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2. Let 6 > 0 be given, then there exists a continuous function g of compact support so that || f(z)— glz)l| <
¢, thensince f(z)—f(dz) = f(2)—g(z)+g(z)~9(dx)+9(d2)~g(x). But||f(sz)—g(6z)|| = 6| f(z)~g(x)| = ¢
with § — 1 and ||g(d2)—g(2)|| — 0 since g(z) is continuous and of compact support, whence 1f(dz)—f(z)]] <
3e as desired.

5. a) For any z,w € F we have,

e —zl~ly—wl]|<|lz—-z-y+w/ <|r—y|+|w-2 < |z -1y
in particular, this holds for any sequence of points {z,} such that |z — z,| — §(z), similarly with {w,} so
that,
5(2) ~ 8(w)| = lim [lla = 20l =y~ wall < o — 3]

as desired.

b) First note that as © ¢ F and FC is closed, there exists an open neighborhood B (z3¢) (e > 0) of x
contained entirely in F°. Now consider N = B(z;¢/2), for any y € N we have 8(y) > ¢/2 since jly—w| > €/2
by construction for all w € F. Now,

_ 5(y) 5(y) € ! .
Iw) = 4 P /N EE /N PR

whence I{z) = oo for z ¢ F.
c¢) We have by Fubini’s theorem, as 6(y)/|z — y|* > 0 and 6(y) =0 for y € F,

/F I(z)dz :/F/Fc 1x5£yl)/|2dydr = -/I;C 5(3/)/F mdxdy

for arbitrary fixed y ¢ F', we have for some constant ,, 0 < ¢, < |z — y| for all 2 € F since F is closed, so
that with the replacement z —y = ¢,

/I(x)de// %—dtdy:[ 2—d@dyS/ 2dy = 2m(F) < oo.
F JeJe, It Jre g Fe

Whence, I(x) is integrable so that I(z) < oo almost everywhere.

7. Suppose f(z) is measurable on R? so that F(z,y) = y — f(z) is also measurable (being the linear
combination of measurable functions) on R4*!. Then since {0} is a Borel set, it is measurable and thus
F=H0) = {(z,y) € R¥! . y = f(z)} = T is measurable. Furthermore, by a corrolary to Fubini’s theorem,
I ={yeR:y= f(z)} = {f(z)} is a measurable function of z, and

m(T) = L m{T%)dz = [gd m{{f(z)}dz = /?;d Odr =0



as desired.

9. Since f(z) is integrable on R?, it is measurable and the set G={{z,y) e R0 <y < fla)} is
measurable. Furthermore, G% = {z € R : 0 < a < f(z)} D Ea and G* x [0,a] C G. Therefore,

m(G* x [0,a]) < am(E,) <m(G) = [f
by Corollary 3.8. However, this is exactly,
m{Fy) < 1 [ f
4
as desired.

17.a) For fixed = € R let n = [z} then,

/R]fx(y)]dy = 4/:“ lan|dx + /n+2 | = ayldz = 2]a,] < oo

n+l
so that f,(y) is integrable for all . Now for fixed y € R, let n = |y| thus

-1 em-+-1
/R]fy(:c)]dx:[n+ ]antdaﬂ-/ ) | = Qo lde = |a,] + |an-1] <o

-

where a_, = 0, whence f,(x) is also integrable for all y. Furthermore,

n+1 ]
/ f=(y)dy = / ander +/ —ande =
R n n41

//f(m?y)dydx://fx(y)dydx:/()dm:0.

b) Let 0 < y < 1 so that f¥(z) = ao for z € [0,1) and 0 otherwise, whence,

/Rfy(x)dac = /01 aodz = ag

and if n <y < n+1 with n > 0 we have,

n+1 n-+1
/ f¥{(z)dz = / andz + / — Q10T = @y — A1 = by,
K n

n -1

so that,

It follows that [ f¥(x)dy is integrable and

oo pos 1 oo 2 poo 1 2
/ / [¥(z)dzdy = / / fy(x)da:dy+/ / fY(x)dady+... = / agd:c+/ bidx+... = bgt+by+... = 8.
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¢) If s = 0 then f(z,y) = 0 for all (z,y) and f&z |f (2, y)|dzdy = 0. Suppose then that s > 0, we have for
any square S, = [n,n+ 1) x [n,n + 1) and any (x,y) € S, we have f(z,y) = a, and,

/ (2, y)ldedy = la]
Sn

but,

oo

[l = [ iy =3l o

n n={}



i
because la,| 4 0.

21. a) By Proposition 3.9 and Corollary 3.7, f {z — ) is a measurable function in R%? since f (z) is
measurable, and h(z.y) = g(y) is a measurable function in R?? whence their product, f(z — h{z,y) =
flz —y)g(y) is measurable in B2,

b} By using Tonelli’s theorem,

[ wrsttazy = [ st [ 15 lasdy = 1511 [ lotwldy = iriatolh <

so that f(x — y)g(y) is integrable.
¢) Applying b) and Tonelli’s theorem,

/W I(f = g)(z)|dz = /Rd UM flz = v)a(y)dy

so that (f x g)(z) is < oo for almost every z, whence it is integrable a.e. x.

d) From c), it is obvious that if f and g are integrable, then (f*g)(z) is as well. Furthermore, the left side
of the equation in ¢) is exactly [|(f * g)(z)l/1 so that we have ||(f * g)(z)]; < Ifliliglli. Again by inspection
of ¢), we would have equality if | [ f(z ~ y)g(y)dy| = [ |f(z — y)g(y)|dy which happens if flz—y)gly) >0
for all y.

e) To show that f()) is bounded,

as < [ 1= vg(w)ldsdy = 7 lgl:

fo)= [ s@e e < [ |r@ide =51,

since f is integrable, f (A) is thus bounded. For continuity,

If+R) = FOV)

IA

| e e 1)
Rd
=l =) [ 1f@lde = e - 1] 0
with A — 0, hence f () is a continuous function of A. Finally,
Fow= [ ([ 1@=vstid) e
Rt \JRd
since (f * g)(x) is integrable by d), so is (m) so we may apply Fubini’s theorem and letting t = z — y get,

[

oo = [ [ 1wty = [ atge [ e ady = fogao),






