order to introduce them we must recall
some notations from [2].
Denote by Q; C R?, for j = 0, ..., d, the set of resonant vectors of order exactly j,
that is:
Q= {feRd:rkAfzd—j},
where A¢ = {kj €2l k-£= O}. A classical result shows that £ € ; if and only if
for any = € T the geodesic 7 — x + 7€ is dense in a subtorus of T¢ of dimension j.
For each r = 1,...,d + 1 we introduce the following condition (S,.) on the sequence
of initial data (u,):
(S,) There exists a sequence of positive reals (h,) tending to zero such that (8)
holds and every accumulation point g € My (Td X ]Rd) of the sequence of
Wigner distributions (w) (as defined in [2]) satisfies:

u

Ho Td X UQJ = 0.
g<r

Note that the condition (S) is equivalent to (S;); moreover, (Sgy1) is equivalent to
the fact that (u,) converges strongly to 0 in L? (T?). Condition (S,) roughly states
that no fraction of the L?-norm of the u,, concentrates on resonances of order stricly
less than r as n — oo.

In [9] it is shown that whenever (S4) holds, we have that every weak-* accumulation
point is constant.

The following generalization of Theorem 1.2 is true.

Theorem 3.1. Suppose that (u,) is a bounded sequence in L? (Td) that satisfies
condition (S,) for somer =1,....,d—1. Let v € L*® (T;L1 (Td)) be a weak-* accu-

mulation point of (‘eimun{?) Then:
[llas1r gasry < 00

The proof of this result follows exactly the lines of that of Theorem 1.2; except
that hypothesis (S,) is now used, via Corollary 30 in [2], to ensure that py = 0 for
every primitive submodule A C Z? of rank strictly greater than d — 7.
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