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Problem 2
Forany 6 > 0, let fs(z) = f(0z) for z € RY. By Theorem 2.4, for any ¢ > 0 given, there exists a continuous function g: R4 R

with compact support such that ||f — glir, < e. We can thus write:
Js=T=(95-9)+{fs—95)-(f~g)

However, || fs — gslly, = |If — gliL, < €. Moreover, as ¢ is continuous with compact support, then:
los —glin, = / lg(dz) — g(z)ldz — O as § — 1
wd

Thus, for [§ — 1 sufficiently small, we have that:
s = flley < llgs = alle, + 11fs = gsllz, + If — gllz, < 3e
That is. for any = € RY, f(6z) converges to f(z) in the L'-norm as § — 1.
0

Problem 5
(a) Forz,y € R and t € F, assume WLOG that §(z) > 8(y) (otherwise, switch the roles of z and ¥ in the inequality below),
then consider the following:

le—tl=lz—y+y—t|<le—y +|y~1

If we take the infimum of this equation over all t € F , then we have that:

8@) = jnfle — 1 < fe = yl+ Inf Jy — 1] = o = o] + 5(3) = 6(2)  6(y) ~ 5(2) — )] <l — 4]

Therefore, & is Lipschitz on R, and thus continuous on R.

(b) Take z € F, then é(z) > 0 i.c. for any € > 0, 6(z) > e. Now, for any y € F, §(y) = 0, so we have that:

_ oy) 5y) oly) 5(y)
I() “/R oy ‘/p g */pc FEveE /F R

If we consider the ball Bz, £) centered at z of radius £, then we must have that 8y) < £. Moreover, by the continuity of 4,

we can make |z — y| < g Thus, consider the following;:

) é
/ (y)zd?/E/ ___(i/lm__dyz/ ___.f/_g___dy:/ ..._L_dyzoo
Fe |z -yl FCNB(z,§) lz — yllo - Yl FCB(z,§) fx—yl-€/2 FCNB(z,§) fz —yl

To see that this last integral is infinite, we just use the translational invariance of the Lebesgue integral to integrate over the
singularity at z. Therefore, for z ¢ F, I{z) = cc.

0

(c) For z € F, §(z) = 0. Using the same argument as in (b) along with the Lipschitz condition, we have that:

B 5(y) 5(y) 8(y) _ 1
M) = /R EER /F = = 3llo(e) 550 /p e =gl — s Y = /F i
1

If z & OF, then this is the integral of a continuous function over a set of finite measure, and thus the integral ch wdy < 0o.

If, however, z € OF, then we the above integral may not converge. If we consider the open set F“ C R., there must ex-
ist a countable set {1172, of disjoint open intervals such that FC = UsZ, 1. The union of all boundary points of the I’s are
exactly the boundary points of F, i.e. we have that 9F = Ui, 8(It). However, each 9(1y) is at most 2 points in B, so OF is a
countable subset of R, i.e. OF is a set of measure zero. In otherwords, we don’t care what happens for # € OF.

Therefore, I(x) < f;:c ﬁ—};;,dy < oo for z € F and not on the boundary, i.e. not in a set of measure zero. Thus, I{z) < oo for
ae xeF. )

(]

Problem 6
(a) Let f be the the function defined as follows:

1 p

€ nyn4 25 f > 2

flz) = n T [Tf?f+7l)orn~
0 : otherwise



In order to continuously extend f, we can interpolate linearly from 0 to n for z € [n— ;};n} and similarly from n to 0 for

€ n+ 7-‘»; n -+ ;27] Note that ;}; is fairly arbitrary, it just needs to be sufficiently small. In effect, we have added to f the
hypotenuse of the triangle formed by n and 0.

Let ¢ be this continuous extension of f, then consider the integral of g over R:

/ glzyde = / f{z)dz + (area under the triangles added)
Jr ®
oo , 1 X . 1/n3\
= ZT&{TL*}-;B'“T&)#QZ(—“T“)
n=2 n=2
O o0
P IESO I
=2 n =2 T&
2
= 2! —=1
(5-)
< >

Therefore, since |g| = g, ¢ is integrable. Furthermore, it is clear that g is zero almost everywhere, so imsup,_,  g(z). Thus,
there does indeed exists a positive continuous functions that is integrable on R yet whose lim sup is zero.

O

Problem 7

Notice that I' is a d-manifold in R4 50 any sufficiently small neighborhood on I' is locally homeomorphic to R4, If we construct
a countable partition {Q; 32, of R? into almost disjoint closed cubes, then this induces a partition {QJ 521 of I'. Since each Q;
is homeomorphic to R? as a subspace of R4 the (d + 1)%*-dimensional measure of Q]- is zero, i.e. m(Q]) = 0. By countable
subadditivity, we have that:

mI) <y m@Q;) => 0=0

J=1 7=1

Clearly, Q = U;f’__l Qj is a measurable set of measure zero, and I' ¢ Q, so T is measurable and has measure zero.
O
Problem 9
Since f > 0 and for o > 0, Eo ={z: f(z) > a} C R?, then fw f=> fE /; by monotonicity. Moreover, on E,, f>a,so:
1
/ fz/ fg/ a:a~m(Ea)::>m(Ea)S~/ f
Re E. E, @ Jra
O

Problem 14
(a) Consider the function flr)=2(1-29)Y2 Itis clearly R-measurable, so by Corollary 38, By ={{z,y) eR?:0<y < f(2)}
is R%-measurable, and moreover, we have that:

1
v =m(B) = [ fz)da = [20- 292 5 e =2 [ a-eya
R R -1

We can evaluate this integral by using the substitution z = sin(t) as follows:

/2

=T

n/2 w/2
Uy = 2/ (1 —sin?(£))V? cos(t)dt = 2/ cos?(t)dt = ¢ + sin(t) cos(t)

w/2 /2 l—z/2

Problem 17
(a) We can draw R? where the value of f is indicated in each region:

. -
o {3 ~~{§,€ [

T
“ im0 O o

If we first fix z, then consider the following: .

Qg+ a0 +0+0 x>0
(Il diy — ] E3] et < 0o
/R PGy {O : otherwise




Therefore, for fixed z, f* is integrable. Similarly, if we fix v, consider the following:

a[yl'1+@iy},2+0+..‘ fy >l
/!f!y(m)dxz o e .
0 . otherwise

Therefore, for fixed y, f¥ is integrable. If we now compute the integral of f* for a fixed z > 0, we have that:

®”

/}E/Rf(z:’.,;1,/,‘}ciyc;fx:/jE (Lf”(y)dy) dx:’/i;(}-dx:()

{(b) From the diagram above, we can see that for a fixed y € (0,00):

We can thus conclude that:

Qg Yy e {07 1)
/f“(w)d:c: @y~ @ny yEfn+1)forn>1
R .

0 . otherwise

It is clear that the integral of |f¥| for fixed y & (0,00) is finite, so y ~ [ f¥(z)dz is integrable on (0,00). Now, consider the

following:
/ (/ f”(m)dw> dy
{0,00) \JR

It

1 2 3
/ aody + / (a1 — ao)dy +/ (a2 —ay)dy + - -
o J1 2

(ar — ax—1)dy

Il
\H
s
&
+
ANgE
T
>
*

= a0 (1=0)+> (ar—ar_1) - (k+1—k)

k=1
= b+ b
k=1

= 3
|

(c) We note that the integral over R? of |f] is equivalent to summing the absolute value of each square in the diagram above:

[ e S =255 (550) -

i=0 \k=0

We clearly have that this sum diverges as we are counting every value by infinitely-many times, and taking the sum of these
infinite sums of positive numbers. Thus, |f] is not integrable (which is why Fubini’s Theorem cannot be applied).

O

Problem 19
Assume WLOG that f is positive on B? and let & > 0. The set Eo ={z € R": f(z) > a} is the complement of the preimage
F =00, a), Le. the complement of a measurable set. Thus, £, is measurable as f is integrable, and so we have that:

/ x&, (2)dz = m(E,)
Jo
Moreover, for z € R?, we can rewrite f(x) as follows:
Hax) = / Xjo,f(zyy ()t
o

Thus, using Fubini’s Theorem, we have that:

o K gea) X
flz)ds = / / Xio, (=) (t)dbdz = / / Xio,7(zy (t)dadt = / m({z € R%: f(z) > t})dt = / m(E;)dt
JRd JRY Jo " Jo o Jmrd 0 0



Problem 21

(a) If f,g are measurable on B?, then for any z,y € R, the preimages Y ~o00,z) and g~![~oc,y) are measurable sets. In
particular, for z,z — y € RY, we have that the preimage of f(z — y)g{y) is f-o00,z ~ y) x ¢t ~o0,y), and the Cartesian
product of measurable sets is measurable in R?¢. Therefore. any preimage of f(z — y)g(y) 15 a measurable set in B2¢ je.
J{z —y)g(y) is a measurable function on R4,

™
(b) For f.g € L1{R%), by translation invariance of the Lebesgue integral, then:
[ f = vatiasas = [ ([ tonae) towias= [ 1t tatias = 1112, [ 166y = 1115l < o0
Jre Jg# Jre \Jpe / R Jre
Therefore, f(z — y)g(y) is integrable on R
O
(¢) Since f(z ~ y)g(y) is integrable on R?¢, we have that:
L [ = et < oo = [ i7(e = siatuldy < oo or me. 5 € e
&d SR R
Thus, f{z — y)g(y) is integrable for ae. z € BY je. (f * g)(2) is well-defined for a.e. z € R
O

(d) For f,g € Li(R?%), then using Fubini’s Theorem and the argument from (b}, we have that:

1 oley = [ || se=viatite]avs [ [ 176 viiaoa - L L1 = vtuiauds = 151, gl < o0

Therefore, fx g € L1(R?), as required. Notice that if f, g are nonnegative on R¥, then the only inequality above must be an
equality; that is, ||f = gl|, = ||/ mllgllL,-

O
(e) For f e Li(RY), ||f|l, < oc; so notice that:

1f(€)] = /Rd Flx)e %4z

< [ @l lde = [ 17lde = 171 <0
R4 Rd
Therefore, f (€) is bounded. Now, let &, be a sequence in R such that &, — & as n — oo. Consider the following:

£60) = f(@)1 = | [ f@e e ey < [, @llees — e

The integrand of the above function is clearly dominated by 2|f(x)| for any # € R?, and we clearly have that 2|f] € L;(R%)
since f € L1 (R%). Thus, by the Dominated Convergence Theorem, we have that:

lim /(&) - f(€)] < lim / F@)flem e — e=e] gy — / F@)] - lim o507 - g=i€| gy / f@)]-0-dz =0
N0 n—+o0 fog R N—r00 R

Therefore, using its sequential definition, f is continuous on R.

For f,g € L1(R?), then using Fubini’s Theorem, we have that:

To0© = [[eaee e [ ([ - atar) i = [ gt [ = v oy

If we use the substitution u = z — y in the inner integral, then we have:

Lo [ = asty = [ o) [ e ey - (L sweray) ([ stean) = eone

Therefore, we have that (m)(&) = f(i)@(f)-

Problem 22
Let & = %i?%‘ then & — 0 <= [£] — 0. Moreover, we can write:

1= 5 [0 =i enerscan] < L [ 10— sa- e te s

By Proposition 2.5, we know that Hfe—flle, = 0as & — 0. Thus, for any z € RY, [fl@)~flz—€) —0asg -0 === |¢] —0.

We thus have that: . 1
3 [ @)~ fa =€)l e2rielan 30 dz=0asiel 0
2 Bd ( 2 wd

Therefore, f(f) ~ 0 as |&f — 0.



