EXTREMAL METRIC FOR THE FIRST EIGENVALUE ON A KLEIN BOTTLE

DMITRY JAKOBSON, NIKOLAI NADIRASHVILI, AND IOSIF POLTEROVICH

Abstract. The first eigenvalue of the Laplacian on a surface can be viewed as a functional on the space of Riemannian metrics of a given area. Critical points of this functional are called extremal metrics. The only known extremal metrics are a round sphere, a standard projective plane, a Clifford torus and an equilateral torus. We construct an extremal metric on a Klein bottle. It is a metric of revolution, admitting a minimal isometric embedding into a sphere S^4 by the first eigenfunctions. The corresponding covering torus is a bipolar surface for the Lawson’s τ_{3,1}-torus. We conjecture that an extremal metric for the first eigenvalue on a Klein bottle is unique, and hence it provides a sharp upper bound for λ_1 on a Klein bottle of a given area. We present numerical evidence and prove the first results towards this conjecture.

1. Introduction and main results

1.1. Extremal metrics for the first eigenvalue. Let M be a closed surface of genus γ and let g be the Riemannian metric on M. Denote by Δ the Laplace-Beltrami operator on M, and by λ_1 the smallest positive eigenvalue (the fundamental tone) of the Laplacian. How large can λ_1 be on such a surface? It was proved in [H], [YY], [LY] that λ_1Area(M) ≤ const(γ), where the constant grows linearly with γ. However, for γ ≥ 1 bounds obtained in this way have no reason to be sharp. In order to study sharp upper bounds we recall the following

Definition 1.1.1. A metric g on a surface is called λ_1 − maximal if for any metric g̃ of the same area λ_1(g̃) ≤ λ_1(g).

In other words, a λ_1-maximal metric is a global maximum of the functional λ_1 : g → R. Consider critical points of this functional.

Key words and phrases. Laplacian, eigenvalue, Klein bottle. The first author was supported by NSERC, NATEQ, Alfred P. Sloan Foundation fellowship and Dawson fellowship. The second author was supported by NSF grant DMS-9971932. The third author was supported by NSERC and NATEQ. 1

2 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

Definition 1.1.2. (see [EI2]). An extremal metric for the first eigenvalue is a critical point g_0 of the functional λ_1 : g → R, i.e. for any analytic deformation g_t of the Riemannian metric g_0 in the class of metrics of fixed area λ_1(g_t) ≤ λ_1(g_0) + o(t) as t → 0.

Note that the functional λ_1 does not have local minima [EI2].

1.2. Extremal metrics and minimal immersions. Only four examples of extremal metrics for the first eigenvalue are known: (i) standard metric on S^2, (ii) standard metric on RP^2, (iii) flat equilateral torus and (iv) Clifford torus. Moreover, it was proved that there are no other extremal metrics on these three surfaces ([MR], [EI1], [EI2]). Metrics (i)-(iii) are λ_1-maximal ([H], [LY], [N1]), (iv) is just a local extremum.

The following remarkable property holds for extremal metrics for the first eigenvalue. Any surface with an extremal metric admits a minimal isometric immersion by the first eigenfunctions into a round sphere of a certain dimension. In all examples (i)–(iv) the dimension is equal to mult(λ_1) − 1, where mult(λ_1) is the multiplicity of the first eigenvalue. There is a vast literature on relations between extremal metrics and minimal immersions, see [B], [LY], [MR], [N1], [EI1], [EI2].

1.3. Extremal metric on a Klein bottle. It is proved in [N1], that on a Klein bottle there exists a λ_1-maximal (and hence an extremal) metric, which is a metric of revolution with mult(λ_1) = 5. However, no example of an extremal metric on a Klein bottle has been known. Our main result is an explicit construction of such a metric.

Theorem 1.3.1. A metric of revolution

g_0 =

9 + (1 + 8 cos^2 v)^2

1 + 8 cos^2 v ( du^2 + dv^2 1 + 8 cos^2 v ) , (1.3.2)

0 ≤ u, v < π, is an extremal metric for the first eigenvalue on a Klein bottle K . The surface (K , g_0 ) admits a minimal isometric embedding into a sphere S^4 by the first eigenfunctions. The first eigenvalue of the Laplacian for this metric has multiplicity 5 and satisfies the equality

λ_1Area(K , g_0 ) = 12πE(2 √ 2/3), (1.3.3)

where E(·) is a complete elliptic integral of the second kind.

Remark. An extremal metric on a Klein bottle must be a metric of revolution since any conformal diffeomorphism of an extremal metric is an isometry ([MR], [EI1]), and any metric on a Klein bottle is conformally equivalent to a flat metric which is invariant under a natural

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 3

S^1-action (see section 2.1). The condition mult(λ_1) = 5 follows from the following argument. It is shown in [EI1] that mult(λ_1) > 3 for an extremal metric on any surface but a sphere. On the other hand, on a Klein bottle mult(λ_1) ≤ 5 ([N2]), and the case mult(λ_1) = 4 has been excluded in [N1].

We prove Theorem 1.3.1 in section 3.

Remark. It is shown in [EI3] that the metric (i) on S^2, the metric (ii) on RP^2 as well as the metrics (iii) and (iv) on T^2 are critical points for the functional Tr e^{−tΔ} (the trace of the heat kernel) at any time t > 0. It is also shown there that on the Klein bottle there exists no metric that is critical for Tr e^{−tΔ} for all t. Since for t >> 0 the first eigenvalue dominates the heat trace, extremal metrics for the first eigenvalue are natural candidates to be also critical points of the heat trace for large t. Comparing this with Theorem 1.3.1 one may conjecture that there exists t = t_{crit}, such that g_0 is a critical point of the heat trace for t > t_{crit} but not for t < t_{crit}. It would be interesting to understand if such a transition indeed takes place.

1.4. Interpretation in the language of minimal surfaces. The Klein bottle (K , g_0 ) constructed in Theorem 1.3.1 has the following surprising interpretation in terms of S^1-equivariant minimal surfaces in S^4. Equivariant minimal immersions of tori into spheres is a classical subject in minimal surfaces (see [HL], [U]). In particular, S^1-equivariant minimal immersions of tori into S^4 have been studied in [FP].

Theorem 1.4.1. The double cover of (K , g_0 ) is an S^1-equivariant minimal torus in S^4, which is a bipolar surface of Lawson’s τ_{3,1}-torus.

In section 4 we prove Theorem 1.4.1 and recall the definitions of Lawson’s tori and bipolar surfaces (see also [L]). Interestingly enough, the interpretation of g_0 as a metric on a bipolar surface allows us to simplify the explicit formula for g_0 (cf. (1.3.2) and (3.3.2)).

1.5. Towards a sharp upper bound for the first eigenvalue. Combining Theorem 1.3.1 with the existence of a λ_1-maximal metric on a Klein bottle proved in [N1], we make the following

Conjecture 1.5.1. The metric g_0 is a unique extremal metric on a Klein bottle, and in particular it is the λ_1-maximal metric. This implies the following sharp upper bound for the first eigenvalue on a Klein bottle:

λ_1(g)Area(K , g) ≤ 12πE(2 √ 2/3) ≈ 13.365π, (1.5.2)

with an equality attained only for g = g_0.

4 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

Recall that the estimate of [LY] gives just

λ_1(g)Area(K , g) ≤ 48π.

Remark. It is claimed in Theorem 3 in [N1] that

λ_1(g)Area(K , g) ≤ 8π^2/ √ 3, the right-hand side being the supremum for λ_1Area on a torus. However, the proof of this claim is incorrect: it relies on the assumption that the first eigenvalue on a Klein bottle is also the first eigenvalue on the covering torus. Though it is an eigenvalue on a torus, it might be not the first eigenvalue. In particular, for (K , g_0 ) the first eigenvalue is the third eigenvalue on the corresponding torus (see Proposition 3.4.1). Note, however, that indeed 12πE(2 √ 2/3) < 8π^2/ √ 3. In order to prove Conjecture 1.5.1 one has to study the nonlinear systems of ODEs (3.1.2) or (3.1.1) that are crucial in the proof of Theorem 1.3.1. We need to show that there are no initial conditions 0 < p < 1 except for p = √ 3/8 (which corresponds to the metric g_0) admitting periodic solutions with the required number of zeros (see Condition A in section 2.3). We discuss numerical evidence and prove the first results towards Conjecture 1.5.1 in section 5. However, there are serious difficulties in finding a rigorous proof of this conjecture, see section 5.7.

2. A system of ODEs for the extremal metric

2.1. Preliminaries. We realize the Klein bottle K as a fundamental domain in R^2 for the group of motions generated by (x, y) → (x + π, −y), (x, y) → (x, y + a), where a > 0 is a conformal parameter. K has a double cover, the torus T^2 , which is the fundamental domain R^2 for the group of motions generated by (x, y) → (x + 2π, y), (x, y) → (x, y + a). The functions on K can thus be thought of as functions on T^2 satisfying the symmetry condition f(x, y) = f(x + π, −y). (2.1.1) If we expand the functions on T^2 into Fourier series in x, we can easily see that the functions in L^2(T^2 ) satisfying (2.1.1) can be expanded in the series of functions of the form {ϕ(y) sin(2kx), ϕ(y) cos(2kx) : ϕ(y) = ϕ(−y), ϕ(y + a) = ϕ(y)}, (2.1.2)

and of the form {ψ(y) sin(x(2k + 1)), ψ(y) cos(x(2k + 1)) : ψ(y) = −ψ(−y), ψ(y + a) = ψ(y)}, (2.1.3)

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 5

where k ∈ Z.

As mentioned in section 1.3, it follows from [N1] that an extremal metric for the first eigenvalue on a Klein bottle is necessarily a metric of revolution and the multiplicity of λ_1 for this metric is equal to 5.

Hence without loss of generality we may assume that our metric is invariant under the S^1 action (x, y) → (x + t, y), 0 ≤ t ≤ π, and is given by ĝ_0 = f(y)(dx^2 + dy^2), where f(y) = f(y + a) = f(−y) > 0 is the conformal factor. The area of the Klein bottle is equal to

Area(K ) = π ∫_a 0 f(y)dy. The Laplacian on K is given by

Δ = − 1 f(y) ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) (2.1.4)

Let λ_1 denote the first nonzero eigenvalue of Δ. We want to determine the conformal class (i.e. the value of a) that maximizes the product λ_1Area. Since our metric is rotationally invariant, the operator ∂/∂x commutes with Δ, so we can find a joint basis of eigenfunctions of the form (2.1.2) and (2.1.3).

2.2. First eigenfunctions. By Courant’s nodal domain theorem, any eigenfunction in the first eigenspace should have exactly two nodal domains. Our eigenfunctions have the form

φ_k(y) cos(kx), φ_k(y) sin(kx), (2.2.1)

where φ_k(−y) = (−1)^kφ_k(y), φ_k(y + a) = φ_k(y). For k odd, φ_k(0) = 0 so φ_k vanishes at least once. Also, φ_0 must vanish at least once since the corresponding eigenfunction can’t have constant sign. Let φ_k vanish m_k times in the period [0, a).

We can choose the fundamental domain for the Klein bottle to be the set X = [y, y + π] × [−a/2, a/2], with y/π irrational (to avoid vanishing on the vertical sides), and with the appropriate boundary identifications. The nodal set of an eigenfunction (2.2.1) consists of a grid with k distinct vertical lines and m_k distinct horizontal lines. It is easy to show that such an eigenfunction has at least k nodal domains: indeed, k vertical lines divide the set X into k + 1 vertical strips, and of those only the two boundary strips are glued into one by side identifications. Therefore, by Courant’s nodal domain theorem we must have k ≤ 2.

Substituting into (2.1.4) and taking into account that mult(λ_1) = 5, we conclude that the eigenspace corresponding to λ has a basis of

6 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

eigenfunctions of the form

φ_0(y), φ_0(−y) = φ_0(y), φ^{′′}_0 = −λfφ_0; cos(x)φ_1(y), φ_1(−y) = −φ_1(y), φ^{′′}_1 = (1 − λf)φ_1; sin(x)φ_1(y), cos(2x)φ_2(y), φ_2(−y) = φ_2(y), φ^{′′}_2 = (4 − λf)φ_2; sin(2x)φ_2(y).

(2.2.2)

Here all functions of y are periodic with period a and λf is an unknown positive function. Since an extremal metric necessarily admits a minimal isometric immersion into a sphere (in our case of dimension 4), we get two more conditions on the functions φ_0, φ_1 and φ_2 (cf. [N1]):

φ^2_0 + φ^2_1 + φ^2 = 1. (2.2.3)

(φ^′_0)^2 + (φ^′_1)^2 + (φ^′_2)^2 = φ^2_1 + 4φ^2 = λf/2. (2.2.4)

We can now substitute for λf in the second and the third equations in (2.2.2), getting the following system of second order equations for φ_1 and φ_2 (where λf has been eliminated):

φ^{′′}_1 = (1 − 2(φ^2_1 + 4φ^2))φ_1;

φ^{′′}_2 = (4 − 2(φ^2_1 + 4φ^2))φ_2.

(2.2.5)

2.3. Zeros of the first eigenfunctions. We use the Courant’s nodal domain theorem once again (see previous section) to get a condition on the number of zeros of φ_0, φ_1 and φ_2. Since each of these functions is a non-trivial solution of a second order differential equation (2.2.2), it is impossible that φ_k and φ^′_k vanish simultaneously for k = 0, 1, 2. Periodicity then implies that the number of zeros m_k for any φ_k is an even number. Recalling that each eigenfunction has exactly two nodal domains, and taking into account boundary identifications as in the previous section, we get m_0 = m_1 = 2 and m_2 = 0.

Condition A (zeros). φ_0 and φ_1 should have exactly two zeros in the period, while φ_2 should not vanish.

2.4. First integrals. It is straightforward to check that the following expressions are the first integrals for the system (2.2.2), (2.2.3) (cf.

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 7

[U]):

E_0 := φ^2_0 + (φ_0φ^′_1 − φ_1φ^′_0)^2 + (φ_0φ^′_2 − φ_2φ^′_0)^2/4, E_1 := φ^2_1 + (φ_1φ^′_2 − φ_2φ^′_1)^2/3 − (φ_1φ^′_0 − φ_0φ^′_1)^2, E_2 := φ^2 − (φ_2φ^′_0 − φ_0φ^′_2)^2/4 − (φ_2φ^′_1 − φ_1φ^′_2)^2/3. (2.4.1) In the verification of this fact, one uses (2.2.3) and its consequence φ_0φ^′_0 + φ_1φ^′_1 + φ_2φ^′_2 = 0. In fact, all these integrals are equivalent: one can show that E_0 + E_1 + E_2 = 1 = E_0 + 3E_1/4, E_2 = −E_1/4. Hence E_j ’s define just one independent first integral. We make use of the different expressions (2.4.1) in section 5.

Let us evaluate E_1 at y = 0.

φ_1(0) = 0 = φ^′_0(0) = φ^′_2(0) (2.4.2) It follows that φ_0(0)^2 + φ_2(0)^2 = 1 and that φ^′_1(0)^2 = 4φ_2(0)^2. (2.4.3) Substituting into the expression for E_1 we find that E_1 = 4 3 φ_2(0)^2(4φ_2(0)^2 − 3). (2.4.4)

Remark. Alternatively, one can start with the system (2.2.5) (or similar systems involving just φ_0, φ_1, or just φ_0, φ_2) and deduce the following equivalent expressions for the first integrals (2.4.1): (φ^′_1)^2 + 4(φ^′_2)^2 + (φ^2_1 + 4φ^2)^2 − φ^2_1 − 16φ^2 := κ_0, (φ^′_0)^2 − 3(φ^′_2)^2 + 2φ^2_0 + 6φ^2 − (φ^2_0 − 3φ^2)^2 := κ_1, 4(φ^′_0)^2 + 3(φ^′_1)^2 + 32φ^2_0 + 21φ^2_1 − (4φ^2_0 + 3φ^2_1)^2 := κ_2. (2.4.5) One can show that κ_2 −3κ_0 −4κ_1 = 12 and that κ_0 +κ_1 = 1, so κ_0 +κ_2 = 16. One can also show that E_1 =^1_3 κ_0. For certain applications it is more convenient to use the expressions (2.4.5) rather than (2.4.1); however, we shall not use the expressions (2.4.5) in this paper.

3. Proof of Theorem 1.3.1 3.1. A system for φ_0 and φ_1. The initial conditions in system (2.2.5) can be parametrized as follows: φ^{′′}_1 = (1 − 2φ^2_1 − 8φ^2)φ_1 φ^{′′}_2 = (4 − 2φ^2_1 − 8φ^2)φ_2

φ_1(0) = 0, φ^′_1(0) = 2p φ_2(0) = p, φ^′_2(0) = 0,

(3.1.1)

8 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

where 0 ≤ p ≤ 1 is a parameter of the system. Moreover, φ_0 and φ_1 both have two zeros on the period, while φ_2 has constant sign.

The corresponding system for the functions φ_0, φ_1 reads:

φ^{′′}_0 = (8φ^2_0 + 6φ^2_1 − 8)φ_0

φ^{′′}_1 = (8φ^2_0 + 6φ^2_1 − 7)φ_1 φ_1(0) = 0, φ^′_1(0) = 2p

φ_0(0) = √ 1 − p^2, φ^′_0(0) = 0,

(3.1.2)

Note that in (3.1.1) and (3.1.2) initial conditions are determined by (2.4.3) modulo signs. However, changing the signs of the initial conditions may only result in changing the signs of the solutions (in other words, we will get the same eigenfunctions possibly multiplied by −1). Therefore, we may consider only non-negative initial conditions in (3.1.1) and (3.1.2).

3.2. Solution for p = √ 3/8. Our objective is to find values of p such that the system has periodic solutions satisfying Condition A, namely that both φ_0 and φ_1 have exactly two zeros on the period. We find a candidate from a numerical experiment: p = √ 3/8. Note that this value of p is exactly the minimum of the first integral E_1 and hence as follows from [FP] it corresponds to a periodic solution. We discuss this in more detail in section 4.

Set p = √ 3/8. Let us look for φ_0 and φ_1 in the following form:

φ_0(y) = √ 5 8 cos θ(y), φ_1(y) = 1 √ 2 sin θ(y), θ(0) = 0, θ^′(0) = √ 3 (3.2.1)

Such a change of variables is also motivated by numerical experiments, suggesting that

2φ^2_1 + 8/5φ^2_0 = 1. (3.2.2)

Initial conditions for θ are prescribed by the initial conditions for φ_1, φ_0.

Of course, in principle, such an ansatz could make our system overdetermined: note that instead of two variables φ_0, φ_1 we now have one variable θ. However, as shown below, for this particular choice of constants this does not happen.

Indeed, we have:

8φ^2_0 + 6φ^2_1 = 5 cos^2 θ + 3 sin^2 θ = 5 − 2 sin^2 θ,

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 9

and hence (3.1.2) can be rewritten as

(θ^′)^2 − θ^{′′} cos θ sin θ

= 2 + 2 sin^2 θ

(θ^′)^2 + θ^{′′} sin θ cos θ

= 3 + 2 sin^2 θ

θ(0) = 0, θ^′(0) = √ 3. (3.2.3)

Subtracting the second equation from the first we get

θ^{′′} = sin θ cos θ = 1 2 sin 2θ (3.2.4)

Multiplying by θ^′ and integrating gives (θ^′)^2 = 3 + sin^2 θ. (3.2.5) Exactly the same equation one gets if (3.2.4) is substituted into (3.2.3) and hence the whole system yields to (3.2.5) with an initial condition θ(0) = 0, implying y = 1 2 ∫_θ 0 dθ √ 1 −^1_4 cos^2 θ From this equation we can deduce periodicity conditions. The functions φ_0, φ_1 are periodic in θ with the period 2π. Hence, the period a is equal to 1 2 ∫_{2π} 0 dθ √ 1 −^1_4 cos^2 θ = 2 ∫_{π/2} 0 dθ √ 1 −^1_4 cos^2 θ = 2 ∫_{π/2} 0 dθ √ 1 −^1_4 sin^2 θ

= 2K(1/2),

where K(·) is a complete elliptic integral of the first kind. Hence, a = 2K(1/2).

Let us now compute λArea(K ) for this metric (even without computing the metric explicitly – this will be done in the next section). Taking into account (2.2.4) we have:

λArea(K ) = λπ ∫_a 0 f(y)dy = 2π ∫_{2K(1/2)} 0 4 − 3φ^2_1(y) − 4φ^2_0(y)dy = 2π ∫_{2K(1/2)} 0 4 − 5/2 cos^2 θ − 3/2 sin^2 θdy = 2π ∫_{2π} 0 (5/2 − cos^2 θ)y^′(θ)dθ = 2π ∫_{2π} 0 5/2 − cos^2 θ √ 4 − cos^2 θ dθ = 2π (∫_{2π} 0 √ 4 − cos^2 θdθ − 3/2 ∫_{2π} 0 dθ √ 4 − cos^2 θ ) =

10 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH 2π 8 ∫_{π/2} 0 √ 1 − 1/4 cos^2 θdθ − 3 ∫_{π/2} 0 dθ √ 1 − 1/4 cos^2 θ = 2π(8E(1/2) − 3K(1/2)) = 12πE(2 √ 2/3). The last equality follows from an identity relating the complete elliptic integrals of the first and the second kind (see [Erd], p. 319). This proves the assertion (1.3.3) in Theorem 1.3.1 up to the fact that λ is the first eigenvalue (see section 3.4).

3.3. The eigenfunctions. In this section we find explicitly the eigenfunctions corresponding to the value p = √ 3/8, and the corresponding metric ĝ_0. We do this using the relation (3.2.2) between φ_0 and φ_1, which implies a similar equation for φ_2 and φ_1: 4φ^2 − φ^2_1 = 3/2. This allows to transform our system into three separate equations on φ_0, φ_1, φ_2:

φ^{′′}_0 = 16/5φ^3_0 − 5φ_0, φ^{′′}_1 = −2φ_1 − 4φ^3_1, φ^{′′}_2 = 7φ_2 − 16φ^3_2. We then reduce them to first order equation: (φ^′_0)^2 = 8/5φ^4_0 − 5φ^2_0 + 20/8, (φ^′_1)^2 = −2φ^2_1 − 2φ^4_1 + 3/2 (φ^′_2)^2 = 7φ^2 − 8φ^4_2 − 3/2.

Each of these equation can be solved in terms of elliptic functions (see also [WW], section 20.6). Finally we get:

φ_0(y) = √ 5/8 ( 1 − 3 2℘(y; 73/12, −595/216) −^1_6 ) , (3.3.1)

φ_1(y) = 1 √ 2 −1 + 2 ℘(y +^{K(1/2)}_2 ; −8/3, 28/27) +^2_3 ,

φ_2(y) = √ 3/8 + 1 4 √ 3/2 ℘(y; 193/12, 2681/216) +^{11}_{12} , where ℘(y; γ_1, γ_2) is a Weierstrass ℘-function with invariants γ_1, γ_2.

It can be checked directly (analytically or using Mathematica) that φ_0, φ_1, φ_2 satisfy the Condition A of section 2.2.

Using (3.2.2) we find that the normalized metric ĝ_0 = λf(y)(dx^2 + dy^2) (though it differs by a normalization factor λ from the metric defined in the beginning of section 2.2, we denote it also ĝ_0) is given by

λf(y) = 2(φ^2_1(y) + 4φ^2(y)) = 5 − 16 5 φ^2_0(y), (3.3.2)

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 11

The metric ĝ_0 is conformally equivalent to a flat metric on K corresponding to the lattice (x, y) → (x + π, −y), (x, y) → (x, y + 2K(1/2)). It still remains to show that this metric coincides (up to a dilatation) with the metric g_0 defined by (1.3.2). We postpone this until section 4.

3.4. Why λ is the first eigenvalue? To complete the proof of Theorem 1.3.1 we need to show that the eigenvalue λ = 1 of the normalized metric ĝ_0 (3.3.2) is the first eigenvalue of the Laplacian (the eigenvalue equals 1 due to the choice of normalization (3.3.2)). Note that though Condition A is a necessary condition for the first eigenfunctions, apriori it is not sufficient.

Proposition 3.4.1. The eigenvalue λ = 1 corresponding to the eigenfunctions {φ_0(y), φ_1(y) cos x, φ_1(y) sin x, φ_2(y) cos 2x, φ_2(y) sin 2x)}, is the first eigenvalue of the Laplacian on a Klein bottle (K , ĝ_0 ).

Proof. We prove this proposition with the help of oscillation theorems of Haupt and Sturm (see [CL], [BeL]). As was mentioned in section 2.2, due to Courant’s nodal domain theorem the first eigenvalue on a Klein bottle of revolution can be obtained only from one of the three periodic Sturm-Liouville equations (2.2.2). We need to show that none of the these equations has an eigenfunction corresponding to an eigenvalue λ < 1 and satisfying the Condition A as well as the parity conditions (we are interested only in even eigenfunctions of the first and the third equation, and only in odd eigenfunctions of the second equation).

Equations (2.2.2) are subject to a theorem of Haupt, stating that each eigenvalue problem has a sequence of eigenfunctions ψ_0, ψ_1, ψ_2, . . . , ψ_{2n−1}, ψ_{2n}, · · · such that ψ_0 does not have zeros and ψ_{2n−1}, ψ_{2n} have exactly 2n zeros. Let us study the equations (2.2.2) for φ_0, φ_1 and φ_2 separately.

The easiest case is φ_2 – it has no zeros, and hence corresponds to the smallest eigenvalue of the Sturm-Liouville problem.

To handle φ_1, we note that since it is odd, it should have zeros and therefore 0-th eigenvalue for this problem is automatically out of question (indeed, this eigenvalue λ̃ ≈ 0.2517 is the first eigenvalue on the corresponding torus which covers our Klein bottle). Since φ_1 has exactly two zeros, it is either ψ_1 or ψ_2. Assume there exists another odd solution φ̃_1 of the eigenvalue problem with exactly 2 zeros, and the corresponding λ̃ < λ. Then by Sturm theorem, between each zero of φ̃_1 there should be zeros of φ_1, but since both of them vanish at 0, this will mean that φ_1 should have at least 3 zeros, while it has only 2, and we get a contradiction. Indeed, numerically one can see that

12 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

there exists another (but even) eigenfunction with 2 zeros. For the normalized problem it corresponds to λ̃ ≈ 1.31.

A similar argument works for φ_0. Note that in this case the 0- th eigenfunction is just a constant, and hence is also not relevant. Similarly, φ_0 is either the first or the second eigenvalue. Assume there is another even eigenfunction with exactly 2 zeros corresponding to some λ̃ < λ. Note that since it is even and periodic with period 1 it should be symmetric with respect to the mid-point of the period y = 1/2 (indeed, φ_0(x) =^{φ0(x)+φ0(1−x)}_2 ), in particular its zeros have this symmetry — as do the zeros of φ_0. On the other hand, due to Sturm theorem, between each zero of φ̃_0 there should be a zero of φ_0, or in other words zeros of φ_0 and φ̃_0 should interlace, but this contradicts the fact that they have the symmetry property (symmetry implies that two zeros of one eigenfunction are between two zeros of the other). Numerically one can observe that in reality φ̃_0 is an odd function corresponding to λ̃ ≈ 0.7768. This completes the proof of the proposition.

3.5. End of the proof of Theorem 1.3.1. Let us summarize the results of sections 3.1 – 3.4. We have constructed a metric of revolution ĝ_0 on a Klein bottle, admitting an isometric embedding into S^4 by the first eigenfunctions. The first eigenvalue for this metric satisfies the equality λ_1Area(K , ĝ_0 ) = 12πE(2 √ 2/3), where E(·) is a complete elliptic integral of the second kind. Hence to complete the proof we just need to show that the metric ĝ_0 is indeed an extremal metric for the first eigenvalue. We use Proposition 1.1 of [EI2], implying that if the isometric immersion is given by a complete set of the first eigenfunctions (i.e. if the eigenfunctions form a basis of the corresponding eigenspace), then the metric is extremal for λ_1. This is clearly the case for us, since we have used all five eigenfunctions to construct the immersion, and 5 is the maximal possible multiplicity for the first eigenvalue on a Klein bottle. It follows from the explicit formulas for the eigenfunctions in section 3.3 that it is in fact an embedding. To complete the proof of Theorem 1.3.1 it remains to show that the metric ĝ_0 (3.3.2) coincides up to a dilatation with the metric g_0 (1.3.2). This is done in section 4.2 while proving Theorem 1.4.1.

4. The extremal metric and S^1-equivariant immersions

4.1. Bipolar surfaces and Lawson tori. In this section we follow [L] and [Ken]. Let μ : M → S^3 ⊂ R^4 be a minimal isometric immersion of a surface M into S^3. A Gauss map μ^∗ : M → S^3 is defined pointwise

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 13

as the image of the unit normal in S^3 translated to the origin in R^4 . The image μ^∗(M) is called a polar variety.

Let μ̃ = μ ∧ μ^∗ — the exterior product of μ and μ^∗. It is a vector in ∧^2R^4 = R^6 , and one can check ([L]) that it defines a minimal immersion of M into S^5: μ̃ : M → S^5 ⊂ R^6 . The minimal surface M̃ = μ̃(M) in S^5 is called a bipolar surface to M. The metric on M̃ is given by ds^2 = (2 − κ)dσ^2, where dσ^2 is the metric on M and κ is the Gaussian curvature on M ([L]).

Let M = τ_{m,k} (m ≥ k ≥ 1) be a Lawson’s torus, that is a minimal torus defined by a doubly periodic immersion μ : R^2 → S^3,

μ(u, v) = (cos mu cos v, sin mu cos v, cos ku sin v, sin ku sin v). (4.1.1)

One may check that the bipolar surface for τ_{m,k} is a minimal torus in S^4 ([L]). The metric on a bipolar surface for τ_{m,k} is given by (see [Ken]):

ds^2 =

(k^2 + (m^2 − k^2) cos^2 v)^2 + m^2k^2 k^2 + (m^2 − k^2) cos^2 v ( du^2 + dv^2 k^2 + (m^2 − k^2) cos^2 v ) . 4.2. Proof of Theorem 1.4.1. Note that for m = 3, k = 1 the metric above is exactly the metric g_0 (1.3.2). Therefore in order to show that the metric on the covering torus for (K , ĝ_0 ) defines a bipolar surface to the τ_{3,1}-torus one needs to check that ĝ_0 coincides (up to a dilatation) with (1.3.2). This result can be deduced from the arguments of ([FP]). Indeed, due to (2.2.2) the metric g_0 determines a (2, 1)-equivariant minimal immersion in S^4. Moreover, the first integral E_1 (H_2 in the notations of [FP]) achieves its minimum for p = √ 3/8, see section 3.2.

Hence, as mentioned in ([FP], p. 274), this metric defines a bipolar surface for the Lawson’s torus in S^3 corresponding to (2 + 1, 2 − 1) circular action, that is exactly the torus τ_{3,1}. The equation (3.2.2) defining the extremal metric is equivalent to equation (11) in [FP] by setting z := φ_2, w := φ_1. Therefore, metric ĝ_0 indeed coincides with ĝ_0 up to a rescaling. This completes the proof of Theorem 1.4.1 and also finishes the last step of the proof of Theorem 1.3.1.

Remark. In fact, it can be verified directly that 2ĝ_0 = g_0. It is a lengthy calculation in elliptic functions. Indeed, set x = u and z(v) = ∫_v 0 dv √ 1 + 8 cos^2 v = 1 3 ∫_v 0 dv √ 1 −^8_9 sin^2 v

Then in the (x, z) variables metric (1.3.2) becomes conformal. Note also that the relation above implies cos v = cn(3z, 2 √ 2/3), the corresponding Jacobi elliptic function. Set y = 2z +^{K(1/2)}_2 (note that

14 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

2K(1/2) =^4_3 K(2 √ 2/3) is the period of cn(3z, 2 √ 2/3)). Taking into account (3.3.1) and (3.3.2) we arrive to the following identity that it suffices to check:

(1 + 8cn^2(3z,^{2√2}_3 )^2 + 9)

1 + 8cn^2(3z,^{2√2}_3 )^2

= 10 − ( 24℘(y;^{73}_{12} , −^{595}_{216} ) − 38 12℘(y;^{73}_{12} , −^{595}_{216} ) − 1

)_2 . The clue to this identity is the following relation between the Jacobi and the Weierstrass elliptic functions (see [Erd], 13.16.5):

cn^2 ( 3z, 2 √ 2 3 ) = 12℘(2z;^{73}_{12} , −^{595}_{216} ) − 10 12℘(2z;^{73}_{12} , −^{595}_{216} ) + 17 . The remainder of the argument is a rather straightforward application of formulas from section 13.13 of [Erd].

5. Towards a sharp upper bound for the first eigenvalue

5.1. Two intervals of the parameter. The aim of section 5 is to present numerical evidence for Conjecture 1.5.1 and to prove the first result in that direction (Theorem 5.2.1). Our ultimate goal is to show that there are no extremal metrics corresponding to the values of the parameter 0 < p < 1 except for p = √ 3/8. It turns out that the dynamics of the solutions differs for 0 < p < √ 3/2 and √ 3/2 ≤ p < 1. We study these two intervals separately. In the latter case we prove the absence of extremal metrics (sections 5.2 and 5.3). For 0 < p < √ 3/2 we present a purely numerical argument (section 5.6) and explain the nature of difficulties in proving Conjecture 1.5.1 (section 5.7).

Initial conditions of (3.1.2) and (3.1.1) are parametrized by values of 0 < p < 1. We shall be using first integrals (2.4.1):

E_1 = (4/3)p^2(4p^2 − 3), E_2 = (−1/3)p^2(4p^2 − 3), E_0 = 1 − p^2(4p^2 − 3).

The periodic solution corresponds to p^2 = 3/8 which is the minimum of E_1. We want to show that there are no other periodic solutions satisfying Condition A.

The value p^2 = 3/4, E_1 = E_2 = 0, E_0 = 1 corresponds to a separatrix of some sort, the behavior of the solutions changes (section 5.3).

5.2. Ruling out the interval 1 > p > √ 3/2. In this section we show that there are no periodic solutions of (3.1.1) satisfying Condition A, if √ 3/2 < p < 1, and hence E_1 > 0, E_2 < 0, 0 < E_0 < 1.

Theorem 5.2.1. Assume that √ 3/2 < p < 1. Then the system (2.2.2) doesn’t have periodic solutions satisfying Condition A.

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 15

We shall prove Theorem 5.2.1 by showing that the solutions of the system (3.1.1) “rotate” around the origin in the (φ_1, φ_2)-plane. In other words, if we introduce polar coordinates in (3.1.1), the angle will be monotone increasing. This fact implies that the function φ_2 vanishes at some point on any periodic orbit, contradicting the condition A in section 2.3. We use the condition (2.2.3) to introduce spherical coordinates in the system (2.2.2) and use the integrals E_1 and E_2 to rule out the initial conditions √ 3/2 < p < 1. We introduce the following spherical coordinates in (2.2.2): φ_0 = cos ψ, φ_1 = sin ψ sin θ, φ_2 = sin ψ cos θ.

(5.2.2)

Taking into account parity conditions in (2.2.2), we find that ψ is an even function, while θ is an odd function.

Differentiating once, we find that

φ^′_0 = − sin ψ · ψ^′, φ^′_1 = cos ψ · ψ^′ sin θ + sin ψ cos θ · θ^′, φ^′_2 = cos ψ · ψ^′ cos θ − sin ψ sin θ · θ^′. (5.2.3)

It is easy to see that ψ and θ satisfy the following initial conditions:

θ(0) = 0, θ^′(0) = 2, ψ^′(0) = 0, ψ(0) = arcsin p.

(5.2.4)

We next express the integrals E_0, E_1, E_2 in terms of θ, ψ and their derivatives. An elementary calculation using (5.2.2) and (5.2.3) gives the following identities:

φ_0φ^′_1 − φ_1φ^′_0 = ψ^′ sin θ + sin(2ψ) 2 cos θ · θ^′;

φ_0φ^′_2 − φ_2φ^′_0 = ψ^′ cos θ − sin(2ψ) 2 sin θ · θ^′;

φ_1φ^′_2 − φ_2φ^′_1 = − sin^2 ψ · θ^′.

(5.2.5)

We now substitute (5.2.2) and (5.2.5) into (2.4.1). We obtain the following identities for E_1 and E_2:

E_1 = sin^2 θ(sin^2 ψ − (ψ^′)^2) − ψ^′θ^′ sin(2ψ) sin(2θ) 2 + (θ^′)^2 sin^4 ψ 3 − ( θ^′ cos θ sin(2ψ) 2 )_2

. (5.2.6)

16 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

E_2 = cos^2 θ(sin^2 ψ − (ψ^′)^2/4) + ψ^′θ^′ sin(2ψ) sin(2θ) 8 − (θ^′)^2 sin^4 ψ 3 − ( θ^′ sin θ sin(2ψ) 4 )_2

. (5.2.7)

If we now assume that θ^′ = 0, the two expressions simplify to

E_1 = sin^2 θ(sin^2 ψ − (ψ^′)^2),

E_2 = cos^2 θ(sin^2 ψ − (ψ^′)^2/4).

(5.2.8)

We now prove the main theorem of this section.

Proof of Theorem 5.2.1. Assume that there exists a periodic orbit such that φ_2 ≠ 0 (this is one of the requirements of condition A of section 2.3). Then this orbit has a point satisfying θ^′ = 0, since θ is the angle in polar coordinates in (φ_1, φ_2)-plane, and the orbit is a compact set lying in the upper half-plane. Now, if √ 3/2 < p < 1, we have E_1 > 0, E_2 < 0. We evaluate those integrals at a point where θ^′ = 0. Substituting into (5.2.8), we see that

sin^2 ψ − (ψ^′)^2 > 0,

sin^2 ψ − (ψ^′)^2/4 < 0.

(5.2.9)

It is clear that (5.2.9) leads to a contradiction. This finishes the proof of Theorem 5.2.1.

5.3. The separatrix p = √ 3/2. If p = √ 3/2, the first integral E_1 vanishes. The solutions are given explicitly by the following formulas:

φ_0(y) = (3 cos(θ(y)) − 1)/4, φ_1(y) = √ 3 sin(θ(y))/2, (5.3.1)

where θ(y) = π − 4 arccot(e^y).

One can observe that these solutions are not periodic. As y → ∞, we get the upper half of an ellipse in the plane φ_0, φ_1.

In fact, since for p = √ 3/2 the integral E_1 = 0, if there existed a corresponding minimal isometric immersion of a Klein bottle into S^4 it would be superminimal (see [FP]). However, as indicated in the appendix of [MR], the only superminimal surface immersed into S^4 by the first eigenfunctions is the standard sphere (this result is attributed to N. Ejiri).

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 17

5.4. Dynamics in the (φ_0, φ_1)-plane for 0 ≤ p < √ 3/2. We are left to check that the solution for p = √ 3/8 is the only one in the interval 0 < p < √ 3/2. For the first integrals, this interval corresponds to E_1 < 0, E_2 > 0, 1 < E_0 < 25/16.

Proposition 5.4.1. For 0 < p < √ 3/2, functions φ_2 and φ_1φ^′_0 −φ_0φ^′_1 don’t vanish. Moreover, the function φ_2 is bounded away from ±1.

Proof. We recall from (2.4.1) that

E_2 = φ^2 − (φ_2φ^′_0 − φ_0φ^′_2)^2/4 − (φ_2φ^′_1 − φ_1φ^′_2)^2/3. (5.4.2)

Since E_2 > 0 for 0 < p < √ 3/2, the positive term φ^2 in the preceding formula cannot vanish, proving the 1st part of the proposition.

We recall from (2.4.1) that

E_1 = φ^2_1 + (φ_1φ^′_2 − φ_2φ^′_1)^2/3 − (φ_1φ^′_0 − φ_0φ^′_1)^2 (5.4.3)

Since E_1 < 0 for 0 < p < √ 3/2, the negative term −(φ_1φ^′_0 − φ_0φ^′_1)^2 in the preceding formula cannot vanish, proving the 2nd part of the proposition.

Finally, if φ_2 = ±1 then φ_0 = φ_1 = 0, contradicting the fact that φ_1φ^′_0 − φ_0φ^′_1 ≠ 0.

Corollary 5.4.4. For 0 < p < √ 3/2, the solutions of the system (3.1.2) “rotate” around the origin in the (φ_0, φ_1)-plane. In other words, if we introduce polar coordinates in (3.1.2), the angle will be monotone increasing.

Proof. The angle in polar coordinates in the (φ_0, φ_1)-plane is given by θ = arctan(φ_1/φ_0), and

θ^′ = (φ_0φ^′_1 − φ_1φ^′_0)/(φ^2_0 + φ^2_1).

Proposition 5.4.1 now implies that θ^′ ≠ 0.

Using Corollary 5.4.4 we conclude that the condition A in section 2.3 (i.e. that φ_0, φ_1 both have two zeros in the period) means that a periodic orbit should make one turn around the origin. The periodic solution corresponding to p = √ 3/8 does exactly that (the orbit in that case is the ellipse 10φ^2_1 + 8φ^2_0 = 5).

5.5. Intersection angle. Consider the first (for y > 0) intersection of the trajectory on the (φ_0, φ_1)-plane with the φ_0-axis. Let y(p) be the intersection point, α(p) be the angle of the intersection. In this section we establish

18 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

Proposition 5.5.1. If p corresponds to an extremal metric, α(p) = π/2, or, equivalently, φ^′_0(y(p)) = 0.

Proof. We know from (2.2.2)

φ_0(−y) = φ_0(y), φ_1(−y) = −φ_1(y),

i.e. that the solution for y > 0 and the solution for y < 0 are symmetric with respect to the φ_0-axis.

Assume now that for some p > 0 the system (3.1.2) has a periodic solution with period a(p). We have

φ_0(y(p)) = φ_0(−y(p)), φ_1(y(p)) = −φ_1(−y(p)) = 0.

The periodicity condition together with the condition A imply that y(p) = a(p)/2 and that

φ_0(y(p) + t) = φ_0(−y(p) + t), φ_1(y(p) + t) = φ_1(−y(p) + t).

But since φ_0 is an even function, we also have

φ_0(y(p) + t) = φ_0(−y(p) + t) = φ_0(y(p) − t).

The last equality implies φ^′_0(y(p)) = 0.

5.6. Ruling out the interval (0, √ 3/2) numerically. To rule out the interval (0, √ 3/2) we use the following

Conjecture 5.6.1. The angle α(p) is a monotone function for p ∈ (0, √ 3/2).

We check this conjecture numerically for p ∈ (δ, √ 3/2 − δ) for small δ > 0 using Mathematica.

We have included the values of cot(α(p)) for 999 values of p, p = √ 3j 2000 , 1 ≤ j ≤ 999. Those values were computed using a Mathematica

program. The differential equation solved by that program is obtained by first writing the system of two second order differential equations for the variables (ψ, θ) corresponding to the change of variables

φ_2 = cos ψ, φ_1 = sin ψ sin θ, φ_0 = sin ψ cos θ,

then rewriting that system using θ as an independent variable (we can do that for 0 < p < √ 3/2 by Corollary 5.4.4).

The results are shown below:

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 19

Graph of cot(α(p)) for 0 < p < √ 3/2.The only zero occurs for p =

√_3

8 ≈ 0.612.

Clearly, since cot(α(p)) is monotone, the same is true for α(p). We next prove the following

Proposition 5.6.2. Conjecture 5.6.1 implies Conjecture 1.5.1.

Proof. Since the angle α(p) is monotone, it takes the value α(p) = π/2 only once. This happens exactly for p = √ 3/8, so by Proposition 5.5.1, the only extremal metric on the interval (0, √ 3/2) is the metric g_0.

5.7. Difficulties in proving Conjecture 1.5.1. One would like to have a computer-assisted proof of Conjecture 5.6.1, or of a weaker statement (that still implies Conjecture 1.5.1) that the conclusion of Proposition 5.5.1 only holds for p = √ 3/8. The main obstacle to finding a rigorous (even a computer-assisted) proof seems to be that the systems (3.1.2) and (3.1.1) are lacking stability, and therefore estimates for the dependence of the solutions on the initial conditions are very rough. Accordingly, one has to make numerical measurements with the step not 10^{−3} as in the previous section, but a dozen of orders of magnitude smaller. Otherwise it seems impossible to control the behavior of the solutions between the two measurements. However, such precision seems to be beyond the reach of existing numerical software.

A similar difficulty occurs near the ends of the interval (0, √ 3/2). In [JNP] it is shown that

lim_{p→0} y(p) = lim_{p→√3/2} y(p) = ∞,

in fact that y(p) → ∞ as c| ln p| for an explicit constant c. Consequently, if the system (3.1.2) for p > 0 has a periodic solution with period a(p), then

lim_{p→0} a(p) = lim_{p→√3/2} a(p) = ∞.

20 D. JAKOBSON, N. NADIRASHVILI, AND I. POLTEROVICH

It is also shown that there exists an explicit M > 0 such that for any a > M and for any metric g_a on K with the conformal class a, we have (in the notation of section 1),

λ_1(g_a)Area(K^2 , g_a) < 12πE(2 √ 2/3). Altogether this implies the existence of a computable constant δ > 0 such that an extremal metric for λ_1Area cannot be attained for p < δ and p > √ 3/2 − δ. However, the value of δ we could obtain is way too small for being useful in a computer-assisted proof.

Acknowledgements. The authors would like to thank Vestislav Apostolov, Maxim Braverman, Alex Ivrii, Niky Kamran, Franz Pedit, Leonid Polterovich, John Toth, Dimiter Vassilev and Thomas Zamojski for useful discussions.

References

[BeL] B. Beeckmann, H. Lökes, Estimates for the eigenvalues of Hill’s equation and applications for the eigenvalues of the Laplacian on toroidal surfaces, Manuscripta Math. 68 (1990), 295-308.

[B] M. Berger, Sur les premières valeurs propres des variétés riemanniennes, Compositio Math. 26 (1973), 129–149.

[CL] E. A. Coddington, N. Levinson, Theory of ordinary differential equations, McGraw-Hill, 1955.

[EI1] A. El Soufi and S. Ilias. Immersions minimales, première valeur propre du laplacien et volume conforme, Math. Ann. 275 (1986), 257–267.

[EI2] A. El Soufi and S. Ilias. Riemannian manifolds admitting isometric immersions by their first eigenfunctions, Pacific J. Math. 195 (2000), 91–99.

[EI3] A. El Soufi and S. Ilias, Critical metrics of the trace of the heat kernel on a compact manifold, J. Math. Pures Appl. 81 (2002), 1053-1070.

[Erd] A. Erdelyi ed., Higher transcendental functions, vol. 2, McGraw-Hill, 1953. [FP] D. Ferus and F. Pedit. S^1-equivariant minimal tori in S^4 and S^1-equivariant Willmore tori in S^3, Math. Z. 204 (1990), 269–282.

[H] J. Hersch, Quatre propriétés isopérimétriques de membranes sphérique homogènes, C. R. Acad. Paris 270 (1970), 1645–1648.

[HL] W-Y. Hsiang and H. B. Lawson. Minimal submanifolds of low cohomogeneity, J. Diff. Geom. 5 (1971), 1–38.

[JNP] D. Jakobson, N. Nadirashvili and I. Polterovich, in progress. [Kam] E. Kamke, Differentialgleichungen, vol.1, 1943.

[Ken] K. Kenmotsu, A characterization of bipolar minimal surfaces in S^4, Tôhoku Math. J. 26 (1974), 587-598.

[L] H.B. Lawson, Complete minimal surfaces in S^3, Ann. Math. 92 (1970), 335-374. [LY] P. Li and S.-T. Yau. A new conformal invariant and its applications to the Willmore conjecture and the first eigenvalue of compact surfaces, Invent. Math. 69 (1982), 269–291.

[MR] S. Montiel and A. Ros. Minimal immersions of surfaces by the first eigenfunctions and conformal area, Invent. Math. 83 (1985), 153–166.

EXTREMAL METRIC FOR λ1 ON A KLEIN BOTTLE 21

[N1] N. Nadirashvili, Berger’s isoperimetric problem and minimal immersions of surfaces, GAFA 6 (1996), 877–897.

[N2] N. Nadirashvili, Multiple eigenvalues of the Laplace operator, Mat. Sb. (N.S.)

133(175) (1987), no. 2, 223–237.

[SY] R. Schoen and S.-T. Yau, Lectures on Differential Geometry, International Press, 1994.

[U] K. Uhlenbeck, Equivariant harmonic maps into spheres. In Harmonic maps (New Orleans, La., 1980), 146–158. Lecture Notes in Math. 949, Springer, 1982.

[WW] E.T. Whittaker, G.N. Watson, A course in modern analysis, Cambridge University Press, 1969.

[YY] P. Yang, S.-T. Yau, Eigenvalues of the Laplacian of compact Riemann surfaces and minimal submanifolds, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 7 (1980), no. 1, 55–63.

Department of Mathematics and Statistics, McGill University, 805 Sherbrooke Str. West, Montréal QC H3A 2K6, Canada.

E-mail address: jakobson@math.mcgill.ca

Department of Mathematics, University of Chicago, 5734 University Avenue, Chicago, IL 60637, USA.

E-mail address: nicholas@math.uchicago.edu

Département de Mathématiques et statistique, Université de Montréal CP 6128 succ Centre-Ville, Montréal QC H3C 3J7 Canada.

E-mail address: iossif@dms.umontreal.ca