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ABSTRACT. Let (M, go) be a compact Riemmanian manifold of dimension n. Let
Po(h) := —h?A4 +V be the semiclassical Schrédinger operator for h € (0, hol, and
let E be a regular value of its principal symbol po(z,£) = \f\fm(w) + V(x). Write
@n, for an L?-normalized eigenfunction of P(h), Po(R)en = E(h)pn and E(h) €
[E — o(1), E + o(1)]. Consider a smooth family of perturbations g, of go with u in
the ball B*(e) C RF of radius ¢ > 0. For P,(h) := —h?Ay, + V and small [t], we
define the propagated perturbed eigenfunctions

80550 e R tPu()

We study the distribution of the real part of the perturbed eigenfunctions regarded
as random variables

R (<p<‘)(x)) B*@E) =R for z € M.
In particular, when (M, g) is ergodic, we compute the h — 07 asymptotics of the
variance Var [8‘3 (gogl)(a:)ﬂ and show that all odd moments vanish as h — 0.

1. INTRODUCTION

Let (M, go) be a compact Riemmanian manifold of dimension n with Laplace oper-
ator Ag, = dgod : C®°(M) — C*°(M) and let V € C>°(M) denote a smooth potential
over M. For h € (0, hg], consider the Schrédinger operator

Po(h) 1= ~h*Bg, + V. 1)
and let E be a regular value of its principal symbol pg(z, ) := |£‘§o(w) + V(x).

Write ¢, for an L2-normalized eigenfunction of P(h) belonging to an energy shell
centered at E; that is, Py(h)en = E(h)ep and E(h) € [E —o(1), E + o(1)].

Consider a smooth family of perturbations g, of the reference metric gy with « in
the ball B¥(¢) C RF of radius ¢ > 0. The number of parameters k > n is chosen
sufficiently large (but finite) so that the admissibility condition on the perturbation
gy in Definition 1 is satisfied. We introduce the associated perturbed Schrédinger
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operators
P,(h) := —h*A,, +V, (2)
with principal symbol
putT*M = T"M,  pu(x.£) = €], +V(2). (3)
Let H,, be the Hamiltonian vector field on T*M induced by p,, and write Gj, :
T*M — T*M for the bicharacteristic flow associated to Hp, at time s.

We define the propagated perturbed eigenfunctions
o) = ety (4)

These are the solutions at time t of the Schrodinger equation

(ih2 — Pu(h)) & (s) = 0,
4 (0) = @i
It follows that <I>§lu) (t) = goﬁlu).

The aim of this paper is to study the h — 0 asymptotics of the distribution of
goﬁlu), where the latter are regarded as random variables in u € B¥(g). Specifically, we

compute the variance and all odd moments in the semiclassical limit A — 0.

To state our results, we need to define the admissibility condition on the metric
perturbations.

Definition 1 (Admissibility condition).
Let g, with u € B*(g) be a metric perturbation of a reference metric go. We say that
gy is admissible at x € M if

A) There exists a constant ¢ > 0 and an n-tuple of coordinates of u, v’ = (uy, ..., uy),
for which the Hessian matrices

du/dg(pu(x,f))‘uzo
are invertible for all £ € T*M with (z,€) € py ' (E — ce, E + ce).
B) There exists a pointwise conformal direction given by a variable u, € (—¢,¢€) in

which gg is non-trivially perturbed at . That is, there exists a small neighborhood
W of z and a € C*° (W) with a(y) # 0 for all y € W so that

5uagu(y) = auagu(y)’uzo = a(y) go(y) Yy € W.

We show in Section 5 that the admissibility condition in Definition 1 is satisfied by
a large class of metric perturbations and we also give a geometric interpretation of the
admissibility condition.
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The perturbed eigenfunctions 4,02") are regarded here as random variables in the

deformation parameters u € B¥(¢) and so we endow the ball B¥(¢) with the probability
measure |B¥(g)|~!du where | B*(¢)| denotes the volume of the ball B*(¢) in R¥ . We view

the real part of the perturbed eigenfunctions gogu) defined in (4) as random variables

R (¢<')(x)) . BA(e) — R
depending on the spatial parameters x € M.

Since one can study the distribution of a random variable such as R (cp(') (a:)) by
understanding its moments, in this paper we study the asymptotics of the variance
Var [QR (cpg)(:v)ﬂ and of the odd moments

E [R(e})(2)]

in the semiclassical limit A — 0.

Our first result holds for general Riemannian manifolds (M, go).

Theorem 1. Let (M, go) be a compact Riemannian manifold of dimension n and let
E be a regular value of po. Suppose g, is a perturbation of go with u € BF(e) C RF
that is admissible at every © € M. Then, for e > 0 and |t| > 0 be sufficiently small
depending on (M, go) there is ho(t,e) > 0 such that for h € (0, ho(t, )],

(1) There ezist positive constants C1 = C1(M, go) and Cy = Co(M, go) with
C1 < Var [&e (ga(')(x)ﬂ < Oy,
(2) Forp e Z* odd,
B[R} (2)]" = 0(h),

Moreover, these estimates are locally uniform in x € (V=1(E)).

If the metric perturbation g, is admissible, there exist ¢ > 0 and an n-tuple of
u-coordinates denoted by v’ = (u1,...,u,) € B"(¢) for which |dydepy (2, )| # 0
at u = 0 provided (z,7) € py'(E — cg, E 4 ce). Using this, we show via an Implicit
Function Theorem argument that for the relevant generating function S(¢,w,y,n) in
(12) and for points (v, 7;y,n) € Ty 4 (29) where the Lagrangian

Ly = {(u’,dufS(t,u,n; x)), dpS(t,u,n;x),n); (dyS(t,u,m;2),m) € suppx(b?)}
C T*B"(e) x T*M,

one can locally parametrize v’ as a smooth function of (y,7n) € pal(E), u = (y,n).
We write u” € B¥"(¢) for the omitted parameters and the dependence of u’'(y,n)
on (u”,x) as parameters is understood. Furthermore, without loss of generality, we
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assume that the coordinates of u are ordered so that u = (u/, u").

In the case where the manifold (M, go) has an ergodic geodesic flow G* : S*M —
S*M, we get asymptotic results for the variance. In the following, we say that a
sequence of L?-normalized eigenfunctions (¢p,) of Py(h) with Py(h)pn = E(h)e, and
E(h) = E+ o(1) is quantum ergodic (QE) if for any a € Scol’o(T*M x [0, ho)),

<Oph(a)§0h7 §0h> ~h—0t / L a(a:, f)d(,UE(I', §>

Py (E)
whre, dwg is Liouville measure on py ' (E).

Theorem 2. Let (M, gp) be a compact Riemannian manifold of dimension n and let
E be a reqular value of pg. Assume the geodesic flow on pal(E) s ergodic and that
{®n}he(,no) 8 @ quantum ergodic sequence of L?-normalized eigenfunctions of Py(h).
Suppose g, with u € B¥(g) is a perturbation of go that is admissible at x € (V~Y(E))¢
and that [t| > 0 and € > 0 are sufficiently small.

(1) Then,
1

; Q) - = ke, 1 "
lim Var [R(e})(2))] = el CCLY

where 3% : BF"() — R is defined by

1 |doc7TGt ’ " (x,n)|

" (u' (y,m),u'")

S (U = dos(y. ). -

ﬁ ( ) |t|n|P81(E)| / |du’d§ P (y,n)u”) (:1;‘777)| E(y 77) ( )
Py ' (E)

(2) Forp e Z* odd,

1.1. Motivation. We proceed to describe two ideas that motivate our work. We first
explain how the underlying ideas in our approach are motivated by the random wave
conjecture. We then relate our results to the physics notion of Loschmidt echo.

Random wave conjecture. In 1971 M. Berry conjectured that the real and imaginary
parts of the eigenfunctions ¢y, in the chaotic case resemble random waves, [1]. It is
also believed that the eigenfunctions ¢y, of quantum mixing systems behave locally as
independent gaussian variables as h — 0; see for example the discussion in [9] and
references therein. One of the common issues is to define a probability model where
the eigenfunctions can be thought of as random variables. This is the role we give to

the perturbations 4,0;1”) .
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Loschmidt echo. A natural way of measuring the noise affecting a given system is
the Loschmidt echo. The idea behind this concept is to measure the sensitivity of
quantum evolution to perturbations, by propagating forward an initial state 1 using
the unperturbed hamiltonian py and after time ¢ propagate it back via the perturbed
one p,. Thus, the objects of interest in this case are the states e%P“(h)ef%PO(h)l/J and
the Loschmidt Echo, Mpg(t), is defined to be the return probablility to the initial

state:

e—%Pu(h)
-

Illustration of the state of particle initially placed in the center of a square billiard with an irregular
array of 10 circular scatterers with initial momentum pointing to the left [3].

We are interested in the case when the initial state 1 is an eigenfunction, ) = . In
this simpler case Mpg(t) is called the survival probability [16] and we have

enPul) =5 P(h) ) — o itE(h) (pgu).
To be precise, for an initial state ¢, the Loschmidt Echo is simply
_it it 2 2
Mpp(t) = |(e hP“(h)ehPO(h)SOha(Ph>‘ = ‘(Wéu),wﬁ‘

As the definition shows, the fidelity My g(t) can be interpreted as the decaying overlap

between the evolution goflu) and the unperturbed evolution ¢y, [11, 10, 13].

In recent work [8], Eswarathasan and Toth have proved related results for magnetic
deformations of the Hamiltonian pg(z, &) = |€ |3( ot V(z). We extend their results here
to large families of metric deformations. In additon, we characterize the asymptotic
results in terms of variance and show that all odd moments are negligible up to large
order depending on the dimension n and the number of parameters, k. Although we
do not have a rigorous argument at the moment, we hope that by further developing
the methods of the present paper, we will be able to compute the higher even moments
limy, o+ ]E[?R(go(')(a:))]% for p > 2, and compare them with the Gaussian prediction of
the random wave model. We plan to return to this question elsewhere.

1.2. Outline of the paper.

In Section 2 we introduce the background material and notation from semiclassical
analysis that we shall use to prove our results. We first show that the perturbations
are semiclassically localized in py 1(E) and then explain how to microlocally cut off the

propagators e~ i Pu® o obtain a localized approximation of goéu). The material here
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is standard [17] but we have included it here for the benefit of the reader.

In Section 3, we study the odd moments of %(ap(')(az)). Provided the metric per-
turbation satisfies part (B) of the admissibility condition at z, € M, we prove in
Proposition 4 that for e > 0, [¢| > 0 small, and ¢,q € Z* there exists 7. > 0 so that
for h € (0, ho(t,€)],

/Bk(a) (90;(11‘)(:6))8 }wgu)(x)rq du = O(h™),

uniformly in z € B(z4, 7.)N(V~1(E))¢. Using Proposition 4 and the binomial expansion
for (p + p)? = (2R¢)P, we prove that for p € Z1 odd,

E[R(e)(@)]" = o), (6)
uniformly in z € B(zs, ) N (VL(E))e.

In Section 4 we study the variance of %(go(')(x)). Provided the perturbation is ad-
missible at z € (V"1(E)), the case of p = 1 in (6) shows that our variables are
semiclassically centered with

E [R(e})(2))| = 0(h).
Therefore,

() S
Var [?R(goh (»’U))] " |Bk(e)| B ()

It follows that studying the variance is equivalent to understanding the behavior of
the right hand side in the previous equality. Using Proposition 5, we compute the
asymptotics of the RHS in (7) and prove Theorem 1 and Theorem 2.

o ()| du + O(h). (7)

In Section 5 we show that there are always exist large families of admissible per-
turbations and that the notion of admissibility is related to having sufficiently many
volume preserving directions in which the metric tensor g, is perturbed.

Remark 1. We note here that there is an easy consequence of Theorem 1 that con-

cerns restriction bounds of 4,051“) to submanifolds H C M. Indeed, since the bounds in
Theorem 1 are locally uniform in = € M, by covering the submanifold H C M with
finitely-many small balls, integrating over H and applying Fubini, one gets that for
h € (0, ho)], there are constants C; = Cj(H, hy) > 0;j = 1,2, with

C1 < / / |<p§lu)(s)|2daH(s)du < Cs.
Bk(e) JH

By the Tschebyshev inequality, it then follows that for any sequence w(h) = o(1) as
h — 07T, there is a measurable D(h) C B¥(e) with limj,_,o+ \|BP’9(£L6))‘| = 1 such that for
u € D(h),

/ 0 (3)Pdosr(s) = O(lw(R)[ ).
H
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Therefore, the restriction bounds for most perturbed eigenfunctions are much smaller

than the universal bounds for [, |<p§bo)(s)|2daH(s) in [2, Theorem 3] and tend to be
consistent with the ergodic case [5, 15].

2. BACKGROUND AND NOTATION

In this section we introduce some background material on eigenfunction localization
and semiclassically cut off propagators. Most of this is standard in semiclassical anal-
ysis, but we include it for the benefit of the reader. We refer to [17] for further details.
Let M be a compact Riemannian manifold of dimension n. We work with the class of
semiclassical symbols

ST (T M) = {a € C®(T*Mx(0,ho]) : a(x,&h) ~p_o+ h™ Zaj z, &)

. Bl
with [0900a;(z,€)| < Cap (14 |3 " }.
For a € S;?’k(T*M ), consider the Schwartz kernel in M x M locally defined by

Opp(a)(z,y) = (27r1h)" /Rn er v a(z, & h) de.

The corresponding space of pseudodifferential operators is defined to be

UM = {Opp(a) : a e STFT*M)}.

cl

Let N be another compact n-dimensional Riemannian manifold. We also consider
the class of Fourier integral operators ng(M x N,I') with Schwartz kernels locally
defined in the form

1 L(a
Fule.) = o [ eF4e O ala by de

for a € Cg°(U x V' x R™ x (0, ho]) with a(z,y,&§;h) ~por h7™ 302, aj(z,y, ) R/
where U,V C R are local coordinate charts. Here ¢ denotes a non-degenerate phase

function in the sense of Hormander [4, Def (2.3.10)] and I" is an immersed Lagrangian
submanifold

F = {(x7d$¢7 Y, _dy(b) : d£¢(x7y7§) = O} C T*M X T*N

2.1. Eigenfunction localization. For E a regular value of py and u € B*(g) we
introduce the cut-off functions on T*M

(@, €) = x(po(GL (2, €)) — E), (8)

where x € C5°(R; [0, 1]) denotes a standard cut-off function equal to 1 near the origin.
Observe that since Xg) (z,&) = x(po(z,§) — E + O(|ul])), the support of Xﬁg) remains

localized near the hypersurface py ' (E) for all u € B¥(e).

Note that <p( ) is a normalized eigenfunction of the operator

Qu(h) = e_%tp“(h)Po(h)e%tP“(h) € \IJ(C)Z’Z(M)
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with eigenvalue E(h). By Egorov’s Theorem Q. (h) = Opp(po o Gt) + Or2_12(h),
and since E(h) € [E — o(1), E + o(1)], we obtain (Qy(h) — E)gogu) = 0(1). Using that
Qu(h) is h-elliptic off (pg o G%)~'(E), a parametrix construction [17, Thm. 6.4] gives
||¢§Lu) - Oph(xg))gol(lu)HLz = O(h*) and therefore WFh(cp;Lu)) C (poo G)~Y(E). Since
(po o GL)™(E) C py*(E — clu|, E + c|ul)) for some ¢ > 0 and u € B¥(¢), we obtain
WFh(¢§Lu)) C py (E — ¢, E + c£). By a Sobolev lemma argument one can also prove
ML“) - Oph(X(E,l:L))QO;Lu)Hck = Ock(h™). It follows that

2 % ° Opn(xig)) on + Ocr (h*). (9)

_it
Yy = Oph(XE Joe
2.2. Semiclassically cut off propagators. Motivated by the approximation (9), for
h € (0, ho], u € B¥(¢) and |t| small, we define the semiclassically cut off Fourier integral
operators Wy, (h) € Igl’_OO(M x M,T,),

Wa(h) := Opr (W) 0 e 5 Pu®) o Opy, (x|, (10)

associated with the immersed Lagrangian,

Pu(h)

0
T, = {(wyf;y,n) L (2,6) = GL(y.m) € suppxy) and (y.7) € suppx%)}
CT*M xT*M.
We note that since Gj, is a symplectomorphism there exists a local generating function
S(s,u, & x) with (@, 0,5 (s, u,m;2)) = GL(8,5(s, u,m; x,m),n) for s close to t. It follows
that

Tu = {(ﬂ%dxs(t’u’ m@); dyS(tu,m;),m) € supp ) & swpxg)}

CT*M xT*M. (11)
The generating function S(s, u,n; x) solves the Hamilton-Jacobi initial value problem
0sS(s,u,n; ) + pu(x, 0:5(s,u, n; x)) =0,
{S(O,U’n; x) = (z,n),
and therefore, a Taylor expansion in s around s = 0 gives
S(s,u,m;2) = (x,n) — spyu(x,n) + O(s%). (12)

Given local coordinate charts U,V C R™ consider the local phase function ¢ €
C>®(V x BF(e) x R"),

(,ZS(y,'LL,f,JZ') = S(t7u7€7x) - <y7€>7 (13)
for u € U x B¥(¢). The Schwartz kernel of W, (h) is given by
1 i ,
Wu(h)(x,y) = / en Pt au, y, & x, h) dE + Ky(y, w), (14)

where |8§85Kx(y, u)| = O, 5(h%°) wniformly in (z,y,u) € U x V x B¥(e) for e > 0
small, for U,V C R" coordinate charts. A
The amplitude a(u,y,&;x, h) ~ Z;io aj(u,y, & x)h! with

a;(u, - ;) € C®(B*(e), C(V x R™ x U)).
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Since the support of XSEU) remains localized near the hypersurface p; YE) for all u €

B¥(e), there exists ¢ > 0 with

supp (a(u,y,-;z,h)) C{£ € TiM: (x,§) € pal(E —cg,E+ce)}.

3. ODD MOMENTS

The purpose of this section is to show that provided the metric is deformed in
a pointwise conformal direction, its odd moments are negligible for general geodesic
flows. Throughout this section assume (M, gg) is a compact Riemannian manifold and
FE is a regular value of pg. We prove

Proposition 3. Let g, with u € B*(e) be a perturbation of go that satisfies part (B)
of the admissibility condition at x. € M. Cosider p € Zt odd. Fore > 0 and |t| small,
there exists 7. > 0 so that

E[R(e))(@)] = o), as h— 0", (15)
uniformly in x € B(z, ) N (VL(E))C.
Proof. Observe that

E [R(¢f)(@))]" =

BE(e)| Sk
and for any complex ¢ the binomial expansion of (¢ + ¢)? = (2Rp)P for p odd gives

1 P o . 1 P\ _9i_ s
wer =g 5 (M) B g 5 (P)er i o

o<j<z M P<j<p

<§R(<p,(lu) (a:)))p du,

Therefore, to prove Proposition 3, it suffices to show that there exists 7. > 0 making
4 2q
[ (@) @[ d=0t>) o 1<e<p2<n  an)
Bk (e)

locally uniformly in z € B(zx,7.) N (V71(E))¢ as h — 0F.
Since the proof of (17) is somewhat technical we prove it as a separate Lemma.
Combining (17) with the binomial expansion (16) completes the proof. O

We have reduced the proof of Proposition 3 to establishing the following

Lemma 4. Let g, with u € B¥(¢) be a perturbation of go that satisfies part (B) of
the admissibility condition at . € M. Suppose £,q € Z+. Then, for all e > 0 and |t|
small, there exists . > 0 making

/Bk( : (SOELu)(x))f ’cpéu)(m)‘% du = O(h*), as h— 0",
e

uniformly in x € B(z, ) N (VL(E))C.
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Proof. We identify @240 with (‘M) @ (PIM) @ (®IM) and write (§,2,7) =
(D, O, 20 @) ) D)) e gt

By assumption, there exists 0 < 7. < inj(M) and a € C*°(M) so that &, g.(z) =
a(x) go(z) with a(x) # 0 for all x € B(xy, 7¢).

Since from (9), goglu) () = [Wyu(h)pn](x) + O(h™), writing Wy, (x,y) for the kernel of
W, we get

" 0 u 2q .
L (@) @] dus o) = (18)
Bk ()
0 2
= [ (tmyen@) [Wulhyen) @) du
Bk (&)
N / 1T Wule, g YW, 29)YWo (2, 2D )on (y D) pn(219)on (2'0)) dijdzdZ du
B it S50

= / / Bl (.5, 72, h) on(yD) o (29)) on(2/D)) dfj d3 d du,
BF(e)M*+2a

where BYYY € (@240 x M x [0, ho)) is defined by

B (g, 2, 25 h) = T] Walw,y )W, 20) W, (a, 20),
1<i<e
1<j<q

From (14),
BY4(§,2, 252, h) =

1 Ll (§,2,5 il R

= — eh 7,2,2" .87, 52) C[Z:Q] (’LL Y, 2 Z/ é’ n /’7/- T h)
n(q—ﬁ-g) / / / / sy Iy 2y 2 Sy I Iy by

(27Th) 2 Bn(4+‘1)(€) RnaRPaRnL

x d€ di dif du'
+ K. (3, 2,7, u), (19)

for ®lbdl clbal and K, as follows:

(i) The phase function ®[4 is defined by

where ¢ is as in (13).
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(i) The amplitude !9 satisfies
i, 5,2, 2,60, 50, h) ~pmge 30y, §,5, 2, €0 i s )b
5=0

with ¢ D (u, -, ;) € C (B¥(e), Cg°(V x R™H20) x U)) for U € R™ and V € R™24+)
local coordmate charts. Moreover,

supp (C[&q] (U' y7 5 Z y "Ly h))

{Eni): @), @nD), @n™) epg(BE—cs B4co), i<t j<q}
c R(H+29), (20)

(i4i) The residual operator K, satisfies

108 00, + 20y K0, 2,2, 1)| = O g(h™)

locally uniformly in (7, 2, 2, u) € &+2IM x BF(e).

Claim. For ¢ > 0 and |t| > 0 sufficiently small, there exists C' = C(t,e, E, go) > 0
such that for (€,7,7) € supp (9 (u,§,2,7,-;x,h)),

8ue ®9(, 2,2 0, €,€ 7,7 x)| > C > 0. (21)

Moreover, this bound holds locally uniformly in (7, 2, 2') € @‘T29M, and u € B*(¢),
and z € B(z4,7:) N (V7YHE))C.

To prove this claim we first observe that in normal coordinates centered at x.,

8iapu(:c,£)\uo (0o 9u(@)€,€) + O(fa*)-

Also, from the Taylor expansion of the generating function (12) around s = 0, together
with (13), we know

oy, u,m; ) = (x — y,n) — tpu(z,n) + O(?). (22)

Besides, according to (20), |¢U |2 )+ V(z)=E+O(e), |n(j)|§0(x) +V(z)=FE+O(e)
and [n/0) 5270(93) +V(x)=E+O(e ) for i <{ and j < gq. Therefore, for x € B(zy, 1),
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aiaq)[&q]‘u_o _
: q
T ®,¢0 G 0\ _ N
t (; <5ua9u(:v)£ € >+j:1 (<5uagu($)ny e > <5uagu(:c)n’ﬂ ot >)>

+ O(|z)?) + O(?)

q

4 q
= —ta(z) [ Y1V o+ DV Z D@ | +OU) +0@?)
i=1

j=1 =1
= —~ta(z) ((E - V(z)) + O(e) + O(|z[*) + O(t?).

Since a(z) # 0 for all z € B(x,,7.), we conclude that the claim in (21) holds.
We then use the operator

(o571 3

i O, @O/ Oug

to repeatedly integrate by parts in (19) and obtain
B(h)(3,2,7) = O(h™)

locally uniformly in (7, Z, 2') € @M, and u € B*(¢), and x € B(z,, 7.)N(V1(E))°.
From (18) it follows that

[ (00) [l a o

locally uniformly in 2 € B(z.,7.) N (V71(E)).

4. VARIANCE

As explained in the Introduction (see (7)), provided the perturbation is admissible
at x € (V71(E))¢, the case p = 1 in Proposition 3 shows that our random variables
are semiclassically centered with

E [R(e})(2))| = 0(h).

Therefore,

Var [Ref)@)] = Bk ; / o (@) du + O(h).
It then follows that studying the variance is equlvalent to understanding the behavior
of the right hand side in the previous equality. We will need
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Proposition 5. Let g, be admissible at x. € M. For ¢ > 0 and |t| small, there
exists 7. > 0, a choice of coordinates u" € B¥""(¢) of u, and an operator Ay . (h) €
\Ifgl’_oo(M) defined for all (z,u") € B(w«,7:) x B¥""(e) making
(u) 2 — " 0
o (x ‘ du —/ <Ax’uu h)((ph),<ph> du” + O(h). 23
/Bk(a) h (@) Brk—"(¢) ( L2 (M) ) (23)
In addition, there exists a constant C1 = Cy(e,t, E,go) > 0 so that

90 (Aer (1)) ()] > S >0 (24)

uniformly for (y,n) € pgl(E) and (z,u") € B(z,7.) x BF"(¢).

Proof. Let 0 < 7. < inj(M) be so that the admissibility condition (A) holds on
B(xy, 1) . That is, there exist ¢ > 0 and some subset of n coordinates of u, which we
denote u’ € B"(g), so that for all © € B(z,,7.) the matrix

du de (pu(, f))!uzo is invertible for  (z,&) € py "(F — ce, E + ce). (25)

We write u” € B¥~"(¢) for the omitted variables and assume that the coordinates of
u are ordered so that u = (u/,u").

Write W, (h)(x,y) for the Schwartz kernel of W, (h), and for «” € B*"(¢) and
x € B(xy, ) define a new family of operators
W (R) : C*°(M) — C™(B"(e)), (26)

with Schwartz kernels

Wz,u”(h) (ula y) = Wu(h) (33, y)? for u = (u/7 u”)’
Since from (9),
o (@) = Wu(h)en)(@) + O(h) = Wy (h)en) (u) + O(h),

we then have

@ (% guy —
Ph (z)] du=
Bk (g) Bk ()

= Wx w! h ,Wx ul’ h, dUH +O hoo
S, (B o) Wi ) i+ 000)

~

2
W (R)pn()| du+ O(1*)

= Ay (D) (@n), @ du" + O(h™).
/Bkn(a) < ’ ( )( h) h>L2(M) ( )
(27)

From (14), the Schwartz kernel of VAVLuu(h) is given by
. 1
W:c u’! h ,7 =

o 0)() = G

where |8§‘85Kx(y, u)| = Op (k%) uniformly in (z,y,u) € U x V x B¥(e) for e > 0
small, where U,V C R" are local coordinate charts. The amplitude a(u,y,&;z, h) ~

/ e D) oy, y &2, h) dE + Ka(y,u),  (28)
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>0 ai(u,y, & z)h with a;(u,-, ;) € C®(B*(e), C(V x R™ x U)).

By the same argument presented in [8, Prop. 4.1], it can be shown that for ¢ > 0
and |t| small enough, W, ,»(h) € Igl’_oo(M x B"(g); 'y ) with

Ly = {(u’,dufS(t, u,1;x)),dyS(t,u,n;2),m) : (dyS(t,u,m;x),m) € sumﬁxg)},
CT*B"(e) x T*M.

(29)
where u := (u/,u") € B(¢), for € small.
From (22) and (25) we know there exists Cy > 0 so that for all x € B(zy, 7¢)
| dyé(y, ', u” 5 )] = |s[" (|dwdypu (@, m)] + O(s%)) = Cols|", (30)

locally uniformly in (y,u,n) with (z,7) € py'(E — cg, E + ce). Let X%) in (8) be

chosen so that if (d,S(s,u,n;x),n),n) € supp X%)) for u € B¥(¢) then (x,n) € py ' (F—
ce, E+ce)) with ¢ > 0 as in (30). This can be done because locally, according to (12),
dpS(s,u,n;x) = x—sOpu(z,n)+O(t?). By (29), such choice of cutoff function ensures
that the non-degeneracy condition (30) holds on I'; ,». Now, for u” fixed, consider
the map

(W, y,n) — dpp(y, v, u" m; x), (W', 75y,m) € Ty

We claim that due to the the non-degeneracy condition (30), the Lagrangian (29) is
a canonical graph. Indeed, (30) allows us to apply the Implicit Function Theorem and
locally write u' = u/(y,n) satisfying

U, = u/(yan) when dn¢(y7u/7u/,an;x) = 0.
Then, taking into account that
dﬂ¢(y7u/7ull7n;m) = 0 When y = dT]S(t’ U,,UH,T];(L’),

we write (y,1) € V x R" as local parametrizing variables for I'; ,» as in (29) and get:

0
Ly = {(U’(y,n),de(t,U’(y,n),u”,n;x) ; y,n) L (y,m) € suppx(E)}- (31)
For u” € B¥"(¢) and = € B(x.,7.) define the operators

Agyr(h) : CF(M) — C>(M),

~ A~

Agur(h) = (Wmu(h))* o (W (h)). (32)

Since WLuu(h) € Igl’_OO(M x B"(¢); 'y ) and the immersed Lagrangian I'y .~ is a
canonical graph, the operator

Ay (h) € B (M),
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for # € B(xs,7.) and u” € B¥"(¢). Following the same argument presented in
Corollary 4.2 of [8] its principal symbol can be locally written as

47 Gly ()
|dydpS(t,x,m;u,u”)|

4aT Gy (2,7
[t]™ |durdiy Pl urry(2,7)]

00 (Axurr (1)) () = X5 () 2

= D ()2

(33)

for ' = u/(y,n) parametrizing the Lagrangian I, ,» regarded as a canonical graph. In
particular, (24) holds.
O

4.1. Proof of Theorem 1. Since M is compact we choose a finite covering

N
M c | Bj(z,7)
j=1

where for each j =1,..., N the ball Bj(x, ) is given by Proposition 3.

Fix j € {1,...,N} and let x € Bj(x,,7.). To prove the first part of Theorem 1 we
use that from Proposmon 5, Ag () € \I’Sl’foo(M ), so by L? boundedness there exists
a constant CJ = CJ(e,t, E, go) > 0 making

(Agur (R)pns 90h>L2(M) < Cg
uniformly in (z,u”, h) € Bj(z«,72) x BE7"(e) x (0, hg]. We obtain a lower bound from
(24) and the weak Garding inequality,
(Agur (h)(n), o) L2(ary = Cf > 0

uniformly in (x,u”, h) € Bj(w.,7.) x B¥(g) x (0, ho]. Therefore, from (7) and (23)
one can choose positive constants C7, Cy making the first part of the statement of
Theorem 1 hold uniformly in x € K where K C (V~1(E))¢ is any compact subset.

To prove the second part of Theorem 1 regarding the odd moments we simply apply
Proposition 3 in each ball Bj(x.,7:).

g

4.2. Proof of Theorem 2. From Proposition 5 and equation (7),

lim Var [5]?( ()(:p))}

h—0t

.
= \Bk<e>| B e)

IR OICOR
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Since (¢p)p is a quantum ergodic sequence,

lim <Az,u~(h)(sah), ¢h>

1
Tim. - T / gy 20 A (D) ) ). (39

L2(M)

The first statement of Theorem 2 then follows from combining (34), (35) and the
expression for the principal symbol (33).

The second statement of Theorem 2 about odd moments is a direct application of
the second part of Theorem 1.

0

5. ADMISSIBLE PERTURBATIONS

In this section we study the geometry behind the admissibility condition and show
that perturbations satisfying such conditions always exist. It is clear that one can
always have perturbations satisfying part (B) of the admissibility condition. We there-
fore focus in this section on proving the existence of metric perturbations satisfying
condition (A). The symbol p, : T*M — T*M defined in (3) has the form

pu(2,§) = > g (x)&& + V().

ij=1

Therefore, in geometric terms, a perturbation g, with u € B¥(¢) satisfies part (A)
of the admissibility condition provided the map

Q¢ : B (e) — R, Qe(u) := g, ' (¢) = (Z gﬁ(x)§l>
=1

i=1,...,n

is a submersion at u = 0 for all (z,£) € py ' (E — cg, E + c£) and some ¢ > 0.

Write M for the space of Riemannian metrics on M. For each coordinate us of u
define the symmetric tensor A" := 0,9, 1 lu=0 and write in local coordinates

h's = hils da; @ daj, his = 0u,9 | _o- (36)

It is straight forward to check that ausa&.pu(x,ﬁﬂu:o =2 YL, by (x) &. Thereby, a
metric perturbation satisfies condition (A) provided there exist ¢ > 0 and an n-tuple

u' = (uq,...,uy) of coordinates of u so that for all (x,£) € py'(E — ce, E + cg), the

matrix
(Z hiy, (@) 51)
=1

is invertible. By definition, the notion of admissibility depends on the direction, inside
the space of symmetric tensors, in which g¢ is deformed. In what follows we show
that the admissibility condition is directly related to performing the deformation g, in
sufficiently many volume preserving directions.

ij=1,..n
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Let P denote the multiplicative group of positive smooth functions on M, which we
refer to as pointwise conformal deformations. P acts on M by multiplication

PxM— M, (p,g9) — pg.

Given gg € M, the orbit of gy under P denoted by P - gg, is a closed submanifold of
M with tangent space at go given by

Too(P - g0) ={v € S*(M): v=fgo. feCF(M)} (37)

Let p be a volume form on M and define NV, := {g € M : u = p4} where 14 denotes
the Riemannian volume measure associated to g. Then N, 4 18 & submanifold of M
with tangent space at g € M given by (cf. [6])

Tyo Ny, ) = {v € S*(M): try,v =0} (38)

For every metric g € M the space of symmetric tensors has the pointwise orthogonal
splitting

90

TgoM =Ty, (Nugo) ® Ty, (P-90)

trgov

where every v € S?(M) is decomposed as v = (v — —2°gg) + L (trg,v) go.

To prove (38), consider geodesic normal coordinates centered at z, € M. Locally,
for a point z lying in a small geodesic neighborhood of x,, one can write go(x) =
i + O(|z|?) and therefore try,v(z) = tr(v(z)) + O(Jz|*). Also, if g;; denotes the
metric in local coordinates, then the volume form at y is determined by /det g;;(x),
hence fixing the volume form at x is equivalent to preserving the determinant, and it is
well-known that condition is equivalent to perturbing by a traceless matrix v(z). We
remark that if a deformation preserves the volume form for a metric g on TM, then
it also preserves the volume form for the corresponding metric g=! on T*M, since the
latter is given by /det g% = 1/,/det g;;. Let g, be a metric deformation of gy and
continue to write h%s = 6, g, . Also, working in geodesic normal coordinates at .,
it is not difficult to show that volume-preserving deformations are characterized by
the condition tr o (h*s(z)) = 0. We shall show below that the admissibility condition

holds for such deformations.

5.1. Surfaces. On surfaces, we claim that perturbations g, that have two linearly
independent u-derivatives in the volume preserving directions are admissible.

Proposition 6. Let (M, go) be a compact Riemannian surface. Let E be a regular
value of po. Suppose g, with u € BF(e) is a perturbation of go such that there exist
two coordinates v’ = (uy,uz) of u for which h"*(z) and h*2(x) are linearly independent
tensors with trgg1(h“1) = trga1(h“2) =0 forallz € M.

Then, for € small enough, the perturbation g, satisfies part (A) of the admissibility
condition at every x € (V~1(E))e.

Proof. By assumption, trga1(h“5) = 0 for s = 1,2. Let x, € M be such that z

belongs to a geodesic ball cantered at x,, and consider normal coordinates at x,. In
these coordinates, go,, (x) = d;; + O(|x|?) for = being at a small distance |z| from .
Therefore, hi; (x) = —h¥s(z) + O(|z|?) for s = 1,2. It is straight forward to check
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| Sres) - (4 GHE D) so0n)
J= 5,i=1,2

Since we are only interested in what happens when \§|§0(x) +V(x) = E+ O(e), the

result follows from the assumption V(z) # E and the fact that h*!(z) and h"2(x) are
linearly independent tensors. O

5.2. Manifolds. In what follows we show that on an n-dimensional manifold we can
always have admissible perturbations.

Let M be an n-dimensional compact manifold and fix x, € M. Consider a geodesic
normal coordinate system at x,; for € B(xz.,inj(M)) we have go;;(x) = 055+ O(|z]?).
We shall consider deformations of the reference metric gg that, as in the surface case,
preserve the volume form. Infinitesimally, as explained in (38), the corresponding qua-
dratic form is given by a traceless symmetric matrix. The space of traceless symmetric

tensors at = has dimension )
-2
PSP L +2” , (39)

and the basis of the space of such forms is given by
¢ -¢, 2<i<n and &, 1<j<k<n,

for &€ = (&1,...,&,) € ThM. Denote the corresponding symmetric tensors by h;(x)
withi=1,..., k.

Proposition 7. The general perturbation of g, with u € B"(¢) defined by

9. (x) = g5 +Zuz

satisfies part (A) of the admissibility condztzon at every x € B(xy,inj(M)).

Proof. We assume that the basis hy,...,h., is L?-normalized on the sphere S"~! =
1€ 1 l€lg@) = 1} Clearly, 9y, (|¢lg, () = hj(§), and hence the j-th column (say) of the
“mixed hessian” matrix corresponds to the gradient dh;(§).

Now, since the sphere S"~! is a homogeneous space, the round metric ggn—1 is a
critical metric for the corresponding eigenvalue functional A(g) - Vol(g)*", where X
denotes the second positive eigenvalue (without multiplicity) of the Laplacian.

It is well-known ([7, 12, 14]) that for such metrics, the L% normalized basis of the
eigenspace F(A) (which can be chosen as {hi, ha, ..., hy, } in our case) satisfies

> dhj®dhj = cAgga-1,  c#0.

j=1
Assume for contradiction that the subspace spanned by dhi(z),dha(x),. .., dh, (z)
has less than the full dimension n — 1 in 7(S™"!) at some point z € S"~!. Then it
is easy to see that the quadratic form Z;;l dh; ® dh; will have rank strictly smaller
than the full rank n — 1 at z (the corresponding matrix will have an eigenvalue 0).
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However, the round metric gg»—1 on the sphere clearly has the full rank at every point
on S"~!. The contradiction shows that {dh;j(z),1 < j < k,} span the full T(S"1),
which proves the required non-degeneracy condition. O
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