Math 565, Winter 2009 D. Jakobson
Hausdorff Dimension Problem Set, Part 1 due date TBA

Do all the problems. Every problem is worth 5 points. This problem set fol-
lows the exposition in Falconer’s book Fractal Geometry: Mathematical Foun-
dations and Applications.

Let s > 0. The Hausdorff s-dimensional measure of a set F' € R" is defined
as follows: Let {U,;};ecr be a (countable or finite) cover of F' by sets of diameter
at most 0 > 0. Let |U| = diam(U) = sup, ,¢r [z — y[. We let

H3(F) = inf{z |U:|°}, (1)

where the infimum is taken over all covers of F' by sets diameter at most §. It
is clear that Hj(F) increases as 6 — 0.
We next define the Hausdorff s-dimensional H*(F') by

e (F) = lim H3(F). 2)

The limit exists for any subset F' € R™ and is usually equal to 0 or co. It is
clear that H*(0) = 0, and that H*(E) < H*(F) for E C F.

Problem 1. Let {F;} be a countable collection of disjoint Borel sets. Show
that

HE (U Fy) =Y HO(Fy).

One can also show that for s = n, H" is just a constant multiple of the
n-dimensional volume in R™ (can you figure out the value of the constant?)
Also, H° is just the counting measure.

Problem 2.

i) For A > 0, let AF' := {\z : © € F'}. Show that
HY(AF) = NH?(F).
ii) Let f: F — R™ be a mapping satisfying
[f(@) = fW)l <cle—yl*  zyeF
for some constant ¢ > 0, > 0 (Holder with exponent «). Show that
H(f(F)) < ¢/ “HE(F).

What happens for o = 1 (Lipschitz maps)?



It is clear that for a fixed F' € R™ and 6 < 1, the function H3(F) is a
non-increasing function of s.
Problem 3. Show that if H*(F') < oo, then

HY(F) =0, Yt > s.

Conclude that there exists at most one value of s for which 0 < H*(F) < oo.

It follows from Problem 3 that there exists a unique value of so > 0 such
that H*(F) = o0o,s < sp and H*(F) = 0,5 > so. We call s the Hausdorff
dimension of F,

dimH F = S50-

The measure H® (F') can be finite or equal to 0 or co.



