QUASI-SYMMETRY OF L^p NORMS OF EIGENFUNCTIONS

DMITRY JAKOBSON AND NIKOLAI NADIRASHVILI

Abstract. We study quasi-symmetry properties of L^p norms of positive and negative parts of eigenfunctions of Laplacians.

The behavior of L^p norms of eigenfunctions of the Laplacian on Riemannian manifolds has been a subject of active investigations. The rate of growth of L^∞ norms was studied in [Hor, D-G, Vol, Iv, Gr]; in [Ber, Don] for negatively curved manifolds (see also [I-S, R-S, SSE, ABST]); and by Colin de Verdiére ([CV]) and others for manifolds with integrable geodesic flows (see [Bo1, Bo2, T, T-Z1, T-Z2, Va, Zyg]). Seeger and Sogge ([S-S, So]) gave an improved upper bound for the rate of growth of L^p norms of eigenfunctions.

There are many other interesting questions about the statistical behavior of eigenfunctions on manifolds (cf. [J-N-T]). In particular, in view of the predictions of the random wave conjectures of quantum chaos ([Be], [HR], [ABST]) it seems natural to investigate the relationship between positive and negative parts of real eigenfunctions on Riemannian manifolds. In the paper [Nad] the second author studied quasi-symmetry relation between positive and negative parts of the distribution function of an eigenfunction of the Laplacian on a Riemannian manifold. He considered the volume of a domain on which an eigenfunction has constant sign, as well as the size of positive and negative extrema of eigenfunctions. Here we want to study quasi-symmetry properties of L^p norms of positive and negative parts of eigenfunctions.

Let M be a smooth compact manifold, φ a nonconstant real eigenfunction of the Laplacian. We define φ_+ and φ_− by φ_+ = φ · χ({φ ≥ 0}) φ_− = φ · χ({φ ≤ 0}) (1) Theorem 1. For any p ≥ 1 there exists C > 0, depending only on p and the manifold M, such that for any nonconstant eigenfunction φ of the Laplacian, 1/C ≤ ||φ_+||_Lp /||φ_−||_Lp ≤ C

1991 Mathematics Subject Classification. 34E20, 58J50. Key words and phrases. Laplacian, eigenfunction, quasi-symmetry. The first author was partially supported by NSF and NSERC.

The second author was partially supported by NSF grant DMS-9971932. 1

For p = 1 the ratio in Theorem 1 is equal to 1 since ∫ φ = 0, while for p = ∞ the Theorem was proven in [Nad]. The exact value of C for p = ∞ was considered in [Kr].

We remark that by symmetry it suffices to prove that there exists C > 0 such that ||φ_−||_Lp ≤ C ||φ_+||_Lp . (2) Another inequality in Theorem 1 can then be proved by a similar argument.

We first assume that the n-dimensional manifold M is divided into ndimensional cells ∪_{i∈I} Q_i (which we shall call cells) with disjoint interiors such that the closure Q̄ of each cell Q intersects at most C_1 other cells (we can take C_1 ≈ 3^n), which we shall call the neighbors of Q. The size of the cells(which will depend on the eigenvalue corresponding to φ) will be specified later. We have ∫ M |φ_±|^p = ∑ i∈I ∫ Q_i |φ_±|^p (3)

Given a positive constant D we say that a cell Q is D-good if ∫ Q |φ_−|^p ≤ D ∫ Q |φ_+|^p. Otherwise, we shall call a cell D-bad. We shall prove the following Claim 2. Given D_2 > 1, there exists D_1 > 0 such that every D_1-bad cell Q_1 has a neighbor Q_2 such that ∫ Q_2 |φ|^p > D_2 ∫ Q_1 |φ|^p. (4) We remark that D_2 is assumed to be strictly greater than one. Before proving the Claim, we shall prove the following Proposition 3. If we choose D_2 > C_1, the Claim 2 implies Theorem 1.

Proof. We define an oriented graph G whose vertices will be cells in our partition of M. All directed edges Q_1 → Q_2 of G originate at bad cells Q_1. For each bad cell Q_1 we choose exactly one of its neighbors Q_2 such that (4) holds for Q_1 and Q_2 (the existence of at least one such neighbor is guaranteed by Claim 2), and make Q_1 → Q_2 a (directed) edge of G.

We remark that the graph G cannot have directed loops Q_1 → Q_2 → . . . → Q_n → Q_1 (otherwise we would have ∫ Q_1 |φ|^p < 1 D^n_2 ∫ Q_1 |φ|^p which is impossible since D_2 > 1). We next prove that G cannot have any undirected loops. Let γ be such a loop. There will be at least two edge orientation changes along γ, say at Q_i and Q_j : Q_1 → Q_2 → . . . → Q_{i−1} → Q_i ← Q_{i+1} ← . . . ← Q_j → Q_{j+1} → . . . . One of these changes will correspond to two directed edges originating at a bad cell (say Q_j ). But by the definition of G exactly one directed edge originates at any bad cell.

The contradiction implies that the graph G is actually a forest (i.e. its path components are contractble).

By the definition of the graph G no arrow can originate at a good cell, so two different good cells always belong to different connected components of G. Moreover, every path in G must terminate (since G is finite), so every connected component of G (which is a tree) contains a unique good cell (since an edge originates at every bad cell by the definition of G). We remark that a connected component of G may consist of a single good cell.

Given a good cell Q, we define its basin B(Q) to be the union of all cells which lie in its connected component. Every bad cell Q^′ belongs to the unique basin (since there is only one edge originating at Q^′). Denote by T_1, T_2, . . . , T_k the trees that are connected components of G, and by {Q_1, Q_2, . . . , Q_k} the corresponding good cells. The basin B_j = B(Q_j ) is given by B_j = ∪_{Q∈Tj} Q. Since G is the union of its connected components T_j , and since the equality (3) holds, in order to prove (2) it suffices to show that there exists C > 0 such that for every 1 ≤ j ≤ k, ∑ Q∈B_j ∫ Q |φ_−|^p ≤ C ∑ Q∈B_j ∫ Q |φ_+|^p . (5)

We shall prove that there exists a constant C_2 (depending on C_1 and D_2) such that for every basin B_j = B(Q_j ) the following inequality holds: ∑ Q∈B_j ∫ Q |φ|^p ≤ C_2 ∫ Q_j |φ|^p . (6) Since Q_j itself is a D_1-good cell, the inequality (5) will follow from the inequalities (6) and ∫ Q_j |φ_−|^p ≤ D_1 ∫ Q_j |φ_+|^p. with C = C_2(D_1 + 1).

We proceed to prove (6). To do that, we define the distance d(Q, Q_j ) from a bad cell Q which belongs to the basin of Q_j to Q_j to be the length of the (directed) path from Q to Q_j (such path is unique since the connected component of Q_j is a tree); the distance from Q_j to itself is defined to be zero. We define the sphere S(Q_j , r) to be the set of all cells Q ∈ T_j whose distance to Q_j is equal to r. Let I_j be defined by

I_{j,r} := I_r := ∑ Q∈S(Q_j ,r) ∫ Q |φ|^p (7) Then ∑ Q∈B(Q_j ) ∫ Q |φ|^p = I_0 + I_1 + . . .

Let us denote by A_j the integral ∫ Q_j |φ|^p To estimate I_r, we first remark that since each cell has at most C_1 neighbors, the number of cells in S(Q_j, r) is at most C^r_1 . Also, by the definition of the graph G, for any cell Q ∈ S(Q_j , r) we have ∫ Q |φ|^p < A_j D^r_2 Accordingly,

I_0 + I_1 + I_2 + . . . ≤ A_j ( 1 + C_1 D_2 + ( C_1 D_2

)_2 + . . . ) . If we choose D_2 so that C_1/D_2 < 1, the inequality (6) will hold with

C_2 = 1 1 − (C_1/D_2) This finishes the proof of the (5), and hence Proposition 3 is proved. Lemma 4. Proposition 3 remains true even if we don’t assume that the interiors of the n-dimensional cells Q_i are disjoint (but we still assume that each cell Q_i intersects at most C_1 other cells). Proof of Lemma 4. We need to estimate (i) ∫ M |φ_+|^p from below;

(ii) ∫ M |φ_−|^p from above.

We first note that ∫ M |φ_−|^p is clearly less than ∑ i ∫ Q_i |φ_−|^p (8)

We define the oriented graph G, the trees T_j and the basins B_j as in the proof of Proposition 3. As before, the sum (8) is dominated by ( 1 + 1 1 − (C_1/D_2) )_k∑ j=1 ∫ Q_j |φ_+|^p, (9)

where the sum is taken over all good cubes Q_j.

We shall next show that

C_1 · ∫ ∪_j Q_j |φ_+|^p ≥ k∑ j=1 ∫ Q_j |φ_+|^p. Clearly, this would give a lower bound for (i). By the assumption of the Lemma, each good cell intersects at most C_1 other cells. It follows that each point in {x ∈ ∪_jQ_j|φ(x) ≥ 0} contributes at most C_1 times to the sum (9), proving the last inequality. Since we have already given an upper bound for the integral in (ii), Lemma 4 is now proved.

We next turn to the proof of Claim 2. We first prove a lemma about an elliptic differential operator L defined on a ball B_2 of radius two centered at the origin in R^n by L = ∑ i,j ∂ ∂x_i ( a_{ij} (x) ∂ ∂x_j ) + ∑ i b_i(x) ∂ ∂x_i + c(x). (10)

We assume that a_{ij} , b_i, c are smooth functions, that λ^{−1}||ξ||^2 ≤ ∑ i,j a_{ij} ξ_iξ_j ≤ λ||ξ||^2 for some λ > 0, and that c(x) ≤ 0.

Lemma 5. Let u(x) be the solution of the equation Lu = 0 such that u(0) = 0, and let 1 ≤ p ≤ ∞. Then there exist a monotonically increasing function ρ(t) defined for t ≥ 0, ρ(0) = 0 depending on p, ellipticity constant λ, C^2 norms of a_{ij} , b_i, c such that if ||u^+||_{Lp(B1)} < t||u^−||_{Lp(B1)} for some t > 0, then ||u||_{Lp(B1)} < ρ(t)||u||_{Lp (B2)} (11) Here B_1 denotes a ball of radius one centered at the origin.

Remark 6. One can probably strengthen the conclusion of Lemma 5, replacing the C^2 norm (on which the final constant depends) by L^∞ norm, but C^2 norm is sufficient for our purposes.

Proof of Lemma 5. Assume for contradiction that there exists t > 0 and a sequence u_k, k = 1, 2, . . . such that Lu_k = 0 in B_2, u_k(0) = 0 and ||u_k||_{Lp(B2 )} = 1, ||u_k||_{Lp(B1 )} > t, ||u^+_k ||_{Lp(B1 )} ||u^−_k ||_{Lp(B1 )} → 0 (12)

as k → ∞. Let G(x, y) denote the Green’s function of L defined in B_{2−ε}, ε > 0. Let 0 < δ < ε/2 and y ∈ B_{2−δ}. Then ∂G(x, y)/∂n < C(ε) for x ∈ B_{2−ε}. Hence for every δ > 0 ||u||_{L∞(B2−δ )} ≤ C(δ)||u||_{Lp (B2)} (13) Let u_k → u weakly in B_2. Then u is a weak and hence also a strong solution of Lu = 0 in B_2, u(0) = 0. We shall prove that Claim 7. u ≢ 0.

Assuming the Claim, we can prove Lemma 5. Indeed, conditions (12) imply that for all k ≥ 1 ||u^+_k ||_{Lp(B1)} + ||u^−_k ||_{Lp(B1)} > t > 0.

Since the ratio of the two terms above goes to zero by (12), we conclude that ||u^+_k ||_{Lp(B1 )} → 0 as k → ∞. Hence u ≤ 0 in B_1. Since u(0) = 0 it follows from the strong maximum principle ([G-T]) that u ≡ 0 in B_1, and by unique continuation u ≡ 0 in B_2. But we have shown before that u ≢ 0. Contradiction finishes the proof of the Lemma.

Proof of Claim 7. The conditions (12) imply that the norms ||u_k||_Lp_{(B2)} are uniformly bounded above by 1. Since C^1-norms of u_k in B_{2−2δ} are uniformly bounded, we can choose a subsequence of u_k so that u_k → u strongly in B_{2−2δ} along that subsequence Also, (12) imply that ||u^−_k ||_{Lp(B1)} > t/2 > 0 for k large enough. This result, together with strong convergence in B_{2−2δ}, imply that u ≢ 0, proving the Claim and completing the proof of Lemma 5.

We next extend Lemma 5 as follows:

Lemma 8. The conclusions of Lemma 5 hold if we assume that |c(x)| < K where K is an absolute constant.

Proof. We first note that we can modify the proof of Lemma 5 to prove the same statement for the cylinders Q_j = B̃_j × [−j, j], j = 1, 2 instead of the balls B_j.

Next, let v be a solution of Lv = 0 where L is given by (10) with |c(x)| ≤ K. Define a new operator L_1 in R^{n+1} by

L_1 =

∂^2 ∂x^2_{n+1} + L. We also define a new function u in R^{n+1} by u(x_1, . . . , x_n, x_{n+1}) = e √ Kx_{n+1} v(x 1, . . . , x_n). It follows that (L_1 − K)u = 0, and since |c(x)| ≤ K, the assumptions of Lemma 5 are satisfied, so we can apply it to the function u. Assume now that v_k is a sequence of eigenfunctions satisfying (12). We note that sgn u(x_1, . . . , x_{n+1}) = sgn v(x_1, . . . , x_n). Denote by B̃_1, B̃_2 the balls of radius 1 and 2 in R^n centered at the origin, and by Q_j , j = 1, 2 the cylinders defined above. It follows that ||u||_{Lp(Qj )} = ||v||_{Lp(B̃j )} ( ∫_j −j e^{−pz} √ K dz)^{1/p} and that similar equalities hold for u^+ and u^−. The Lemma now follows from the generalization of Lemma 5 described in the beginning of the proof.

Proof of Theorem 1. Given an eigenfunction φ with a large enough eigenvalue λ, we want to divide M into n-dimensional cells Q_i of diameter < c_1/ √ λ and inradius > c_2/ √ λ such that each Q_i lies inside a coordinate chart on M; h_i(Q_i) = B_i is a ball in R^n (where h_i is the corresponding coordinate function) for all i, φ vanishes in every cell, and each Q_i intersects at most C_1 other cells for some C_1 > 0.

If we do that, then let y = h_i(x), ψ(y) := φ(h^{−1}_i (y)) for x ∈ Q_i. By previous remarks, ψ vanishes in V_i. M is compact, so we can assume that the Jacobian of h is uniformly bounded. Also, since diam(Q_i) < c_1/ √ λ, the change of variables z = √ λy transforms ψ(y) into a function g(z) for which the assumptions of Lemma 8 hold. Theorem 1 then follows by Lemma 4.

It remains to be shown that we can divide M into ∪Q_i as indicated above. It is well known (see, for example, [Bru]) there exists c_2 > 0 such that that any nonconstant eigenfunction of the Laplacian on M changes its sign in a ball or radius c_2/ √ λ on M. Also, we can realize M as a (finite) simplicial complex C whose simplexes are supported in coordinate charts on M. Let h : U_j → V_j ⊂ R^n be such a coordinate neighborhood.

Consider the cubic lattice with the side t/ √ λ in V_j , and “pull it back” to M via h^{−1}. Denote the resulting n-dimensional cells in M by P_{ij} . We also cover V_j by balls centered at the vertices of the corresponding cubic lattice. Denote by Q_{ij} the pullbacks of those balls into M by h_{−1}. By choosing λ large enough, we can ensure that each V_j is covered by a subset of ∪_kQ_{kj} of ∪_iQ_{ij} and that each Q_{kj} intersects at most C_1 other Q_{kj}-s where C_1 ≥ 3^n depends on the simplicial complex C only. It then follows from the fact that Jacobian of h is uniformly bounded that one can choose t > 0 so that the partition M = ∪_{ij}Q_{ij} will have the required properties. This finishes the proof of Theorem 1.

Conclusion. Many questions about the relationship between positive and negative parts of an eigenfunction remain unanswered. One of the interesting questions, in the authors’ opinion, is whether ||φ_+||_p/||φ_−||_p → 1 as λ → ∞ for 1 < p < ∞ on a given manifold?

We remark that for p = ∞ zonal spherical harmonics provide an example of a sequence of eigenfunctions with ||φ_+||_∞/||φ_−||_∞ > C > 1. Indeed, consider the highest weight spherical harmonic which is proportional to P_m(cos ϕ), where P_m is the m-th Legendre polynomial, ϕ is the latitude on S^2, and m is even (for odd m, the ratio is equal to 1). Then ||φ_+||_∞ = 1 and ||φ_−||_∞ = μ_2(m) where μ_2(m) is the absolute value of the first minimum of P_m(x), since the size of the r-th relative maximum of |P_m(x)| decreases with r for m fixed as x decreases from 1 to 0 (cf. [Sz1]). Also, it is known that for a fixed r, the size of the r-th maximum μ_r(m) of |P_m(x)| decreases as a function of m as m → ∞ (the maximum of P_m is equal to 1). This conjecture of Todd that was proved by Cooper ([Co]) for large m and by Szegö ([Sz2]) for arbitrary m. Accordingly, the ratio ||φ_+||_∞/||φ_−||_∞ increases as the weight m → ∞. The fact that the ratios are uniformly bounded above was proved in [Ar] (it also follows from [Nad]); the limit of the ratio as m → ∞ is given in [Kr].

Acknowledgements. The authors would like to thank the anonymous referee for useful remarks.

References

[Ar] D. Armitage. Spherical extrema of harmonic polynomials. J. London Math. Soc. (2) 19 (1979), 451–456.

[ABST] R. Aurich, A. Bäcker, R. Schubert and M. Taglieber. Maximum norms of chaotic quantum eigenstates and random waves. Physica D 129 (1999), 1–14. [Ber] P. Berard. On the wave equation on a compact Riemannian manifold without conjugate points. Math. Zeit. 155 (1977), 249–276.

[Be] M. Berry. Regular and irregular semiclassical wavefunctions. J. Phys. A 10 (1977), 2083–2091.

[Bo1] J. Bourgain: Eigenfunction bounds for compact manifolds with integrable geodesic flow. IHES preprint (1993).

[Bo2] J. Bourgain: Eigenfunction bounds for the Laplacian on the n-torus. IMRN 3 (1993), 61–66.

[Bru] J. Brüning. Uber Knoten von Eigenfunktionen des Laplace-Beltrami-Operators, Math. Z. 158 (1978), 15–21.

[CV] Y. Colin de Verdiere. Spectre conjoint d’opérateurs pseudo-différentiels qui commutent. II. Le cas intégrable. Math. Z. 171 (1980), 51–73.

[Co] R. Cooper. The extremal values of Legendre polynomials and of certaon related functions. Proc. Cambr. Phil. Soc. 46 (1950), 549–554.

[Don] H. Donnelly. On the wave equation asymptotics of a compact negatively curved surface. Invent. Math. 45 (1978), 115–137.

[D-G] J. Duistermaat and V. Guillemin: The spectrum of positive elliptic operators and periodic bicharacteristics, Invent. Math. 24 (1975), 39–80.

[G-T] D. Gilbarg and N. Trudinger. Elliptic partial differential equations of second order (2nd ed), Springer, 1983.

[Gr] D. Grieser. Uniform bounds for eigenfunctions of the Laplacian on compact manifolds with boundary. http://xxx.uni-augsburg.de/abs/math.SP/0103080, to appear in Comm. PDE.

[HR] D. Hejhal and B. Rackner. On the topography of Maass Waveforms for PSL(2,Z). Experimental Math. 1 (1992), 275–307.

[Hor] L. Hormander. The spectrum of a positive elliptic operator, Acta Math. 121 (1968), 193–218.

[Iv] V. Ivrii. Spectral asymptotics with highly accurate remainder estimates. In Séminaire sur les Équations aux Dérivées Partielles, 1989–1990. Exp. No. VI, École Polytech., Palaiseau, 1990.

[I-S] H. Iwaniec and P. Sarnak. L^∞ norms of eigenfunctions on arithmetic surfaces, Ann. of Math. 141 (1995), 301–320.

[J-N-T] D. Jakobson, N. Nadirashvili and J. Toth. Geometric Properties of Eigenfunctions. Russian Math. Surveys, to appear.

[Kr] P. Kröger. On the ranges of eigenfunctions on compact manifolds. Bull. London Math. Soc. 30 (1998), 651–655.

[Lan] E. Landis. Second order equations of elliptic and parabolic type, Transl. AMS 171, 1998.

[Nad] N. Nadirashvili. Metric properties of eigenfunctions of the Laplace operator on manifolds. Ann. Inst. Fourier 41 (1991), 259–265.

[R-S] Z. Rudnick and P. Sarnak. The behaviour of eigenstates of arithmetic hyperbolic manifolds. Comm. Math. Phys. 161 (1994), 195–212.

[SSE] P. Sarnak. Spectra and Eigenfunctions of Laplacians. In Partial differential equations and their applications, CRM Proc. Lecture Notes 12 (1997), 261–276. [S-S] A. Seeger and C. Sogge. Bounds for eigenfunctions of differential operators. Indiana J. of Math. 38 (1989), 669–682.

[So] C. Sogge. Concerning the L^p norm of spectral clusters for second-order elliptic operators on compact manifolds. J. Funct. Anal. 77 (1988), 123–138.

[Sz1] G. Szegö. Orthogonal Polynomials, 4th ed. AMS Colloquium Publications, Vol. XXIII, 1975.

[Sz2] G. Szegö. On the relative extrema of Legendre polynomials. Boll. Union. Mat. Ital. (3) 5 (1950), 120–121.

[T] J. Toth. Eigenfunction decay estimates in the quantum integrable case. Duke Math. J. 93 (1998), 231–255.

[T-Z1] J. Toth and S. Zelditch: Riemannian manifolds with uniformly bounded eigenfunctions. Duke Math. J. 111 (2002), 97–132.

[T-Z2] J. Toth and S. Zelditch: L^p norms of eigenfunctions in the completely integrable case. Preprint (2002).

[Va] J. VanderKam. L^∞ norms and quantum ergodicity on the sphere. IMRN (1997), 329–347 and IMRN (1998), 65.

[Vol] A. Volovoy. Improved two-term asymptotics for the eigenvalue distribution function of an elliptic operator on a compact manifold. Comm. PDE 15 (1990), 1509–1563. [Zyg] A. Zygmund On Fourier coefficients and transforms of functions of two variables. Studia Mathematica 50 (1974), 189–201.

First author: McGill University, Dept. of Mathematics and Statistics, 805 Sherbrooke Str. West, Montreal, Quebec H3A2K6 Canada, Second author: University of Chicago, Dept. of Mathematics, 5734 University Ave, Chicago, IL 60637 USA